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Propagation of two-photon Zernike states in atmospheric turbulence
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We analyze propagation and detection of two-photon states expanded in Zernike modes through atmospheric
turbulence using the extended Huygens-Fresnel formalism. For spontaneous parametric down-conversion states
prepared with a single Zernike pump mode, we analytically reduce the eight-dimensional continuous propaga-
tion integrals to an exact, discrete modal expansion. In the absence of turbulence, Zernike addition enforces
conservation of azimuthal index and a strict radial-order bound. Turbulence relaxes these constraints, driving
structured azimuthal and radial crosstalk dominated by low-order aberration modes.
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I. INTRODUCTION

Spatially structured optical fields provide a high-
dimensional resource for quantum optics and quantum
information processing, enabling enhanced encoding capac-
ity, robustness, and sensitivity in tasks ranging from quantum
communication to quantum sensing [1–8]. In particular, the
transverse spatial degrees of freedom of photons generated
via spontaneous parametric down-conversion (SPDC) can
exhibit strong correlations and entanglement, which have
been extensively studied using Hermite-Gaussian (HG) and
Laguerre-Gaussian (LG) mode bases [9,10]. These modal
representations have played a central role in establishing con-
servation laws, selection rules, and entanglement properties of
quantum states of spatially structured light.

In practical free-space implementations, however, spatially
encoded quantum states must propagate through random or
turbulent media, most notably the atmosphere. Atmospheric
turbulence introduces random phase distortions that couple
transverse modes, degrade modal orthogonality, and weaken
spatial correlations. This manifests as severe intermodal
crosstalk—most notably observed as the degradation of or-
bital angular momentum (OAM) selection rules—effectively
acting as a noisy quantum channel [11–18]. Understanding
how turbulence affects different spatial encodings is therefore
a central problem in the development of robust quantum pho-
tonic technologies.
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Turbulence-induced degradation of spatial correlations has
been extensively investigated in HG and LG modal bases,
frequently, within the extended Huygens-Fresnel formalism
[19,20]. However, both the robustness of correlations and
the structure of intermodal coupling depend strongly on the
chosen representation. In this work, we retain the same prop-
agation framework while reformulating the analysis in the
Zernike basis.

Motivated by this observation, we recently introduced
Zernike polynomials as a physically meaningful basis for
describing quantum states of light [21]. They are widely
used in classical optics to represent wave-front aberrations,
with low-order polynomials corresponding directly to familiar
distortions such as piston, tilt, defocus, astigmatism, coma,
and trefoil [22–24]. In the quantum context, we showed that
SPDC can generate entanglement in the Zernike basis and
that the associated expansion coefficients obey exact selection
rules closely analogous to angular-momentum conservation in
LG modes, while simultaneously encoding radial-order con-
straints absent in conventional OAM descriptions.

The direct correspondence between Zernike modes and
classical aberrations suggests that this basis may offer distinct
advantages for analyzing and mitigating turbulence-induced
decoherence. Since atmospheric turbulence is itself com-
monly described in terms of low-order aberrations [11,22],
one may expect that its dominant effects are naturally captured
by a restricted subset of Zernike modes.

In this work, we develop a theoretical framework for
the propagation and detection of Zernike-mode two-photon
states through atmospheric turbulence. Using the extended
Huygens-Fresnel principle, we incorporate random phase dis-
tortions into the Zernike-mode representation of the optical
field and derive analytical expressions for the joint two-photon
detection probability in the far field. The formalism allows
us to separate the roles of state preparation, modal structure,
and turbulence-induced mode coupling in a transparent and
systematic manner.
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Applying the theory to entangled photon pairs generated
via SPDC, we analyze how turbulence modifies the exact
selection rules that hold in the absence of random media.
We show that while turbulence relaxes these constraints, the
resulting degradation of spatial correlations is dominated by a
small set of low-order Zernike modes associated with classi-
cal aberrations. This hierarchical coupling behavior contrasts
with the extensive mode coupling observed in LG- and HG-
based descriptions [17,18,20] and provides a clear physical
interpretation of turbulence-induced decoherence in terms of
aberration dynamics.

In the present work, we adopt the same propagation
framework but reformulate it in the Zernike basis, which is
naturally adapted to aberration-driven distortions and allows
the turbulence-induced coupling structure to be analyzed in
a physically transparent manner. In addition to their applica-
tion to quantum field propagation in turbulence, the Zernike
and Fourier-Zernike coupling identities derived here provide
a closed algebraic framework that may be useful in other
contexts involving aberration-driven mode coupling.

The paper is organized as follows. Section II introduces
the Zernike-mode formalism used throughout the work. Sec-
tion II A summarizes the properties of Zernike polynomials,
their Fourier transforms, and the associated algebraic identi-
ties (some of which are new, to the best of our knowledge)
required for two-photon mode coupling. Sections II B and II C
incorporate atmospheric turbulence into the Zernike-mode
representation of the optical field operators using the extended
Huygens-Fresnel principle. In Sec. III, we apply the formal-
ism to the propagation and detection of entangled photon pairs
generated via SPDC and derive analytical expressions for joint
two-photon detection probabilities in atmospheric turbulence
channel. Section IV discusses the physical implications of
the results. Section V summarizes the main conclusions and
outlines directions for future work.

II. ZERNIKE-MODE FORMALISM AND FIELD
PROPAGATION THROUGH TURBULENCE

A. Zernike modes and mode-coupling identities

The foundational definitions of the quantum Zernike ba-
sis and free-space propagation operators were introduced in
our recent work [21]. We briefly summarize the essential
Zernike and Fourier-Zernike identities here to establish nota-
tion before introducing the turbulent propagation framework.
Zernike modes form a complete orthonormal basis on the unit
disk and provide a natural representation for optical fields
defined on a circular pupil.

Unlike LG modes, Zernike modes impose explicit radial-
order constraints. They are defined for integers m and n with
n − |m| � 0, and even as

Zm
n (ρ) =

{√
n + 1 R|m|

n (ρ)eimθ , 0 � ρ � 1,

0 ρ > 1,
(1)

where ρ = (ρ, θ ), 0 � θ < 2π, are the polar coordinates
[ρ =

√
x2 + y2, θ = arctan(y/x)], and the radial polynomi-

als R|m|
n are given by

R|m|
n (ρ, θ ) =

n−|m|
2∑

k=0

(−1)k (n − k)!

k!
(

n+m
2 − k

)
!
(

n−m
2 − k

)
!
ρn−2k . (2)

We adopt the Fourier-transform convention

f̃ (k) =
∫

d2ρ f (r) e2π i r·k, (3)

under which the Fourier transforms of Zernike modes exhibit
a simple Bessel representation [22]

Z̃m
n (q) =

∫ 1

0
dρ ρ

∫ 2π

0
dθ Zm

n (ρ, θ )e2π iρq cos(θ−φ)

= 2π in
√

n + 1
Jn+1(2πq)

2πq
eimφ, (4)

where q = (q, φ) are polar coordinates in Fourier space.
The Zernike modes and their Fourier counterparts satisfy

orthogonality and completeness relations. In real space (pupil
plane), they are∫

d2s Zm
n (s) Zm′∗

n′ (s) = π δnn′ δmm′ , (5)∑
n,m

Zm
n (s1) Zm∗

n (s) = π δD(s1 − s), (6)

where δD(s1 − s) = 1D(s1)1D(s2) δ(s1 − s2) is the delta func-
tion defined as the kernel of the projection onto the functions
supported on a subset of the unit disk D. 1D(s) denotes the
indicator function of D, i.e., 1D(s) = 1 for s ∈ D, 1D(s) = 0
otherwise. The analogous expressions for the Fourier space
(image plane) are∫

d2q Z̃m
n (q) Z̃m′∗

n′ (q) = π δnn′ δmm′ , (7)∑
n,m

Z̃m
n (q1) Z̃m∗

n (q) = π
J1(2π |q − q1|)

|q − q1|
= π Z̃0

0 (q − q1). (8)

The right-hand side of Eq. (8) is the integral kernel for the pro-
jector onto the subspace of F{L2

D} ⊂ L2
R2 , i.e., functions with

Fourier preimage supported on the unit disk. Furthermore, the
natural action of the projector on its eigenspace is guaranteed
by the obvious relation∫

d2q1Z̃0
0 (q − q1)Z̃m

n (q1) = π Z̃m
n (q). (9)

These properties ensure a complete modal description of
pupil- and image-plane optical fields. All projector identities
below (including the kernels δD and Z̃0

0 ) are to be understood
only under integration against admissible test functions in the
corresponding subspace.

Mode coupling in the Zernike basis is governed by
two complementary sets of coefficients. The first are the
A coefficients, defined by the triple overlap integral [25]

Am1m2M
n1n2N = 1

π

∫
d2s Zm1

n1
(s) Zm2

n2
(s) ZM∗

N (s), (10)

which encode exact Zernike-mode addition rules via Clebsch-
Gordan (CG) coefficients (see Appendix A 1). This is
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equivalent to

Zm1
n1

(s) Zm2
n2

(s) =
∑
NM

Am1m2M
n1n2N ZM

N (s). (11)

While the foundational properties of quantum Zernike modes
were established in Ref. [21], evaluating turbulence integrals
requires a specialized set of Fourier-domain overlap identities.
To the best of our knowledge, the following summation identi-
ties [Eqs. (12), (13), and (17)–(20)] are derived here to enable
the discrete tensor collapse of the turbulent propagation inte-
grals (see Appendix A for derivations). From the definition
(10) there follow additional identities∑

n1,m1
n2,m2

Am1m2M
n1n2N Zm1

n1
(s1) Zm2

n2
(s2) = π ZM

N (s1) δD(s1 − s2), (12)

∑
n1,m1
n2,m2

Am1m2M
n1n2N Z̃m1

n1
(q1) Z̃m2

n2
(q2) = π Z̃m

n (q1 + q2). (13)

A second set of coefficients, denoted �, arises from convo-
lution and linearization of Zernike modes. The corresponding
real-space identity, for 0 � |s| � 2 [26,27], is(

Zm
n ∗ Zm′

n′
)
(s) =

∑
n′′m′′

�mm′m′′
nn′n′′ Zm′′

n′′ (s/2), (14)

and its obvious implication, the linearization of Fourier-
Zernike modes, is

Z̃m
n (q)Z̃m′

n′ (q) = 4
∑
n′′m′′

�mm′m′′
nn′n′′ Z̃m′′

n′′ (2q), (15)

which follows from applying the convolution theorem to
Eq. (14). (Notice that Eq. (14) slightly differs from that of
Refs. [26,27]—the second function in the convolution is not
conjugated here.) Hence, the definition of the coefficients �

can be taken as

�mm′m′′
nn′n′′ = 1

π

∫
d2q̃zm

n (q)Z̃m′
n′ (q)Z̃m′′∗

n′′ (2q). (16)

From (16) also follows (see Appendix A)∑
n1,m1
n2,m2

�
m1m2M
n1n2N Z̃m1∗

n1
(q1)Z̃m2∗

n2
(q2)

= π

∫
d2q Z̃M∗

N (2q) Z̃0
0 (q − q1) Z̃0

0 (q − q2), (17)

and double inverse Fourier transforming, we get∑
n1,m1
n2,m2

�
m1m2M
n1n2N Zm1∗

n1
(s1)Zm2∗

n2
(s2)

= π

4
ZM∗

N

(
s1 + s2

2

)
1D(s1)1D(s2). (18)

Equations (17) and (18) are the counterparts of (12) and (13):
the � coefficients play a complementary role. Another impor-
tant identity is∑

nm

Zm
n (s)Z̃m∗

n (q) = π 1D(s) e−2π is·q, (19)

from which the following relation follows immediately:∑
n1,m1
n2,m2

�
m1m2M∗
n1n2N Am1m2M1

n1n2N1
= π

4
δNN1 δMM1 , (20)

and similarly under permutations of (n1, m1), (n2, m2), and
(N, M ).

The derivations of the above identities and contraction
identities involving the A and � coefficients, as well as their
explicit representations, are collected in Appendix A.

We note that the identities derived above [e.g., (20)] rely
only on completeness and orthogonality of the underlying
mode set, and therefore have analogs in other orthonormal
bases. The distinctive features of the Zernike representation
arise from the specific algebraic structure of the associated
coupling coefficients and their radial and azimuthal selection
rules.

The A coefficients enforce real-space coincidence and
Fourier-domain mode addition, while the � coefficients pro-
vide the complementary coupling structure connecting real
and Fourier representations that will later be shown to govern
noncollinear and collinear two-photon correlations, respec-
tively.

B. Zernike expansion of the pupil function
and field representation

To connect the Zernike-mode formalism with physical op-
tical fields, we represent the generalized pupil function in the
Zernike basis. For a circular pupil of radius R, the complex
pupil function can be written as

P(Rρ, θ ) = A(Rρ, θ ) exp[i�(Rρ, θ )]

=
∞∑

n=0

n∑
m=−n

bmnZm
n (ρ, θ ), (21)

where the complex coefficients bnm account for both phase
aberrations and amplitude variations across the pupil. In the
special case of a purely phase-aberrated wavefront, this re-
duces to expansion frequently used in optics

exp[i�(Rρ, θ )] =
∞∑

n=0

n∑
m=−n

amnZm
n (ρ, θ ), (22)

with real-valued coefficients anm directly associated with spe-
cific aberration modes. While the anm coefficients admit a
direct physical interpretation in terms of classical aberrations,
the more general bnm representation provides a compact and
flexible description of realistic optical fields, in which only
a limited number of low-order modes typically contribute
significantly. A key consequence is that, within the Fraunhofer
approximation, a field expanded in Zernike modes in the pupil
plane maps to an image-plane field obtained by replacing
each Zernike polynomial by its Fourier-Zernike transform
with unchanged expansion coefficients, a property that will
be exploited in the following analysis.

C. Field operators and extended Huygens-Fresnel principle

Having established the free-space Zernike operators [21],
we now introduce the central theoretical contribution of this
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work: incorporating atmospheric phase distortions into the
quantum Zernike framework using the extended Huygens-
Fresnel principle. Consider the propagation of optical fields
expanded in the Zernike basis through a turbulent medium.
Starting from a pupil-plane representation of the field in terms
of Zernike modes, we incorporate the effects of atmospheric
turbulence using the extended Huygens-Fresnel principle,
which provides a statistical description of wave propagation
in random media. In this framework, turbulence enters as a
stochastic phase perturbation accumulated along the propa-
gation path, allowing ensemble-averaged field correlations to
be evaluated analytically. This approach enables a system-
atic treatment of how Zernike-mode components are modified
under propagation while remaining naturally adapted to rota-
tionally symmetric, statistically isotropic turbulence.

Within the extended Huygens-Fresnel formalism, the field
propagated from the source plane to a distance z at trans-
verse coordinate ρ = (x, y) is expressed as a superposition
of secondary wavelets, each acquiring a random, turbulence-
induced phase shift

U (ρ, z) = keikz

2π iz

∫
D

d2s U0(s, 0)e
ik|s−ρ|2

2z +ψ (ρ,s), (23)

where D is the pupil domain. In addition to the determinis-
tic Fresnel phase, propagation through the random medium
introduces a stochastic contribution ψ (ρ, s), which accounts
for the cumulative effect of refractive-index fluctuations along
the propagation path. This random phase is treated as a statis-
tically homogeneous and isotropic process—a standard and
widely accepted assumption within the Kolmogorov model of
atmospheric turbulence [11]—so that ensemble-averaged field
correlations can be evaluated in terms of the spatial separation
of propagation paths rather than individual realizations of
the medium. ψ (ρ, s) = ψ1(ρ, s) + ψ2(ρ, s), where ψ1(ρ, s)
and ψ2(ρ, s) are first- and second-order perturbations, respec-
tively.

If, in addition to the Fresnel approximation, the stronger
Fraunhofer approximation (z > ks2

max/π = 4kD/π2) is satis-
fied, then the field is determined as

U (ρ, z) = keikze
ik
2z ρ2

2π iz

∫
D

d2sU0(s, 0)e− ik
z ρ·s+ψ (ρ,s). (24)

The Fraunhofer representation is particularly simple because
a pupil-plane function expressed in Zernike modes Zm

n (ρ) has
an image-plane counterpart obtained simply by substituting
their Fourier transforms Z̃m

n (q) for Zm
n (ρ) [28]. This structure

is expected to remain largely intact once weak atmospheric
turbulence is incorporated.

Having established the free-space Zernike operators [21],
we now introduce the central theoretical contribution of this
work: incorporating atmospheric phase distortions into the
quantum Zernike framework. To achieve this, we reformulate
the extended Huygens-Fresnel description in terms of field
operators. As derived in our previous work [21], the positive-
frequency field operator at position r = (ρ, z) in the paraxial
approximation takes the Zernike-mode form

E(+)(r) = keikz

2izπ
3
2

∑
mn

z̃m
n

∫
d2s Zm

n (s)e
ik
2z |ρ−s|2 , (25)

FIG. 1. Schematic of the physical configuration. A structured
pump beam prepared in a specific Zernike mode (e.g., Z0

2 ) undergoes
spontaneous parametric down-conversion in a thin nonlinear crystal
(NLC) of thickness L at z = 0. The generated spatially entangled
photon pairs propagate through a turbulent atmospheric channel over
a distance z. At the far-field detection plane at z, the photons are
projected onto target spatial Zernike modes (e.g., Z−1

5 and Z3
3 ) and

their joint detection probability is recorded via a coincidence counter.

where z̃ m
n = 1√

π

∫
d2q̃z m

n (q)a(q) are the Zernike-mode an-
nihilation operators, acting on the vacuum state as |zm

n 〉 =
(̃z m

n )†|0〉 and satisfying the discrete bosonic commutation
relations [̃z m

n , z̃m′†
n′ ] = δmm′δnn′ . In the quantum description,

the classical Zernike expansion coefficients bnm in (21)
are promoted to annihilation operators z̃ m

n , preserving the
Zernike-mode structure of the field while enabling a direct
operator-based treatment of propagation and detection.

In the Fraunhofer zone the field operator assumes the form

E(+)(r) = keikz+ ikρ2

2z

iz
√

π

∑
mn

z̃ m
n (ρ) z̃m

n , (26)

where ρ = 2π q z/k is the position at the detection plane
corresponding to the Fourier component q. For single-photon
or collinear two-photon detection scenarios, factors eikz and

e
ikρ2

2z are irrelevant. Only for the joint two-photon detection
case, they must either be retained or assumed to be removed
by adaptive optics. To account for the effect of the medium
on the Fraunhofer pattern, one can add the complex random
phase ψ to the propagator in (4),

E(+)(r) = keikz

2izπ
3
2

∑
mn

z̃m
n

∫
d2sZm

n (s)ei k
z s·ρ+ψ (ρ,s). (27)

III. PROPAGATION AND DETECTION OF TWO-PHOTON
ZERNIKE STATES

We now apply the propagation formalism developed in
Sec. II to spatially entangled degenerate (ω1 = ω2) photon
pairs generated via spontaneous parametric down-conversion
in the paraxial, monochromatic approximations [29]. The
physical configuration (illustrated in Fig. 1) consists of an
SPDC crystal of thickness L pumped by a structured beam.
This generates entangled photon pairs that subsequently prop-
agate through a turbulent atmospheric channel of finite length
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z before reaching the far-field detection plane:

|ψ〉 =
∫∫

d2q1d2q2Ẽp(q1 + q2)

× sinc

(
L(|q1 − q2|2)

4K

)
â†(q1)â†(q2)|0〉, (28)

where q1 and q2 are the transverse components of the down-
converted wave vectors, Ẽp(q) is the angular spectrum of the
pump beam, kp is the wave number of the pump beam, and L
is the crystal thickness. The state (28) written in the Zernike
mode basis has the form [21]

|ψ〉 =
∑
m1m2
n1n2

ζ m1m2
n1n2

∣∣zm1
n1

, zm2
n2

〉
, (29)

where ζ m1m2
n1n2

= 〈zm1
n1

, zm2
n2

|ψ2〉. The two-photon state in (29)
provides the setting in which the A and � structures dis-
cussed in Sec. II naturally enter the two-photon problem. In
particular, interesting subclasses arise when the coefficients
ζ m1m2

n1n2
acquire the structured forms associated with the A and

� coefficients, leading to the following two-photon states:

|ψ〉A =
∑
m1m2
n1n2

Am1m2M
n1n2N

∣∣zm1
n1

, zm2
n2

〉
=
∫∫

d2q1 d2q2 Z̃m
n (q1 + q2)a†(q1)a†(q2)|0〉, (30)

which corresponds to the thin-crystal approximation of SPDC,
with Ẽp(q1 + q2) = z̃ m

n (q1 + q2), and

|ψ〉� =
∑
m1m2
n1n2

�
m1m2M
n1n2N

∣∣zm1
n1

, zm2
n2

〉
(31)

=
∫

d2q̃z m
n (2q)(ζ̂ †(q))2|0〉, (32)

where (13) and (17) were used, and ζ̂ †(q) ≡ ∫
d2q′Z̃0

0 (q −
q′)a†(q′). This state is a superposition of two-photon states
where both photons have passed through an aperture Z0

0 ,
with pump envelope z̃ m

n (2q). Note that for a pump with N =
M = 0, the state (31) is separable in the Zernike-mode basis.
This does not contradict the nonseparable structure of the
transverse-momentum representation (32), since the mapping
between the two is not a local single-photon basis change: the
kernel � couples the two photons collectively, leading to the
perfectly correlated form in Eq. (32).

For collinear joint two-photon detection, a Zernike-mode
measurement basis onto which the propagated SPDC state
will be projected is

|φ〉 =
∫

d2qZ̃m1
n1

(q)Z̃m2
n2

(q)a†(q)a†(q)|0〉

= 4
∑
nn′n′′

mm′m′′

�m1m2m
n1n2n �m′m′′m∗

n′n′′n

∣∣z̃m′
n′ , z̃m′′

n′′
〉
, (33)

where we used Eqs. (14) and (16). Note that the expansion
coefficients of (31) are given by A〈ψ |φ〉,

A〈ψ |φ〉 = 8
∑
nn′n′′

mm′m′′

�m1m2m
n1n2n �m′m′′m∗

n′n′′n Am′m′′M
n′n′′N

= 8 �
m1m2M
n1n2N , (34)

following from the use of the identity in (20), which now
provides the link between noncollinear and collinear Zernike-
mode structures.

To connect the propagated two-photon state with mea-
surable quantities, we construct the two-photon detection
amplitude

A(ρ1, ρ2) = 〈0|Ê(+)(ρ2)Ê(+)(ρ1)|ψ〉 (35)

with the help of Eqs. (27) and (29):

A(ρ1, ρ2) ∝
∑
m1n1
m2n2

ζ m1m2
n1n2

Jm1n1 (ρ1)Jm2n2 (ρ2), (36)

with the proportionality constant −k2e2ikz/(2z2π3) and mode-
filtered turbulent propagators

Jmn(r) ≡
∫

d2s Zm
n (s) ei k

z s·ρ+ψ (s,ρ). (37)

Equation (36) is the far-field representation of the two-photon
detection amplitude. In the thin-crystal approximation SPDC,
for a pump profile prepared in a single Zernike mode ZM

N , the
detection amplitude simplifies considerably:

AM
N (ρ1, ρ2) ∝

∑
m1n1
m2n2

Am1m2M
n1n2N Jm1n1 (ρ1)Jm2n2 (ρ2)

=
∫

d2s ZM
N (s) ei k

z s·(ρ1+ρ2 )+ψ (s,ρ1 )+ψ (s,ρ2 ), (38)

where we used (12).

A. No-turbulence limit and recovery of exact selection rules

Before evaluating the turbulence integrals, we first ver-
ify that our far-field detection amplitude correctly recovers
the exact free-space Zernike selection rules previously es-
tablished in Ref. [21]. By taking the no-turbulence limit,
where the stochastic phase perturbation vanishes [ψ (s, ρ) =
0], free-space propagation reduces to deterministic Fraun-
hofer diffraction, and the propagated field operators preserve
the Zernike-mode operator expansion introduced in Sec. II.

AM
N (ρ1, ρ2) ∝

∑
m1n1
m2n2

Am1m2M
n1n2N Z̃m1

n1
(ρ1) Z̃m2

n2
(ρ2)

= z̃ m
n (ρ1 + ρ2), (39)

where the identity (13) has been applied in the second equal-
ity. Equation (39) show that in the absence of turbulence the
two-photon detection amplitude reduces to a correlation beam
[29] governed by the A coefficients.

The joint probability for a pair of photons in modes zM1
N1

and

zM2
N2

can be calculated as follows [30]:

PM
N

(
zM1

N1
, zM2

N2

)
∝
〈∣∣∣∣∫∫ d2ρ1d2ρ2Z̃M1∗

N1
(ρ1)Z̃M2∗

N2
(ρ2)AM

N (ρ1, ρ2)

∣∣∣∣2〉.
(40)
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The normalization factor is

N = 1√∣∣〈zm1
n1

∣∣ψ 〉∣∣2 ∣∣〈zm2
n2

∣∣ψ 〉∣∣2 . (41)

Without turbulence, (40) reduces, as it should, to (see Ap-
pendix B)

Pno turb
NM

(
zM1

N1
, zM2

N2

) =
⎧⎨⎩
∣∣AM1M2M

N1N2N

∣∣2, ρ1 �= ρ2,∣∣�M1M2M
N1N2N

∣∣2, ρ1 = ρ2.
(42)

Recall from the representations given in Appendix A 1 that

AM1M2M
N1N2N = 0 for N > N1 + N2, whereas

�
M1M2M
N1N2N = 0 for N < N1 + N2.

Accordingly, in the far field, for a pump prepared in a single
Zernike mode ZM

N , the mode-coupling structure enforces exact
selection rules: conservation of azimuthal order M1 + M2 =
M, together with the radial constraint N � N1 + N2 for the
A coefficients and N � N1 + N2 for the � (subject to the usual
parity condition).

B. Ensemble-averaged two-photon detection
probability in turbulence

We now incorporate the effects of atmospheric turbu-
lence by performing an ensemble average over the random
phase perturbation ψ (ρ, s). The following analysis as-
sumes weak-to-moderate turbulence, such that the extended
Huygens-Fresnel approximation remains valid and ensem-
ble averages are dominated by second-order phase statistics;
technical details are given in Appendix C. In contrast to the
no-turbulence case, the joint two-photon detection probability
is no longer determined solely by deterministic Fraunhofer
propagation, but depends on statistical correlations of the tur-
bulent medium.

The probability PM
N (ZM1

N1
, ZM2

N2
) for the case of collinear

two-photon amplitude A in thin-crystal approximation is cal-
culated in Appendix C:

PM
N

(
zM1

N1
, zM2

N2

) =
∑
n1n2

Fn1 F ∗
n2

∑
n5

G0
n5

(γ , z)Am1,−m10
n1n2n5

, (43)

where

Fn =
∑

n′
�

M1M2,M1+M2
N1N2n′ �

−M1−M2,M,M−M1−M2∗
n′Nn , (44)

and

Gm5
n5

(γ , z) =
∫

d2u e−2 γ k
z u2

Z̃m5
n5

(
4kR

z
u
)

= 2πδm50 in5
√

n5 + 1
πz

4γ k

(√
8π2kR2

γ z

)n5

× �
( n5+2

2

)
�(n5 + 2)

1F1

(
n5 + 2

2
; n5 + 2; −8π2kR2

γ z

)
,

(45)

and 1F1 is the confluent hypergeometric function, with γ ≡
0.4(σ 2

R )6/5. Here, σ 2
R = 1.23C2

n k7/6z11/6 is the Rytov variance,
which quantifies the accumulated turbulence strength over

the propagation distance z [11]. As detailed in Appendix C,
this variance emerges naturally from the ensemble average of
the random phase perturbations ψ (ρ, s) evaluated using the
Kolmogorov spectrum.

IV. DISCUSSION

A central result of this work is the exact analytical reduc-
tion of the continuous extended Huygens-Fresnel propagation
integrals into a discrete algebraic framework. While the de-
rived algebraic framework is exact, numerical evaluation of
equations such as Eq. (46) requires truncating the infinite
sums over Zernike indices. For our numerical calculations,
a finite radial cutoff is imposed. Convergence is ensured by
incrementally increasing the maximum radial order until the
normalized joint detection probabilities stabilize to a predeter-
mined precision.

In the ideal vacuum limit (σR → 0), the turbulence tensor
G0

n5
(γ , z) reduces analytically to the origin evaluation of the

spatial Zernike polynomials. Within our algebraic framework,
this rigorously collapses the probability down to a single
|�M1M2M

N1N2N |2. As shown in the σR = 0.0 panel of Fig. 2, this
perfectly recovers the exact momentum-matching constraints
of free-space diffraction: strict azimuthal conservation (M =
M1 + M2) and the radial triangle inequality (N � N1 + N2).
The absence of numerical artifacts in this limit highlights the
exactness of the discrete tensor collapse.

When atmospheric turbulence is introduced (σR > 0), the
discrete structure clearly delineates the breakdown of global
selection rules. Because a single realization of a turbulent
phase screen physically breaks the azimuthal symmetry of the
propagating wave front, the macroscopic azimuthal selection
rule is violated (M �= M1 + M2). This breakdown represents
the onset of OAM crosstalk, a well-documented source of de-
coherence in turbulent free-space channels [17,18]. However,
while prior studies utilizing LG modes observe this OAM
crosstalk as a broad, diffusive spread across azimuthal indices
[18], our formalism reveals that in the Zernike basis, this
scattering remains hierarchically structured. The azimuthal
leakage is explicitly routed by the � tensors and geometri-
cally bounded by the spatial overlap A tensors. This sequence
of tensor contractions explicitly governs the breakdown of
macroscopic OAM conservation, quantifying the resulting
turbulence-induced azimuthal crosstalk.

As visualized in Fig. 2 (top row), the probability is re-
distributed along increasing total radial orders, showing an
outward diagonal decay along N1 + N2. Unlike the diffusive,
unbounded mode-mixing observed in Hermite- or Laguerre-
Gaussian bases, where atmospheric phase distortions scatter
OAM indiscriminately across a broad range of azimuthal in-
dices [17,18], the Zernike mode coupling is hierarchically
constrained. Our algebraic framework mathematically guar-
antees that this crosstalk is dictated by the � tensors and
strictly constrained by the selection rules of the spatial overlap
A tensors.

To demonstrate that this structured degradation is a funda-
mental feature of the Zernike basis rather than an artifact of
a specific state preparation, we analyze the transition prob-
abilities for varying initial pump profiles. As illustrated in
Fig. 2—which evaluates a higher-order pump mode (e.g.,
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FIG. 2. Radial-mode correlations in Zernike-entangled photon pairs under varying turbulence strengths for fixed detector azimuthal indices
(M1, M2) = (1, −1). Shown is the base-10 logarithm of the normalized joint detection probability. The color scale is lower-bounded at 10−4.5

to isolate physically meaningful crosstalk. Top row: Pump mode (N, M ) = (2, 0). Bottom row: Pump mode (N, M ) = (4, 0). Left (σR = 0.0):
In a perfect vacuum, exact momentum-matching and Zernike selection rules perfectly restrict the transition to a strictly bounded set of allowed
states dictated by the free-space spatial overlap tensor. Center and right (σR = 0.01 and 0.1): Increasing turbulence relaxes the radial-order
constraints reflecting the hierarchically bounded relaxation of the strict free-space Zernike constraints. The resulting crosstalk remains highly
structured and securely confined to neighboring radial modes across both pump profiles. This demonstrates that bounded radial diffusion
is a general feature of the Zernike basis rather than an artifact of a specific state preparation. Parameters: k = 106 m−1, z = 5 × 103 m,
R = 5 × 10−3 m.

N = 4, M = 0)—the physical behavior remains mathemat-
ically consistent across different states. The deterministic
free-space constraints gradually break down into bounded
radial crosstalk as the Rytov variance σ 2

R increases. Because
atmospheric turbulence is natively well described by low-
order aberrations, its dominant effects map highly efficiently
onto the lowest-order G-tensor components. This fundamen-
tally confines the leakage probability to adjacent macroscopic
radial modes, preserving a highly structured correlation hi-
erarchy that contrasts sharply with the uniform diffusion
observed in standard OAM representations.

V. CONCLUSION

We have developed an exact, discrete algebraic framework
for the propagation and detection of Zernike-entangled two-
photon states through atmospheric turbulence. By analytically
resolving the extended Huygens-Fresnel integrals into a dis-
crete sequence of spatial (A) and Fourier-domain (�) overlaps
and turbulence (G) tensors, we bypassed the severe numerical
limitations of highly oscillatory continuous integrals. Our re-
sults demonstrate that turbulence-induced decoherence in the

Zernike basis is highly structured. We explicitly showed how
the macroscopic breakdown of OAM conservation mathemat-
ically coexists with the statistical isotropy of the turbulent
medium. Furthermore, we showed that the degradation hier-
archy is heavily dominated by low-order modes, reflecting
the aberration-like nature of atmospheric phase distortions.
These findings establish the Zernike basis not merely as a
mathematical alternative to LG and HG modes, but as a natu-
rally optimal representation for characterizing and mitigating
decoherence in free-space quantum communication channels.
Future work will extend this algebraic framework to strong-
turbulence regimes and broadband sources as well as model
partial adaptive optics, and formally characterize the turbulent
atmosphere as a high-dimensional quantum Zernike channel.
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APPENDIX A: DERIVATION AND SUMMARY OF
ZERNIKE AND FOURIER-ZERNIKE IDENTITIES

1. Representations of A and �

For practical evaluation, both A and � sets admit compact
representations in terms of Clebsch-Gordan coefficients (A)
and triple-Bessel integrals (�), which we summarize next.

Representation for A. The coefficients A are given by the
Clebsch-Gordan coefficients [25,31]

Am1m2m3
n1n2n3

=
√

(n1 + 1)(n2 + 1)

n3 + 1

∣∣∣C n3
2

m3
2

n1
2

m1
2

n2
2

m2
2

∣∣∣2, (A1)

which are nonvanishing only when n1, n2, n3 are nonnegative
integers or half-integers, such that n1 + n2 + n3 is even while
satisfying the triangle conditions |nr − ns| � nt � nr + ns for
any permutation r, s, t of 1, 2, 3, and when mr = −nr,−nr +
1, . . . , nr − 1, nr, r = 1, 2, 3, with m1 + m2 − m3 = 0.

Representation for �. The � coefficients are evaluated as
[27]

�mm′m′′
N1N2n = δm′′,m+m′ iN1+N2−n

π

√
n + 1

(N1 + 1)(N2 + 1)

× [
Qn+1

N1N2
(1, 1, 2) + Qn+1

N1+2,N2
(1, 1, 2) + Qn+1

N1,N2+2(1, 1, 2) + Qn+1
N1+2,N2+2(1, 1, 2)

]
, (A2)

with N1 + N2 − n even, which implies that �s are also real, and Qk
i j (a, b, c) = ∫∞

0 duJi(au)Jj (bu)Jk (cu), so that

Qn+1
N1N2

(1, 1, 2) =
⎧⎨⎩

( 1
2 (n+N1+N2 ))!( 1

2 (n−N1−N2 ))!

( 1
2 (n−N1+N2 ))!( 1

2 (n+N1−N2 ))!
1

2N1+N2+1 P(N1,N2 )
n−N1−N2

2

(0) P(N2,N1 )
n−N1−N2

2

(0), n � N1 + N2,

0, n < N1 + N2,

(A3)

P(α,β )
k being the Jacobi polynomial.

2. New identities

Using the completeness of the Zernike polynomials and the definition (10) of the A coefficients, the following summed
product collapses to a ZM

N projector:

∑
n1,m1
n2,m2

Am1m2M
n1n2N Zm1

n1
(s1) Zm2

n2
(s2) = 1

π

∫
d2s ZM

N (s)

⎡⎣∑
n1,m1

Zm1
n1

(s1) Zm1
n1

(s)∗

⎤⎦⎡⎣∑
n2,m2

Zm2
n2

(s2) Zm2
n2

(s)∗

⎤⎦

=
∫

d2s ZM
N (s)

⎡⎣∑
n1,m1

Zm1
n1

(s1) Zm1
n1

(s)∗

⎤⎦δD(s2 − s) = π ZM
N (s2)

⎡⎣∑
n1,m1

Zm1
n1

(s1) Zm1
n1

(s2)∗

⎤⎦
= π ZM

N (s1) δD(s1 − s2). (A4)

The identity should be understood in the distributional sense under integration against admissible disk-supported test functions.
In the Fourier domain, we have ∑

n1,m1
n2,m2

Am1m2M
n1n2N Z̃m1

n1
(ρ1) Z̃m2

n2
(ρ2) = π Z̃M

N (ρ1 + ρ2). (A5)

Similarly, using the definition (16) of �, we have

∑
n1,m1
n2,m2

�
m1m2M
n1n2N Z̃m1∗

n1
(q1)Z̃m2∗

n2
(q2) = 1

π

∫
d2q Z̃M∗

N (2q)

⎡⎣∑
n1m1

Z̃m1
n1

(q)Z̃m1∗
n1

(q1)

⎤⎦⎡⎣∑
n2m2

Z̃m2
n2

(q)Z̃m2∗
n2

(q2)

⎤⎦
= π

∫
d2q Z̃M∗

N (2q) Z̃0
0 (q − q1) Z̃0

0 (q − q2). (A6)

As the Fourier transform of the product Z̃M∗
N (2q) Z̃0

0 (q − q1) is not supported on the unit disk, the projector Z̃0
0 (q − q2) does not

act as a delta function. Now, double Fourier transforming (A6), we get∑
n1,m1
n2,m2

�
m1m2M
n1n2N Zm1∗

n1
(s1)Zm2∗

n2
(s2) = π

∫
d2q e−2π iq·(s1+s2 )Z̃M∗

N (2q) = π

4
ZM∗

N

(
s1 + s2

2

)
, |s1| � 1, |s2| � 1. (A7)
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APPENDIX B: NO TURBULENCE LIMIT

We calculate the joint probability (40) using (39) in thin-crystal approximation and collinear cases.

1. Thin-crystal approximation

PM
N

(
zM1

N1
, zM2

N2

) ∝
∣∣∣∣∫ d2ρ1

∫
d2ρ2 Z̃M1∗

N1
(ρ1)Z̃M2∗

N2
(ρ2)AM

N (ρ1, ρ2)

∣∣∣∣2

=
∣∣∣∣∣
∫

d2ρ1Z̃M1∗
N1

(ρ1)
∫

d2ρ2̃z m
n (ρ1 + ρ2)Z̃M2∗

N2
(ρ2)

∣∣∣∣∣
2

=
∣∣∣∣∣
∫

d2ρ z̃ m
n (ρ)

∫
d2ρ1Z̃M1∗

N1
(ρ1)Z̃M2∗

N2
(ρ − ρ1)

∣∣∣∣∣
2

, (ρ = ρ1 + ρ2, ρ1 = ρ1)

=
∣∣∣∣∣
∫

d2ρZ̃M
N (ρ)

(
Z̃M1∗

N1
∗ Z̃M2∗

N2

)
(ρ)

∣∣∣∣∣
2

=
∣∣∣∣∣∑

N3

AM1,M2,M1+M2
N1N2N3

∫
d2ρZ̃M

N (ρ)Z̃M1+M2∗
N3

(ρ)

∣∣∣∣∣
2

=
∣∣∣∣∣∑

N3

AM1M2,M1+M2
N1N2N3

δNN3δM,M1+M2

∣∣∣∣∣
2

= ∣∣AM1M2M
N1N2N

∣∣2, (B1)

where we used (39) in the first line and the Fourier transform of (11) in the fourth line.

2. ρ1 = ρ2 = ρ case

PM
N

(
zM1

N1
, zM2

N2

) ∝
∣∣∣∣∫ d2ρZ̃M1∗

N1
(ρ)Z̃M2∗

N2
(ρ)AM

N (ρ, ρ)

∣∣∣∣2 =
∣∣∣∣∣
∫

d2ρZ̃M1∗
N1

(ρ)Z̃M2∗
N2

(ρ )̃z m
n (2ρ)

∣∣∣∣∣
2

∝ ∣∣�M1M2M
N1N2N

∣∣2. (B2)

The above results are consistent with Eq. (29) for a single ZM
N pump profile.

APPENDIX C: DERIVATION OF (43)

1. Continuous spatial representation

We write the joint probability (40) and consider, for simplicity, the case ρ1 = ρ2 = ρ:

PM
N

(
zM1

N1
, zM2

N2

) = k4

z4

〈∣∣∣∣∣
∫

d2ρZ̃M1∗
N1

(
kR

z
ρ

)
Z̃M2∗

N2

(
kR

z
ρ

) ∫
d2s ZM

N

( s
R

)
e2π i 2k

z s·ρe2ψ (s,ρ)

∣∣∣∣∣
2〉

= k4

z4

∫∫
d2ρ1d2ρ2Z̃M1∗

N1

(
kR

z
ρ1

)
Z̃M2∗

N2

(
kR

z
ρ1

)
Z̃M1

N1

(
kR

z
ρ2

)
Z̃M2

N2

(
kR

z
ρ2

)
×
∫∫

d2s1d2s2 ZM
N

(
s1

R

)
ZM∗

N

(
s2

R

)
e2π i 2k

z (s1·ρ1−s2·ρ2 )〈e2[ψ (s1,ρ1 )+ψ∗(s2,ρ2 )]〉, (C1)

where we also write the various quantities in dimensionless form (ρ → kR
z ρ, s → s

R ). Using the method of cumulants
up to second order, 〈exp(ψ )〉 = exp(〈ψ〉 + 1

2 (〈ψ2〉 − 〈ψ〉2)), we write, by definition, 〈exp[2(ψ (s1, ρ1) + ψ∗(s2, ρ2))]〉 =
exp[−2D(ρ1 − ρ2, s1 − s2)], where D(p, Q) = 8πk2z

∫ 1
0 dξ

∫∞
0 dκ κ �(κ )(1 − J0[|(1 − ξ )p + ξQ|κ ), which evaluates to

D(p, Q) = γ k
z (p2 + p · Q + Q2) [11, Ch. 7] for Kolmogorov spectrum �(κ ), with γ ≡ 0.4(σ 2

R )6/5. We now use the identity
(15) and simplify the expression of the probability further:

PM
N

(
zM1

N1
, zM2

N2

) = k4

z4
4
∑
nm

�
M1M2m∗
N1N2n 4

∑
n′m′

�
M1M2m′
N1N2n′

∫∫
d2s1d2s2 ZM

N (s1/R) ZM∗
N (s2/R)

∫∫
d2ρ1 d2ρ2 Z̃m∗

n

(
2

kR

z
ρ1

)

× Z̃m′
n′

(
2

kR

z
ρ2

)
e2π i 2k

z (s1·ρ1−s2·ρ2 )e−2 γ k
z [|s1−s2|2+|ρ1−ρ2|2+(s1−s2 )·(ρ1−ρ2 )]. (C2)
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Defining Q = s1 − s2, 2S = s1 + s2, p = ρ1 − ρ2 and 2P = ρ1 + ρ2, such that d2s1 d2s2 = d2S d2Q and d2ρ1 d2ρ2 = d2 p d2P,
the probability can be cast into

PM
N

(
zM1

N1
, zM2

N2

) =
∑
nn′

�
M1M2m∗
N1N2n �

M1M2m′
N1N2n′ Imm′M

nn′N , (C3)

where m = m′ = M1 + M2 due to selection rules imposed by �s and

Imm′M
nn′N = 16k4

z4

∫
d2 p

∫
d2Q

[∫
d2S ZM

N

(
1

R
(S + Q/2)

)
ZM∗

N

(
1

R
(S − Q/2)

)
e2π i 2k

z S·p
]

× e−2 γ k
z [Q2+p2+Q·p]

[∫
d2P Z̃m∗

n

(
kR

z
(2P + p)

)
Z̃m′

n′

(
kR

z
(2P − p)

)
e2π i 2k

z Q·P
]
. (C4)

2. Decoupling via Fourier-Zernike addition

The integrals in square brackets (hereafter called IM
N (Q, p) and Imm′

nn′ (Q, p), respectively) can be calculated analytically with
the help of the addition theorem (13).

Imm′
nn′ (Q, p) =

∫
d2P Z̃m∗

n

(
kR

z
(2P + p)

)
Z̃m′

n′

(
kR

z
(2P − p)

)
e2π i k

z 2Q·P. (C5)

Now define v = kR
z p, q = kR

z (2P − p), and use the identity (13), then (15).

Imm′
nn′ (Q, p) = z2

4k2R2

∫
d2q Z̃m∗

n (q + 2v) Z̃m′
n′ (q)e2π i 1

R Q·(q+v)

= z2

4k2R2π

∑
n1n2
m1m2

Am1m2m∗
n1n2n Z̃m2∗

n2
(2v)

∫
d2q Z̃m′

n′ (q) Z̃m1∗
n1

(q)e2π i 1
R Q·(q+v)

= z2

k2R2π
e2π i 1

R Q·v ∑
n1n2
m1m2

Am1m2m∗
n1n2n Z̃m2∗

n2
(2v)

∑
n3m3

�
m′,−m1m3
n′n1n3

(−1)n1

∫
d2q Z̃m3

n3
(2q)e2π i 1

R Q·q

= z2

4k2R2π
e2π i k

z Q·p ∑
n1n2
m1m2

Am1m2m∗
n1n2n Z̃m2∗

n2

(
2kR

z
p
)∑

n3m3

�
m′,−m1m3
n′n1n3

(−1)m3+n1 Zm3
n3

(
Q
2R

)
. (C6)

Similarly, we have

IM
N (Q, p) =

∫
d2S ZM

N

(
1

R
(S + Q/2)

)
ZM∗

N

(
1

R
(S − Q/2)

)
e2π i k

z 2S·p

= R2

π
e−2π i k

z Q·p ∑
n′

1n′
2n′

3
m′

1m′
2m′

3

(−1)n′
1+m′

3 A
m′

1m′
2M

n′
1n′

2N �
M,−m′

1m′
3∗

Nn′
1n′

3
Z̃

m′
2

n′
2

(
2kR

z
p
)

Z
m′

3∗
n′

3

(
Q
2R

)
. (C7)

Finally,

Imm′M
nn′N = 16k4

z4

∫
d2 p

∫
d2Q e−2 γ k

z [Q2+p2+Q·p]IM1M2
nn′ (Q, p)IM

N (Q, p)

= 4k2

π2z2

∑
n1n2n3
n′

1n′
2n′

3
m1m2m3
m′

1m′
2m′

3

(−1)n′
1+m′

3+n1+m3 A
m′

1m′
2M

n′
1n′

2N �
M,−m′

1m′
3∗

Nn′
1n′

3
Am1m2m∗

n1n2n �
m′,−m1m3
n′n1n3

×
∫

d2 p
∫

d2Q e−2 γ k
z [Q2+p2+Q·p]Z̃m2∗

n2

(
2kR

z
p
)

Z̃
m′

2
n′

2

(
2kR

z
p
)

Zm3
n3

(
Q
2R

)
Z

m′
3∗

n′
3

(
Q
2R

)
. (C8)
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Using again the definitions of � and A to linearize the Zernike products, we get

Imm′M
nn′N = 4k2

π2z2

∑
n1n2n3
n′

1n′
2n′

3
m1m2m3
m′

1m′
2m′

3

(−1)n′
1+m′

3+n1+m3 A
m′

1m′
2M

n′
1n′

2N �
M,−m′

1m′
3∗

Nn′
1n′

3
Am1m2m∗

n1n2n �
m′,−m1m3
n′n1n3

× 4
∑
n4n′

4
m4m′

4

(−1)n2�
−m2m′

2m4

n2n′
2n4

A
m3,−m′

3m′
4

n3n′
3n′

4

∫
d2 p

∫
d2Q e−2 γ k

z [Q2+p2+Q·p]Z̃m4
n4

(
4kR

z
p
)

Z
m′

4
n′

4

(
Q
2R

)
. (C9)

To evaluate the last integrals, defined as T m4m′
4

n4n′
4

, change the variables u = p + Q
2 and use again Eq. (13),

T m4m′
4

n4n′
4

≡
∫

d2Q e− 3γ k
2z Q2

Z
m′

4
n′

4

(
Q
2R

)∫
d2u e−2 γ k

z u2
Z̃m4

n4

(
4kR

z
(u − Q/2)

)
=

∑
n5n′

5
m5m′

5

A
m5m′

5m4

n5n′
5n4

∫
d2Q e− 3γ k

2z Q2
Z

m′
4

n′
4

(
Q
2R

)
Z̃m5

n5

(
−2kR

z
Q
) ∫

d2u e−2 γ k
z u2

Z̃
m′

5
n′

5

(
4kR

z
u
)

. (C10)

3. Evaluation of the turbulence tensor

Define

G
m′

5
n′

5
(γ ) =

∫
d2u e−2 γ k

z u2
Z̃

m′
5

n′
5

(
4kR

z
u
)

= 2πδm′
50 in′

5

√
n′

5 + 1
z

4kR

∫ ∞

0
du e−2 γ k

z u2
Jn′

5+1

(
8πkR

z
u

)

= 2πδm′
50 in′

5

√
n′

5 + 1
πz

4γ k

⎛⎝√8π2kR2

γ z

⎞⎠n′
5

�
( n′

5+2
2

)
�(n′

5 + 2)
1F1

(
n′

5 + 2

2
; n′

5 + 2; −8π2kR2

γ z

)
, (C11)

where we used Ref. [32, Sec. 6.631-1] and the fact that for even n, Z0
n (0) = √

n + 1(−1)n/2 = √
n + 1in, and

Gm′
4m5

n′
4n5

(γ ) =
∫

d2Q e− 3γ k
2z Q2

Z
m′

4
n′

4

(
Q
2R

)
Z̃m5

n5

(
−2kR

z
Q
)

. (C12)

As γ → 0, 1F1(a; b; −x) → �(b)
�(b−a) x

−a, and G
m′

5
n′

5
→ z2

16k2R2 Z
m′

5
n′

5
(0). The probability (C3) takes the form

PM
N

(
zM1

N1
, zM2

N2

) =
(

4k

πz

)2 ∑
nn1n2n3n4n5
n′n′

1n′
2n′

3n′
4n′

5
m1m2m3m4m5
m′

1m′
2m′

3m′
4m′

5

(−1)n′
1+m′

3+n1+m3+n2�
M1M2m
N1N2n Am1m2m∗

n1n2n �
M1M2m′∗
N1N2n′ �

m′,−m1m3∗
n′n1n3

× A
m3,−m′

3m′
4∗

n3n′
3n′

4
A

m′
1m′

2M
n′

1n′
2N �

−m2m′
2m4∗

n2n′
2n4

�
M,−m′

1m′
3

Nn′
1n′

3
A

m5m′
5m4

n5n′
5n4

Gm′
4,m5

n′
4n5

(γ )G
m′

5
n′

5
(γ ). (C13)

Substitute the continuous integral definitions of A and �, and assign spatial integration variables (s, s1, s2, s3) to the four A
tensors, and frequency integration variables (q, q1, q2, q3, q4) to the five � tensors. The intermediate summations naturally
group pairs of spatial and Fourier Zernike polynomials sharing identical indices.

PM
N

(
zM1

N1
, zM2

N2

) =
(

4k

πz

)2 1

π9

∫∫∫
d2q d2q1 d2q2

∫∫
d2q3 d2q4

∫∫∫
d2s d2s1 d2s2 d2s3

× Z̃M1
N1

(q)Z̃M2
N2

(q)Z̃M1∗
N1

(q1)Z̃M2∗
N2

(q1 )̃zm
n (q4)ZM∗

N (s2)

×
[∑

nm

Zm
n (s)Z̃m∗

n (2q)

]
︸ ︷︷ ︸

πe−2π is·2q

[∑
n′m′

Z̃m′
n′ (2q1)Z̃m′∗

n′ (q2)

]
︸ ︷︷ ︸

π Z̃0
0 (q2−2q1 )

⎡⎣∑
n1m1

(−1)n1 Zm1∗
n1

(s)Z̃−m1∗
n1

(q2)

⎤⎦
︸ ︷︷ ︸

πe2π is·q2

×
⎡⎣∑

n2m2

(−1)n2 Zm2∗
n2

(s)Z̃−m2∗
n2

(q3)

⎤⎦
︸ ︷︷ ︸

πe2π is·q3

⎡⎣∑
n3m3

(−1)m3 Zm3∗
n3

(s1)Z̃m3
n3

(2q2)

⎤⎦
︸ ︷︷ ︸

πe−2π is1 ·2q2

⎡⎣∑
n′

1m′
1

(−1)n′
1 Z

m′
1

n′
1

(s2)Z̃−m′
1

n′
1

(q4)

⎤⎦
︸ ︷︷ ︸

πe−2π is2 ·q4
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×
⎡⎣∑

n′
2m′

2

Z
m′

2
n′

2
(s2)Z̃m′

2∗
n′

2
(q3)

⎤⎦
︸ ︷︷ ︸

πe−2π is2 ·q3

⎡⎣∑
n′

3m′
3

(−1)m′
3 Z

−m′
3∗

n′
3

(s1)Z̃m′
3∗

n′
3

(2q4)

⎤⎦
︸ ︷︷ ︸

πe2π is1 ·2q4

⎡⎣∑
n4m4

Zm4∗
n4

(s3)Z̃m4
n4

(2q3)

⎤⎦
︸ ︷︷ ︸

πe2π is3 ·2q3

×
∑
n′

4n5

m′
4m5

Gm′
4,m5

n′
4n5

(γ )Zm′
4

n′
4

(s1) Zm5
n5

(s3)
∑
n′

5m′
5

G
m′

5
n′

5
(γ )Z

m′
5

n′
5

(s3). (C14)

Substituting and rearranging, we get

PM
N

(
zM1

N1
, zM2

N2

) =
(

4k

πz

)2 ∫∫∫
d2q d2q1 d2q3 d2q4Z̃M1

N1
(q)Z̃M2

N2
(q)Z̃M1∗

N1
(q1)Z̃M2∗

N2
(q1)Z̃m

n (q4)

×
∫

d2s2 e−2π is2·(q4+q3 )ZM∗
N (s2)

∫
d2s e−2π is·2qe2π is·2q1 e2π is·q3︸ ︷︷ ︸

Z̃0
0 (2q−2q1−q3 )

∑
n′

4n5

m′
4m5

Gm′
4m5

n′
4n5

(γ )

×
∫

d2s1 e2π is1·(2q4−4q1 )Z
m′

4
n′

4
(s1)

∫
d2s3 e2π is3·2q3 Zm5

n5
(s3)

∑
n′

5m′
5

G
m′

5
n′

5
(γ )Z

m′
5

n′
5

(s3)

=
(

4k

πz

)2 1

4

∫∫∫
d2q1 d2q3 d2q4 Z̃M1

N1
(q1 + q3/2)Z̃M2

N2
(q1 + q3/2)Z̃M1∗

N1
(q1)Z̃M2∗

N2
(q1)Z̃m

n (q4)Z̃M∗
N (q3 + q4)

×
∫

|Q|�2R
d2Q e− 3γ k

2z Q2
∑
n′

4m′
4

Z̃
m′

4
n′

4
(2q4 − 4q1)Zm′

4
n′

4

(
Q
2R

)
︸ ︷︷ ︸

πe2π i( 1
2R Q̄)·(4q1−2q4 )

×
∫

d2s3 e2π is3·2q3
∑
n′

5m′
5

G
m′

5
n′

5
(γ )Z

m′
5

n′
5

(s3)
∑
n5m5

Z̃m5
n5

(
−2kR

z
Q
)

Zm5
n5

(s3)︸ ︷︷ ︸
πe2π i( 2kR

z Q̄)·s3

=
(

4k

πz

)2
π2

4

∫∫∫
d2q1 d2q3 d2q4 Z̃M1

N1
(q1 + q3/2)Z̃M2

N2
(q1 + q3/2)Z̃M1∗

N1
(q1)Z̃M2∗

N2
(q1)Z̃m

n (q4)Z̃M∗
N (q3 + q4)

×
∫

d2Q Z0
0

(
Q
2R

)
e− 3γ k

2z Q2
e2π i( 1

2R Q̄)·(4q1−2q4 )
∫

d2s3 e2π is3·2q3
∑
n′

5m′
5

G
m′

5
n′

5
(γ )Z

m′
5

n′
5

(s3)e2π i( 2kR
z Q̄)·s3 , (C15)

where Q̄ = (Q,−φ) is the vector Q reflected around the x axis, and we substituted Gm′
4m5

n′
4n5

with (C12).

4. Final discrete tensor ollapse

In the Fraunhofer regime one can drop the factors e− 3γ k
2z Q2

and e2π i( 2kR
z Q̄)·s3 and get

PM
N

(
Z̃M1

N1
, Z̃M2

N2

) =
(

4kR

z

)2 ∫∫∫
d2q1 d2q3 d2q4 Z̃M1

N1
(q1 + q3/2)Z̃M2

N2
(q1 + q3/2)Z̃M1∗

N1
(q1)Z̃M2∗

N2
(q1)

× z̃m
n (q4)Z̃M∗

N (q3 + q4)Z̃0
0 (4q1 − 2q4)

∑
n′

5m′
5

G
m′

5
n′

5
(γ )Z̃

m′
5

n′
5

(2q3)

=
(

kR

4z

)2 ∫
d2u Z̃M1

N1
(u)Z̃M2

N2
(u)Z̃M∗

N (2u)
∫

d2u1 Z̃M1∗
N1

(u1)Z̃M2∗
N2

(u1)Z̃m
n (2u1)

∑
n′

5m′
5

G
m′

5
n′

5
(γ )Z̃

m′
5

n′
5

[2(u − u1)]. (C16)

Note that the no-turbulence limit recovers the expected result (42) as
∑

n′
5m′

5
G

m′
5

n′
5

(γ )Z̃
m′

5
n′

5
(2(u − u1)) → ∑

n′
5m′

5
Z

m′
5

n′
5

(0)Z̃
m′

5
n′

5
[2(u −

u1)] ∝ π . By applying the addition and linearization formulas (13) and (15) the multidimensional integrals completely decouple
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into a discrete structure:

PM
N

(
zM1

N1
, zM2

N2

) = 1

2π

(
4kR

z

)2 ∑
n1n2n3n4n5

m1m2m3m4m5

Gm5
n5

(γ )Am1m2m5
n1n2n5

(−1)n4+n3�
M1M2m3
N1N2n3

�
M1M2m4∗
N1N2n4

�
−m3Mm1∗
n3Nn1

�
−m4M−m2
n4Nn2

. (C17)

Noting that m1 = −m2 = M − M1 − M2, m5 = 0, m3 = m4 = M1 + M2, hence, (−1)n4+n3 = (−1)m4+m3 = 1 and defining Fn =∑
n′ �

M1M2m′
N1N2n′ �−m′Mm∗

n′Nn , we finally arrive at

PM
N

(
zM1

N1
, zM2

N2

) =
∑
n1n2

⎡⎣∑
n5

G0
n5

(γ )Am1,−m10
n1n2n5

⎤⎦Fn1 F ∗
n2

. (C18)
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