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Casimir-Polder interaction between atoms and hollow-core fibers

B. Beverungen ,1,* D. Reiche ,1 K. Busch ,1,2 and F. Intravaia 1

1Humboldt-Universität zu Berlin, Institut für Physik, 12489 Berlin, Germany
2Max-Born-Institut, 12489 Berlin, Germany

(Received 15 December 2025; accepted 21 May 2026; published 2 September 2026)

The Casimir-Polder force acts on polarizable particles due to quantum fluctuations of the electromagnetic
field that are modified by the presence of material bodies. We investigate the Casimir-Polder interaction for
atoms near cylindrical fibers with hollow cores. This geometry represents one of the archetypal configurations
encountered in numerous experimental setups designed to control and manipulate atoms in fundamental and
quantum technological applications. Specifically, we analyze how the interplay of both geometrical and material-
related length scales characterize the interaction, emphasizing the impact of the shell thickness. We develop a
flexible and fast-converging numerical scheme for evaluating the interaction over a wide range of atom-cylinder
separations at both zero and finite temperature. Furthermore, we provide a detailed analytical investigation of
how various material properties modify the Casimir-Polder potential. Finally, we analyze and discuss a number
of limiting cases and compare numerical computations with corresponding analytical asymptotic expressions. In
particular, in this geometry the Casimir-Polder potential is able to distinguish between an Ohmic and non-Ohmic
description of conductors. One of the most significant outcomes of our work is that the shell thickness emerges as
a useful parameter for controlling the interaction, opening avenues for both fundamental physics and applications
in quantum technologies.
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I. INTRODUCTION

When the electromagnetic environment of an atom in
vacuum is altered by bringing it into close proximity of a
macroscopic object, a modification of the atomic energy levels
occurs. Similar to the Lamb shift [1], this phenomenon orig-
inates from the quantum fluctuations of the electromagnetic
field. However, and contrary to the Lamb shift, the broken
translational invariance originating from the presence of the
object leads to a position dependence of the atomic level struc-
ture. This phenomenon, known as the Casimir-Polder effect
[2], results in a quantum mechanical interaction that typically
attracts the atom towards the object but also strongly depends
on both the object’s geometry and material composition.

The Casimir-Polder force can be characterized by a ther-
modynamic potential, a free energy, which typically decreases
with increasing separation between the atom and the ob-
ject, featuring different regimes with characteristic power-law
dependencies with respect to the inverse separation. This phe-
nomenon is relevant in all experimental setups designed to
investigate or manipulate atoms positioned close to material
structures. Notable examples include atom chips [3–6] and
atoms trapped near fibers [7–12] or carbon nanotubes [13–15].
In these cases, the Casimir-Polder force imposes con-
straints on the trapping distance [7,16] while simultaneously
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generating intriguing phenomena that influence the atomic
dynamics [17,18]. These systems are not only relevant for
fundamental investigations [18–21] but also play a central role
in quantum technologies. Consequently, developing a compre-
hensive quantitative understanding is central for controlling
the Casimir-Polder interaction and the advancement of future
quantum devices.

The sensitivity of the Casimir-Polder force with regards
to the properties of the atom’s environment, in particular
the geometry and material composition of nearby objects,
is one of the interaction’s most intriguing aspects. This is
exemplified when one or several geometrical dimensions are
restricted, such as for slabs [22–26], cylinders [27–30] or
spheres [25–28]. In all these cases, the interplay between
geometry and material properties facilitates a far-reaching
control of the interaction. The case of an atom near a cylin-
drical structure (see Fig. 1) is of particular interest since it
represents an archetypal configuration that relates to a number
of the above-mentioned experimental setups [31]. An in-
finitely extended cylinder can indeed represent optical fibers,
nanowires, or other nanostructures (e.g., carbon nanotubes)
present in the system. Due to the intricate mathematics, the
literature describing the Casimir-Polder interaction for this
geometry often foregoes a numerical evaluation or makes
various simplifications, such as the assumption of perfectly
conducting cylinders (see, for instance, Refs. [32–34]). Em-
ploying idealized material properties like perfect conductivity
have proven to be a rather successful approach for planar
geometries (as exemplified by the original calculations by
Casimir and Polder [35]). However, as we shall discuss below,
for cylinders this approximation provides only a rough ac-
count of the interaction’s characteristics, significantly failing
in certain circumstances. Early studies [27,28,36,37] relied on
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FIG. 1. The system considered in this work. An atom in vacuum
interacting with an infinitely extended cylindrical shell of radius R0,
thickness d , and comprised of different materials. The behavior of
the Casimir-Polder free energy is described as a function of the
atom-shell separation L.

diverse analytical approaches with varying levels of detail.
More recent work employs numerical methods [12,38], for
which identifying the system’s distinctive features and their
physical interpretation can be more involved.

The physics of the system becomes even more interesting
when additional geometrical features are introduced. Previous
investigations have shown that fluctuation-induced interac-
tions, such as the Casimir-Polder force, are very sensitive to
systems comprised of layers of finite thickness [23,39,40].
When combined with a cylindrical structure this geometri-
cal feature not only offers an additional knob for tailoring
the interaction, but also allows for a more precise descrip-
tion of realistic setups. Indeed, in some of the previously
considered experimental configurations, fibers and nanowires
are coated with different materials with respect to their core
[41] and more generally, layered cylindrical structures and,
specifically, hollow-core cylinders are common in experi-
ments [42–44]. From a general perspective, the interplay
between the thickness of the cylindrical layers, the intrinsic
and apparent dimensionality of the system (depending on the
approximations), as well as the other length scales introduced
by a specific material description can offer new pathways to
modify the behavior of the interaction in unexpected ways.
Investigations of the Casimir-Polder force in cylindrical core-
shell systems are relatively scarce in the literature [45] and
they are often framed in the context of simplifying schemes
such as the so-called proximity force approximation [46]:
Within this approach, which describes the surface as a col-
lection of locally parallel surface elements, the impact of its
curvature cannot be considered to its full extent. Similarly,
fully numerical analyses are difficult to be found, largely
because the number of quite distinct length scales that char-
acterize the system presents significant challenges regarding
convergence and required resources.

In this work, we aim to provide a comprehensive analytical
and numerical investigation of the Casimir-Polder interaction
between an atom and a cylindrical shell for a wide range

of parameters. To elucidate the distinctive properties of the
structure, we conduct an analysis of configurations involving
several realistic material models such as dielectrics, metals,
and nondissipative conductors. Following the most recent lit-
erature [25,26,47], our approach centers on the computation
of the electromagnetic Green tensor for a cylindrical shell
and we place particular emphasis on the characteristics of the
material comprising the structure. In fact, different materials
introduce different additional length scales that significantly
impact the interaction. A pivotal quantity in this analysis is the
penetration depth of the electromagnetic field for a specific
material. In this context, we primarily distinguish between
conductors and dielectrics. It is noteworthy that many of our
results are independent of any specific model describing these
materials and solely rely on their inherent physical properties.
In particular, we demonstrate that, in certain regions of dis-
tances, tunable through the shell thickness, the Casimir-Polder
free energy behaves differently depending on the Ohmic char-
acteristics of the conductor. This outcome can be of relevance
in addressing a longstanding controversy surrounding the
Casimir interaction between metallic plates [48].

Our paper is structured as follows. In Sec. II we first
review the Green tensor based semianalytical calculation of
the Casimir-Polder interaction, with a particular focus on the
geometry considered in this work. We provide compact ex-
pressions for all the key quantities characterizing the system.
In Sec. III, we present a numerical approach that enables
the quantitative analysis of the Casimir-Polder free energy
for various regimes of the atom-cylinder separation. Utiliz-
ing a recently developed Gaussian summation scheme, this
approach facilitates the efficient and accurate computation of
the Casimir-Polder interaction in systems characterized by
cylindrical geometries across a wide range of length scales.
In Sec. IV we provide asymptotic analyses which allow us
to investigate the interplay of geometry and material proper-
ties for both dielectric and conducting shells. The asymptotic
expressions not only provide a comprehensive description
of the interaction’s behavior but also validate our numerical
investigations. While in Secs. II–IV we develop the theory
with a focus on the zero-temperature case, we address finite-
temperature corrections in Sec. V. The results are summarized
and discussed in Sec. VI.

II. MATERIAL AND GEOMETRY INFLUENCE ON
THE CASIMIR-POLDER INTERACTION

We examine the interaction between a microscopic object
(hereafter often referred to as an atom) and a macroscopic ob-
ject consisting of a material with spatially local but potentially
frequency-dependent relative permittivity ε(ω) surrounded by
vacuum [25,26,46,47]. Without the need to specify any par-
ticular geometry, to second order in the atom-field coupling
strength the Casimir-Polder (free) energy for T = 0 K can be
written as [25,26,47]

F = −h̄
∫ ∞

0

dξ

2π
Tr[α(iξ )G(ra, ra, iξ )], (1)

where ra is the position of the atom, h̄ is the reduced Planck
constant, and the trace (Tr) runs over the three dimensions
of space. The integrand is evaluated at imaginary frequencies
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and contains the product of the atom’s polarizability tensor
α(ω) and the scattered part of the electric field Green tensor
G(r, r′, ω) [25,26,47] (see Appendix A). The latter encodes
the information about the scattering properties of the macro-
scopic object in response to a point dipole source and is
determined by both its geometry and material composition
[49]. In Eq. (1), the Green tensor is evaluated at coinci-
dence, where both the source position r′ and observation
point r coincide with the position of the atom. Equation (1)
is a special case of the more general result for finite tem-
perature T �= 0, which can be expressed as a sum over the
Matsubara frequencies ξn = 2πnkBT/h̄ (kB is the Boltzmann
constant)

F = −kBT
∞∑

n=0

′
Tr[α(iξn)G(ra, ra, iξn)], (2)

where the prime indicates that the n = 0 summand is to
be taken with half its weight. In the following, we initially
focus our analysis on the T = 0 K case and investigate the
modifications introduced by a finite temperature in detail in
Sec. V.

For simplicity, we assume hereafter that the atom’s polar-
izability is isotropic, i.e., α(ω) = α(ω)1. The atom’s internal
dynamics are further characterized in terms of the polarizabil-
ity’s static value α0 ≡ α(0) and a typical frequency ωa (com-
monly in the optical range) which corresponds to the dominant
atomic transition. As a consequence, along the imagi-
nary frequency axis α(iξ ) becomes negligible for ξ � ωa.
Although most of our analysis does not depend on a specific
form of the polarizability, in our numerical evaluations we
shall consider the following expression:

α(iξ ) = α0
ω2

a

ω2
a + ξ 2

. (3)

The polarizability introduces λ̄a = c/ωa as an additional rele-
vant length scale for our system, i.e., the (reduced) wavelength
corresponding to the dominant atomic transition frequency.
In relation to ra and other material-specific characteristics, it
can be used to distinguish between the nonretarded and the
retarded region, determined by those atom-object separations
where the effects of retardation induced by the finiteness of
the speed of light can or cannot be neglected.

Equations (1) and (2) are still rather general since an
explicit expression for the Green tensor of the macroscopic
object has not yet been specified. Before approaching the
definition of this quantity for a cylindrical shell, it is helpful to
first turn our attention on the characterization of the material
properties, formulating their impact on our system in a way
which is suitable for our analysis.

A. Electromagnetic field penetration depth
in dielectrics and conductors

In the following analysis, we find it convenient to introduce
what we call the relative penetration depth

� ≡ �(iξ ) = 1√
ε(iξ ) − 1

, (4)

which is related to the common concept of electromagnetic
penetration depth [50]. In fact, the dimensionless quantity in
Eq. (4) is effectively the ratio between the penetration depth
of the electromagnetic field in a material and the wavelength
of the corresponding radiation, all evaluated at imaginary
frequencies. This quantity is central to our analysis, as it
serves as the unifying element to develop physical expla-
nations for the potentially quite different behavior of the
Casimir-Polder interaction for dielectrics and several types of
conductors. In general, since in the time domain the electro-
magnetic response function of a material is real and causal,
along the positive imaginary frequency axis the relative per-
mittivity function is real, larger than one, and monotonically
decreasing [50,51]. Consequently, �(iξ ) is a real, positive,
and monotonically increasing function for ξ � 0. Physically,
given the high-frequency transparency of any material and
the fact that the optical response is a continuous function of
time, at high imaginary frequency, ε(iξ ) − 1 vanishes as ξ−2

[50], indicating that �(iξ ) ∝ ξ for ξ → ∞. Phenomenolog-
ically, however, permittivity models exist that well describe
the material properties within a defined frequency range of
frequencies but deviate from this constraint. For instance,
ε(iξ ) − 1 can tend to a positive constant for ξ → ∞, and �

plateaus at large ξ instead of diverging. Although it might
be relevant in some other circumstances, this deviation does
not impact the following considerations. For our analysis, the
low-frequency regime is more pertinent, where �(iξ ) exhibits
distinct characteristics depending on the material being ex-
amined. While the electromagnetic field can deeply penetrate
dielectrics, for conductors the opposite is true. For example, a
perfect electric conductor has � = 0. Whereas ε(iξ ) tends to a
constant in the limit ξ → 0 for dielectrics, the relative permit-
tivity of conductors features a divergence at low frequencies
[50,51]. Physically, we can further distinguish between Ohmic
and non-Ohmic conductors by virtue of their conductivity.
While the conductivity of the former typically approaches a
constant at low frequencies, the zero-frequency conductivity
behavior of non-Ohmic conductors might vanish or diverge.
Although various non-Ohmic materials exist [52], and the for-
malism described below can be generalized to include them,
we focus here on superconductor-like models, for which the
low-frequency conductivity diverges, and the deviation from
Ohmic behavior is directly linked to the absence of dissipa-
tion.

As a consequence of the preceding discussion, the relative
penetration depth �, defined in Eq. (4), exhibits a distinct
behavior for small values of ξ . Specifically, depending on the
material being considered, there exists a value ξ0 for which we
can write

�(iξ )
ξ
ξ0∼

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�0 dielectrics,√
λ̄D
c ξ Ohmic conductors,

λ̄p

c ξ lossless conductors.

(5)

Here, λ̄D and λ̄p are length scales associated with the diffusion
length of the electromagnetic field within the Ohmic material,
and the penetration depth in the nondissipative conductor,
respectively. Large values of λ̄D are typical for conductors
with high resistivity, corresponding to a more pronounced
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Ohmic behavior. In contrast, small values of λ̄p characterize
a nondissipative conductor which behaves more like a perfect
electric conductor. Commonly, λ̄p ranges between a few tens
or a few hundreds of nanometers. The value of λ̄D can vary
between a few Å for good conductors to a few tens of nm for
poor conductors. The value of �0 scales as the inverse of the
static dielectric constant, with typical values of the order of
one for common dielectrics.

Although, as mentioned, most of our theoretical analyses
are independent of any specific expression for the permittivity,
the numerical evaluations in our work employ a single Lorentz
oscillator model for dielectrics, while the Drude model and its
dissipationless limit are utilized for Ohmic and non-Ohmic
conductors, respectively. This corresponds to the following
explicit material descriptions:

ε(iξ ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ε∞ + ω2
p

ξ 2+γ ξ+ω2
0

dielectrics,

ε∞ + ω2
p

ξ 2+γ ξ
Ohmic conductors,

ε∞ + ω2
p

ξ 2 lossless conductors.

(6)

In these expressions, ε∞ � 1 represents the standard back-
ground permittivity, a constant that incorporates the contribu-
tion to the dielectric function of processes within the materials
occurring at frequencies significantly exceeding the optical
range [50]. Along the positive imaginary frequency axis,
where the permittitivity is monotonically decreasing starting
from its maximum value at ξ = 0, the constant offset intro-
duced by an ε∞ > 1 results in the above-mentioned behavior
of ε(iξ ) − 1 approaching a positive constant as ξ → ∞. For
our purposes, this becomes negligible due to the polarizability
effectively restricting the relevant frequencies to 0 < ξ � ωa.
However, the shift in permittivity within this range, and thus
the value of ε∞ itself can be quantitatively relevant to our
analysis. The constant ω0 is a characteristic frequency of
the dielectric material, while ωp denotes the effective plasma
frequency and γ the phenomenological damping rate for both
kind of materials [50]. We would like to note that within these
models, ξ0 = ω0 corresponds to the dielectric, ξ0 = γ yields
the conductor, and ξ0 = ωp/

√
ε∞ − 1 represents the nondis-

sipative conductor. Further, we have that λ̄p = c/ωp, which is
the reduced plasma wavelength, as well as λ̄D = cγ /ω2

p and

�0 = 1/
√

ε∞ − 1 + ω2
p/ω

2
0. It is also opportune to mention

that, mathematically, the description of the nondissipative
conductor is obtained from that of the dissipative metal by
setting γ = 0. For ε∞ = 1, our expression reduces to the
London model [53,54]. As one of the earliest descriptions
of superconductivity, this model captures the nondissipative
character of an ideal metal, though it fails to account for
other phenomena such as the Meissner effect. In the context
of our study, we are concerned solely with the nondissipative
characteristics of the material. In the literature, this nondis-
sipative permittivity is frequently referred to as the plasma
model [46]. It can also be thought of as a high-frequency
(ξ � γ ) approximation of the Drude model, and its use is
often sufficient in practical calculations, although there are
notable exceptions where results differ significantly (see Secs.
IV A 2 and V).

B. Scattering properties of a hollow-core fiber

Geometry-related effects enter the Casimir-Polder inter-
action in Eq. (1) via the Green tensor, which contains the
information about the scattering properties of the macro-
scopic object. In this work, we specifically focus on the
experimentally relevant geometries of hollow-core fibers and
nanowires. If the structure’s distance to the atom is much
smaller than its length, it can be idealized as an infinitely
extended cylindrical shell (cf. Fig. 1). This is one of the
few highly symmetric geometries for which a semianalytic
formula of the corresponding Green tensor can be obtained
[49,55–58]. The underlying strategy to obtain such an ex-
pression involves solving the vector wave equation with a
pointlike dipole source, and expanding the solution in vector
wave functions which are adapted to the specific geometry
(see Appendix A), e.g., plane waves for planar systems and
cylindrical vector waves for cylindrical ones. With this choice,
the boundary conditions the electromagnetic field is required
to satisfy at the interface between two different media [50] can
be readily implemented [49,55]. This leads to the definition
of the scattering coefficients for a single isolated interface
and eventually for the entire multilayer system [49]. These
coefficients, which enter into the expression for the Green
tensor, encode how light of a given polarization is scattered
at an interface: they are equivalent to the well-known Fres-
nel reflection coefficients for a planar, semi-infinite medium,
or the Mie coefficients in the case of cylinders and spheres
[59–61].

For the cylindrical geometry which we consider in our
work, we choose its axis of symmetry to coincide with the
z axis. We work in a cylindrical coordinate system with unit
vectors êi where i ∈ {ρ, φ, z}. Then, the structure’s material
composition is rotationally symmetric around the z axis, while
we allow for a multilayer composition along the radial di-
rection, i.e., along êρ . To specify the hollow-core cylinder
geometry illustrated in Fig. 1, we denote the radius of the
outermost surface as R0 and assume that the structure is em-
bedded in vacuum. The internal radius Ri fulfills Ri < R0,
which also allows us to define the thickness of the shell
d = R0 − Ri. For reasons of symmetry, the position of the
atom can be given in terms of the radial coordinate only,
i.e., ra = raêρ , where we have assumed z = 0 without loss of
generality. We write ra = R0 + L = (1 + s)L, where L is the
radial distance to the cylinder’s surface and we have defined
s = R0/L. This last parameter is central to our evaluation and
effectively accounts for the impact of the cylinder’s curvature
in all of the subsequent considerations. In the limit s � 1, all
expressions must recover those of a planar structure. Since a
hollow-core cylinder appears in this limit as a slab of finite
thickness d , we designate this region of distances as the slab
limit. Specifically, for a perfectly conducting material, the
thickness of the slab is irrelevant and we must recover the
result of Casimir and Polder [2,25,26,47]. In the nonretarded
(L 
 λ̄a) and the retarded (L � λ̄a) regime, the slab limit
explicitly reads as

F ∼
⎧⎨
⎩

− h̄
16π2L3

∫∞
0 dξ

α(iξ )
ε0

, L 
 λ̄a

−h̄c 3α0
32π2ε0L4 ≡ F0, L � λ̄a.

(7)
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Conversely, for s 
 1 we are in what we shall hereafter call
the thin-wire limit since for these distances the hollow-core
cylinder effectively appears as an infinite one-dimensional
solid wire. The latter limit corresponds to a region of distances
L where the impact of the structure’s geometrical confinement
along the transverse direction is most prominent and this mo-
tivates the major part of the analytical investigations in this
article (see Secs. IV A and V).

While we defer the explicit expression of the Green tensor
to Appendix A, we shall briefly summarize its main compo-
nents insofar as they are relevant for the subsequent analysis.
The Green tensor can be conveniently written as an integral
over q, i.e., the modulus of the wave-vector component along
êz. It further contains an infinite series over the non-negative
integers indexed by m, which reflects the periodicity of the
solution in the azimuthal direction. Owing to the cylindrical
symmetry of the problem, the expression involves the modi-
fied Bessel functions of the first and second kind of order m, Im

and Km, as well as their corresponding logarithmic derivatives,
which we shall denote by im = I ′

m/Im and km = K ′
m/Km [62].

In general, these functions depend on the radius R0 and on
κ =

√
q2 + ξ 2/c2, which corresponds to the propagation con-

stant in vacuum related to the component of the wave vector
orthogonal to the surface, evaluated at imaginary frequencies.

In accordance with our previous discussion, the cylinder’s
scattering coefficients appearing in the Green tensor effec-
tively describe how the electromagnetic radiation is scattered
from the outermost interface. Here, we denote them by ri j

m ≡
r ji

m , i, j ∈ {N, M}, and we provide the corresponding expres-
sions in Eqs. (8) [63]. For multilayer cylindrical structures, the
scattering coefficients are functions of the radii corresponding
to the position of the interface layers, as well as the propa-
gation wave vectors within each layer. For example, in our
geometry we have only one layer and, if the corresponding
material is local and isotropic, in analogy to the vacuum
case we can express the propagation constant at imaginary
frequencies as κε =

√
q2 + ε(iξ )ξ 2/c2.

In the case of hollow-core cylinders, it is still practical to
determine an explicit expression for the scattering coefficients
(see for example, Ref. [64] and more generally [49]). How-
ever, differently from previous work on cylindrical structures,
we reformulate these expressions to compactly write them as
follows:

rNN
m =

(1+ 1
�2 )
(ε)

m − ηε
η

im (ηs)
im (ηε s)

�21
m

+
(

ζ
√

1−ζ2

�2

m
ηε s

im (ηε s)

)2



(1)
m − ηε

η

km (ηs)
im (ηε s)

(1+ 1
�2 )
(ε)

m − ηε
η

km (ηs)
im (ηε s)

�22
m

+
(

ζ
√

1−ζ2

�2

m
ηε s

im (ηε s)

)2



(1)
m − ηε

η

km (ηs)
im (ηε s)

, (8a)

rMM
m =


(1)
m − ηε

η

im (ηs)
im (ηε s)

�12
m

+
(

ζ
√

1−ζ2

�2

m
ηε s

im (ηε s)

)2

(1+ 1
�2 )
(ε)

m − ηε
η

km (ηs)
im (ηε s)



(1)
m − ηε

η

km (ηs)
im (ηε s)

�22
m

+
(

ζ
√

1−ζ2

�2

m
ηε s

im (ηε s)

)2

(1+ 1
�2 )
(ε)

m − ηε
η

km (ηs)
im (ηε s)

, (8b)

rMN
m = −

1
�0

m

(
ζ
√

1−ζ2

�2

m
ηε s

im (ηε s)

)[
ηε
η

im (ηs)
im (ηε s) − ηε

η

km (ηs)
im (ηε s)

]
[
(1+ 1

�2 )
(ε)
m − ηε

η

km (ηs)
im (ηε s)

][



(1)
m − ηε

η

km (ηs)
im (ηε s)

]
1

�22
m

+
(

ζ
√

1−ζ2

�2

m
ηε s

im (ηε s)

)2

[
(1+ 1

�2 )
(ε)
m − ηε

η

km (ηs)
im (ηε s)

][



(1)
m − ηε

η

km (ηs)
im (ηε s)

]
, (8c)

where, for simplicity, we dropped the arguments of all the
involved functions. In Eq. (8), we have introduced the dimen-
sionless variables

η = κL, ηε = κεL, and
ξ

c
L = ζη. (9)

The functions 
(x)
m and �

i j
m depend on Ri and, for brevity, we

report their expressions in Appendix A. In the limit Ri → 0,
they tend to one, thus prominently marking the difference
between a cylindrical shell and a full cylinder. We note that,
differently from planar structures, a cylindrical vector wave
with either of the two polarizations i = N, M generally does
not conserve its polarization state during the scattering pro-
cess, giving rise to a cross-polarization scattering coefficient
rMN

m [49]. It is worth to remark that Eqs. (8) can be readily
simplified when m = 0 and we notice that then rMN

0 identically
vanishes, pointing to a total decoupling of the polarization at
this order.

Using the above results and definitions, we can now write
the Casimir-Polder free energy for a cylindrical structure at
T = 0 K as

F = − h̄c

2π3

1

L4

∫ ∞

0
dη

∫ 1

0
dζ

α
(
iζ c

R0
ηs
)

ε0

∞∑
m=0

′ Km(η, s)√
1 − ζ 2

×
{

rNN
m

(
1 + (1 − ζ 2)

[
m2

η2[1 + s]2
+ k2

m(η[1 + s])

])

− rMM
m ζ 2

[
m2

η2[1 + s]2
+ k2

m(η[1 + s])

]

+ rMN
m 4ζ

√
1 − ζ 2

m

η[1 + s]
km(η[1 + s])

}
. (10)

Here, the integration runs over the dimensionless variables
introduced in Eq. (9). As above, the prime in the sum indicates
that the term with m = 0 must be weighted with a factor of 1

2 .
The free energy F is defined in terms of the kernel function

Km(η, s) = η3 Im(ηs)

Km(ηs)
K2

m(η[1 + s]), (11)

which proves useful in the subsequent analyses. It is oppor-
tune to underline that formally the expression in Eq. (10) holds
in general for an atom above any multilayered cylinder em-
bedded in vacuum, assuming that the corresponding scattering
coefficients ri j

m are known or can be determined numerically.

III. NUMERICAL EVALUATION

To comprehensively investigate the physics at play in the
system and to validate the analytical results presented below,
we have implemented an accurate and efficient scheme for
the numerical evaluation of the Casimir-Polder interaction in
cylindrical geometries. In the following, we briefly summarize
the main challenges arising in the computation of Eqs. (1) to
(2) in this context, and give an overview of our approach.
To streamline the discussion, we again focus on the zero-
temperature case described by Eq. (10) and defer all additional
details as well as the treatment of finite-temperature effects to
Appendix C.
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An evaluation of the Casimir-Polder interaction between an
atom in proximity to a cylindrical structure represents a com-
putational challenge [32]. Essentially, this is rooted in both
its mathematical complexity and the very distinct physical
length scales (λ̄a, R0, d , L, λ̄D, λ̄p, etc.) inherent to the physics
underlying the problem. The physically accessible values of
these scales and their interrelations yield regimes with qualita-
tively rather different behavior of the interaction. As a result,
a general purpose numerical evaluation scheme can become
quite ineffective, especially in those regions where the rele-
vant length scales differ by several orders of magnitude. To
calculate the interaction more efficiently, it is thus beneficial
to explicitly take into account the asymptotic behavior of the
corresponding expressions. For cylindrical geometries, one
especially relevant case is the limit of small aspect ratios, cor-
responding to s � 1. In this regime, the atom’s distance to the
surface is much smaller than the cylinder’s radius, making the
cylinder look almost flat to the atom. As a consequence, many
terms in the sum in Eq. (10) have to be considered in order
to achieve convergence. In terms of the previously discussed
choice of functions for the implementation of the boundary
conditions, this can be understood as essentially having to
represent a nearly planar wavefront in a cylindrical basis and
obviously this is not the natural coordinate system for this
task. Similarly, the calculation of finite-temperature effects ac-
cording to Eq. (2) is known to exhibit slow convergence in the
limit of low temperatures, requiring many terms of the Mat-
subara sum for obtaining reasonable accuracy. In this work,
we approach the evaluation of the combined integration and
summation in Eq. (10) with a multivariate Gaussian quadra-
ture scheme, using a suitably chosen fixed-point quadrature
rule in each dimension (see, e.g., [62,65]). In particular, we
find that the aforementioned issues of slow convergence of
the infinite series can be addressed effectively with a recently
developed Gaussian summation scheme based on modified
discrete Laguerre polynomials [66]. The latter can be seen as
a generalization of standard Gaussian quadrature schemes to
infinite series, effectively corresponding to the evaluation of
an integral with respect to a discrete measure [67,68].

We now proceed to discuss the main points in reformu-
lating Eq. (10) to make it suitable for numerical evaluation
with Gaussian quadrature and refer to Appendix C for fur-
ther details. As a first step, we focus on the integrals over
the dimensionless variables η and ζ defined in Eq. (9). The
integral over ζ can be brought to the standard interval [−1, 1]
by performing the change of variable ζ̃ = 2ζ − 1. The inte-
grand possesses an integrable square-root singularity at ζ = 1,
which can be taken into account explicitly via a Gauss-Jacobi
quadrature rule in the transformed variable ζ̃ . In order to ef-
ficiently compute the η integral over the semi-infinite interval
[0,∞), it is useful to analyze the asymptotic behavior of the
integrand for large η. This behavior is determined by the ker-
nel function in Eq. (11), yielding an exponential decay when
η is sufficiently large. The latter is a direct consequence of the
modified Bessel functions’ asymptotic exponential behavior
for large values of their arguments [62]. For the numerical
evaluation, this suggests to use the exponentially scaled modi-
fied Bessel functions Ĩm(x) = Im(x)e−x and K̃m(x) = Km(x)ex,
available from standard numerical libraries [69]. In this way,
the kernel function in Eq. (11) can be replaced by its exponen-

tially scaled counterpart K̃m(η, s) according to

Km(η, s) = K̃m(η, s)e−2η, (12)

thereby making explicit the exponential decay in η. As an
additional benefit, the exponentially scaled modified Bessel
functions of the first and second kind are less prone to floating
point overflow or underflow for large arguments, respectively.
In this form, the integrand becomes amenable to integration
over η̃ = 2η with a Gauss-Laguerre quadrature rule. Finally,
we need to consider the evaluation of the infinite series over m
in Eq. (10). In the thin-wire limit s 
 1, the summands decay
rapidly with increasing order such that a direct summation is
close to optimal (see also Sec. IV A). In the opposite limit
of s � 1, it is useful to analyze the large-order behavior of
the summands, which is again dominated by the behavior of
the kernel function Km(η, s). To this end, we consider the
corresponding asymptotic expansions of the modified Bessel
functions for fixed argument η as m → ∞ [62], i.e.,

Im(x) ∼ 1√
2πm

( ex

2m

)m
and Km(x) ∼

√
π

2m

( ex

2m

)−m
.

(13)

As a consequence, for sufficiently large values of m Eq. (11)
scales as

Km(η, s) ∼ η3 1

2m

(
1 + 1

s

)−2m

= η3 1

2m
e−2m log (1+ 1

s ). (14)

From this expression, we conclude that for large m, the
summands decrease exponentially with a decay rate μ =
2 log (1 + 1/s). Since μ ∼ 2L/R0 for s � 1, the decay rate
becomes very small for large aspect ratios. This results in
a slowly convergent sum, confirming our earlier argument
based on the nonsuitability of a cylindrical basis expansion
in the planar limit. A central observation in our reasoning
is that, in the limit of Eq. (14), Eq. (10) has the form of an
exponentially decaying bosonic Matsubara sum [72]. This is
functionally the same behavior as observed in the treatment
of finite-temperature Casimir forces at imaginary frequencies
[66,73,74]. More precisely, within this analogy, the radius R0

effectively plays the role of an inverse temperature. An infinite
series of this type can be efficiently evaluated numerically em-
ploying a recently developed Gaussian summation technique
based on modified discrete Laguerre (MDL) polynomials
[66]. Taken together, the strategy outlined above provides a
multivariate Gaussian quadrature scheme for the evaluation
of the Casimir-Polder interaction in cylindrical geometries,
which utilizes a carefully crafted Ni-point fixed quadrature
rule in each dimension (i ∈ {η, ζ , m}).

To demonstrate the validity of this approach, we depict
in Fig. 2 the zero-temperature Casimir-Polder potential for
a rubidium atom interacting with a hollow-core silica fiber
as a function of the ratio L/R0 (similar results are achieved
for conductors). We compare the MDL approach with the
direct termwise summation in Eq. (10) for a fixed quadrature
order of the η and ζ integrals, using Nη = 10 and Nζ = 30,
respectively. For s � 1, where we expect to recover the result
for a planar surface, only a few terms of the MDL summation
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(a) (b)

FIG. 2. Comparison of direct summation (dotted dark gray lines) and MDL quadrature (dark blue lines, see Sec. III) for the evaluation of
the zero-temperature Casimir-Polder potential of an atom interacting with cylindrical geometries according to (10). Specifically, the system
consists of a rubidium atom (ωa = 1.6 eV, λ̄a ≈ 120 nm [70]) interacting with a dielectric cylindrical structure (similar results are achieved
for conductors). The frequency-dependent behavior of the relative permittivity is described using the first model of Eq. (6) with values for
silica (ε∞ = 1.49, ωp = 7.8 eV, ω0 = 10 eV, and γ = 0.9 eV [71]). The potential is normalized by the nonretarded limit of the Casimir-Polder
energy between an atom and a perfectly reflecting surface [see Eq. (7)]. The interaction for the cylindrical geometries is depicted as (a) a
function of L for a fixed external radius R0 = 2λ̄a and (b) as a function of R0 at a fixed distance L = 0.5λ̄a. Two values of internal radii
are used: Ri = 0, i.e., a full cylinder, and Ri = 1.9λ̄a, i.e., a cylindrical shell with thickness d = 0.1λ̄a. For comparison the Casimir-Polder
energy for planar structures, a half-space and slab of thickness d , all comprised of the same material, are also represented. The order of the
Gauss-Laguerre and Gauss-Jacobi quadrature is fixed at Nη = 10 and Nζ = 30. For the direct summation, the number of terms is fixed at
N = 100, while the MDL quadrature uses N = 10 terms.

are required for achieving convergence. In the examples
shown in Fig. 2, we can see that the direct sum approach even
with Nm = 100 terms does not yield satisfactory results for
large s, while N = 10 MDL terms are sufficient to recover the
expected planar limit.

IV. ZERO-TEMPERATURE INTERACTION

Next, we proceed to validate our numerical approach by
a detailed investigation based on an asymptotic analysis of
Eq. (10). In particular, we present a structured approach,
which not only recovers results reported in the literature but
also complements and generalizes these results, thereby em-
phasizing special features of the interaction induced by the
interplay between material properties and geometry. In the fol-
lowing, we analyze the behavior of the Casimir-Polder energy
as function of the distance L. Depending on the material of
the structure, the behavior can be quite different (see Figs. 3
and 4).

Two limiting configurations can be identified: The slab
limit, when L 
 R0 (s � 1), and the thin-wire limit when
L � R0 (s 
 1). In light of the numerical analyses presented
below, for the slab limit here we simply state the asymptotic
expression for the potential within the near-field limit (L 

λ̄a) and when L 
 d . In this setting, the slab appears as a
semi-infinite bulk and the Casimir-Polder potential behaves
as [22–26]

F ∼ − h̄

16π2L3

∫ ∞

0
dξ

α(iξ )
ε0

1 + 2�2
. (15)

Further, the perfect conductor limit in Eq. (7) is recovered for
� = 0. For larger distances exceeding the shell thickness, i.e.,
when L � d , the slab thickness becomes important even in
the nonretarded limit: the interaction decays with a progres-
sively steeper power law in the atom-surface separation L.
In dielectrics, this effect is particularly pronounced: in the
limit d 
 L 
 λ̄a, the Casimir-Polder potential is reduced by
a factor ∼d/L compared with Eq. (15), yielding a scaling
∝ d/L4 [23,25,26].

In the remainder of the paper, we concentrate our analytic
investigations on the more geometry-related thin-wire limit. In
order to avoid a cluttered presentation, the next section con-
tains the most relevant information of our analysis. Further
details are collected in Appendix B.

A. The thin-wire limit

In the thin-wire limit (s 
 1), the interaction effectively
behaves as that between an atom and a one-dimensional in-
finitely extended wire. In this limit, noting that 1 + s ∼ 1,
the integrand in the Casimir-Polder free energy as presented
in Eq. (10) deviates significantly from zero only for η ≈ 1.
This is primarily due to the exponentially decaying nature
of the modified Bessel functions incorporated into Km(η, s)
[see Eq. (11)], which effectively eliminates the contributions
arising from large η. Consequently, we can write (see Ap-
pendix A)

Km(η, s) ∼
⎧⎨
⎩

η3

− ln(ηsγ̃E ) K
2
0 (η), m = 0

mη3
(

ηs
2

)2m[Km (η)
m!

]2
, m �= 0

(16)
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where we have defined γ̃E ≡ eγE/2, and γE is the Euler-
Mascheroni constant. We remark that for m = 0, the previous
approximation introduces an artificial divergence for η ∼
(sγ̃E)−1 � 1 which does not exist in the original definition
of Km(η, s). Nevertheless, this issue is inconsequential to our
final outcomes, as the resulting expressions remain convergent
within the validity range of the approximation, where large
values of η are suppressed [see also Eq. (B5)].

Additionally, we have that for η ≈ 1 and s 
 1 the scat-
tering coefficients in Eq. (8) can be further approximated as
follows. For the case m = 0, we can write

rNN
0 ∼ (ηs)2 ln(ηsγ̃E)

(ηs)2 ln(ηsγ̃E) − 2 �2

1−χ2

, (17)

while rMM
0 ∼ 0 and rMN

0 ∼ 0. Here, we have defined χ =
Ri/R0 = 1 − d/R0 < 1. The function rNN

0 has no explicit de-
pendence on the variable ζ , which only implicitly appears
in the argument of �. We notice that, compared to the full
cylinder limit (χ = 0), the thickness of the cylindrical shell
effectively leads to an increase of the relevance of �. In terms
of the characteristic quantities defined in Eq. (5) we basically
obtain a set of renormalized parameters according to

�0 → �0√
1 − χ2

, λ̄p → λ̄p√
1 − χ2

, λ̄D → λ̄D

1 − χ2
,

(18)

pointing to larger values of these quantities for smaller d and
indicating a larger impact of the shell thickness on Ohmic
conductors than on nondissipative conductors (see below).
Since the behavior of the denominator of Eq. (17) is going
to play a central role in the subsequent analysis, we find it
convenient to introduce the function

W[x] ≡ −x

W−1(−x)
, (19)

where W−1(x) is the second branch of the Lambert-W func-
tion. The expression in Eq. (19) corresponds to the smallest
solution of the equation y ln(y) = −x with x > 0 (if it exists).
The function W[x] monotonically increases with x and is
defined up to ln(x) = −1, where we have that ln(W ) = −1.
For ln(x) > −1 we always have that x > −y ln(y) and no
solution exists.

For m �= 0, in the thin-wire limit the scattering coefficients
have a very different form. They are given by

rNN
m ∼ 1 − χ2m

1 − χ2m

(1+2�2 )2

1 − ζ 2

1 + 2�2
, (20a)

rMM
m ∼ − 1 − χ2m

1 − χ2m

(1+2�2 )2

ζ 2

1 + 2�2
, (20b)

rMN
m ∼ − 1 − χ2m

1 − χ2m

(1+2�2 )2

ζ
√

1 − ζ 2

1 + 2�2
. (20c)

Notably, they lose all explicit dependence on the variable η,
which only implicitly appears in the argument of the relative
penetration depth �. With respect to the full cylinder case
(χ = 0), the scattering coefficients of the hollow-core cylinder
acquire the same nontrivial prefactor which depends on both

the shell thickness and the value of �. Contrary to m = 0, the
expressions in Eqs. (20) have a structure similar to that of the
reflection coefficients of a slab [75,76]: The term χm takes
the role of the propagation factor for the multiple reflections
within the layer, highlighting how, even in the thin-wire limit,
the shell thickness impacts the electromagnetic scattering for
m > 0.

The formulas in Eqs. (16), (17), and (20) are independent
of the nature of the material. When inserted in the expres-
sion for the Casimir-Polder free energy in Eq. (10), each
of the terms in the sum over m in the resulting integrand
is a term proportional to a power of s [see in particular
Eq. (16)]. For s 
 1 the dominant contribution arises from
terms related to the orders m = 0 and 1 [see Eq. (B5)]. To
determine the asymptotic behavior of the interaction, we need
to identify the regions providing the significant contributions
to the integrals over η and ζ . While the η integration is mainly
affected by the kernel function Km(η, s), the polarizability
mostly influences the ζ integration, distinguishing between
the nonretarded (L 
 λ̄a) and the retarded (L � λ̄a) limits.
We note that within the thin-wire limit, the nonretarded region
can only be realized if R0/λ̄a 
 1. This sets an upper bound
to the possible values of the radius for which the following
considerations are valid. Whenever R0/λ̄a � 1, then in the
nonretarded region the slab limit is systematically recovered
[see Eq. (15) and the accompanying discussion above]. Within
this constraint, an inspection of Eq. (10) reveals that, given
that the polarizability is significantly different from zero for
0 � ξ � ωa [as per Eq. (3)], the integrations are effectively
restricted to the regions where 0 � ζη � L/λ̄a. Given that
Km(η, s) additionally limits the pertinent values to η ≈ 1, in
the nonretarded limit we have that ζ 
 1. We can then further
simplify Eq. (10) by neglecting all explicit dependencies on
the variable ζ with respect to the other terms, both in the
integrand and in the scattering coefficients, without altering
the implicit dependence via α and �. In addition, we can, to
a good approximation extend the upper limit of the ζ integra-
tion to infinity. Conversely, when retardation effects become
relevant, i.e., for L/λ̄a � 1, since we have in general that
0 < ζ � 1, the arguments of α in and � in Eq. (10) become
small. Specifically, the polarizability can be approximated by
its static value and, if L � c/ξ0, � can be approximated by
its low-frequency behavior. According to Eq. (5), within the
retarded region, we then expect quite different results for the
Casimir-Polder interaction, differing not only between con-
ductors and dielectrics but also between Ohmic and lossless
conductors.

To see this in detail, in the following we discuss the results
of the above approximations for dielectrics separately from
those for conductors, in both cases analyzing the nonretarded
and retarded limits within the thin-wire approximation, as
well as comparing the results to a full numerical evaluation.

1. Dielectrics

One of the most relevant characteristics of dielectric ma-
terials, clearly distinguishing them from conductors, is their
behavior at low frequencies as highlighted by Eq. (5). In
particular, at low frequencies we have that � → �0 > 0, i.e.,
the relative penetration depth approaches a positive constant
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that is connected to the dielectric’s insulating properties. This
has a profound effect on the behavior of rNN

0 in Eq. (17): if
s is sufficiently small (see below) and given that η ≈ 1, we
can neglect the logarithmic term in the denominator. Using
the function W[x] defined in Eq. (19) we can formulate this
condition more precisely as

s 
 s0 ≡ 1

γ̃E

√√√√√W

⎡
⎣(2

�0√
1 − χ2

γ̃E

)2
⎤
⎦, (21a)

which sets a lower bound to the distances this approximation
is valid for. Due to the properties of W[x], this condition is
fulfilled by all distances compatible with the thin-wire limit if

ln

(
2

�0√
1 − χ2

γ̃E

)2

� −1, (21b)

distinctly illustrating how the value of the shell thickness
modifies the validity of the asymptotic descriptions we shall
now derive.

Within the above approximation, an examination of
Eq. (10) indicates that the terms corresponding to m = 0 and 1
both scale as s2, while higher values of m yield terms propor-
tional to s2m and can therefore be disregarded. If R0 
 L 

λ̄a, the nonretarded region overlaps with the thin-wire limit
and as discussed above we can neglect the explicit depen-
dencies on the variable ζ , both in the integrand and in the
scattering coefficients. With this simplification rMM

m and rMN
m

do not contribute to the interaction and we are left only with
rNN

m for m = 0, 1 [see Eq. (B5)]. Reintroducing the integration
variable ξ = ζηsc/R0, the integration over η of the resulting
expression can be performed analytically leading to

F ∼ − 9h̄

512π

R2
0

L5

∫ ∞

0
dξ

α(iξ )

ε0

⎡
⎢⎢⎣1 − χ2

�(iξ )2
+ 3

1−χ2

1− χ2

[1+2�(iξ )2]2

1 + 2�(iξ )2

⎤
⎥⎥⎦.

(22)

In this expression, the effects of the surface curvature are
evident. Within the nonretarded limit, if R0 
 L the curva-
ture leads to a Casimir-Polder free energy that roughly scales
∝ R2

0(1 − χ2)/L5 which is faster than ∝ d/L4 observed for a
thin dielectric slab with the same thickness of the cylindrical
shell. Note that for dielectrics, the shell thickness alters the
strength of the interaction without altering the scaling. The ex-
pression in Eq. (22) vanishes for d → 0 and/or R0 → 0, while
the maximum value is attained for χ = 0. In other words,
the full cylinder [27,37] is recovered as a particular case of
our result. The two terms in the square brackets describe the
different contributions of the two aforementioned values for
the order m. Quantitatively, their contribution is similar for
� � 1 but they behave differently in the opposite limit. The
interaction is stronger for small values of �, corresponding to
a lower penetration depth. In this limit, the largest contribution
arises from the term associated with the m = 0 term.

We further note that the appearance of the factor 1 − χ2

in Eq. (22) can be justified from dimensional analysis. It
amounts to considering the cross-sectional area ∝ R2

0 − R2
i of

the hollow cylinder as can be seen by writing

R2
0

L5
(1 − χ2) = R2

0 − R2
i

L5
= 1

L3
2

d

L

Rav

L
, (23)

where we have used again d = R0 − Ri and we have defined
the average radius Ravg = (R0 + Ri )/2. The first term on the
right-hand side of the above equation, i.e., L−3, is the typical
nonretarded behavior obtained for planar semi-infinite struc-
tures (see Eqs. (7) and (15)) [25,26,47]. In addition, one has
to take into account that for dielectrics this trend is corrected
by the shell thickness through the dimensionless factor d/L,
i.e., the second term on the right-hand side of Eq. (23) [see
also Eq. (15) and the related discussion]. Finally, the curvature
of the surface further reduces the geometrical extent of the
structure introducing another factor Ravg/L, which gives rise
to the last term on the right-hand side of Eq. (23).

Now, moving on to the retarded regime, we can re-
place α → α0 in Eq. (10) and, considering that ζ � 1 and
that the relevant contributions arise from the region η ≈ 1
for L � c/ξ0, the function � can be approximated by its
low-frequency behavior according to Eq. (5). Within this
approximation, the resulting integrals [see Eq. (B5)] can be
analytically evaluated leading to

F ∼ − h̄c

60π2

α0

ε0

R2
0

L6

⎡
⎢⎢⎣7

1 − χ2

�2
0

+ 32

1−χ2

1− χ2

[1+2�2
0]2

1 + 2�2
0

⎤
⎥⎥⎦, (24)

which again generalizes the result for the full cylinder [37].
Similar to the nonretarded case, the first term in the square
brackets above originates from rNN

0 in Eq. (17), while the
second term results from the collective contribution of all
three scattering coefficients rij

1 in Eq. (20). The power-law
behavior ∝ L−6 can be understood in terms of dimensional
analysis as in Eq. (23), with the sole difference that in the
retarded region for planar structures the interaction scales as
∝ L−4 [see Eq. (7)] [2,25,26,47]. Employing the full numeri-
cal evaluation of the Casimir-Polder interaction (Sec. III), we
depict in Fig. 3 the results for a hollow-core fiber (χ = 0.95)
over a wide range of the atom-surface separation. To highlight
the impact of the shell thickness on the behavior of F , we
additionally report the interaction for a full cylinder of the
same radius (χ = 0). The dielectric fiber is described by the
Drude-Lorentz model presented in Eq. (6), with parameters
corresponding to silica (see Fig. 2). These parameters yield
a �0 that fulfills the condition in Eq. (21) for all distances
compatible with the thin-wire limit. The numerical analysis
confirms that at very short distances the interaction tends to
the nonretarded Casimir-Polder potential of an atom in front
of a dielectric half-space, scaling as L−3. For the parameters
considered in Fig. 3, as the distance increases and becomes
larger than the shell thickness d , the full cylinder continues to
follow the half-space behavior [25,26,47]. Conversely, given
the relatively small value of d (see Fig. 3), the dielectric
hollow-core fiber has the same trend as a dielectric slab
with the same thickness and the corresponding power law
in-between L−3, typical for the half-space, and L−4 [see the
discussion below Eq. (15)]. Given that R0/λ̄a > 1, the asymp-
totic expression presented in Eq. (22) is not applicable in this
scenario, but we have verified its consistency with a numerical
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FIG. 3. Zero-temperature Casimir-Polder potential for a rubid-
ium atom interacting with a hollow-core silica fiber of radius R0 =
2λ̄a (see Fig. 2 for the corresponding parameters). The potential is
represented as a function of the atom-structure separation for χ = 0
(full cylinder) and χ = 0.95 (d = 0.1λ̄a). All expressions are nor-
malized by the retarded interaction between an atom and a perfectly
reflecting surface, F0 in Eq. (7). The different curves highlight how
the free energy is affected by the material properties, the curvature,
and the thickness of the shell. At short atom-cylinder separations,
all expressions reproduce the case of an atom interacting with a
dielectric half-space, Eq. (15). As the distance increases, the full
cylinder continues to follow the behavior of the half-space ∝ L−3

(dotted line), while the dielectric cylindrical shell has the same trend
as a dielectric slab of the same thickness with a power law between
L−3 and L−4 [see the comment below Eq. (15)]. For large distances,
according to Eq. (24), both the full cylinder and the cylindrical shell
scale as ∝ L−6 (black dashed lines), featuring a decay which is faster
than the interaction with a half-space (∝ L−4) and with a slab (∝ L−5

[25,26]). The curves illustrate the modification in the strength of the
interaction introduced by the shell’s thickness. In agreement with
Eq. (24), the maximum strength is reached for χ = 0 (full cylinder).

evaluation using other parameters (not shown). In Fig. 3, we
see that for L/R0 � 1, the numerical evaluation recovers the
asymptotic expressions given in Eq. (24). In comparison to
its hollow-core counterpart, the full cylinder shows a stronger
Casimir-Polder interaction, in agreement with Eq. (24).

2. Conductors

An important distinguishing feature between dielectrics
and conductors is their behavior at low frequencies. In par-
ticular, the asymptotic expressions in Eqs. (22) and (24) are
derived by assuming that at low frequencies, � does not
vanish. They manifestly do not work for conductors, where
conduction electrons can lead to � → 0: In this case, the first
term in the square brackets of these equations diverges [37].
Reanalyzing the contribution of the scattering coefficients in
the limit s 
 1, we notice that for m > 0, all the scattering
coefficients are well behaved for � → 0, enabling consider-
ations which are similar to those previously formulated for
dielectrics. Conversely, the most immediate consequence of
� → 0 is that the logarithmic term in the denominator of
rNN

0 in Eq. (17) can no longer be neglected, and can in some

cases even constitute the dominant behavior. This implies that,
differently from the dielectric case, for conductors the leading
order in the limit s 
 1 is provided by only the m = 0 term in
Eq. (10), solely stemming from the NN polarization.

We start by considering the nonretarded regime R0 
 L 

λ̄a. As mentioned above, the range of validity of the thin-wire
limit is in this case restricted by a lower bound on R0/λ̄a 

s 
 1. As in the previous sections, we can remove all explicit
dependencies on the variable ζ in the corresponding integra-
tion and extend the upper bound of the integral to infinity.
Since the only relevant contribution comes from rNN

0 , the re-
sulting integrand has the same denominator as Eq. (17). With
respect to η4[1 + k2

0(η)]K2
0 (η) > 0 appearing in the numera-

tor of the integrand [see Eq. (30)], the remaining part of the
expression varies slowly as a function of η. In general, an ex-
pression of the form η jK2

0 (η) peaks at η = η[ j] ≈ ( j − 1)/2,
which provides the dominant contribution to the η integration.
Using a saddle-point approximation (see Appendix B), we can
perform the corresponding integration obtaining

F ∼ − 9h̄

512π

R2
0

L5

∫ ∞

0
dξ

α(iξ )
ε0

�2(iξ )
1−χ2 − (η[4]s)2

2 ln(η[4]sγ̃E)
. (25)

We further notice that the polarizability truncates the relevant
contribution to the integral at ξ ∼ ωa, and, given that � is
a monotonically growing function, �(iωa) is effectively its
largest relevant value. Using the definition in Eq. (19), if the
condition

1

η[4]γ̃E

√√√√√W

⎡
⎣(2

�(iωa)√
1 − χ2

γ̃E

)2
⎤
⎦ 
 R0

λ̄a

 1 (26)

is fulfilled, we can neglect the first term in the denominator of
Eq. (25) with respect to the term containing the logarithm and
write

F ∼ − 9h̄

256π

1
η2

[4]

∫∞
0 dξ

α(iξ )
ε0

L3 ln
( L

R0
η[4]γ̃E

) . (27)

We see that, compared to dielectrics, the conductors’ Casimir-
Polder potential exhibits a different behavior as a function of
the distance L. Nonetheless, here the change is not a modifi-
cation of the exponent of the power law: it is instead marked
by the appearance of a logarithm. Notice that the previous
expression does not contain any material parameters: they
only implicitly appear in the condition in Eq. (26). In fact, the
expression in Eq. (27) is equivalent to considering rNN

0 = 1,
corresponding to the result that would have been obtained
for a perfectly conducting cylinder: neglecting � is indeed
equivalent to assuming it is vanishing.

Material parameters are more important when, over the
interval 0 < ξ � ωa, the term containing � in the denomi-
nator of Eq. (25) becomes larger in absolute value than the
logarithmic term. If we denote as ξL the frequency for which
this happens, then ξL is determined by solving

�2(iξ )

1 − χ2
= − (η[4]s)2

2
ln(η[4]sγ̃E). (28)

The value of ξL depends on the system’s geometry and, for
s 
 1, it decreases with s. If ξL < ωa, the dominant con-
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tribution to the frequency integral is not determined by the
polarizability but rather by the denominator of the integrand
in Eq. (25), thereby modifying the Casimir-Polder potential
in terms of the system’s geometry and material composition.
More specifically, if we consider the case ξL 
 ξ0, the behav-
ior of � can be described by Eq. (5). For lossless conductors
we can then approximate the polarizability with its static
value, while the remaining integral can be evaluated analyt-
ically to give

F ∼ −9h̄c

210

R0

L4

α0
ε0η[4]

√
1−χ2

λ̄p√
2 ln

( L
R0

η[4]γ̃E

) . (29)

When contrasted with Eq. (27), we can clearly see the impact
of the material properties on the free energy’s scaling with
respect to L, where the exponent of the power law has now
decreased by one. In the case of the Ohmic conductor, the
polarizability function has to be considered in its full form
as in Eq. (25). Nevertheless, within the conditions set by the
thin-wire limit, we have

F ∼ − 9h̄c

512π

α0

ε0

1 − χ2

λ̄D

R2
0

L5
ln

⎛
⎜⎝2

λ̄D
1−χ2

λ̄a

( L
R0
η[4]

)2

ln
( L

R0
η[4]γ̃E

)
⎞
⎟⎠. (30)

We notice the yet different behavior of F with respect to
Eqs. (27) and (29), highlighting how the interplay between
geometry and material properties can affect the behavior of
the Casimir-Polder free energy in multiple ways.

A few additional comments about ξL are in order. Since
ξL 
 ξ0, using Eq. (28), we need to have

R0

λ̄a

 s 
 1

η[4]γ̃E

√√√√√W

⎡
⎣(2

�(iξ0)√
1 − χ2

γ̃E

)2
⎤
⎦, (31)

which sets an upper bound to the value of s for which the
approximated expressions are viable. As for dielectrics, the
upper bound of this condition is automatically fulfilled when
the logarithm of the argument of W is equal to minus one.
In particular, the specific relative permittivity models given
in Eq. (6) require ξL 
 min{ωa, ωp/

√
ε∞ − 1} for a lossless

material and ξL 
 min{γ , ωa} for an Ohmic conductor. For
the latter, the constraints imposed by Eq. (31) might be diffi-
cult to fulfill in relation to the typical values of its parameters.
The required values of χ are in this case very close to one,
corresponding to very thin shells and/or small values of s
which are not compatible with the nonretarded region’s lower
bound s � R0/λ̄a.

Let us now consider the interaction for large atom-surface
separations, i.e., in the retarded regime, where L � λ̄a. Again,
in the thin-wire limit, the dominant contribution to Eq. (10) is
given by the m = 0 term. For these distances, the polarizabil-
ity can be approximated by its static value and the behavior of
the Casimir-Polder free energy is asymptotically described by

F ∼ − h̄c

8π3

α0
ε0

L4

∫ ∞

0
dη

∫ 1

0
dζ

1+(1−ζ 2 )k2
0(η)√

1−ζ 2
η3K2

0 (η)

�2(iζ c
R0

ηs)

(ηs)2(1−χ2 ) − ln(ηsγ̃E )
2

. (32)

We focus again on the frequency region where we can approx-
imate the function � according to Eq. (5). Taking into account
that η ≈ 1 and ζ � 1, this implies that s 
 R0ξ0/c.

For lossless conductors, the first term in the denominator
of Eq. (32) becomes proportional to ζ 2 and loses its depen-
dence on ηs, which is only contained in the logarithmic term.
Employing a similar strategy as in the calculation of the non-
retarded limit above, we notice that the numerator of the above
integrand is positive and peaks around η ≈ η[3] [the effect of
ζ on the peak of the numerator of Eq. (32) is negligible]. We
can then again perform the integral over η using the saddle-
point approximation (see Appendix B 2). As above, the main
contribution to the integral in the previous expression arises
from the values for which the term containing the function �

in the denominator of the integrand is smaller than or of the
order of the logarithmic term, leading to constraints similar to
those of Eq. (31). The resulting expression contains an integral
over ζ which can be calculated analytically [see Eq. (B11)],
leading to

F ∼ − h̄c

8π2

α0
ε0

L4 ln
( L

R0
η[3]γ̃E

)
1 − 2

3

1+
√√√√√1+

2
1−χ2 (

λ̄p
R0

)2

ln(

L
R0

η[3] γ̃E
)√√√√1 +

2
1−χ2 (

λ̄p
R0

)2

ln(
L

R0
η[3] γ̃E

)

. (33)

We remark that, under the condition

−
2

1−χ2

( λ̄p

R0

)2

ln(η[3]γ̃Es)

 1 ⇒ s 
 sp ≡ e

− 2
1−χ2 (

λ̄p
R0

)2

η[3]γ̃E
, (34)

the expression in Eq. (33) approaches

F ∼ − h̄c

12π2

α0
ε0

L4 ln
( L

R0
η[3]γ̃E

) . (35)

Similar to Eq. (27), the expression in Eq. (35) is indepen-
dent of any material properties and indeed represents the
limit for L � R0 of the Casimir-Polder interaction with a
perfectly conducting cylinder [37]. According to the condition
in Eq. (34), the thinner the shell the larger is the distance
for which the perfect conductor limit in Eq. (35) is valid,
indicating that, within the thin-wire limit, the interaction is
mostly described by Eq. (33). Indeed, sp, constraining the
range of validity of the previous expressions, exponentially
decreases with the inverse thickness of the cylindrical shell.
This is consistent with the fact that thinner shells effectively
increase the penetration depth [see Eq. (18)], enhancing the
differences between perfect and nondissipative conductor:
The term containing � in the denominator of Eq. (32), provid-
ing information about the material parameters, becomes more
relevant.

For regular conducting materials, as soon as their Ohmic
behavior becomes relevant, we obtain a quite different result.
Indeed, using the corresponding low-frequency approxima-
tion for � from Eq. (5) in the denominator of the integrand
of Eq. (32), the term containing the function � now scales as
ζ/(ηs). The extra dependence on ηs slightly modifies the peak
of the numerator which is again located around η[4]. Proceed-
ing as above, both the integrals in ζ and η can be performed
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(a) (b)

FIG. 4. The Casimir-Polder potential at T = 0 for a rubidium atom interacting with a cylindrical shell comprised of (a) a good conductor
and (b) a poor conductor, respectively. The external radius is chosen as R0 = 2λ̄a and the values χ = 0 (full cylinder) and χ = 0.95 (hollow
cylinder) are considered. All expressions are normalized with respect to the retarded limit of the free energy for an atom interacting with
a perfectly conducting plane [see Eq. (7)]. The potential is represented as a function of the atom-cylinder separation. The different curves
highlight how the interaction is affected by the material properties, the curvature, and the thickness of the shell. Good conductor: In the
expression for the Drude model given in Eq. (6), we use ε∞ = 1, ωp = 9 eV, and γ = 10−2 eV, which correspond to a noble metal like gold
or silver [77]. For these parameters, within the nonretarded limit for L 
 d the potential behaves accordingly as ∝ L−3, in agreement with
Eq. (15). At larger distances, the impact of the shell thickness is initially marginal. We have sp ≈ 1 for both the full (s( f )

p = 1.105) and the
hollow-core (s(h)

p = 0.954) cylinder, indicating that, within the thin-wire limit, the interaction with the non-Ohmic conductor recovers the

perfect conductor limit (dashed-dotted line). Conversely, for an Ohmic conductor s( f )
D = 0.12 × 10−4 for χ = 0 and s(h)

D = 1.4 × 10−4 for
χ = 0.95, highlighting where the interaction starts to feature the behavior described by Eq. (37) (black dashed lines). Poor conductor: The
material is described by ε∞ = 3.7, ωp = 0.75 eV, and γ = 0.118 eV, which are possible values for heavily doped semiconductors, ZnO:Ga
in our case [78]. For this scenario, according to Eq. (15), the interaction still behaves at short separations as ∝ L−3 (black dashed line) but
the impact of the thickness for L � d is more pronounced. For the non-Ohmic conductor we obtain s( f )

p = 0.12 for the full cylinder and
s(h)

p = 1.14 × 10−10 for the hollow-core structure. According to these results, the perfect conductor behavior (black dashed-dotted line) is
only slowly recovered for L � 10R0 by the full cylinder comprised of the nondissipative material. Conversely, within the thin-wire limit,
the hollow-core structure comprised of the non-Ohmic conductor is well described by Eq. (33) (black dashed curve). Considering an Ohmic
conductor, one has s( f )

D = 0.12, while for the hollow-core structure, the condition for sD presented in Eq. (36b) is consistently satisfied within
the thin-wire regime. Deviations from the preceding patterns, in accordance with Eq. (37) (black dashed curves), become notable at distances
shorter than those observed for the good conductor, remaining tunable as a function of the shell thickness.

analytically [(see Eq. (B12)]. The resulting expression can be
simplified under the condition

− (η[4]s) ln (η[4]sγ̃E)
2

1−χ2
λ̄D
R0


 1

⇒ s 
 sD ≡ 1

η[4]γ̃E
W
[

2

1 − χ2

λ̄D

R0
γ̃E

]
. (36a)

As above, due to the properties of W[x], this condition is
fulfilled for all s 
 1 if

ln

(
2

1 − χ2

λ̄D

R0
γ̃E

)
� −1, (36b)

showing once again how the shell thickness can be used to
tailor the distance regime over which the approximation is
valid. If s 
 sD the Casimir-Polder free energy takes the form

F ∼ − 9h̄c

212π

α0

ε0

1 − χ2

λ̄D

R2
0

L5

⎡
⎢⎣8 ln

⎛
⎜⎝ 4

λ̄D
1−χ2

R0

L
R0
η[4]

ln
( L

R0
η[4]γ̃E

)
⎞
⎟⎠− 5

⎤
⎥⎦. (37)

Equation (37) differs in many aspects from Eq. (33), even
more from the perfect conductor limit in Eq. (35) and has
common traits with Eq. (30). First of all, as in the case
of dielectrics, the strength of the Casimir-Polder interaction
scales as the cross-sectional area of the hollow-core cylinder
[see Eq. (23)]. The prefactor is large for small values of λ̄D

and, notably, the interaction falls off faster with L than in
Eq. (33). Furthermore, as in Eq. (30), the first term inside the
square brackets features a peculiar double-logarithmic behav-
ior, which is not present in the non-dissipative case and can
be modified as a function of the shell thickness. Consistent
with Ref. [37], the double-logarithmic behavior persists in the
case of the full cylinder χ = 0. Note that sD monotonically
grows as the inverse of the shell thickness, indicating that for
thinner shells, the behavior of the Casimir-Polder potential
for the Ohmic conductor becomes visible at shorter distances.
In other words, within the thin-wire limit, the range of va-
lidity of Eq. (37) increases for smaller values of d . Again,
also in relation to Eq. (18), this can be understood in terms
of a larger effective diffusion length which is equivalent to
a more pronounced Ohmic behavior. In Fig. 4, we display
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the results of the numerical evaluation of the Casimir-Polder
potential for a rubidium atom interacting with an Ohmic and
a non-dissipative cylindrical shell. In order to highlight the
interplay between the geometry and material parameters, as
for the dielectric case, we compare the results for a full cylin-
der (χ = 0) and a cylindrical shell (χ = 0.95) with the same
curvature (R0 = 2λ̄a) and thickness (d = 0.1λ̄a). Within the
framework of our modeling in Eq. (6), we consider two sets of
material parameters, one corresponding to a good conductor
(e.g., a noble metal such as gold or silver) and the other
representing a poor conductor (e.g., a doped semiconductor
such as ZnO:Ga). The use of a poor conductor is motivated
by the fact that the diffusion length λD is enhanced for mate-
rials with higher resistivity, increasing the value for sD [see
Eq. (36)] and thereby reducing the distance where, within
the thin-wire limit, the trend described by Eq. (37) becomes
visible. As discussed below Eq. (6), to be able to directly
compare the Ohmic and the lossless conductors, we set γ = 0
in the corresponding models describing the latter, keeping
the same values for the remaining parameters. In Fig. 4 the
different curves highlight how the interaction is affected by all
of these aspects, identifying the limits of a description based
on a perfect conductor.

We first focus on the Casimir-Polder potential for the
structures with material parameters characteristic of a good
conductor. Analogously to Fig. 3, for small distances the
interaction recovers the behavior for a planar structure [see
Eq. (15)]: For the parameters considered here, both the Ohmic
and the nondissipative conductors give effectively the same
result, and the interaction cannot discern the nature of the
conductor. Given the value of the radius, in this case the
nonretarded limit is not compatible with the thin-wire limit,
but we have independently checked that the corresponding
asymptotic expressions derived in this section are consistent
with our numerical evaluation. For larger distances, the effects
of retardation and of the curvature become more pronounced.
Specifically, given the small value of sD and that sp ∼ 1 ob-
tained for both χ values, within the thin-wire limit the impact
of the material properties on the Casimir-Polder potential is
initially negligible: The interaction exhibits the same behavior
as in the perfect conductor limit (dashed-dotted line) pre-
sented in Eq. (35) and the shell thickness has a negligible
effect. Nonetheless, differently from the dielectric case, the
transition from the power-law behavior of the slab limit to
the logarithmic expression in Eq. (33) is markedly visible
for L/R0 � s−1

p in the log-log plot of Fig. 4. For distances
L/R0 � s−1

D the distinctive trend of Eq. (37) (black dashed
curves), induced by the Ohmic nature of the Drude model,
becomes apparent. Notably, in contrast to the nonretarded
region, at large distances the interaction with an Ohmic metal
falls off faster than for the nondissipative conductor. In this
regime, also the effects of the shell thickness are relevant. As
discussed above, for a fixed position, they lead to a decrease in
the interaction strength and also to a reduction of the minimal
distance required to distinguish between the behavior of the
Ohmic and the nondissipative conductors: For the parameters
of a good conductor as considered in Fig. 4, the strength of the
interaction for the corresponding value of sD is very similar.

When the parameters used for the structure are those of
a poor conductor, the interplay between geometry and ma-

terial properties has a more prominent effect. Once again,
at short atom-cylinder separations the Ohmic material and
its lossless variant behave almost identically. The potential
follows the corresponding slab limit, and as for the dielectrics
and differently from the good conductor, the impact of the
shell thickness becomes more visible. At large separations the
behavior is qualitatively similar to that of the good conduc-
tor but, quantitatively, we observe the distinctive impact of
the shell thickness. Indeed, given that for the full cylinder
sp = 0.12, the perfect conductor limit of Eq. (35) is only
reached at distances larger than ten times its radius. For
hollow-core cylinders, this value becomes even smaller, sp =
1.14 × 10−10, indicating that, within the thin-wire limit, the
Casimir-Polder potential is well described by the expression
in Eq. (33). The impact of the Ohmic behavior of the poor
conductor on the Casimir-Polder potential is visible at a dis-
tance which is shorter than for the good conductor. In the case
of the hollow-core cylinder, the condition connected with sD

[see Eq. (36b)] is fulfilled for all distances within the thin-
wire limit. For the full cylinder we have instead sD = 0.12,
indicating in this case that the behavior described in Eq. (37)
(black dashed curves) is already visible for distances larger
than ten times its radius.

V. FINITE-TEMPERATURE CORRECTIONS

In order to complete our analysis of the Casimir-Polder in-
teraction between an atom and a hollow-core cylinder, in this
section we investigate how the previous results change when
the system’s temperature is no longer zero. As discussed at the
beginning of Sec. II, the main difference in the evaluation of
the interaction lies in the fact that

h̄

2π

∫ ∞

0
dξ → kBT

∞∑
n=0

′
, (38)

i.e., the integral over imaginary frequencies is replaced by a
discrete sum over the Matsubara frequencies [see Eq. (2)].
For the specific configuration explored in this work, at finite
temperature the only integral involved in the definition of the
free energy is thus that over the wave vector q appearing in the
definition of the Green tensor [see Eq. (A3)]. Similar to the
zero-temperature case, it is convenient to perform a change of
variables as follows:

η = κL,
ξn

c
L = n

L

λ̄T
, (39)

where λ̄T = h̄c/(2πkBT ) (∼ 1.2 µm at room temperature)
is what we call the reduced Wien wavelength since it
corresponds to the characteristic length scale in Wien’s dis-
placement law divided by 2π [79,80]. The integrand of the
resulting expression for the free energy looks like the one in
Eq. (10), divided by ηc/L and where we make the replacement
ζ = (nL/λ̄T )/η, i.e.,

F = −kBT

π2

1

L3

∞∑
n=0

′ ∫ ∞

n L
λ̄T

dη

∞∑
m=0

′ α
(
in c

λ̄T

)
ε0

Km(η, s)

η

√
1 −

n2 L2

λ̄2
T

η2

×

⎧⎪⎪⎨
⎪⎪⎩rNN

m

⎡
⎣1+

(
1−

n2 L2

λ̄2
T

η2

)[
m2

η2[1 + s]2
+ k2

m(η[1 + s])

]⎤⎦
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− rMM
m

n2 L2

λ̄2
T

η2

[
m2

η2[1 + s]2
+ k2

m(η[1 + s])

]

+ rMN
m 4

n L
λ̄T

η

√√√√
1 −

n2 L2

λ̄2
T

η2

m

η[1 + s]
km(η[1 + s])

⎫⎪⎪⎬
⎪⎪⎭. (40)

Again, the prime in the sums indicates that the n = 0 and m =
0 terms are to be taken with half their weight, respectively.
As before, due to the behavior of Km(η, s), the integrand is
significantly different from zero only for η ≈ 1. However, the
integration in the previous expression occurs only over η �
nL/λ̄T , setting the constraint n � λ̄T /L on the relevant values
of n. Consequently, the reduced Wien wavelength λ̄T defines
two regimes. If L 
 λ̄T , i.e., if the distance or the temperature
are small enough, several terms of Eq. (40) fulfill the above
constraint and contribute to the free energy. Within this range
of distance, the resulting expression closely resembles the
zero-temperature limit in Eq. (10). This means that, despite
T �= 0, if L 
 λ̄T , the corrections induced by the temperature
are subleading and the system essentially behaves as if it were
at zero temperature, recovering the same limiting expressions
discussed in the analyses of the previous sections. Conversely,
for L � λ̄T , i.e., for large distances or temperatures, only the
term n = 0 can fulfill the previous constraints, while the con-
tribution of the remaining n � 1 terms becomes less relevant.
The temperature effects then become significant and, in this
thermal regime, Eq. (40) can be approximated by the n = 0
term.

The value of the reduced Wien wavelength determines
whether the thermal regime starts within the slab limit
(R0/λ̄T � 1) or only overlaps with the thin-wire limit
(R0/λ̄T � 1). As above, we focus here only on the latter,
where the effects of the surface curvature are more pro-
nounced. We refer to the literature for the finite-temperature
behavior of the Casimir-Polder free energy for an atom in
front of a slab [22,25,26]. Considering only the n = 0 term
removes the contribution stemming from the MM and MN
polarizations, leaving only that of rNN

m . For reasons similar
to those discussed at the beginning of Sec. IV A, in the thin-
wire limit s 
 1 only the orders m = 0, 1 are relevant [see
Eq. (B6)]. As for the zero-temperature limit, in the case of
dielectrics, we require both m values. In the thermal regime
the Casimir-Polder interaction with the hollow-core cylinder
then takes the asymptotic form

F ∼ −9kBT

512

α0

ε0

R2
0

L5

⎡
⎢⎢⎣1 − χ2

�2
0

+ 6

1−χ2

1− χ2

[1+2�2
0]2

1 + 2�2
0

⎤
⎥⎥⎦. (41)

Once again, a nonvanishing �0 is central for arriving at the
above expression. We note that the free energy looks similar
to that observed in the zero-temperature retarded limit [see
Eq. (24)], but with a power law identical to that of the nonre-
tarded regime, i.e., it scales as L−5 instead of as L−6. Similar
conclusions are therefore valid with respect to the impact of
the thickness on the interaction strength, using the dimen-
sional arguments discussed in the context of Eq. (23). Due
to the lack of terms other than those of the NN polarization,

the proportion between the contribution stemming from the
orders m = 0 and 1 is altered with respect to Eq. (24). As in
the zero-temperature case, Eq. (41) is not valid for conduc-
tors, and would indeed diverge since for this case we have
�0 → 0. Similarly to the case of a conducting cylindrical
shell at zero temperature, an inspection of Eq. (40) reveals
that the leading contribution to the Casimir-Polder free energy
arises in this case only from the m = 0 term. Here, however,
since we are setting ζ = 0 from the beginning, � always
identically vanishes independent of the type of conductor.
This leads to a situation which is to some extent similar to
that discussed in the previous section: A vanishing � removes
all information about the physical parameters that describe
the material comprising the cylindrical structure, making it
effectively equivalent to a perfect conductor. We have indeed
that in the thermal regime, no matter which of the material
or geometrical parameters we use, the Casimir-Polder free
energy for a conductor behaves as (cf. also [37])

F ∼ −kBT

32

α0
ε0

L3 ln
( L

R0
η[2]γ̃E

) . (42)

Equation (41) indicates that the thermal regime washes out
the differences between Ohmic and non-Ohmic conductor
highlighted in the zero-temperature case: Since they both ef-
fectively behave as a perfect conductor, the influence of the
shell thickness on the final outcome is erased. The interaction
scales linearly with T and acquires a logarithmic behavior
as a function of L which is similar to that observed at zero
temperature in the nonretarded limit [see Eq. (27)]. Notice
that, given the general expression of the Casimir-Polder free
energy at finite temperature in Eq. (2), most of the pre-
vious reasoning usually remains valid for other geometries
[26]. Unlike a dielectric, which permits field penetration, a
conductor screens its internal structure from the interaction
when the atom-object separation significantly exceeds λ̄T .
The interaction is then only affected by the geometry of the
interface with vacuum, resulting in a logarithmic scaling given
in Eq. (42) for a cylindrical structure (power-law behaviors are
commonly found in other geometries [26]).

In Figs. 5 and 6 we present the Casimir-Polder free energy
for both dielectric and conducting materials at finite temper-
ature. The geometrical and the material parameters are the
same of Figs. 2 and 4, respectively. The temperature is 4 K,
corresponding to a reduced Wien wavelength (≈91 µm) which
is about 400 times larger than the value for the external radius
of the cylinder considered here. In the case of dielectrics, as
expected the behavior of the interaction is close to the zero-
temperature limit for L 
 λ̄T and, according to Eq. (41), the
impact of the temperature is visible in a change of the power
law from L−6 to L−5 occurring for L � λ̄T . For the parameters
used to describe a good conductor, our numerical evaluation
confirms that the temperature almost completely erases all the
differences between the Ohmic and the non-Ohmic variant,
independent of whether the hollow-core or the full cylinder
is considered. Using the value for sD corresponding to the
cylindrical shell, we can estimate that the difference between
the Ohmic and the non-Ohmic conductor would appear for
temperatures well below ≈0.24 K, supporting therefore the
behavior pictured in Fig. 6. The curves also display the
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FIG. 5. Casimir-Polder free energy for a rubidium atom inter-
acting with a hollow-core silica fiber. The geometrical and material
parameters are the same as in Fig. 2. The temperature of the system
is 4 K. This implies R0/λ̄T 
 1, indicating that thermal effects are
visible only within the thin-wire limit. At distances shorter than the
reduced Wien wavelength the behavior is very close to that obtained
in Fig. 3 in the zero-temperature limit. Within the thin-wire limit for
R0 
 L 
 λ̄T , the potential starts to decrease as ∝ L−6 according to
Eq. (24) to then follow for L � λ̄T the ∝ L−5 behavior predicted in
Eq. (41) (black dashed curves).

asymptotic expression given in Eq. (42) valid for L � λ̄T .
The behavior changes in the case of a poor conductor: Our
numerical evaluation highlights that for T = 4 K, differences
between the Ohmic and non-Ohmic materials are still dis-
cernible for both cylindrical structures. This is in line with
the estimates provided by sp and sD for the parameters of a
poor conductor. In particular, R0/sD < λ̄T , i.e., the distance at
which characteristic features induced by the Ohmic material
become apparent is shorter than the characteristic length from
which the thermal effect becomes dominant, thereby elimi-
nating the distinction between the conductors. While in the
case of the hollow-core cylinder the effect should be visible
even at room temperature or higher, for the full cylinder our
calculation points to temperatures significantly smaller than
about 180 K. However, also in the case of poor conductors,
for L � λ̄T the Casimir-Polder potential follows the behavior
described in Eq. (42), losing all information about the shell
thickness and the material properties.

VI. CONCLUSIONS AND DISCUSSION

In this work we have provided an in-depth investiga-
tion of the Casimir-Polder interaction between an atom and
hollow-core cylindrical structures. This type of geometry of-
ten appears in modern experiments [7–9,11–15], but it has
been scarcely addressed in the literature and with limited
detail. Our analyses have highlighted that the Casimir-Polder
potential is modified in a very distinctive way by the interplay
between geometry and material properties.

Specifically, we have considered a cylindrical shell com-
prised of spatially local and isotropic dielectrics and conduc-
tors. Compared to the more frequently investigated planar

(a)

(b)

FIG. 6. Finite-temperature Casimir-Polder free energy for a ru-
bidium atom interacting with a cylindrical shell comprised of (a)
a good and (b) a poor conductor. The geometry and material pa-
rameters are the same as in Fig. 4. The interaction is depicted as
a function of the atom-structure separation. The temperature of the
system is 4 K. For L 
 λ̄T , despite a nonzero temperature, the free
energy behaves as if T = 0. If sufficiently distant from the cylin-
drical structure (L � λ̄T ), the interaction enters the thermal regime,
behaving in agreement with Eq. (42) (black dashed-dotted lines). In
this region, all the information about the thickness of the structure
and of the material parameters is lost. For the parameters consid-
ered here, at a temperature of 4 K, the Ohmic and non-Ohmic good
conductors give rise to effectively the same Casimir-Polder potential,
independently from the specific geometry of the cylindrical structure.
Differently, for the poor conductor parameters, the differences be-
tween the Ohmic and the non-Ohmic material are still visible despite
the finite temperature.

structures, infinitely extended in two directions, this geome-
try features a change of dimensionality due to an additional
spatial dimension being constrained as prescribed by the re-
lated curvature radius R0. Moreover, it shows an additional
geometrical signature associated with confinement induced
by the shell thickness d . The materials addressed in our
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investigation have been conveniently characterized in terms
of their general low-frequency behavior and how the electro-
magnetic field penetrates the structure. To this end, we have
defined the relative penetration depth � [cf. Eq. (4)], which
can exhibit significant variations for dielectrics and distinct
types of conductors. We have connected this aspect with the
underlying physical phenomena via the typical length scales
that characterize the specific material. The majority of our
conclusions are therefore not tied to a specific model for the
atomic polarizability or the dielectric permittivity and lend
themselves to possible generalizations.

We have analyzed the expressions that describe the
Casimir-Polder free energy both numerically and analytically,
for different materials and geometrical parameters as a func-
tion of the separation L between the atom and cylindrical
structure. For our numerical investigations, in Sec. III we
have developed an approach based on a carefully crafted
multivariate Gaussian quadrature scheme [67,68] which effi-
ciently and flexibly provides converging results over a large
range of separations between the atom and the hollow-core
cylinder, despite the very distinct length scales characterizing
the system. Analytically, we distinguished between the slab
and the thin-wire limits: they identify two regimes for which
R0/L � 1 and R0/L 
 1, respectively. In the slab limit the
hollow-core cylinder effectively appears as a dielectric slab
with thickness d , recovering the results known in the liter-
ature [25,26,47]. Therefore, our attention has been mostly
focused on the second regime, where the cylindrical structure
effectively behaves as a one-dimensional infinitely extended
wire with vanishing radius. The corresponding distance range
was examined in the nonretarded and in the retarded regions,
defined in terms of the wavelength of the characteristic atomic
electromagnetic transition. In particular, we have elucidated
when retardation effects can and when they cannot be ne-
glected.

Using this combination of numerical and analytical tools
we were able to show that for a dielectric cylindrical shell, the
Casimir-Polder interaction features a power-law behavior with
characteristic exponents that depend on the different regions:
The scaling of the interaction varies from ∝ L−3 at very short
distances within the slab limit to ∝ L−5 and ∝ L−6 in the
nonretarded and the retarded regions of the thin-wire limit,
respectively, to become again ∝ L−5 as soon as the thermal
effects become relevant. Despite the strong dependence on the
detailed form of the interaction on the properties of the system
[see, for example, Eqs. (22), (24), and (41)], it is worth to
mention that the change of exponent in the power law can be
understood in terms of dimensional analyses [see Eq. (23)]:
The increase in relevance of an additional length scale, in-
duced by a geometric constraint, i.e., curvature and thickness,
must be dimensionally compensated for by a change in the
power-law exponent of the distance dependence. Specifically,
within the thin-wire limit, the Casimir-Polder free energy
scales with the cross-sectional area of the cylindrical shell,
prominently showcasing how the shell thickness can be used
to control the interaction strength even in the limit when the
cylinder looks like a wire.

The situation is very different for conductors. Due to the
presence of conduction electrons, the electromagnetic radi-
ation is more efficiently screened from the inside of the

cylindrical structure. This manifests as a drastic reduction of
the penetration depth and in the appearance of new length
scales connected with the screening as well as the diffusive
dynamics of the radiation in the material (see the end of Sec.
II). In turn, this leads to a modification of the (quantum) fluc-
tuations of the electromagnetic field, consequently affecting
the behavior of the Casimir-Polder interaction. Specifically,
the interplay between material properties and geometry ex-
hibits rather unusual characteristics relative to those obtained
for dielectrics and for planar structures. In fact, while for a
planar structure the interaction still features a conventional
power-law behavior ∝ L−3 in the nonretarded limit and ∝
L−4 when retardation becomes relevant [2], we have demon-
strated that as soon as the curvature and the thickness of the
cylindrical shell cannot be disregarded, the Casimir-Polder
potential features different logarithmic forms, depending on
the combination of the different physical mechanisms at work
in the system. In particular, in the thin-wire limit the Casimir-
Polder interaction is able to prominently distinguish whether
a conductor is Ohmic or not. Ohmic behavior gives rise to a
characteristic square-root behavior for the penetration depth
at low frequencies [see Eq. (5)]. This aspect is related to
the existence of a nonvanishing zero-frequency resistivity of
the material. If this behavior is suppressed, by considering
for example a model for a non-Ohmic material with zero
DC resistivity, the values of the free energy for Ohmic and
non-Ohmic conductors start to differ for some specific regions
of the atom-cylinder separation. These regions are roughly
bounded from below by the slab limit and from above by
the thermal regime, which is the region where the impact of
the temperature can no longer be neglected. In our analyses,
we have focused on only one type of non-Ohmic behavior,
which corresponds to a nondissipative material. Dissipation is
central in a longstanding controversy surrounding the Casimir
interaction [48] and our results can provide additional in-
formation about this issue. For the same cylinder radius R0,
within the thermal region the interaction becomes insensitive
to all differences between material parameters of the conduct-
ing material: It is only relevant that the penetration length
vanishes at zero frequency, which is valid for any kind of
conductor, including idealized ones. For distances larger than
the reduced Wien wavelength the interaction behaves as if the
cylindrical structure was comprised of a perfect conductor,
thereby effectively losing all information about the thickness
of the cylindrical shell.

In our work, we have been able to formally specify the
region of distance where the differences in the free energy
induced by the Ohmic and the non-Ohmic material occur.
In particular, through the definition of the parameter sD, we
have shown how the lower boundary of this region connects
with all other (geometrical and physical) length scales of the
system. One of the main outcomes of our analyses is also
that the shell thickness can be effectively used to not only
tailor the interaction strength but to also shift this boundary to
smaller atom-surface separations, suggesting this geometrical
feature as a versatile tool for controlling the interaction and for
making the previous region experimentally accessible. From
a technical perspective, our findings can also be beneficial
for the analysis of near-field heat transfer [81–83], electron-
energy-loss spectroscopy (EELS) [84–86], and other areas of
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physics [64,87–90], where the knowledge of the electromag-
netic Green tensor for cylindrical structures is pertinent.

This work serves as a foundation for more comprehen-
sive investigations. While the current framework is broadly
applicable, we can achieve further refinements by incorporat-
ing more sophisticated material models that extend beyond
a local description of the dielectric function. Beyond the nu-
merous intriguing phenomena in photonics [92,93], previous
studies have demonstrated that nonlocality (spatial disper-
sion) introduces additional length scales into the system
and can significantly impact the physics of Casimir interac-
tions [94–99] and fluctuation-induced phenomena in general
[100–105]. In particular, in nanoscopic systems, the resulting
confinement of conduction electrons coupled to their dynam-
ics within a conductor can lead to a difference in the material’s
optical response and related effects within the near-field re-
gion of the conducting body (typically within a few tens of
nanometers from the material interface). Although this may
necessitate a revision of the results within the slab limit,
we expect that the remaining outcomes, including the ability
of our setup to distinguish between the types of conductor,
should be preserved to a significant extent. However, due to
the intricate interplay of various physical aspects characteriz-
ing the system, such as the quasi-one-dimensional constraint
in the thin-wire limit and a possibly very thin shell, a de-
tailed analysis is required to confirm this behavior. On the
side of the particle, we can further consider microscopic
objects with anisotropic polarizabilities. In this case, the non-
trivial tensorial structure of the latter requires the separate
consideration of individual Green tensor components in ac-
cordance with Eq. (1) (see also [32,33]), which can influence
the interaction’s scaling behavior and even result in novel
effects. Specifically, previous works with perfectly conduct-
ing cylinders [106,107] demonstrated that in this case the
Casimir-Polder interaction can exhibit what can be called
“directional repulsion.” This means that the force can change
from attractive to repulsive, depending on the direction con-
sidered. Our approach offers the flexibility to investigate how
directional repulsion is modified not only when more realistic
material models are taken into account but also when the shell
thickness is introduced as an additional tuning parameter.
Alternatively, one could consider atoms in excited states rather
than at equilibrium with their surroundings, a configuration
also known to produce repulsive interactions [12,26]. The
results presented here can serve as a benchmark for inde-
pendently verifying and evaluating the accuracy of recently
developed full numerical schemes [98,108–111] for a non-
trivial geometry. Conversely, the flexibility of these numerical
schemes can be utilized to assess the range of validity of our
result. As an example, an atom at a distance comparable to
or significantly larger than the fiber’s length can no longer be
described within the infinitely extended wire approximation.
Instead, we anticipate a transition to a particlelike regime with
the interaction progressively recovering a power-law behavior.

Specific to the Casimir-Polder interaction, since it induces
a shift in the level structure of the atom, a measurement of
the corresponding effects can allow to identify the nature
of the material comprising the structure [91]. Furthermore,
the setup we consider is employed in numerous experiments
[3–9,11–15,18–21], which already provide the hardware for

future quantum sensors. In an era where spectroscopic and
in general frequency-related investigations of atomic systems
provide some of the most precise measurements, the outcomes
presented in our paper, in conjunction with possible parameter
optimizations, will open new pathways for a better under-
standing of the Casimir-Polder interaction. Given that this
quantum mechanical phenomenon is situated at the crossroads
of different areas of science, this will also offer new op-
portunities for both fundamental investigations and quantum
technologies.
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APPENDIX A: THE SCATTERED GREEN TENSOR
FOR CYLINDRICAL GEOMETRIES

In this work, we define the electric field Green ten-
sor Gt (r, r′, ω) in a spatially local nonmagnetic medium
described by the relative permittivity ε(ω) and relative perme-
ability μ(ω) = 1 as the solution to the vector wave equation

∇ × ∇ × Gt (r, r′, ω) − ω2

c2
ε(ω)Gt (r, r′, ω)

= ω2

ε0c2
δ(r − r′)1, (A1)

where ε0 is the vacuum permittivity and c is the speed of light.
Physically, it describes the electric field at position r gener-
ated by an oscillating point dipole source located at position
r′. We note that, differently from the convention sometimes
used in the literature [25,26], the right-hand side of Eq. (A1)
includes a prefactor in front of the Dirac delta function. When
comparing to references using this alternative definition, one
therefore has to multiply the expressions presented in this
appendix with a factor of ε0c2/ω2.

For a typical scattering problem, space is partitioned into
several regions, defining the boundary between the scatter-
ing objects and the environment. Equation (A1) then holds
individually for each region, with the relative permittivity
understood to be defined piecewise accordingly. In general,
the Green tensor can be split into a free-space part G0 and a
scattered part G, such that

Gt (r, r′, ω) = G0(r, r′, ω) + G(r, r′, ω). (A2)

To calculate the Casimir-Polder interaction, we must evaluate
the Green tensor in the coincidence limit, i.e., r = r′, in
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which case only the scattered part depends on position.
Consequently, also in relation to the force that can be derived
from the potential, only G is usually associated with the
Casimir-Polder free energy since it directly defines the spatial
dependence of the interaction. In addition, this removes the
formal divergence usually occurring for G0 in the coincidence
limit [25,26,47].

Let us consider the case of a multilayered cylindrical struc-
ture having its axis of rotational symmetry coinciding with the
z axis of our reference frame. Due to the structure’s trans-
lational and rotational symmetries, we can always identify
a generic position r by knowing the radius of the outermost
layer R0 and the radial distance of the atom to the cylinder’s
surface L. It can be shown that in dyadic notation, we have
(cf. [49])

G(L, iξ ) = 1

π2ε0

∫ ∞

0
dq

∞∑
m=0

′
q2 Im(κsL)

Km(κsL)
K2

m(κ[1 + s]L)

{
rNN

m (iξ, q)

[
k2

m(κ[1 + s]L)êρ êρ +
(

m

κ[1 + s]L

)2

êφ êφ + κ2

q2
êzêz

]

− rMM
m (iξ, q)

ξ 2

c2q2

[(
m

κ[1 + s]L

)2

êρ êρ + k2
m(κ[1 + s]L)êφ êφ

]

+ 2rMN
m (iξ, q)

ξ

cq

(
m

κ[1 + s]L

)
km(κ[1 + s]L)[êρ êρ + êφ êφ]

}
, (A3)

with the cylindrical unit vectors {êρ, êφ, êz}. As mentioned in
Sec. II B, the functions ri j

m , i, j ∈ {N, M}, are the scattering
coefficients characterizing the electromagnetic scattering be-
havior of the multilayered cylinder.

For the purpose of our calculation, all expressions are
evaluated at imaginary frequencies ω → iξ . Since the Green
tensor represents a susceptibility, for imaginary frequencies
all its elements are given by real functions. In the above
expression, s = R0/L, q is the modulus of the wave-vector
component along êz, and κ =

√
q2 + ξ 2/c2 is related to the

wave-vector component perpendicular to the surface. In our
analysis, this Green tensor is introduced into Eq. (1), which
gives the Casimir-Polder free energy. Given that our de-
scription is focusing on isotropic polarizabilities, the trace in
Eq. (1) effectively sums the diagonal terms of G.

To obtain Eq. (10) we have performed the following change
of variable:

ξ

c
L = ζη and η = κL. (A4a)

Then, the double integration over ξ and q that appears in the
expression for the Casimir-Polder free energy after inserting
the Green tensor in Eq. (A3) into Eq. (1) can be conveniently
rewritten using the following identities:∫ ∞

0
dξ

∫ ∞

0
dq q2 f (ξ, q)

= c

L4

∫ ∞

0
dη

∫ 1

0
dζ

η3(1 − ζ 2)√
1 − ζ 2

f̃ (ζ , η), (A4b)

where f denotes the integrand before the change of variables
and f̃ is the corresponding expression in the new variables. In
accordance with this change of variables we have defined

ηε = κεL = η

√
1 + ζ 2

�2
(
iζ c

R0
ηs
) , (A4c)

where �(iξ ) is the function introduced in Eq. (4). In fact,
�(iξ ) is related to the material’s relative permittivity and

more precisely to the penetration depth of the electromagnetic
radiation.

In Eq. (A3), and consequently in Eq. (10), the quantity
m ∈ N0 is the order of the modified Bessel functions of the
first and second kinds Im and Km and of their corresponding
logarithmic derivatives im and km. For fixed order m, these
functions have the following asymptotic properties [62]:

Im(x) ∼
{ 1

m!

(
x
2

)m
, x → 0

1√
2πx

ex, x → ∞,
(A5a)

Km(x) ∼

⎧⎪⎪⎨
⎪⎪⎩

− ln (xγ̃E), x → 0 for m = 0
(m−1)!

2

(
x
2

)−m
, x → 0√

π
2x e−x, x → ∞

(A5b)

where γ̃E = eγE/2 and γE is the Euler-Mascheroni constant.
For the corresponding logarithmic derivatives we thus obtain

im(x) ≡ I ′
m(x)

Im(x)
∼

⎧⎪⎪⎨
⎪⎪⎩

x
2 , x → 0, for m = 0
m
x , x → 0

1, x → ∞
(A5c)

km(x) ≡ K ′
m(x)

Km(x)
∼

⎧⎪⎪⎨
⎪⎪⎩

1
x ln (xγ̃E ) , x → 0 for m = 0

−m
x , x → 0

−1, x → ∞.

(A5d)

Moreover, Im and Km are both strictly positive for a positive
argument and order. In general, for orders ν ∈ R they fulfill
the following bounds [112,113]

I0(x)K0(x) <
1 + 8x

16x2
, (A6a)

Iν (x)Kν (x) <
1

2
√(

ν − 1
2

)2 + x2
(ν > 1/2), (A6b)

0 <
Kν (y)

Kν (x)
<

(
x

y

)ν

(0 < x < y, ν > −1/2),

(A6c)
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(y

x

)ν

<
Iν (y)

Iν (x)
< ey−x

(y

x

)ν

(0 < x < y, ν > −1/2).

(A6d)

For their logarithmic derivatives this leads to [114,115]

0 < iν (x) �
√

1 + ν2

x2
, (A6e)

−
√

ν

ν − 1
+ ν2

x2
� kν (x) � −

√
1 + ν2

x2
(ν > 1). (A6f)

The right-hand side of both the above inequalities is also
valid for an arbitrary ν ∈ R.

Scattering coefficients for a cylindrical shell

For the specific case of a cylindrical shell, the expressions
for the scattering coefficients are provided in Eq. (8). For
convenience we reproduce them here in terms of the original
variables ξ , κ , and κε :

rNN
m =

ε
(ε)
m − κε

κ

im (κR0 )
im (κε R0 )

�21
m

+
(

q ξ
c

κ2�2

m
κε R0

im (κε R0 )

)2



(1)
m − κε

κ

km (κR0 )
im (κε R0 )

ε

(ε)
m − κε

κ

km (κR0 )
im (κε R0 )

�22
m

+
(

q ξ
c

κ2�2

m
κε R0

im (κε R0 )

)2



(1)
m − κε

κ

km (κR0 )
im (κε R0 )

, (A7a)

rMM
m =


(1)
m − κε

κ

im (κR0 )
im (κε R0 )

�12
m

+
(

q ξ
c

κ2�2

m
κε R0

im (κε R0 )

)2

ε

(ε)
m − κε

κ

km (κR0 )
im (κε R0 )



(1)
m − κε

κ

km (κR0 )
im (κε R0 )

�22
m

+
(

q ξ
c

κ2�2

m
κε R0

im (κε R0 )

)2

ε

(ε)
m − κε

κ

km (κR0 )
im (κε R0 )

, (A7b)

rMN
m = −

1
�0

m

(
q ξ

c
κ2�2

m
κε R0

im (κε R0 )

)[
κε
κ

im (κR0 )
im (κε R0 ) − κε

κ

km (κR0 )
im (κε R0 )

][
ε


(ε)
m − κε

κ

km (κR0 )
im (κε R0 )

][



(1)
m − κε

κ

km (κR0 )
im (κε R0 )

]
1

�22
m

+
(

q ξ
c

κ2�2

m
κε R0

im (κε R0 )

)2[
ε


(ε)
m − κε

κ

km (κR0 )
im (κε R0 )

][



(1)
m − κε

κ

km (κR0 )
im (κε R0 )

]
. (A7c)

These quantities are defined in terms of expressions which
allow us to distinguish the behavior of a shell from that of a
full cylinder. Explicitly, we have that


(x)
m =

xμm − βm
κε

κ

im (κRi )
km (κεRi )

xβ̃m − κε

κ

im (κRi )
km (κεRi )

, (A8a)

where we defined the functions

βm =
1 − km (κεR0 )

im (κεR0 )

Im (κε Ri )
Im (κε R0 )
Km (κε Ri )
Km (κε R0 )

1 −
Im (κε Ri )
Im (κε R0 )
Km (κε Ri )
Km (κε R0 )

, β̃m =
1 − im (κεRi )

km (κεRi )

Im (κε Ri )
Im (κε R0 )
Km (κε Ri )
Km (κε R0 )

1 −
Im (κε Ri )
Im (κε R0 )
Km (κε Ri )
Km (κε R0 )

,

(A8b)

μm =
1 − im (κεRi )

km (κεRi )
km (κεR0 )
im (κεR0 )

Im (κε Ri )
Im (κε R0 )
Km (κε Ri )
Km (κε R0 )

1 −
Im (κε Ri )
Im (κε R0 )
Km (κε Ri )
Km (κε R0 )

. (A8c)

In addition, we introduce

�0
m =

1 +
(

q ξ
c

κ2�2

m
κε Ri

km (κε Ri )

)2
−2 R0 im (κε R0 )

Rikm (κε Ri ) ε(μm−β̃mβm )[
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κ
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km (κε Ri )

][
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κ
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km (κε Ri )

]
1 +

(
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c
κ2�2

m
κε Ri

km (κε Ri )
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− R0

Ri

im (κε R0 )
km (κε Ri ) ε(μm−β̃mβm )[

β̃m− κε
κ

im (κRi )
km (κε Ri )

][
εβ̃m− κε

κ

i(κRi )
km (κε Ri )

]
(A9a)

and also

�i j
m =

1 +
(

q ξ
c

κ2�2

m
κε Ri

km (κε Ri )

)2
−2 R0 im (κε R0 )

Rikm (κε Ri ) ε(μm−β̃mβm )[
β̃m− κε

κ

im (κRi )
km (κε Ri )

][
εβ̃m− κε

κ

im (κRi )
km (κε Ri )

]
1 +
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q ξ

c
κ2�2

m
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km (κε Ri )

)2[
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κ
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km (κε Ri )

][
εβ̃m− κε

κ

im (κRi )
km (κε Ri )

] [βm− κε
κ

x(i)
m (κR0 )

im (κε R0 )

][
εβm− κε

κ

x( j)
m (κR0 )

im (κε R0 )

]
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(1)
m − κε

κ

x(i)
m (κR0 )

im (κε R0 )

][
ε


(ε)
m − κε

κ

x( j)
m (κR0 )

im (κε R0 )

]
. (A9b)

In the last expression, the superscript identifies x(1)
m ≡ im and x(2)

m ≡ km. As Ri → 0, the functions 
(x)
m , β̃m, βm, μm, and �

i j
m tend

to one. Consequently, the expressions of the corresponding scattering coefficients for the full cylinder can be directly derived
from Eqs. (A7).

APPENDIX B: ADDITIONAL INFORMATION
ON THE ASYMPTOTIC ANALYSIS

For completeness, we provide additional information about
the derivations of the expressions presented in Sec. IV. Since
the slab limit has been discussed several times in the literature
[25,26,47], our main focus here is on the thin-wire limit of
the Casimir-Polder interaction, i.e., the asymptotic expression
resulting from a simplification of Eq. (10) for s 
 1. This
analysis is more conveniently done using the new variables
given in Eq. (A4) since in this case we can identify that the
dominant contribution to the free energy arises for η ≈ 1 (see
main text) and ζ ∈ (0, 1).

1. Approximate form of the scattering coefficients

Defining χ = Ri/R0 and using that η ≈ 1, and ζ ∈ (0, 1),
the auxiliary functions defined in Eq. (A8) simplify for s 
 1
as follows:


(ε)
m ∼

⎧⎪⎨
⎪⎩

1−χ2+�2

1+�2 , m = 0

(1+ 1
�2 )+ 1+χ2m

1−χ2m

(
1+ ζ2

�2

)
(1+ 1

�2 ) 1+χ2m

1−χ2m +
(

1+ ζ2

�2

) , m �= 0
(B1a)


(1)
m ∼

⎧⎪⎨
⎪⎩

1, m = 0

1+ 1+χ2m

1−χ2m

(
1+ ζ2

�2

)
1+χ2m

1−χ2m +
(

1+ ζ2

�2

) , m �= 0.
(B1b)

032802-19



BEVERUNGEN, REICHE, BUSCH, AND INTRAVAIA PHYSICAL REVIEW A 114, 032802 (2026)

The other quantities are relevant only for m �= 0. We obtain
μm ∼ 1 and

βm ∼ β̃m ∼ 1 + χ2m

1 − χ2m
≡ bm. (B1c)

Moreover, in the thin-wire limit, we find that

�0
m ∼

1 +
ζ2 (1−ζ2 )

�4 +2(1+ 1
�2 )(1−b2

m )[
bm+

(
1+ ζ2

�2

)][
(1+ 1

�2 )bm+
(

1+ ζ2

�2

)]

1 +
ζ2 (1−ζ2 )

�4 +(1+ 1
�2 )(1−b2

m )[
bm+

(
1+ ζ2

�2

)][
(1+ 1

�2 )bm+
(

1+ ζ2

�2

)]
(B1d)

and also

�i j
m ∼

1 +
ζ2 (1−ζ2 )

�4 +2(1+ 1
�2 )(1−b2

m )[
bm+

(
1+ ζ2

�2

)][
(1+ 1

�2 )bm+
(

1+ ζ2

�2

)]

1 +
ζ2 (1−ζ2 )

�4[
bm+

(
1+ ζ2

�2

)][
(1+ 1

�2 )bm+
(

1+ ζ2

�2

)]
[
bm+(−1)i

(
1+ ζ2

�2

)][
(1+ 1

�2 )bm+(−1) j
(

1+ ζ2

�2

)]
[



(1)
m +(−1)i

(
1+ ζ2

�2

)][
(1+ 1

�2 )
(ε)
m +(−1) j

(
1+ ζ2

�2

)]
(m �= 0). (B1e)

Importantly we see that, in the thin-wire limit for m �= 0, all
the auxiliary functions depend on the variable η, a property
that is inherited by the scattering coefficients in Eq. (20).
When inserted in Eq. (A7), the previous approximations in-
deed lead to the expressions in Eqs. (17) and (20).

2. Casimir-Polder free energy in the thin-wire limit

As discussed before Eq. (5), depending on the material,
the behavior of � can be quite different, deeply affecting
the asymptotic behavior of the Casimir-Polder free energy.
This is particularly evident in the expression for rNN

0 . Indeed,
for dielectrics the function � has a positive lower bound for
ξ → 0 and in the limit s 
 1, compatibly with the condition
in Eq. (21), this allows to neglect the logarithmic term in
Eq. (17), obtaining

� > �0 > 0 ⇒ rNN
0 ∼ − (ηs)2 ln(ηsγ̃E)

2�2
. (B2)

The previous simplification is not possible for conductors
since � can go to zero. Specifically, in the limit where the
expressions in Eq. (5) are valid, we obtain for nondissipative
conductors

� ∼ ζ
λp

R0
ηs ⇒ rNN

0 ∼
(1 − χ2) R2

0
2λ2

p
ln(ηsγ̃E)

(1 − χ2) R2
0

2λ̄2
p

ln(ηsγ̃E) − ζ 2
, (B3)

while for Ohmic conductors we obtain

� ∼
√

ζ
λD

R0
ηs ⇒ rNN

0 ∼ (1 − χ2) R0
2λ̄D

(ηs) ln(ηsγ̃E)

(1 − χ2) R0
2λ̄D

(ηs) ln(ηsγ̃E) − ζ
.

(B4)

An analysis of Eq. (10) allows to conclude that, for s 
 1
the leading contribution to the Casimir-Polder free energy can
be written as

F ∼ − h̄c

4π3

1

L4

∫ ∞

0
dη

∫ 1

0
dζ

α
(
ζ c

R0
ηs
)

ε0

rNN
0

− ln(ηsγ ′
E)

1 + (1 − ζ 2)k2
0(η)√

1 − ζ 2
η3K2

0 (η)

− h̄c

2π3

1

L4

∫ ∞

0
dη

∫ 1

0
dζ

α
(
ζ c

R0
ηs
)

ε0

{
1 + (1−ζ 2)

[
1
η2 + k2

1(η)
]

√
1−ζ 2

rNN
1 −

ζ 2
[

1
η2 + k2

1(η)
]

√
1−ζ 2

rMM
1 + 4ζ

1

η
k1(η)rMN

1

}
η32
(ηs

2

)2
K2

1 (η).

(B5)

We notice that the two integrals above correspond to the terms
for m = 0, 1 of Eq. (10). Higher orders can be neglected due
to their scaling as s2m for m � 2. The same orders also provide
the dominant contribution in the thermal regime. According to
the discussion at the beginning of Sec. V, setting ζ = 0 in the
integrands of Eq. (B5) and dividing it by ηc/L, we can read-
ily write the n = 0 (zeroth Matsubara) term for the nonzero
temperature Casimir-Polder free energy [see Eq. (40)]

F ∼ − kBT

4π2ε0

α0

L3

∫ ∞

0
dη

rNN
0

− ln(ηsγ ′
E)

[
1 + k2

0(η)
]
η2K2

0 (η)

− kBT

4π2ε0

α0

L3
s2
∫ ∞

0
dη

[
1 + 1

η2
+ k2

1(η)

]
rNN

1 η4K2
1 (η).

(B6)

For dielectrics, due to the behavior of rNN
0 discussed above,

both integrals in Eqs. (B5) and (B6) scale with s2. This scaling
is responsible for the different power laws discussed in the
main text (see Sec. IV A 1).

A different picture emerges for conductors: The m = 0
term [the first line in Eqs. (B5) and (B6)] provides the dom-
inant contribution. Notice, in particular, that the respective
integrands considered above contain some functions depend-
ing only on ηs and others depending only on η. In this specific
case, due to the fact that s 
 1, the former vary slower with η

than the latter, which also features a positive peak for η ≈ 1.
This suggests the following strategy for an approximate eval-
uation of the integrals in η in the first line in Eqs. (B5) and
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(B6). The integrand has the general form∫ ∞

0
dη g(sη) f (η)

y=ηs=
∫ ∞

0
dy g(y)

eln [ f ( y
s )]

s
, (B7)

where the function g is smooth, while the function f exhibits
a peak at η = η0. We then perform a saddle-point approxima-
tion, which consists in expanding the exponent in the above
expression around y0 = η0s, using that f ′( y0

s ) = 0. We have

1

s
eln[ f ( y

s )] ∼ eln[ f (η0 )] e
f ′′ (η0 )(y−η0s)2

2s2 f (η0 )

s
. (B8)

Given that f ′′( y0

s ) < 0, the expression at Eq. (B8) is propor-
tional to a Gauss function with maximum in y = η0s and
width s

√
f (η0) > 0. In the limit s 
 1 the Gauss function

becomes proportional to a Dirac delta function so that for the
original integral we can write∫ ∞

0
dη g(sη) f (η)

s
1∼ g(sη0)
∫ ∞

0
dη f (η). (B9)

This approach can be used for determining the asymptotic
behavior of F both in the regime R0 
 L 
 λa and in the
limit L � λa [for instance, see Eqs. (25) and (32)].

In order to illustrate the role of this approach in the analysis
of the main text, it is interesting to consider a few examples.
Let us consider Eq. (32) in the non-dissipative case. If we
replace the function � with its behavior at low frequency
given in Eq. (5), the expression describing the free energy can
be calculated using the following steps. We first carry out the
saddle-point approximation

F ∼ − h̄c

8π3

α0
ε0

L4

∫ ∞

0
dη

∫ 1

0
dζ

1+(1−ζ 2 )k2
0(η)√

1−ζ 2
η3K2

0 (η)
(
ζ

λ̄p
R0

)2

(1−χ2 ) − ln(ηsγ̃E )
2

∼ − h̄c

8π3

α0
ε0

L4

∫ 1

0
dζ

∫∞
0 dη

1+(1−ζ 2 )k2
0(η)√

1−ζ 2
η3K2

0 (η)
(
ζ

λ̄p
R0

)2

(1−χ2 ) − ln(η[3]sγ̃E )
2

. (B10)

The resulting integrand in η can be evaluated analytically and
we have

F ∼ − h̄c

8π3

α0
ε0

L4

∫ 1

0
dζ

1− 2
3 ζ 2√

1−ζ 2(
ζ

λ̄p
R0

)2

(1−χ2 ) − ln(η[3]sγ̃E )
2

. (B11)

The integration over ζ then leads to the expression in Eq. (33)
of the main text.

Another example is the case of the Ohmic conductor. Start-
ing from Eq. (32) in the main text, we obtain

F ∼ − h̄c

8π3ε0

α0

L4
s
∫ ∞

0
dη

∫ 1

0
dζ

1+(1−ζ 2 )k2
0(η)√

1−ζ 2
η4K2

0 (η)

ζ
λ̄D
R0

(1−χ2 ) − (ηs) ln(ηsγ̃E )
2

∼ − h̄c

8π3ε0

α0

L4
s
∫ 1

0
dζ

∫∞
0 dη

1+(1−ζ 2 )k2
0(η)√

1−ζ 2
η4K2

0 (η)

ζ
λ̄D
R0

(1−χ2 ) − (η[4]s) ln (η[4]sγ̃E )
2

= − h̄c

8π3ε0

α0R2
0

L5λ̄D
(1 − χ2)

∫ 1

0
dζ

− 9π2(5ζ 2−8)
512

√
1−ζ 2

ζ − (η[4]s) ln (η[4]sγ̃E )

2 λ̄D
R0 (1−χ2 )

.

(B12)

The last integral can also be performed analytically but its ex-
pression is not very transparent and will not be reported here.
An approximate expression, under the condition of Eq. (36),
is reported in Eq. (37).

Finally, using the expression for rNN
0 given in Eq. (17),

within the nonretarded region of the thin-wire limit for a
conductor, the first line of Eq. (B5) can be written as

F ∼ − h̄

8π3

R0s

L4

∫ ∞

0
dη

∫ ∞

0
dξ

α(iξ )
ε0

η4
[
1 + k2

0(η)
]
K2

0 (η)
�2(iξ )
1−χ2 − (ηs)2

2 ln(ηsγ ′
E)

.

(B13)

Using the saddle-point approximation we obtain in this case
Eq. (25). It is worth to highlight the role played by the polar-
izability in the convergence of the ξ -integral when the ohmic
expression for � is employed. The expression in Eq. (B13)
is obtained by performing a partial integration in ξ and by
realizing that ∂ξα(iξ ) takes on appreciable values only for
ξ ∼ ωa. In the same spirit of the saddle point approximation,
we can therefore replace ξ ∼ ωa in the remaining part of the
integrand. The remaining integration, only involving ∂ξα(iξ ),
gives α0.

APPENDIX C: DETAILS ON THE NUMERICAL
EVALUATION

In this appendix, we provide additional details on the
numerical evaluation of the Casimir-Polder interaction in sys-
tems involving a cylindrical structure discussed in Sec. III.
In addition, we also introduce the necessary modifications to
treat finite-temperature effects.

As discussed in the main text, we treat the combined
integration and summation in Eqs. (10) and (40) with a mul-
tivariate Gaussian quadrature scheme. Specifically, we use a
tensor product quadrature on a three-dimensional grid, where
the weights and nodes in each dimension correspond to a
1D Gaussian quadrature rule adapted to the particular be-
havior of the integrand along a given direction. This choice
depends on several factors. In the case of finite intervals,
the standard rules based on the inner products of classical
orthogonal polynomials are typically over the range [−1, 1].
Ideally, known integrable singularities should be incorporated
into the quadrature rule to improve accuracy. For example,
embedding their behavior directly into the weight function
allows for the efficient determination of optimally adapted
nodes and weights (a detailed description specific to our
system is provided in the section below). In addition, when
dealing with infinite or semi-infinite intervals, the asymptotic
decay behavior of the integrand needs to be taken into account.
All computations are performed with the Julia programming
language [116].
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1. Zero-temperature interaction

a. Integral over ζ

As noted in the main text, the integration over ζ in Eq. (10)
contains an integrable square-root singularity at ζ = 1. In
principle, this could be treated directly by a specialized half-
range Chebyshev-Gauss quadrature rule based on orthogonal
polynomials defined on the range [0,1] [117]. Here, we instead
transform the integration interval from [0,1] to the stan-
dard interval [−1, 1] via the change of variable ζ̃ = 2ζ − 1.
Specifically, we find that

1√
1 − ζ 2

= 2√
1 − ζ̃

√
3 + ζ̃

(C1)

has singularities at ζ̃ = −3 and ζ̃ = 1, where only the latter
is of relevance to the numerical evaluation of the integral.
This can be treated via an Nζ point Gauss-Jacobi quadrature
for the weight function (1 − x)α (1 + x)β with α = − 1

2 and
β = 0, which is readily available in most numerical software
libraries.

b. Integral over η

In order to efficiently compute the η integral over the semi-
infinite interval [0,∞), it is useful to analyze the asymptotic
decay behavior of the integrand for large η. Apart from alge-
braic factors, the integrand nontrivially depends on η via the
polarizability, the logarithmic derivatives of the Bessel func-
tions, which also enter into the scattering coefficients, and the
kernel function Km(η, s). The polarizability always vanishes
as η−2 for large values of η, while the logarithmic deriva-
tives im and −km approach unity for large arguments [see
Eq. (A5d)]. The dominant influence results from the kernel
function Km in Eq. (11) and is determined by the exponential
large-argument scaling of the modified Bessel functions in
Eq. (A5b). In particular, in this expression both exponentially
growing and decreasing modified Bessel functions combine in
such a way as to lead to an overall decay, making the integral
convergent.

As already discussed in the main text, it is advantageous
for the numerical evaluation of Eq. (10) to make the exponen-
tially decreasing nature of the integrand explicit. To this end,
we utilize the exponentially scaled modified Bessel functions
Ĩm(x) = Im(x)e−x and K̃m(x) = Km(x)ex. Implementations of
these functions are available from standard numerical libraries
[69]. From the identities [62]

2I ′
m(x) = Im+1(x) + Im−1(x),

2K ′
m(x) = −[Km+1(x) + Km−1(x)], (C2)

we can similarly define the exponentially scaled derivatives
Ĩ ′
m(x) = I ′

m(x)e−x and K̃ ′
m(x) = K ′

m(x)ex which exhibit the
same scaling as the original functions. In our implementation,
the values of the logarithmic derivatives im and km thus remain
unaffected when replacing the modified Bessel functions by
their exponentially scaled counterparts. Meanwhile, perform-
ing these replacements in Eq. (11) leads to the exponentially
scaled kernel function K̃m. The latter is related to the original
function by an explicit multiplicative factor e−2η, as pointed
out in Eq. (12). With the further change of variable η̃ = 2η, the

integral over η can thus be efficiently evaluated by an Nη-point
Gauss-Laguerre quadrature rule.

c. Infinite series over m

In order to treat the summation over m in Eq. (10) on the
same footing as the integrations, we employ a generalized
notion of Gaussian quadrature. While the latter is commonly
used for the evaluation of integrals, it can also be applied
in the context of infinite series. This results in a Gaussian
summation scheme effectively corresponding to a quadrature
with a discrete measure [67,68]. Similar to the integration
on a semi-infinite interval, also in the discrete case it is es-
sential to identify the asymptotic behavior of the summand
for large orders responsible for eventually making the series
converge. This is again determined by the combinations of
modified Bessel functions and their logarithmic derivatives.
From Eq. (A6), we have that im and km scale at most lin-
early with m for m � 1 for positive arguments [114,115], a
property that is inherited by the scattering coefficients [see
Eqs. (A7) to (A9)]. As discussed in the main text, the kernel
function and thus the whole summand decreases exponentially
for large orders, with a rate of μ = 2 log (1 + 1

s ) [cf. Eq. (14)].
The previous argument is based on a pointwise asymptotic
expansion for large orders. Additionally, the bounds reported
in Eq. (A6) allow to show that for ∀ η, s � 0 and m � 1 the
kernel function fulfills [112,113]

Km(η, s) <
η3e−2m ln(1+ 1

s )

2
√(

m − 1
2

)2 + (sη)2
, (C3)

indicating that the pointwise expansion saturates the previous
bound for m → ∞. Similarly, starting from a uniform expan-
sion of the Bessel functions for m → ∞ [62], it can be shown
that the pointwise expansion indeed constitutes the limiting
factor for the convergence of the sum for s � 1.

All the previous results show that in the limit of s 

1, the sum rapidly decays with m, suggesting that a direct
summation is close to optimal. These considerations also
allow to identify a suitable generalized quadrature rule for
the sum in Eq. (10) in the large-aspect ratio limit (s � 1).
Specifically, a Gaussian summation on the basis of modified
discrete Laguerre (MDL) polynomials for infinite series of
the form

∞∑
n=0

′
h f (nh)e−μnh ≈

Nn∑
i=1

wi f (xi ) (C4)

was developed in Ref. [66]. In the above expression μ and
h are real quantities characterizing the sum on the left of
Eq. (C4), Nn is the number of quadrature points in the sum
on the right, while wi and xi are real numbers indicating,
respectively, the weights and nodes of the quadrature rule [65].
Based on the three-term recurrence relations given in [66], we
have implemented the calculation of the nodes and weights
necessary for the MDL quadrature via the Golub-Welsch al-
gorithm [118].

In our case, the index of the first sum coincides with the
order m � 0 of the Bessel functions [cf. Eq. (10)]. If we set
h = 1, we can thus make use of the MDL quadrature rule
for the sum in Eq. (10). We note that while the asymptotic

032802-22



CASIMIR-POLDER INTERACTION BETWEEN ATOMS AND … PHYSICAL REVIEW A 114, 032802 (2026)

exponential decay with m is again encoded in the kernel
function, it does not appear explicitly. This is in contrast
to the η integration, where a formulation in terms of the
scaled versions of the modified Bessel functions allows for
the direct use of a Gauss-Laguerre quadrature rule by sim-
ply omitting the exponential factor e−η̃ (cf. Appendix C 1 b).
Here, we instead employ an implicit quadrature rule where the
exponential decay with respect to m is incorporated into the
weights. Furthermore, particular attention has to be devoted
to the fact that, in the MDL implementation, the order of the
Bessel functions becomes a continuous real variable instead of
an integer number. While implementations of Bessel functions
for arbitrary real-valued orders exist, it sometimes occurs that
the values required by the quadrature rule are such that they
lead to underflow or overflow in standard double-precision
routines. Similar problems occur in a direct evaluation of
the integrand for very large orders or arguments. In those
cases, we switch to arbitrary precision arithmetic. Since the
total number of points that needs to be evaluated is generally
small, we have found the additional overhead thus incurred
to be negligible in practice. To further optimize this point,
one could instead switch to an asymptotic expansion of the
integrand for extreme values of Bessel function arguments
and/or orders. In practice, for all the numerical evaluations in
this work, we switch to the MDL scheme for the sum over m if
s > 1, otherwise using direct summation. In the latter case, we
generally find it more efficient to replace the fixed-point rules
for the integrals over η and ζ with an adaptive 2D quadrature
routine based on Genz-Malik quadrature [119,120].

2. Finite-temperature interaction

We shall briefly summarize the necessary modifications to
include finite-temperature effects in the numerical evaluation
according to Eqs. (2) and (40). With respect to the zero-

temperature case, the major difference in the mathematical
expressions arises from the formal replacement of the inte-
gral over imaginary frequencies ξ to an infinite sum over the
Matsubara frequencies ξn [see Eq. (38)]. This case essentially
corresponds to one of the applications of the MDL summation
technique originally proposed in [66], namely, the evalua-
tion of finite-temperature Casimir forces. From our previous
discussion, we thus expect an exponential decay of the sum
over n with a rate proportional to the temperature. To make
this behavior explicit, we introduce the following change of
variables starting from Eq. (39):

ηT = η − n
L

λ̄T
, (C5)

thereby shifting the limit of the ηT integration to the interval
[0,∞). Consequently, from Eq. (12) for the kernel function,
we can write

Km(ηT + nL/λ̄T , s) = K̃(T )
m (ηT , s)e−2ηT e−2n L

λ̄T , (C6)

where we defined K̃(T )
m (ηT , s) ≡ K̃(T )

m (ηT + nL/λ̄T , s), i.e.,
the scaled kernel function in terms of the shifted variable ηT .
The previous expression explicitly features an exponentially
decaying factor in both ηT as well as the summation index
n. The latter occurs with a rate of μT = 2L/λ̄T , scaling lin-
early with the temperature T . In this form, we can thus apply
the MDL Gaussian summation for the sum over n according
to Eq. (C4), while we utilize once more a Gauss-Laguerre
quadrature rule for the integral over ηT . As previously dis-
cussed, the MDL summation is particularly effective for the
low-temperature regime where a direct summation converges
very slowly. In practice, we switch to the MDL scheme for
the sum over n if L < λ̄T , and again switch to the MDL
scheme for the sum over m if s > 1. In all other cases, direct
summation is employed.
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