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Neural quantum states for emitter dynamics in waveguide QED

Tatiana Vovk ,1,2,* Anka Van de Walle ,3,4,5 Hannes Pichler ,1,2 and Annabelle Bohrdt3,4

1Institute for Theoretical Physics, University of Innsbruck, 6020 Innsbruck, Austria
2Institute for Quantum Optics and Quantum Information, Austrian Academy of Sciences, 6020 Innsbruck, Austria

3Ludwig Maximilian University Munich, 80333 Munich, Germany
4Munich Center for Quantum Science and Technology, 80799 Munich, Germany
5Department of Physics and Astronomy, Ghent University, 9000 Ghent, Belgium

(Received 13 August 2025; revised 11 March 2026; accepted 20 April 2026; published 6 May 2026)

Quantum emitters coupled to one-dimensional waveguides constitute a paradigmatic quantum-optical plat-
form for exploring collective phenomena in open quantum many-body systems. For appropriately spaced
emitters, they realize the Dicke model, whose characteristic permutation symmetry allows for efficient exact
solutions featuring superradiance. When the emitters are arbitrarily spaced, however, this symmetry is lost and
general analytical solutions are no longer available. In this work, we introduce a numerical method to study
the dynamics of such systems by extending the time-dependent neural quantum state (t-NQS) framework to
open quantum systems. We benchmark our approach across a range of waveguide QED settings and compare its
performance with tensor-network calculations. Our results demonstrate that the t-NQS approach is competitive
with other numerical methods and highlight the potential of t-NQSs for studying open quantum many-body
systems out of equilibrium.

DOI: 10.1103/qccj-6vyt

I. INTRODUCTION

Waveguide quantum electrodynamics (WQED) platforms
are a class of open quantum many-body systems, where multi-
ple quantum emitters (such as qubits) interact through a shared
photonic environment [1–5]. In these systems, emitters are
coupled identically to a one-dimensional bath, giving rise to
photon-mediated long-range interactions [2,6,7]. Such setups
enable the exploration of rich many-body dynamics [8–12]
and serve as platforms for practical applications, includ-
ing dissipative state preparation [13–15], quantum memory
[16–18], and quantum information processing [13,19,20]. Ex-
perimental realizations of WQED systems span a broad range
of physical systems, including cold atoms near nanophotonic
waveguides [21,22], superconducting qubits coupled to mi-
crowave transmission lines [23,24], and solid-state emitters
such as color centers [25] and quantum dots [26] coupled to
nanofibers.

Although an extensive range of WQED and quantum spin
network models have been studied [2,14,27–34], much of the
foundational theoretical and numerical work has been built
around the paradigmatic Dicke model [35–37]. In this model,
an ensemble of n excited qubits emits light collectively, which
is referred to as Dicke superradiance [38]. The Dicke model
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implies full permutational symmetry among emitters, which
allows for a dramatic reduction of the effective Hilbert space.
Specifically, an ensemble of n qubits can be described as a
single collective spin-n/2, with a Hilbert space dimension of
(n + 1) [39]. This symmetry facilitates analytical treatment
and enables efficient numerical simulations [37,40–42].

It is of interest to understand how the collective effects
including superradiance are modified once this idealized sym-
metry is broken, which is inevitable in realistic setups. In
WQED, for instance, this occurs when the emitters are dis-
placed from positions commensurate with the wavelength
corresponding to the transition frequency. It is important to
emphasize that superradiance is not eliminated by breaking
the emitter position symmetry; rather, in this case the dynam-
ics is no longer confined to the symmetric Dicke subspace and
can populate additional collective states of lower symmetry. In
such cases, the short-time dynamics and local observables can
still be computed efficiently [39,41,43]. However, since the
system’s state is no longer permutationally symmetric, deter-
mining the exact transient and long-time dynamics becomes
substantially challenging, as one typically needs to work in
the full Hilbert space, which scales exponentially with n. This
requires development of novel numerical methods capable of
capturing complex open quantum many-body dynamics [41].

Among the emerging numerical methods for complex
quantum many-body systems, neural quantum states (NQSs)
have recently gained significant attention [44–46]. In this
approach, neural networks (NNs) are employed to represent
quantum many-body states, offering potentially greater ex-
pressibility than conventional tensor network (TN) techniques
[47]. In the domain of open quantum systems, NQSs have
been successfully applied to problems involving local noise,
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FIG. 1. Chain of spin-1/2 emitters with a resonance frequency
ω0 located at positions x j near a one-dimensional Markovian
waveguide with wavenumber k and decay rates into the left- and
right-propagating photonic modes, denoted by γL and γR, respec-
tively. The emitter chain can be additionally globally driven with a
Rabi frequency �.

particularly for steady-state computations [48–52] and the
simulation of dissipative dynamics [51–54]. In contrast, col-
lective phenomena in WQED setups typically involve global
quantum noise. Within the NQS framework, such global noise
channels have so far been addressed only in the context of
steady-state analysis [55]. Here, we extend the NQS frame-
work to capture the full real-time dynamics as well.

In this work, we present a NQS-based numerical method
for simulating the transient dynamics of quantum spin net-
works with arbitrary arrangement of qubits coupled to a
Markovian one-dimensional (1D) waveguide. We employ the
recently introduced time-dependent NQS (t-NQS) approach
[56], extending it to the case of open-system dynamics. We
demonstrate that our method captures the dynamics in the
generic, symmetry-broken regime beyond the standard Dicke
model: in the case of incommensurate emitter spacings, it
exhibits improved convergence compared to the simulations
accessible by the conventional TN method. We also demon-
strate the versatility of physical regimes in WQED that can be
simulated using our method. Finally, we apply the developed
approach to investigate how superradiance is affected by a
specific symmetry breaking that shifts the system away from
the Dicke model, confirming a quadratic decrease in the peak
emission intensity as the distance between emitters increases.

This paper is organized as follows. In Sec. II, we introduce
the notation and give the description of the WQED setup
studied in this work. In Sec. III, we analyze the performance
of standard TN methods when applied to systems without per-
mutational symmetry. Section IV introduces our t-NQS-based
method for solving the dynamics of open quantum many-body
systems. In Sec. V, we benchmark both approaches across
several physical regimes, and then use the t-NQS method to
calculate emitter dynamics in generic WQED settings.

II. PHYSICAL DESCRIPTION

In this section, we briefly describe the WQED model under
investigation. Consider a system that consists of a chain of
n emitters, each with a local Hilbert space dimension d = 2
(also referred to as qubits or spin-1/2 particles), trapped near a
one-dimensional, Markovian, open-ended waveguide that acts
as a shared environment, as illustrated in Fig. 1. Emitters can
undergo a radiative transition from the excited state to the
ground state by emitting a photon into the left- and right-
propagating modes of the waveguide with rates γL and γR,

respectively. Throughout the text, we denote the two states of
the jth spin as |0〉 j and |1〉 j , corresponding to spin-down and
spin-up, respectively. We are interested in the dynamics of a
spin chain that is initialized in the all-spin-up state:

ρ0 =
n⊗

j=1

|1〉 j〈1|. (1)

The spin system obeys the following Lindblad master equa-
tion (ME) [2,57,58]:

∂tρ = −i[H + Hdiss, ρ] + D[ρ], (2)

where H = �
∑

j σ
x
j is the system Hamiltonian correspond-

ing to a local driving with Rabi frequency �, Hdiss is the
coherent term induced by the dissipation and D[ρ] is the
dissipation superoperator [2]. We call the ME (2) balanced,
when the emission rates into the left- and right-moving bath
modes shown in Fig. 1 are the same, γL = γR ≡ γ . In this
case, the terms Hdiss and D[ρ] take the form:1

Hdiss = γ
∑

j,�

sin ν j�σ
+
j σ−

� , (3a)

D[ρ] = 2γ
∑

j,�

cos ν j�

(
σ−

� ρσ+
j − 1

2
{σ+

j σ−
� , ρ}

)
,

with ν j� = kδx j� ≡ k|x j − x�|, (3b)

where k is the wave number of the guided mode, x j are
the spin positions along the waveguide, σ+

j = |1〉 j〈0| and
σ−

j = |0〉 j〈1| are the jth spin operators. We note that the
decoherence rates are rescaled with the system size, γ = �/n,
and we use the constant � as a base time scale throughout
this work [59,60]. Equation (2) generally involves all-to-all
two-body interactions and leads to a complicated intermediate
dynamics and, in case of zero driving, � = 0, a trivial steady
state, ρSS = ⊗n

j=1 |0〉 j〈0| [61].
When the distances between the emitters (or emitter spac-

ings) are commensurate with the wavelength corresponding
to the transition frequency, such that kδx j� = 2πm, ∀ j, � with
m ∈ Z+, the coherent part (3a) of the balanced ME vanishes
and the system reduces to a permutationally symmetric Dicke
model2 [35,38]:

∂tρ = −i[H, ρ] + 2γ
∑

j,�

(
σ−

� ρσ+
j − 1

2
{σ+

j σ−
� , ρ}

)
. (4)

When the system is initialized as (1) and evolves under (4), its
dynamics can be reduced to that of a collective spin-n/2 and
can be solved exactly in an efficient way [37,40–42]. In this
setting, when H = 0, the system exhibits the phenomenon of
Dicke superradiance, when the spins emit photons collectively
with an intensity that is larger by a factor of n2 than that of an

1We refer the reader to Appendix A for the general form of the ME
in the case when the waveguide is imbalanced, γL �= γR.

2Throughout this work, we use the term “Dicke model” to refer
to the effective spin-only formulation obtained after eliminating
the photonic modes under the Born-Markov approximation; more
precisely, this corresponds to a reduced open Dicke model with
collective decay [2,7,38].
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independent emitter [7]. This corresponds to a purely collec-
tively dissipative regime, whereas finite driving � > 0 brings
the system to a different, driven-dissipative regime [59].

When, however, the emitter spacings are incommensurate
with k, the permutational symmetry is broken and the dynam-
ics can no longer be reduced to that of a single large spin. In
this case, the many-body ME (2) has to be solved explicitly
in the unconstrained Hilbert space. The exact diagonalization
(ED) methods in this case are limited to small system sizes
due to the exponential increase of the Hilbert space. In the
following section we demonstrate an attempt to simulate the
incommensurate chain dynamics with the standard tensor net-
work (TN) technique based on the vectorization of the ME (2)
[62] and show that with this method it is difficult to converge
the simulations for larger system sizes.

III. CHALLENGES OF TENSOR NETWORK SOLUTIONS

In this section we present a TN-based approach to solve
Eq. (2) and limitations of this type of solutions. We first
provide the reader with the basic considerations concerning
the implementation of the matrix product state (MPS) solution
and then show how, once deviating from the standard Dicke
model (4), it becomes hard for the TN approach to represent
the exact state dynamics.

The standard TN technique for open quantum many-
body systems involves vectorizing the density matrix,
ρ = ∑

α,β ραβ |α〉〈β| → |ρ〉〉 = ∑
α,β ραβ |α〉 ⊗ |β〉, and rep-

resenting it as an MPS in the Liouville (double Hilbert) space
[62,63]. In this case, the operator of the state propagation
under the ME (2) can be efficiently encoded into a matrix
product operator (MPO) using a finite automata approach
[64,65]. We refer the reader to Appendix B for an explicit
form of the propagator. Importantly, the propagator MPO has
a fixed bond dimension χprop = 10 for any system size.

For a given MPS, the computational cost of the TN pro-
cessing CTN is determined by its bond dimension χ as well as
the system size n (see also Appendix F):

CTN(χ, n) = nχ3. (5)

An associated operator entanglement (OE) entropy acts as a
proxy of this cost [66,67]:

E = −
χ∑

i=1

μ2
i log2 μ2

i , withμi = μ̃i√∑
i′ μ̃

2
i′

, (6)

where μ̃i (μi) are the (normalized) singular values of the
MPS’s middle cut. Depending on the amount of correlations
present in the state |ρ〉〉, its full TN representation may re-
quire different bond dimensions χ , and thus different levels
of computational effort. This difference can be quantified by
analyzing how the bond dimension χ and the corresponding
OE (6) scale with the system size n [68]. For instance, if the
OE scales linearly with n, the corresponding state exhibits a
volume-law scaling of entanglement, and the exact represen-
tation requires the bond dimension to grow exponentially with
n, matching the scaling of a naive full-state representation. On
the contrary, when the OE saturates at a constant value (an
area-law scaling), the bond dimension grows linearly, allow-

�

�

FIG. 2. Characteristics of tensor network (TN) solutions for the
long-range WQED problem. (a) Operator entanglement (OE) dy-
namics in the Dicke regime for various system sizes ranging from
n = 4 to n = 32 (indicated by different colors). Inset: scaling of the
maximum OE with system size n. (b) Scaling of the maximum bond
dimension χmax with system size, for emitter spacings parametrized
as in Eq. (7).

ing an efficient state representation. An intermediate situation
implies bond dimension growth that is polynomial in n.

To asses the computational cost of solving the dynamics
of ρ under the ME, we consider the scaling of the maximal
OE encountered during the dynamics Emax with the system
size n. In Fig. 2(a) we solve the Dicke ME (4) (commensurate
emitter spacings, kδx j, j+1 = 2π ). We start from the state (1)
and show evolutions of the OE for different system sizes. One
can observe a rapid entanglement buildup up to a maximal
value Emax with a subsequent relaxation towards zero entan-
glement in the steady state, E (ρSS) = 0. This phenomenon is
referred to as the entanglement barrier and is typical for open
quantum systems [66,67]. In the inset of Fig. 2(a) we confirm
the logarithmic scaling of Emax with the system size n in the
Dicke regime. This corresponds to the polynomial scaling of
the maximal bond dimension χmax required to represent the
state with the OE Emax, which is shown as a dashed line in
Fig. 2(b).

It turns out that the entanglement dynamics significantly
depends on the emitter positions x j , even though the MPO
propagator’s size does not depend on this (see Appendix B).
Once the emitter spacings are slightly incommensurate:

kδx j, j+1 = 2π (1 + ε), (7)

with the spacing parameter ε � 1, the required bond di-
mension χmax tends to grow faster with the system size, as
shown in Fig. 2(b). This rapid change in computational cost
indicates a significant challenge for the exact TN simulations
of arbitrary spin chains with environment-induced long-range
interactions. In the following section we demonstrate another
way to solve this problem by using an alternative quantum
many-body state representation based on NNs, i.e., so-called
time-dependent neural quantum states (t-NQSs).

IV. NEURAL QUANTUM STATES

In this section we present an alternative approach to solve
the ME (2) that is based on NNs representing the system state,
referred to as NQSs [47]. We base our approach on Ref. [56],
where explicitly time-dependent NQSs (t-NQSs) were intro-
duced, and extend this concept to open-system dynamics.
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Below we provide the reader with the basic ideas behind
NQSs as well as important building blocks and computational
cost estimates of the t-NQS approach used in this work.

The density matrix ρ can be represented within a NQS
framework through various approaches, such as mixed-state
purification [69] or vectorization of the Liouville space [55].
In this work, we choose the positive operator-valued measure
(POVM) formalism to represent the density matrix [70]. In
the case of informationally complete POVM (IC POVM), ρ is
unambiguously defined via the probability distribution p(a):

p(a) = tr(ρM(a) ), (8)

where a spans over d2n configurations and {M(a)} is a set of
positive semidefinite operators called the IC POVM frame.
Since the map (8) is unambiguous, there exists an inverse
transformation that recovers the state, ρ = ∑

b p(b)N (b),
where {N (b)} is the dual frame. We refer the reader to
Refs. [44,54] for more information about IC POVM repre-
sentations in the context of NQSs and to Appendix D for the
explicit formulation of IC POVM used in this work as well as
our motivation for adopting it.

NNs can be viewed as universal multivariate function ap-
proximators [71], and in our case such a function is the
distribution p(a). The state probabilities from this distribution
can be approximated by the NNs in NQSs: p(a) ≈ pθ (a),
where θ is a vector of variational NN parameters. When the
quantum state ρ(t ) evolves in time under the ME (2), so do
the corresponding probabilities:

∂t p(a, t ) =
∑

b

Aab p(b, t ), (9)

where the definition of Aab can be found in Appendix C.
There are several ways to encode the time dependence into the
NQSs. Pioneering approaches include time-dependent vari-
ational Monte Carlo (t-VMC) [72,73] and projected t-VMC
[74], which describe the dynamics through time-dependent
NN parameters, p(a, t ) ≈ pθ (t )(a). On a practical level this
approach implies a separate NN trained for each time step of
the evolution. A more recent alternative consists in promoting
t to an input parameter of the probability distribution, such
that p(a, t ) ≈ pθ (a, t ). In this case, a single NN is trained
globally to represent the quantum state at all times within a
given time interval t ∈ [0, T ]. This idea was independently in-
troduced by Refs. [56,75], with the following key difference.
Ref. [75] includes time dependence via a special wave func-
tion representation called Galerkin ansatz. In turn, Ref. [56]
incorporates time as an additional input parameter that is
being encoded in the NN.

In our work we use the latter method based on autoregres-
sive transformer NNs. We refer the reader to Appendix D for
details on autoregressive architectures. Transformer NNs are
universal sequence-to-sequence function approximators ini-
tially introduced for language models [76]. Their use as NQSs
spans a plethora of ground- and steady-state search meth-
ods for various physical models, including impurity models
[77], dissipative models [55], and frustrated systems such as
the transverse-field Ising model [78,79], J1-J2 model [80],
Fermi-Hubbard model [81], as well as neutral atom arrays
[82,83]. Transformer’s (self-)attention mechanism is particu-

FIG. 3. Training routine of the time-dependent NQS (t-NQS)
based on an autoregressive transformer NN. The NN with the pa-
rameter vector θ receives the time t and state configuration a as
inputs and produces the corresponding probability distribution ap-
proximation pθ (a, t ) as an output. Based on this distribution, the loss
function (10) is computed, allowing us to perform a single NN op-
timization step (learning epoch) using standard NN backpropagation
techniques. The procedure is repeated until the loss in sufficiently
minimized (see Appendix E for further details).

larly useful to learn complex long-range correlation patterns
in quantum many-body systems, in some cases potentially
outperforming existing TN methods [45,56,79,80]. The model
(2) considered in our work is thus an interesting test case
for transformer NQSs, as it involves long-range dissipative
interactions that rapidly generate quantum correlations in the
system, rendering TN simulations hard, as we have shown in
the previous section.

In Fig. 3 we show a sketch of the transformer model used
to approximate the probability distribution p(a, t ). The model
has a so-called encoder-decoder structure [76], which allows
us to naturally separate the configuration input a and time
input t of the approximate function pθ (a, t ). The encoder
embeds the time input t into a higher-dimensional vector of
size dh called hidden dimension. This vector is then passed to
an attention layer followed by a feed-forward NN. The atten-
tion layer dynamically assigns weights in the NQS, making
the model effectively attend to correlations between differ-
ent emitters. This makes capturing long-range interactions
particularly efficient. A feed-forward NN enhances this repre-
sentation by applying dense nonlinear transformations. Within
this structure, the model learns correlations in the input and
constructs a context vector, which is subsequently passed to
the decoder. The decoder takes the input state configuration
in the form of n tokens, a = (a1, . . . , an) (see Appendix D),
and embeds each of them into vectors of size dh. Passing these
vectors through attention layers, the decoder integrates them
with the time context vector coming from the encoder. This
information is then passed through another feed-forward NN
with a softmax activation function and then is finally decoded
into an approximation of the probability distribution, pθ (a, t ).

The goal of the NN training is to minimize the loss func-
tion, which measures the deviation of the NQS output pθ (a, t )
from the actual distribution p(a, t ). In the case of t-NQSs, the
loss function is simply the error of Eq. (9). Such a direct loss
estimation is possible due to the fact that t is the input of the
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NN, allowing for an exact and efficient calculation of time
derivatives of pθ (a, t ) using automated differentiation [84].
Once such a loss function is sufficiently globally minimized
during the NN training, the resulting t-NQS represents the
correct solution of Eq. (9). In the variational Monte Carlo
(VMC) framework, this loss function can be written as

Lθ = dt

|τ |
∑
t∈τ

∑
a∼pθ (a,t )

∣∣∣∣∂t pθ (a, t ) − ∑
b Aab pθ (b, t )

pθ (a, t )

∣∣∣∣, (10)

where the outer sum runs over time steps t from a discrete
subset of the whole time interval, τ ⊂ [0, T ] with dt being
the discretization step, and the inner sum involves Born-rule
sampling of state configurations. In order to take into account
the initial state of the system as well as to simulate the dy-
namics for several time intervals of duration T , we utilize
the concatenation technique introduced in Ref. [56]. We refer
the reader to Appendix E for the details on the time interval
concatenation, the choice of the interval subset τ as well as
other technical aspects of the t-NQS model.

For the t-NQS model described above, the computational
cost is determined by its hidden dimension dh and the system
size n [76]:

CNQS(dh, n) = n4dh + n3d2
h . (11)

The high-order polynomial scaling with n is related to the
quadratic scaling of transformer’s self-attention and the sepa-
rate application of two-body terms from the ME (2) during
the estimation of the loss (10). We refer the reader to
Appendix F for the detailed definitions of the computational
cost. In practice, such a scaling of the cost allows us to per-
form computations with system sizes up to n = 20, as done in
Sec. V.

V. RESULTS

In this section we compare the performances of the TN
method presented in Sec. III and the t-NQS method presented
in Sec. IV. Specifically, we apply both methods to solve the
ME (2) that generates the dynamics of a spin-1/2 chain near a
1D waveguide. In Figs. 4 and 5 we compare the convergence
properties of both methods for two instances of the balanced
ME: the commensurate (Dicke) regime with kδx j, j+1 = 2π

and the incommensurate regime with kδx j, j+1 = π/
√

3. In
addition, in Fig. 6 we demonstrate the capability of the
t-NQS method to solve various instances of the general ME
(as defined in Appendix A). Finally, using the t-NQS simula-
tions, in Fig. 7 we consider how the WQED physics changes
once moving away from the permutationally symmetric Dicke
regime.

We consider how several system observables evolve under
the ME (2). Specifically, we consider expectation values of the
magnetization and fluctuations (cumulative two-body correla-
tions) along the z direction of the spin chain:

〈Z〉 ≡ 1

n

n∑
j=1

〈
σ z

j

〉
, (12)

〈
F 2

z

〉 ≡ 1

n

n∑
j,�=1

(〈
σ z

j σ
z
�

〉 − 〈
σ z

j

〉〈
σ z

�

〉)
(13)

FIG. 4. Dynamics of physical observables of a spin chain near
a waveguide for (a) commensurate and (b) incommensurate emitter
spacings. The first and second rows feature the evolution of magne-
tization and fluctuations along the z axis, respectively. The third row
shows the output intensity in the right-propagating waveguide mode
(see main text). Left and right subcolumns in (a) and (b) correspond
to TN and t-NQS simulations. Different line colors correspond to
different values of truncation bond dimension χtr or hidden dimen-
sion dh for TN and t-NQS, respectively. The system size is n = 20
in (a) and n = 12 (maximum accessible by the ED in the full Hilbert
space) in (b). The shaded regions around t-NQS curves indicate the
sampling error.

as well as the intensity 〈IR〉 ≡ 〈c†
RcR〉/n of the output emission

in the right direction of the waveguide governed by the jump
operator cR = ∑

j eikx j σ−
j (see Appendix A and Ref. [2] for

details). This choice allows us to probe the performances of
our numerical methods for both linear (magnetization) and
quadratic (fluctuations, output intensity) observables.

In Fig. 4 we consider the dynamics of the mentioned
observables in a system with a fixed size n, with different
colors indicating varying numerical precision of the respective
methods. In the Dicke case shown in Fig. 4(a) we observe a
stable convergence by both the TN and t-NQS methods for
all of the chosen observables. Specifically, the TN method
coincides with the ED at all times already for the truncation3

bond dimension χtr = 64, which confirms the polynomial
scaling from Fig. 2(b). Incidentally, the t-NQS method gives
correct predictions at a rather low hidden dimension dh = 8.
Moreover, we observe a good approximation with even lower
values of χtr or dh for the magnetization 〈Z〉.

The incommensurate case is different from the Dicke
regime, as can be seen from comparing Fig. 4(b) with
Fig. 4(a). Specifically, for both methods the convergence to
the ED is slower for all considered observables. In the context
of TNs, this is consistent with the finding shown in Fig. 2(b)
of Sec. III. In this case, one can also observe a slightly better
convergence for the linear observable in comparison to the
quadratic observables for both methods. On the other hand,
the t-NQS lines approach the ED lines closer, even if not
converging as good as in the Dicke case. It is important to note

3Truncation bond dimension χtr is the maximal bond dimension
allowed during simulations.
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FIG. 5. Dependence of the average square deviation on the
computational cost values for Dicke (a) and incommensurate (b) sce-
narios. As in Fig. 4, the rows display the magnetization and
fluctuations along the z axis (first and second rows), and the right-
propagating waveguide mode output (third row). Solid lines with
squares and dotted lines with triangles represent average square
errors for TN and NQS methods, respectively. The lines’ colors
indicate different system sizes.

that increasing the truncation bond dimension χtr of TNs and
the hidden dimension dh of NQSs leads to different scaling of
the associated computational costs, as indicated in Eqs. (5)
and (11). For instance, increasing χtr from 4 to 8 results
in an eightfold increase in computational cost CTN, whereas
increasing dh from 4 to 8 leads to only a fourfold increase of
CNQS. In light of this, together with the results of Fig. 4, we
find that for a comparable increase in computational cost, the
NQSs exhibit faster convergence than the TNs in the specific
scenarios considered.

The results of Fig. 4 motivate comparing the conver-
gence properties of the studied numerical methods. As a
measure of how well the simulation converges for a given
observable 〈O〉, we take the time average of the squared devi-
ation of the numerical data from the ED solution for a fixed
evolution time T :

MO
num(C) = 1

T

∫ T

0
dt (〈O〉num(t ) − 〈O〉ED(t ))2, (14)

where the subscript num ∈ {TN, NQS} indicates the numer-
ical method, O is the operator corresponding to a physical
observable and C is the corresponding computational cost
as defined in Eqs. (5) and (11). We note that the error (14)
stems from two different sources. The first is the error of the
state approximation that is defined in TNs by the truncation
bond dimension χtr and in NQSs by the hidden dimension
dh. The second source is related to all residual errors, e.g.,
an error from a finite time step in the first-order time prop-
agation in TNs or finite sampling size, limited optimization
capabilities and time interval discretization in t-NQSs. In the
following analysis we focus on the former error of the state

FIG. 6. Dynamics of physical observables of the spin chain
near a waveguide for several cases of the generalized master equa-
tion (ME) as defined in Appendix A: (a) driven Dicke model (�L =
�R ≡ � = �, kδx j, j+1 = 2π ), (b) incommensurate case with driv-
ing (�L = �R ≡ � = �, kδx j, j+1 = π/

√
3), (c) commensurate chi-

ral case (�L = 0.5�R,� = 0, kδx j, j+1 = 2π ), (d) incommensurate
chiral case (�L = 0.5�R,� = 0, kδx j, j+1 = π/

√
3), (e) commensu-

rate driven chiral case (�L = 0.5�R, � = �R, kδx j, j+1 = 2π ), (f) in-
commensurate driven chiral case (�L = 0.5�R, � = �R, kδx j, j+1 =
π/

√
3). The columns correspond to the same observables as in

Figs. 4 and 5. The system size is n = 8, the hidden dimension of
the t-NQS is dh = 16 for (a), (c), (e) and dh = 20 for (b), (d), and (f).
The semitransparent shadings around the t-NQS plot lines indicate
the sampling error.

�

FIG. 7. Dependence of the emission intensity dynamics on the
emitter spacing. (a) Time evolution of the emission intensity into the
right-propagating waveguide mode, 〈IR〉, for various emitter spac-
ings (see text). The emission intensity grows during the transient
dynamics, reaching the peak value I∗

R (ε), and then goes down to
zero as the system approaches the steady state. The semitransparent
shadings around the t-NQS plot lines indicate the sampling error.
(b) The peak intensity I∗

R as a function of the spacing parameter ε.
The perturbative approximation and quadratic fit are shown as dotted
black and dashed white lines, respectively. The system size is n = 16,
the hidden dimension of the t-NQS is dh = 20.
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approximation, while keeping the residual errors small. Resid-
ual errors thus set the lower limit for the value of the average
square deviation (14). This means that, upon reducing the
state approximation error by increasing the associated com-
putational cost C, the value of MO

num reduces and eventually
saturates at the value of the residual error.

We therefore aim to find out how much computational cost
does a given state ansatz require to reach the threshold set
by the residual errors. We thus state that the simulation is
converged in terms of the state approximation for a given
observable O if the average square error MO

num reaches a
plateau at some sufficient cost C∗,

MO
num(C � C∗) = M̃O

num, (15)

where the value of the plateau M̃O
num is set by the residual

errors.
In Fig. 5 we analyze the reduction the overall average

square deviations of both methods, MO
TN and MO

NQS, in
terms of increasing computational cost.4 The TN and NQS
average square deviations are indicated by solid and dashed
lines, respectively. We consider the Dicke and incommensu-
rate regimes in Fig. 5(a) and 5(b) and indicate various system
sizes n by different colors. We note that in the Dicke case, the
average square error is evaluated against the ED for all system
sizes. In the incommensurate case, the ED is used for the
system sizes up to n = 12, while for larger n, MO

TN and MO
NQS

are calculated relative to the solutions with the largest bond
dimension χtr or hidden dimension dh, respectively. From the
Dicke case shown in Fig. 5(a), one can conclude that both
methods satisfy the convergence conditions. One can observe
that the TN average square error is smaller compared to the
NQS case, M̃O

TN < M̃O
NQS. This is expected because in this

case the TNs represent the state exactly up to the second
order in the time step [85], while the residual errors in NQSs
are larger and depend on the system size. This dependence
can be explained by the quadratically growing number of
Lindbladian terms in the loss (10) and henceforth increased
learning effort with the system size, and also by the dis-
cretization of time intervals in t-NQSs. A completely different
scenario can be seen for the incommensurate regime shown
in Fig. 5(b). Here, only for the smallest system size, n = 4,
the TNs provide a solution that is close to the ED,5 while for
larger system sizes the TN solutions fail to satisfy the con-
vergence condition (15) for all of the observables. In turn, the
t-NQS solutions show a clearer trend toward satisfying con-
dition (15) for the cases of the magnetization 〈Z〉 and output
intensity 〈IR〉, and in the case of fluctuations 〈F 2

z 〉 t-NQSs con-
fidently exhibit lower deviation values with increasing cost.
Even though the deviation here is larger compared to the one

4We note that the costs for TNs and NQSs from Eqs. (5) and
(11) are defined as scalings in different relative units and should
not be compared quantitatively. Moreover, the considered ranges of
computational costs differ for TNs and NQSs. This stems from our
choice of the bond dimensions χtr and hidden dimensions dh.

5For TNs with low bond dimensions one can observe a larger
deviation for the Dicke model compared to the incommensurate case.
This can potentially be related to the nonpositivity of the TN solution
upon truncation of the bond dimension [62,86].

in the Dicke case, it can be confirmed that for all observables,
the deviations accessible by NQSs are lower than the devi-
ations accessible by TNs, MO

NQS(C∗
NQS) < MO

TN(C∗
TN), with

C∗
num being the maximal cost accessible by the respective

numerical method. This confirms that, compared to the sim-
ulations accessible by the TN method, the t-NQS predictions
are more accurate for incommensurate spin dynamics, while
demonstrating no substantial gain in the case of permutation-
ally symmetric Dicke model.

With the t-NQS method presented here, one is able to study
the dynamics of various WQED settings beyond the examples
considered so far. In Fig. 6 we take several instances of the
general ME (presented in Appendix A) and plot the dynam-
ics of different physical observables generated by the t-NQS
method, comparing them to the ED results. One can see that
the t-NQS is capable of capturing complex dynamics of driven
systems with collective decay as well as emitters coupled to
a chiral waveguide. We note that the incommensurate cases
shown in Fig. 6(b), 6(d), and 6(f), while requiring a higher
hidden dimension (dh = 20) compared to the commensurate
case (dh = 16), converge smoothly to the ED curves, demon-
strating the ability of the t-NQS to accurately represent the
dynamics even in more complex settings.

Using the t-NQS method, one can explore the physics
of the WQED beyond the standard Dicke regime [43].
Specifically, in Fig. 7 we consider the dynamics of the
emission intensity 〈IR〉 and how the peak intensity value
I∗
R scales with the emitter spacing once deviating from the

commensurate regime. This deviation is parametrized by
ε in Eq. (7) and is also studied with TNs in Fig. 2(b).
Figure 7(a) shows that the parameter ε has a pronounced
impact on the dynamics of 〈IR〉, with growing ε leading to
a gradual suppression of the intensity peak I∗

R . Within the
perturbation-theoretic approximation, one can expect I∗

R to
decrease quadratically with sufficiently small ε, which is indi-
cated by a black dotted line in Fig. 7(b) (we refer the reader to
Appendix G for the derivation of the perturbative approxima-
tion of the quadratic scaling). We confirm this behavior with
our t-NQS simulations, the results of which appear as square
data points in Fig. 7(b). We additionally provide a quadratic fit
of the data, shown as a white dashed line in Fig. 7(b) (we refer
the reader to Appendix G for the parameters of the numerical
quadratic fit). The results presented in Fig. 7 indicate that a
slight deviation from commensurate emitter spacings, a com-
mon occurrence in experimental settings, leads to a quadratic
suppression of the superradiant emission rate.

VI. CONCLUSIONS AND OUTLOOK

In this work, we introduce a neural quantum state (NQS)
approach for simulating the dynamics of spin chains with dis-
sipative all-to-all interactions mediated by a one-dimensional
Markovian waveguide. Our method builds on the recently
proposed time-dependent NQS (t-NQS) framework, which
incorporates time as an explicit input to the neural network
[56], extending the approach to the density matrix representa-
tion using informationally complete positive operator-valued
measures (IC POVM) [44]. We benchmark the performance
of t-NQS against a conventional tensor network (TN) method
based on the matrix product state (MPS) representation of the
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vectorized density matrix [63,66,67]. Our results demonstrate
that the t-NQS method is able to capture spin dynamics in
generic, symmetry-breaking configurations, albeit currently
limited to system sizes of up to n = 20. In particular, our
method predicts the dynamics of the incommensurate emitter
spacings more accurately than the TN approach across ac-
cessible bond dimensions, while performing on par with TNs
in the permutationally symmetric Dicke regime. Additionally,
we demonstrate that the developed numerical method is able
to simulate various physical regimes of the WQED, including
emitter systems with driving, incommensurate spacings and
chiral dissipative couplings. Finally, with the developed tool
we study how the phenomenon of superradiance changes once
moving away from the permutationally symmetric regime,
and observe that the peak emission intensity is quadratically
suppressed with increasing perturbation in the emitter spac-
ings, in agreement with perturbative predictions.

Several directions remain open for future research. From
the physics perspective, an important next step is to further
investigate the superradiance in symmetry-broken regimes. In
particular, the perturbative deviation from the Dicke model
presented in Fig. 7 could be extended using finite-size scaling
argument, to characterize the fate of superradiance in the
thermodynamic limit. On the methodological side, the t-NQS
framework developed in this work can naturally accommodate
a broader class of physical models. For instance, our imple-
mentation readily extends to systems with time-dependent
parameters, enabling the study of complex processes such
as optimal control and dissipative state preparation [87–89].
Further improvements may come from exploring alternative
NQS representations. Specifically, employing neural network
ansätze operating on the vectorized density matrix [55] could
offer advantages over the POVM-based sampling used in
this work. Moreover, the vectorized form of the NQS could
open doors for developing mappings between the TN and NN
representations of quantum states [90], facilitating switching
between different methods in order to overcome entanglement
barriers such as ones shown in Fig. 2(a). A key technical
challenge in this direction remains the efficient treatment of
all-to-all interactions within the NQS framework. Address-
ing this will be essential for scaling to larger system sizes
and more complex geometries. In addition, while we com-
pared our approach with the standard TN representation of
the vectorized density matrix [63,66,67], we did not consider
quantum trajectory based TN approaches [41,60,91–94]. A
systematic comparison with such methods remains an impor-
tant future research direction.

We also note that extending the present t-NQS framework
to WQED systems with explicit consideration of mechani-
cal degrees of freedom [95] is conceptually straightforward
within the POVM-based formulation, although computation-
ally more demanding, and constitutes a promising topic of
future research. Another interesting generalization of the con-
sidered case is independently distributed position deviations
{εi} drawn from, e.g., a Gaussian distribution N (ε̄, σ 2) with
mean ε̄ and variance σ . This should introduce phase disorder
to the collective jump operators and is expected to suppress
the peak emission rate 〈I∗

R〉 in a manner that depends on both
ε̄ and σ . A systematic analysis of this scenario is left for future
work. Finally, while driven WQED models, considered in

parts of this work, may, in addition, exhibit chaotic dynamics
in certain parameter regimes [36,96], in this work we focus
on convergence properties arising from symmetry breaking
and the resulting increase in state complexity. A systematic
investigation of how chaos may affect numerical simulability
remains an interesting direction for future research. Taken to-
gether, these directions suggest that NQS-based methods may
offer a promising route for simulating open quantum many-
body dynamics, especially as their flexibility and scalability
are further explored.
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APPENDIX A: GENERAL MASTER EQUATION
FOR THE IMBALANCED MARKOVIAN WAVEGUIDE

In the case when the waveguide has different dissipation
rates for the left- and right-propagating modes, �L �= �R, the
dissipation-induced terms of the ME (2) can be written as
sums over the left and right contributions:

Hdiss = HL + HR, (A1)

D[ρ] = DL[ρ] + DR[ρ], (A2)

where the coherent contributions (A1) have the following
form:

HL = − iγL

2

∑
j<�

(eik|x j−x�|σ+
j σ−

� − H.c.), (A3a)

HR = − iγR

2

∑
j>�

(eik|x j−x�|σ+
j σ−

� − H.c.), (A3b)
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with γL,R = �L,R/n are the decoherence rates rescaled with n
[59,60]. The dissipators (A2) read:

Dα[ρ] = γα

(
cαρc†

α − 1
2 {c†

αcα, ρ}), (A4)

where α ∈ {L, R} and cL,R = ∑
j e∓ikx j σ−

j . We also refer the
reader to Refs. [2,98] for further information on chiral spin
networks.

APPENDIX B: TENSOR-NETWORK MASTER EQUATION PROPAGATOR

A site- j tensor from an MPO that encodes the propagation under the balanced ME (2)–(3) can be written as [64,65]

Aj =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I c→
− c→

+ (c→
− )† (c→

+ )† c←
− c←

+ (c←
− )† (c←

+ )† Lloc

0 I 0 0 0 0 0 0 0 −(c→
− )† + (c←

− )†

0 0 I 0 0 0 0 0 0 (c←
+ )†

0 0 0 I 0 0 0 0 0 c→
− /2 − c→

− /2

0 0 0 0 I 0 0 0 0 −c→
+

0 0 0 0 0 I 0 0 0 (c←
− )†/2 − (c←

− )†/2

0 0 0 0 0 0 I 0 0 −(c←
+ )†

0 0 0 0 0 0 0 I 0 (−c←
− + c→

− )

0 0 0 0 0 0 0 0 I c→
+

0 0 0 0 0 0 0 0 0 I

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

j

, (B1)

where I = 1 ⊗ 1 is the identity operator in the
Liouville space, c→

± = √
γ dt (σ− ⊗ 1)e±ikx and c←

± =√
γ dt (1 ⊗ σ−)e±ikx are the short notations for jump operators

in the Liouville space, and the local Lindbladian term being

Lloc = −i�dt (σ x ⊗ 1 − 1 ⊗ σ x )

+2γ dt
(
σ− ⊗ σ+ − σ+σ− ⊗ 1 − 1 ⊗ σ+σ−)

.

Note that the site index j is omitted but implied for every
operator appearing in (B1). The resulting MPO has a fixed
bond dimension χprop = 10 for any system size and is able to
encode both permutationally symmetric (Dicke) and incom-
mensurate propagators. In the former case, the exponents in
jump operators c→

± and c←
± correspond to a trivial gauge and

can be safely dropped, thus leading to identical MPO tensors
that do not depend on the position j. The generalization to the
imbalanced ME presented in Appendix A is straightforward.

APPENDIX C: MASTER EQUATION AS AN EQUATION
OF MOTION FOR PROBABILITY DISTRIBUTIONS

The balanced ME (2)–(3) for the density matrix ρ(t ) can
be rewritten in IC POVM representation as Eq. (9), which is
an equation of motion for the probability distribution p(a, t )
defined in Eq. (8). In this ME, the generator of time evolu-
tion consists of coherent and incoherent contributions, Aab =
Cab + Dab, which can be written as follows:

Cab = −itr
(
(H + Hdiss )

[
N (b), M(a)

])
,

Dab = γ
∑

j,�

cos ν j�D
ab
j� ,

Dab
j� = tr

(
2σ−

� N (b)σ+
j M(a) − σ+

j σ−
�

{
N (b), M(a)

})
, (C1)

where a and b are the state configuration vectors, M(a) and
N (b) are the IC POVM frame and dual frame, respectively,
and definitions of the remaining terms can be found in the

discussion to Eqs. (2) and (3) of the main text. The gener-
alization to the imbalanced ME presented in Appendix A is
straightforward.

APPENDIX D: LOCAL PROBABILITY
REPRESENTATIONS

As mentioned in the main text, the t-NQSs used in this
work are based on autoregressive NN sampling. This approach
consists in representing the NN output, i.e., the probability
distribution p(a), in a local basis:

p(a) = p(a1, . . . , an), (D1)

where each ai spans d2 = 4. Such a representation is gen-
erated with local IC POVM frames, {M(a)} = {M(a1 ) ⊗ · · · ⊗
M(an )}. Each of the local frames M(a j ) can be chosen in
multiple ways as long as it corresponds to an IC POVM rep-
resentation. In this work we choose each of the local frames
to form a so-called Pauli-4 basis [54], which can be written as
follows:

M(0) j = 1
3 |0〉 j〈0|,

M(1) j = 1
3 |+〉 j〈+|,

M(2) j = 1
3 |r〉 j〈r|,

M(3) j = 1 j − M(0) j − M(1) j − M(2) j . (D2)

Here |0〉 j , |+〉 j and |r〉 j are the eigenvectors with eigenvalue
+1 of spin operators σ x

j , σ
y
j , and σ z

j , respectively ( jth spin
Pauli operators in the x, y, and z direction).

This allows us to subsequently sample local
configurations from conditional probabilities, p(a) =∏n

j=1 p(a j |a1, . . . , a j−1), and avoid global sampling with
computationally costly Markov chain Monte Carlo techniques
[48,54]. Such an economic sampling is possible in our case,
since the probability distributions remain normalized under
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the trace-preserving ME (2). The NN architectures suitable
for autoregressive sampling include recurrent NNs (RNNs)
[99–101], masked convolutional neural networks (CNNs)
[44,90,102], and transformers [54,78,79,82,103], the latter
being used in the present work.

APPENDIX E: TECHNICAL DETAILS ON THE NEURAL
NETWORK MODEL

The t-NQS described in Sec. IV is trained to represent the
mixed state of the system at all times t in a given time interval
t ∈ [0, T ]. Since the intermediate dynamics depends on the
initial state ρ0, it is crucial to set up the model at the correct
state at time t = 0. We follow Ref. [56] by incorporating
an initialization (concatenation) layer at the end of the NN
architecture, which blends fixed initial IC POVM probabilities
p0(a) = tr(ρ0M(a) ) with the output values of the trained NN
with parameters θ1. This layer forces the total t-NQS output to
have the form of a simple convex combination in time domain:

concat(p0, pθ1 , t ) = f (t )p0(a) + (1 − f (t ))pθ1 (a, t )

with t ∈ [0, T ], (E1)

where f (t ) is an arbitrary differentiable function with
boundary conditions f (0) = 1 and f (T ) = 0, and pθ1 (a, t )
corresponds to the output of the NN parametrized by θ1. For
all the results presented in this work, we choose the simplest
concatenation function, f (t ) = 1 − t/T , as we found it to
facilitate the NN training.

We note that this approach can be extended beyond a single
time interval, e.g., it can be used to concatenate two subse-
quent intervals. In this case, the concatenation layer blends the
previous NN output, pθ1 (a, T ), taken at the last time step of
its interval, and the next network, pθ2 (a, t ), at the subsequent
interval t ∈ [T , 2T ]:

concat(pθ1 , pθ2 , t ) = f (t )pθ1 (a, T ) + (1 − f (t ))pθ2 (a, t )

with t ∈ [T , 2T ]. (E2)

The first NN is treated as an initial state and its parameters
θ1 are fixed, i.e., there is no training occurring for this NN,
and the second NN with parameters θ2 is being trained for
the corresponding time interval. In this way one can facilitate
the training for a larger time range, [0, mT ] with m ∈ Z+,
by dividing the range into m smaller intervals of duration T ,
training a separate NN for each of them and concatenating
them one after another in a sequence.

The t-NQS output at a given interval is used to estimate
the loss function Lθ provided in Eq. (10) of the main text.
The training of the corresponding transformer NN consists
in minimization of Lθ with respect to the NN parameters
θ . This minimization is performed using the gradient-based
backpropagation in the PYTORCH framework [84]. We find
that, for the purpose of optimization, it is sufficient to include
only the gradient of the first term in the loss function (10)
that corresponds to the time derivative, while neglecting the
gradient contribution from the second, Lindbladian term. The
reason for this is evident from Fig. 8, where we plot cumu-
lative absolute values of gradients summed across all the NN
parameters θ of the corresponding loss terms. These values
are simple indicators of the importance of the correspond-

FIG. 8. A typical example of the gradient absolute value accu-
mulated for all the NN parameters θ for the time derivative (dark
blue solid line) and Lindbladian (light blue solid line) contributions
to the loss (10) during the training of a single t-NQS. The black
solid line indicates the learning rate changes during the training.
Here the physical parameters are: the system size is n = 4, the
distance between the emitters is k|x j − x j+1| = π/

√
3, the driving is

� = 0.2�R, and decoherence rates are �L = 0.5�R. The NN model
has hidden dimension dh = 20, with the rest of the model parameters
being the same as in the text.

ing gradient contributions for the overall learning process.
Additionally we plot the learning rate schedule (see further
technical details in the next paragraph). We observe a clear
dominance of the time derivative term in the beginning of
training when the learning rate is the highest. Upon the end
of training, when the model is no longer learning efficiently,
the gradients of the time derivative and Lindbladian contri-
butions are still separated by an order of magnitude. This
justifies the described gradient approximation, and we find
that our method still successfully minimizes the loss (10) and
converges to the correct dynamics. This heuristic significantly
reduces memory consumption, thereby enabling the simula-
tion of larger system sizes.

The fact that retaining only the gradient contribution
from the time-derivative term in the loss (10) is sufficient
can be understood both from a computational and phys-
ical points of view. Since time is treated as an explicit
network input, the gradient of the time-derivative term in-
volves mixed second-order derivatives ∂θi∂t pθ (a, t ), whereas
the Lindbladian contribution involves only first-order deriva-
tives ∂θi pθ (a, t ). For randomly initialized NNs, the output
function is typically irregular in its inputs, leading to compar-
atively large curvature in time and thus larger second-order
derivatives at early stages of training. As a result, the gradi-
ent from the time-derivative term dominates the optimization
landscape, as confirmed by Fig. 8. From a physical point of
view, the ME enforces temporal smoothness, which leads to
reduction of the second-order derivative contribution; more-
over, at the exact solution both gradient contributions should
vanish. However, since the NQS provides only an approximate
representation, the gradients remain, with the time-derivative
gradient being dominant throughout training. Neglecting
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the Lindbladian gradient contribution therefore constitutes a
controlled approximation: the loss is evaluated according to
the full expression (10), and only the dominant gradient chan-
nel is used in the back propagation.

For minimization of the loss (10) we use the standard adam
optimizer for the NN optimization with multistep learning
rate scheduler [84]. The scheduler parameters are as follows:
total number of epochs is Nepochs = 2 × 104, the learning
milestones happen every 103 epochs, the initial learning rate
is 10−2 and the reduction (gamma) factor is 0.75. We train
our model in batches of size 200 per epoch, and each batch
includes sampled probability configurations from 25 different
time steps that form the subset of the target time interval,
τ ⊂ [0, T ]. In our work we set T = 0.25/� and the time step
dt = 10−3/� (T = 0.25/�R and the time step dt = 10−3/�R

in the case of the chiral models, where �L < �R), such that
the number of steps in [0, T ] is equal to 250. In Ref. [56]
the τ subset was composed of time steps randomly picked
from the interval [0, T ] for every learning epoch, such that
it covered all the steps homogeneously on average. In the
present work, τ range is increased gradually from 0 to T
during an initial stage of training to facilitate a smoother loss
reduction. Specifically, we start with the range of just first
five steps of the total interval, increasing it gradually each
200 epochs by 5, reaching the full range after 104 epochs.
The condition for exiting the training is either reaching the
maximum number of epochs Nepochs or reaching the loss value
that is smaller than some threshold, Lθ < εL, upon reaching
the full range of τ . Throughout our work the loss threshold is
set to εL = 10−2.

Upon exiting the training stage, the t-NQS output pθ (a, t )
is used to calculate the dynamics of physical observables
appearing in Sec. V. For a given physical observable and
corresponding operator O, the expectation value can be cal-
culated as [54]:

〈O〉 ≈
∑

a∼pθ (a,t )

tr(OM(a) ), (E3)

where M(a) is the IC POVM frame used to generate the prob-
ability distribution pθ (a, t ). At each time step of each t-NQS
interval, observables are estimated using 103 configurations
sampled from the probability distribution, a ∼ pθ (a, t ). For
all of the t-NQS results appearing in this work we additionally
apply Savitzky-Golay filter to decrease the noise in the data
[104]. The Savitzky-Golay filter parameters we used in the
present work: the window length is 201dt and the polynomial
order is 3.

APPENDIX F: COMPUTATIONAL COST ESTIMATION

In this Appendix we estimate the computational costs for
both methods to numerically solve the ME (2), namely, the TN
approach based on the vectorized density matrix presented in
Sec. III and the t-NQS method based on IC-POVM representa-
tions of the density matrix presented in Sec. IV. It is important
to note that the cost estimates for these methods should be
compared with caution. Even though both of the approaches
essentially rely on tensor multiplications and contractions, the
basic operations behind the methods are structurally differ-
ent. The TN approaches rely on a so-called singular value

decomposition (SVD, see Ref. [63]) and subsequent tensor
contractions. In turn, the NQS simulations imply two parts:
the first one is the NN learning, where the forward and back-
ward pass as well as the loss estimations are made, and the
second one is the sampling, where the physical observables
are being calculated based on the data output of the trained
NN [45]. Apart from the principal differences in construction,
the computer hardware on which the mentioned operations are
performed is also typically different: while the NN processing
uses graphics processing units (GPUs), the TN procedures
still mostly rely on central processing units (CPUs), even
though a significant effort is being put to transfer TN process-
ing to GPUs [105]. Due to these reasons it is very challenging
to draw any conclusions from comparing the absolute perfor-
mance times of the TN- and NN-based methods.

We take an alternative approach to compare computational
costs by defining a set of tunable parameters that influence
performance times and comparing their scalings in terms of
the big O notation [106]. For instance, in the TN method
the most computationally costly part is the SVD sweep, dur-
ing which the TN that represents the state is simultaneously
propagated and brought to the canonical form [63]. The cost
behind such a sweep defines the general cost of the TN method
and can be estimated as O(CTN) with CTN given in Eq. (5)
of the main text. Importantly, CTN(χ, n) is a function of the
system size n and the TN bond dimension χ . The local Hilbert
space dimension d2 can also enter this estimate, however we
ignore it as it is a constant (nontunable) parameter.

The computational cost of the NQS is defined by two
tunable parameters: the number of qubits n and the hidden
dimension of the network dh. We do not include the other
NN parameters such as the number of layers or the batch size
in our analysis due to the fact that these parameters are set
constant throughout this work. Different stages of the NQS
methods are influenced by the parameters n and dh in a dif-
ferent way. For instance, the forward pass during the learning
stage scales as O(n2dh + d2

h n) [76], while the autoregressive
sampling stage requires one order of n more, thus scaling
as O(n3dh + n2d2

h ). The most significant computational cost
comes from the estimation of the loss (10), where the all-to-all
Lindbladian has to be explicitly applied and which scales as
O(CNQS) with CNQS given in Eq. (11) of the main text. We
note that CNQS(dh, n) is a function of the system size n and the
hidden dimension dh.

APPENDIX G: PERTURBATIVE DERIVATION
OF QUADRATIC SCALING IN FIG. 7

In this Appendix we give a brief derivation of the quadratic
scaling of the peak emission intensity I∗

R with the emitter
spacing parameter ε (see Fig. 7 and the corresponding dis-
cussion for more details). Consider the balanced ME given
in Eqs. (2) and (3) of the main text and assume equidistant
emitter spacings, kδx j, j+1 = 2π (1 + ε), with ε � 1 being a
perturbation parameter. The output emission operator in this
case can be written as:

IR ≡ c†
RcR/n = 1

n

∑
j,�

ei2π ( j−�)εσ+
� σ−

j . (G1)
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One can use Taylor expansion:

ei2π ( j−�)ε = 1 + i2π ( j − �)ε − 2π2( j − �)2ε2 + . . . ,

(G2)

and, assuming that the system’s state at the emission peak
time, ρ∗, is mostly defined by the permutationally symmetric
sector, one can write the output emission intensity as a func-
tion of the spacing perturbation ε:

〈IR〉ρ∗ = 1

n

∑
j,�

〈σ+
� σ−

j 〉ρ∗ + ε
i2π

n

∑
j �=�

〈σ+
� σ−

j 〉ρ∗ ( j − �)

− ε2 2π2

n

∑
j �=�

〈σ+
� σ−

j 〉ρ∗ ( j − �)2 + O(ε3), (G3)

where we used the notation 〈O〉ρ∗ = tr(Oρ∗). Due to the ap-
proximate permutational symmetry of ρ∗, the contributions
odd in power of ε are equal by modulus but opposite by sign
and therefore are vanishing. If we assume that the emission
intensity peaks exactly at half-filling,

∑
j〈σ+

j σ−
j 〉ρ∗/n = 1/2,

then we can write:

I∗
R (ε = 0) ≡ 1

2
+ 1

n

∑
j �=�

〈σ+
� σ−

j 〉ρ∗ . (G4)

Using the numerical value of the peak output intensity in the
Dicke regime with ε = 0, I∗

R (ε = 0) ≈ 3.377 (see Fig. 7), we
can deduce:

1

n

∑
j �=�

〈σ+
� σ−

j 〉ρ∗ = I∗
R (0) − 1

2
≈ 2.877, (G5)

such that with the approximate permutational symmetry of ρ∗
we can write:

1

n
〈σ+

� σ−
j 〉ρ∗ ≈ 2.877

n(n − 1)
∀ j �= �. (G6)

In this case, the quadratic term of Eq. (G3) can be factorized
as:

−ε22π2 2.877

n(n − 1)

∑
j �=�

( j − �)2. (G7)

The sum appearing in Eq. (G7) can be simplified:

∑
j �=�

( j − �)2 = 1

6
n2(n2 − 1), (G8)

such that the final expression for the quadratic term of
Eq. (G3) is

−ε2π2 2.877

3
n(n + 1). (G9)

This result appears as a black dotted line in Fig. 7. The
quadratic fit function sketched as a white dotted line in Fig. 7
is I∗

R (ε) = f (ε × 102) with f (x) ≈ −0.302x2 + 3.377.
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