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The evolution of quantum states of light in free-space channels is strongly influenced by atmospheric
turbulence, posing a significant challenge for quantum communication. The transmittance in such channels
randomly fluctuates. This effect is commonly described by the probability distribution of transmittance (PDT).
The elliptic-beam approximation provides an analytical model for the PDT, showing good agreement with
experimental and simulation data within a specific range of channel parameters. In this work we introduce
the circular-beam approximation—a simplified alternative that offers satisfactory accuracy while significantly
reducing computational complexity. Our method naturally leads to a technique for determining the model
parameters from the first two moments of the transmittance. This approach eliminates the model misspecification
bias inherent in the elliptic-beam approximation and significantly extends the applicability range of the PDT
model, providing a practical tool for characterizing atmospheric channels in quantum applications.
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I. INTRODUCTION

The distribution of quantum light through free-space chan-
nels attracted considerable attention due to its relevance for
applications such as quantum secure communication [1-4],
supported by numerous successful experiments; see, e.g.,
Refs. [5-31]. In a typical scenario, quantum states of light
are transmitted from one station (the transmitter) to another
(the receiver). However, this task cannot be performed per-
fectly due to environmental noise, including stray light and
atmospheric turbulence. The latter causes random fluctuations
in the refractive index, which, in turn, randomly distort the
temporal and spatial profiles of light modes.

To understand how this effect influences the quantum state
of light, it is first necessary to specify the method of quantum
information encoding at the transmitter and its detection at the
receiver. In this context, several encoding techniques can be
considered, including encoding via spatial [32-43] and tem-
poral [44] mode structures, polarization modes [5,8,45,46], as
well as states of a quasimonochromatic mode in the form of a
Gaussian light beam with subsequent photocounting measure-
ments [47,48] or homodyne detection [6,7,12,49-67], among
others. The effect of atmospheric turbulence on the quantum
state in the latter two encoding schemes can be characterized
by random fluctuations in the transmittance efficiency: as the
beam shape randomly fluctuates at the receiver, the fraction of
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light passing through the receiver aperture also varies accord-
ingly. In the following, we focus our analysis on this scenario.

Let the quantum states at the receiver and transmitter sta-
tions be described by the Glauber—Sudarshan P functions
[68,69] Pou(er) and Pin(er), respectively. As discussed in
Ref. [70] (see also a detailed derivation in Ref. [44]), these
states are related to each other as

! 1 o
Pout = dnP(n)—Pn : 1
(@) fo n (77)77 <ﬁ> (D

Here, n € [0, 1] is a random transmittance and P(n) is the
probability distribution of transmittance (PDT)—a function
characterizing quantum free-space channels. Based on this
input—output relation, the transmission of quantum properties
through atmosphere channels [45,46,65,66,71-74] and quan-
tum communication protocols [49-64,75] has been analyzed.

These results demonstrate that having an appropriate PDT
model is crucial for the accurate description of free-space
quantum channels. The simplest analytical model is given by
the log-normal distribution [47,48], which must be properly
truncated to the domain n € [0, 1]. Another heuristic model,
which shows a good agreement with numerical simulations, is
based on the beta distribution; see Ref. [76]. Assuming sta-
tistically independent contributions of beam-wandering and
beam-spot distortion, a model based on the law of total
probability was derived in Ref. [75]. The beam-wandering
model, assuming a Gaussian beam profile at the receiver and
considering the effect of beam wandering, was introduced
in Ref. [72]. Its modification, which additionally accounts
for random fluctuations of an elliptically shaped beam, was
presented in Ref. [77]. The latter provides a good fit to ex-
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perimental data and remains effective under diverse weather
conditions [13].

Nevertheless, two issues are associated with the elliptic-
beam model: (i) it requires complex calculations involving
approximations and numerical simulations; (ii) although it
provides a good fit to experimental data over a broad range
of channel parameters, numerical simulations in Ref. [76]
have shown that the employed parameter evaluation method
introduces a significant bias in the distribution mode, causing
the model to perform reliably only within a narrow range of
channel parameters. The aim of this paper is to address these
issues. We propose a simplified version of the elliptic-beam
approximation, assuming that the beam retains a Gaussian
profile but with a circular shape of a random radius—the
circular-beam approximation. While this model reduces com-
putational complexity, it still exhibits a notable bias in the
distribution mode across a significant range of parameter
values. This limitation is primarily due to the strongly non-
Gaussian character of the beam shape at the receiver. To
overcome this model-misspecification bias, we introduce an
alternative parameter evaluation method based on matching
the first two moments of the transmittance distribution.

The rest of the paper is organized as follows. In Sec. II we
provide the preliminary information necessary for introduc-
ing our method. Section III presents the circular-beam model
and the associated method for determining the PDT parame-
ters, which eliminates model misspecification bias. Analytical
expressions for the model parameters, derived within the
framework of the Huygens—Kirchhoff phase approximation,
are given in Sec. IV. Examples of the PDT and validation
of our models through numerical simulations are discussed
in Sec. V. In Sec. VI we present examples demonstrating the
application of our techniques to describe the transmission of
nonclassical properties of quantum light through free-space
channels. Finally, a summary and conclusions are provided in
Sec. VIIL.

II. PRELIMINARIES

In this section we provide the reader with a preliminary
background on free-space channels [78—82], which is essen-
tial for formulating our approach. We also summarize key
aspects of the beam-wandering model [72], which plays a
crucial role in our technique. Our basic assumption is that
quantum states of light are prepared in a quasi-monochromatic
mode, representing a pulsed Gaussian beam. Since Eq. (1)
holds for both quantum and classical fields, the derivation of
the PDT can be carried out by analyzing the transmittance of
a classical quasi-monochromatic mode through the receiver
aperture; for details, see Appendix A of Ref. [76].

Let u(r;z) be the beam amplitude, where r = (x, y) and
z are the transverse and axial coordinates in the propagation
direction, respectively. In the paraxial approximation, this am-
plitude satisfies the equation (see, e.g., Ref. [80])

. ou(r; 2) 2
21k8— + Aru(r;z) + 2k°6n(r; 2)u(r;z) = 0. 2)
z
Here k is the wave number, A, is the transverse Laplace

operator, and én(r; z) represents small random fluctuations in
the index of refraction due to atmospheric turbulence. The

Gaussian beam is defined by the boundary conditions

2 rr ik,
M(I‘;O)Z 7'[_VV026Xp _W_OZ_Z_FOr s (3)

where Wy and F; are the beam-spot radius and the wave-front
radius at the transmitter, respectively.

The second-order correlation function of én(r;z) in the
Markovian approximation is defined as

(6n(ry; z21)0n(r2; 22))
- / d*k®, (i 1,=0)e* TSz — ), (4)
RZ

where @, (k; k) is the turbulence power spectral density. A
commonly used model is the modified von Karman—Tatarskii
spectrum, given by

0.033C2exp [ — (52)°]

2

D, (k; Kz) = (K2 +L0_2)11/6

®)

Here C? is the index-of-refraction structure constant charac-
terizing the local turbulence strength, Ly and ¢, are outer and
inner scales of turbulence, respectively, and « = \/k? + k2.
For analytical approximations, we set Ly = +00 and £y = 0,
which yields the Kolmogorov spectrum.

The intensity of the light at the receiver station is given by

I(r;L) = |u(r; L), (©6)

where z = L is the axial coordinate of the aperture plane
(channel length). Random fluctuations in §n(r; L) lead to ran-
dom fluctuations in I(r;L). For the purposes of our paper,
it is sufficient to consider only three random variables that
characterize this random field. The first variable is the random
transmittance efficiency, defined as

n= / d’rl(r;L), (7
A

where A denotes the aperture opening. The second variable is
the beam-centroid position ro = (xg, yo) given by

rg = / d*rrI(r;L). ()
RZ
The third variable,
S=4 / d’r(x — xp)*I(r; L), )
RZ

is the squared instant beam-spot radius.

We are interested in the first two moments of these random
variables. These moments can be conveniently expressed in
terms of the second- and fourth-order field correlation func-
tions, defined as

Ca(r; L) = (I(r; L)) (10)
and
Ca(ry, o L) = (I(ry; L)I(rp; L)), (11)

respectively. These functions can be obtained using meth-
ods of classical atmospheric optics; see, e.g., discussions in
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Sec. IV. The first and second moments of the transmittance
are given by

(n) = / d*rTa(r; L), (12)
A

) = /A &r1dPrs Ta(ry, 1 L). (13)

We chose the coordinate system such that (ryp) = 0. Then the
variance of a beam-centroid coordinate is given by

abzw = (Axé)
= (xé) = / d2r1d2r2x1x2F4(r1, 1'2;L). (14)
R*

The mean-squared beam-spot radius reads

(s) = 4(/ d*rx’Ty(r; L) — (xé)). (15)
RZ

The second moment of this random variable requires a more
involved analysis, which is presented in Appendix A.

In the circular-beam approximation presented in this paper,
we assume that the instant intensity has a Gaussian form:

S

Following a procedure similar to that used for the beam-
wandering model [72] and assuming that the transmittance
fluctuations arise solely from centroid fluctuations, we obtain
the conditional PDT for a fixed value of S,

R(S) ( :70(S>)2/“”‘l
In
S\

2 2/1(S)
X exp |:_I;a(f) (ln @) :| 17
bw

for n € [0, no] and P(n|S) = 0 otherwise. Here

2 ( 2 2)
I(r,L) = —exp —§|r—r0| . (16)

PmlS) =

2
no(S) =1—exp <—§) (18)

is the maximal transmittance for the given S,

B ) exp(—4”§2)11<4§>
TS T e Ce) "

-1
2n0(S)

1 20

X[“(l—exp<—4%)lo<4%)ﬂ e

is the shape parameter,

210(S) —1/A(S)
No

R(S)=a|ln E _ 1)
[ <l—exp<—4%>lo<4%>>]

is the scale parameter, a is the aperture radius, and I,,(x) is the
modified Bessel function.

By setting S = (S) in Eq. (17), we recover the beam-
wandering PDT [72], which neglects fluctuations in the
beam-spot radius. A more realistic model, the elliptic-beam
approximation [77], still assumes a Gaussian beam profile
but with an elliptical shape. This approach involves a more

complex analysis due to the increased number of fluctuating
parameters. In this work we aim to simplify the description
by assuming that the beam retains a circular Gaussian shape
while allowing the squared beam-spot radius S to fluctuate.

III. CIRCULAR-BEAM APPROXIMATION

In this section we introduce the main concept of the
circular-beam approximation and describe a method for de-
termining its parameters by matching the first two moments of
the transmittance 1. On the one hand, this approach provides a
straightforward simplification of the elliptic-beam approxima-
tion presented in Ref. [77], thereby avoiding the need for the
more involved analytical and numerical calculations required
in that model. On another hand, this simplification enables a
direct matching of the model parameters to the transmittance
moments, thus reducing the model misspecification bias that
arises in the elliptic-beam approximation over a wide range of
aperture radii a, see Ref. [76].

We start with Eq. (17) for the conditional PDT with a given
value of the squared beam-spot radius S € [0, +00). Assum-
ing that this random variable follows a probability distribution
P(S), the total PDT is given by

Pay) = f dSP(IS)P(S). 22)
0

As in the elliptic-beam model, we assume for the circular-
beam model that S follows a log-normal distribution [83]:

1 exp (IS — w)?
So /2w 202

Here p and o? are the parameters of the log-normal distri-
bution. Thus, the circular-beam PDT is fully characterized by
three parameters: the variance of the beam-centroid coordi-
nate o2, [cf. Eq. (14)] and the log-normal parameters x and
a’.

Our first task is to validate the assumption that the prob-
ability distribution for S can be well approximated by the
log-normal distribution (23). To this end, we simulate the
beam propagation through turbulent atmosphere by using
the sparse-spectrum model [84-86] for the phase-screen
method [87-90]. Following the procedure detailed in
Ref. [76], we obtain a sample {S;|i =1...N} of N realiza-
tions of the squared beam-spot radius S. This sample is then
used to estimate the parameters p and o> of the log-normal
distribution. The resulting parameters define the log-normal
distribution, which we compare with the sampled distribu-
tion of S. In particular, we directly reconstruct P(S) by the
smooth-kernel method and compare it with the related log-
normal distribution. Additionally, we estimate the empirical
cumulative probability distribution function,

P(S) = (23)

1 N
F($) =+ ;9(5 — S, (24)

where 6(S — S;) is the Heaviside step function, and compare
it to the cumulative distribution function of the log-normal
distribution,

s, 1 InS—pn
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FIG. 1. Comparison between the log-normal and simulated prob-
ability distributions of S. (a) Solid and dashed lines show the
probability distribution functions P(S) for the log-normal distribu-
tion (23) and the distribution estimated from the simulated data,
respectively. (b) The Kolmogorov—Smirnov statistics (26) as a func-
tion of the Rytov parameter. Here L ranges from 500 to 5000 m,
A =808 nm, Wy = LA/, C2 =10"" m™23, lj = 10"°m, L, =
5x10°m, Fy = L.

using the Kolmogorov—Smirnov statistics,

Dy = sup [|Fy(S)— F(S)l. (26)

Se[0+00)
Here erfc(x) denotes the complementary error function. Our
results show good agreement between the sampled data and
the log-normal distribution for channels with weak impact of
turbulence, i.e., with the Rytov parameter,

op = 1.23C2K7/°LM/°, 27)

less than unity; see Fig. 1.

Our next task consists in formulation of methods for
evaluating three parameters of the circular-beam approxima-
tion based on the field correlation functions I'>(r;L) and

I4(r;, rp; L). While the beam-centroid coordinate abz can

%%
be determined from Eq. (14), the methods for determining
the other two parameters, u and o2, must be formulated

separately. A straightforward approach is to match them to

the moments of the squared beam-spot radius, (S) and (S?),
as outlined in Appendix A. However, as shown in Ref. [76]
for the elliptic-beam approximation, this approach leads to a
pronounced shift of the PDT mode (its maximum) across a
wide range of aperture radii a. Another problem is that beyond
a limited domain of validity, the first two moments of the
transmittance, (1) and (n?), are also biased. The reason for
this is caused by the fact that in realistic scenarios the beam
profile is strongly non-Gaussian. This implies that the beam-
wandering, circular-beam, and elliptic-beam approximations
are all affected by model misspecification bias.

In this section we address this problem by introducing an
alternative method for evaluating the log-normal parameters
w and o2 in Eq. (23). Specifically, instead of matching them
to the first two moments of the squared beam-spot radius, we
match them to the first two moments of the transmittance,
(n) and (n?), given by Egs. (12) and (13), respectively. The
method is based on the fact that the first two moments of the
circular-beam PDT (22) are given by

+00

(n) = /0 dSP(S|. o2)in)s. 28)
+0o0

") = fo dSP(S|p, o®)(n*)s. 29)

Here, P(S) = P(S|u, o) is the log-normal distribution (23)
and (n)s and (n?)s are the first two moments of transmittance
conditioned on the beam-spot radius S, i.e., the moments of
the PDT (17). Adapting results of Ref. [91], these moments
can be expressed as

a2
ms=1-— exp<—2m>, (30)
2y=1-2 &
n)s=1-— CXP(— m)
+ex (_oz_2> 1-0Q a op
™2 J1=8 J1=p2
Lo 22 ‘ 31)
-8 J1=p2) |
where
_2a[ 2p(p+1) 1V
_«/5[2p2+3p+1] ’ 2
_ o 1S
B=QCp+1", p—8abzw, (33)

and Q(x, y) is the Marcum Q function of the first order; see
Refs. [92-94].

The transmittance-moment matching method for the
circular-beam approximation can now be summarized as fol-
lows. First, we calculate the parameters o2, (1), and (n?)
using Egs. (14), (12), and (13), respectively. Second, we treat
Eqgs. (28) and (29) as a system of algebraic equations for p and
o2, and solve it numerically via least-squares optimization.
As an initial guess one can use the values of u and o2 used
in the method of matching the moments of S, described in
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Appendix A; see Eqs. (A1) and (A2).! The resulting values
of n and o2 are then used in Egs. (22) and (23) to evaluate
the PDT. Since () and (%) are now directly matched, their
values are no longer biased.

In realistic applications, constant (nonfluctuating) losses—
caused by absorption, scattering, and imperfections in the
transmitter and receiver optical systems—are always present,
in addition to the fluctuating losses induced by atmospheric
turbulence. These constant losses may be naturally incorpo-
rated into the transmittance-moment matching method. To do
so, one replaces the left-hand sides of Eqgs. (28) and (29)
with n.(n) and n?(n?), respectively, where 7. represents the
efficiency associated with the constant losses. In other words,
the modified left-hand sides of these equations correspond to
realistic transmittance moments that account for all experi-
mental losses. Within this framework, the constant losses are
effectively modeled by adjusting the parameters  and o of
the log-normal distribution for S. This approach represents an
optional modification of the described method, applicable in
suitable scenarios.

IV. PHASE APPROXIMATION OF THE
HUYGENS-KIRCHHOFF METHOD

In the circular-beam approximation with transmittance
matching, the parameters (1), (}72), and szw are required; they
are determined by the second- and fourth-order field corre-
lation functions. Several methods have been proposed in the
literature to analytically calculate these functions; see, e.g.,
Refs. [78-82,95]. In this paper we adopt the phase approx-
imation of the Huygens—Kirchhoff method [96-98], which
has already been applied in the context of the elliptic-beam
approximation [77].

The field correlation functions in this approximation for a
focused beam (L = F) are given by (see, e.g., Supplemental
Material in Ref. [77])

1'* ( L) k2 / d2 / |r/|2
r;L)=—— rexp| - —
2 40217 Jge PL 7 owg

2ir v 2 1D(o 5 (34)

- r'r_‘lr__ S ’r 9

1 02 5
k4 2 2 2

I I L) =—— d*r,d*r,d"r,

4(ry,ro; L) LW /RG r;d’ryd°r)

L, ,
X exp [ — 5 drl >+ ey + I3 1%)
0

Q
+ 2ir) - 15—
Ws

( ) /_”, ( ) f—s
2i(r ry)-r 2i(r; +rp)-r
1 2 2 02 1 2 3“702

'In practice, we also constrain the values of 4 and o', Specifically,
we require the mean of the corresponding S distribution to lie within
a factor of 5 of its initial guess. Additionally, we require that the
probability of an instantaneous value of S exceeding 10 times its
mean is less than 1%. For the considered case, this leads to the
constraint 107% < 02 < 2.

1 .
X exp |:5 Z {Dy(r; —rp, 1y + (—=1)'r})
j=12

— Dy(r; —rp, 1) 4 (=1)'r})
— Dy(0, 15 + (—1)%3)}}. (35)
Here

1
Dy(r.v') =2p," / dglre +1'(1- &)  (36)
0
is the phase structure function,
po = (1.46C2K>L) " (37)

is the spatial coherence radius, and Q2 = kWO2 /2L is the Fres-
nel number.

To obtain the variance abzw, we substitute the above expres-
sions into Eq. (14). For the channels with weak impact of the
turbulence, we expand the obtained relations with respect to
/3 up to the second order. Using approximations suitable
for the weak-turbulence regime and carrying out the integra-
tion (see Appendix B), we arrive at

Oy = 0.31WF0g Q70 — 0.06Wgog Q™' (38)

Here a,% is the Rytov parameter, cf. Eq. (27).

A similar technique yields approximate analytical expres-
sions for (n) and (n?). In this case the analytical forms of the
field correlation functions, Eqs. (34) and (35), are substituted
into Egs. (12) and (13). Applying approximations valid in the
regime of weak turbulence, see Appendix B, yields analytical
expressions for these moments:

P
>, (39

=1— -
tn) =P < 0.5WZQ2 + 0.66W202Q7/6
4q?
2
=l1- -
<7] > |: Cxp( Wozsz_z(l +2U92)>}

2 2
X |:1 — exp (_—a (I:WZZUQ )>i| (40)
0

Here v = Q72 + 3.1703Q7/%. 1tis also important to note that
these expressions are confirmed to be valid only for the case
Wo = VLA / TT.

To verify the validity of these analytical expressions, we
compare them with simulation results obtained using the
sparse-spectrum model of the phase-screen method, follow-
ing the approach of Ref. [76]. The comparison is presented
in Fig. 2 for channels of different length L plotted as a
function of the Rytov parameter o7 [see Eq. (27)]. We ob-
serve good agreement between the results obtained via the
Huygens—Kirchhoff and phase-screen method for the vari-
ance of the beam-centroid coordinate obzw. With regard to
the transmittance-moment matching method, we find good
agreement for the first and second moments of transmittance,
(n) and (n?). However, in this case the transmittance variance
(An?) plays a crucial role and its values are much smaller
compared to the values of moments. As shown, the agreement
for (An?) is significantly worse in several cases.

The proposed method of matching to the transmittance
moments also requires an initial guess in the iterative
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FIG. 2. Comparison of analytical results obtained using the Huygens—Kirchhoff method (solid blue lines) with simulated data based on the
sparse-spectrum model of the phase-screen method (dashed orange lines) for (a) (1), (b) (%), (c) (An?), and (d) obzw. The channel parameters
are the same as in Fig. 1. The propagation distance L ranges from 500 m to 4000 m. In plots (a)—(c), the aperture radii are a; = 15 mm,

a, = 12 mm.

optimization procedure used to determine the parameters u
and o2. These initial values can be obtained by matching
them to the moments of the squared beam-spot radius, (S) and
(S?), as given by Egs. (A1) and (A2). Analytical expressions
for the latter can be derived using the phase approxima-
tion of the Huygens—Kirchhoff method, as discussed in
Appendix B.

The phase approximation of the Huygens—Kirchhoff
method can also be applied in the regime of strong turbulence
[77,96-98]. However, in this case the derived parameters
suffer from even greater inaccuracies. Moreover, as shown
in Ref. [76], the validity of analytical models depends only
weakly on the turbulence strength, while the aperture radius
plays a much more significant role. For these reasons we
restrict our analysis to the case of weak turbulence, focusing
on assessing the validity of the model itself.

V. EXAMPLES AND MODEL VALIDATION

In this section we demonstrate the performance of
our model across different scenarios. In addition to the
transmittance-matching technique, we also consider matching
to the moments of S to clearly identify the validity domain
of both methods. The parameters o7, (), and (n?) in the
former case, and abzw, (S), and (S?) in the latter case, are
evaluated using the phase approximation of the Huygens—
Kirchhoff method. However, as discussed in the previous
section, this approximation itself introduces errors. As a re-
sult, it can be difficult to determine whether discrepancies

between analytical and numerically simulated PDTs arise
from the circular-beam model itself or from inaccuracies in
the parameter evaluation. In the latter case, such discrepancies
could, in principle, be reduced by employing more accurate
methods of parameter evaluation.

This issue can be resolved by using numerically simulated
values of the parameters abzw, ), (n?), (S), and (S?). Al-
though this approach cannot be considered a practical tool for
PDT evaluation, these values serve as a kind of ground truth
for benchmarking the best achievable analytical parameter
estimates. If discrepancies persist in this case, it clearly indi-
cates that the model itself fails in the corresponding domain.
Conversely, if the numerically determined parameters yield
good agreement, this suggests that the circular-beam model
remains valid and that further refinement of the analytical
evaluation of a2, (S), (S%), (n), and (n?) could lead to even
better results.

Let us start with an example characterized by an aperture
radius a for which the mode of the PDT, obtained using the
circular-beam approximation with matching the moments of
S, significantly deviates from that of the numerically sim-
ulated PDT. A similar discrepancy is observed when using
the beam-wandering and elliptic-beam approximations, ren-
dering their application in this regime highly inaccurate; see
Ref. [76]. The PDTs for such a channel are shown in Fig. 3(a).
Lines A and B, obtained using this method, clearly deviate
from the numerically simulated histograms. In contrast, the
transmittance-moment matching method yields a markedly
improved result: the corresponding lines C and D show good
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FIG. 3. Comparison of simulated PDT histograms with PDTs
obtained using the circular-beam approximation, based on different
matching methods and either analytical or numerically simulated
parameters. The channel parameters are the same as in Fig. 1, with
(@) L=2000m, @ = 12mm and (b) L = 1000 m, a = 25 mm. The
green solid line (A) and the red solid line (B) represent the method
of matching the moments of S using analytical and numerically sim-
ulated values, respectively. The violet dashed line (C) and the orange
dashed line (D) correspond to the transmittance-moment matching
method, also using analytical and simulated values, respectively.

agreement with the histogram, both for analytically calculated
and numerically simulated parameter values.

Another example concerns the aperture radius a for
which the Kolmogorov—Smirnov statistic indicates the best
agreement between analytical and numerical data for the
beam-wandering and elliptic-beam approximations, as re-
ported in Ref. [76]. The similar situation in this case is
observed for the circular-beam approximation. An additional
feature of this example is the close match between the analyti-
cally calculated and numerically simulated moments of S. The
corresponding PDTs are shown in Fig. 3(b). For simulated pa-
rameter values, both matching methods (lines B and D) yield
good agreement. However, when analytical parameter values
are used, the method based on matching the moments of S
(line A) performs significantly better than the transmittance-
moment matching method (line C).

Kolmogorov-Smirnov statistic Dy

10—1 p
1072 . . . . . .
0.25 0.50 0.75 1.00 1.25 1.50
Normalized aperture radius a/Wi t
_ 10 . :
S (b)
&}
e (A) (B)
8
8
173
>
]
a
= 1071+
=] Matching S,
w0 analytical
> Matching S,
8 ® sir?nflaltrégcll
g) Matching n,
g analytical
— Matching n,
Q simulated
1072 , . : , . .
0.25 0.50 0.75 1.00 1.25 1.50

Normalized aperture radius a/Wi

FIG. 4. Kolmogorov—Smirnov statistics quantifying the differ-
ence between numerically simulated PDTs and analytical PDTs for
(a) L =2000m with Wit =28 mm and aperture radius a ranging
from 3 to 47 mm, and (b) L = 1000m with Wit = 19mm and a
ranging from 3 to 32 mm. The lines correspond to the cases shown
in Fig. 3. For the remaining channel parameters, see Fig. 1.

To summarize these results, we consider the Kolmogorov—
Smirnov statistic comparing the PDT obtained using the
circular-beam approximation with numerically simulated data
(see Fig. 4). The transmittance-moment matching method
shows good agreement with the simulated data across a wide
range of aperture radii a. However, in the range where the
aperture radius a lies between 1.25Wr and 1.50Wir, where

W = 4[ d’rx’Ty(r; L) (41)
RZ

is the long-term beam radius, the method of matching the mo-
ments of S is preferable—particularly when using analytical
expressions derived from the Huygens—Kirchhoff method.
Let us examine whether incorporating constant losses into
the parameters of the log-normal distribution for S—as dis-
cussed in the final paragraph of Sec. IIl—yields appropriate
results. To this end, we consider PDTs obtained using two
variants of the transmittance-moment matching method. The
first variant assumes that constant losses result in a rescaling
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FIG. 5. Comparison of two approaches for incorporating con-
stant losses into the transmittance-moment matching method. Solid
lines F (violet) and E (brown) correspond to the direct rescaling of
the PDT using analytical and numerically simulated moments of 7,
respectively. Dashed lines H (violet) and G (brown) represent the
indirect incorporation of constant losses into the parameters of the
log-normal distribution for S. Panel (a) shows analytical PDTs and
corresponding numerically simulated histograms for L = 2000 m,
a = 12mm. Panel (b) presents the corresponding Kolmogorov—
Smirnov statistics for L =2000m, Wir = 28 mm, and aperture
radius a ranging from 3 mm to 47 mm. For the rest of the channel
parameters, see Fig. 1. The values of constant losses are specified in
the text.

of the PDT as Ploss(n) = 12 "P(n/n.). The second variant
involves replacing the left-hand sides of Eqs. (28) and (29)
with n.(n) and n?(n?), respectively. The results are presented
in Fig. 5. We assume constant losses of 3 dB from the optical
systems of the transmitter and receiver, and 0.1 dB/km due to
atmospheric absorption and scattering. As can be seen, incor-
porating constant losses into the parameters of the log-normal
distribution for S generally does not lead to any improvement.

As discussed above, the circular-beam approximation
makes it possible to eliminate the model misspecification
bias by matching the parameters u and o2 to () and (5?)
instead of (S) and (S?). Applying a similar procedure to the
elliptic-beam approximation, although in principle feasible,
is considerably more challenging. First, this model involves
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2 10+ analytical
a ‘ Simulation
o 81
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2
= 61
Q
oo}
Q
S 4
=¥
2 J
0- ! !
0.0 0.2 0.4 0.6 0.8 1.0
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Normalized aperture radius a/W;r

FIG. 6. The elliptic-beam approximation [solid line (A)] ob-
tained with the numerically simulated parameters and the circular-
beam approximation with the analytical parameters () and (n?)
[dashed line (B)] are shown. Panel (a) demonstrates the PDT for the
same channel and aperture radius as in Fig. 3(a). Panel (b) presents
the corresponding Kolmogorov—Smirnov statistics as a function of
the aperture radius a.

an additional parameter in the two-dimensional log-normal
distribution, which accounts for the correlation between the
ellipse semiaxes. As a result, three parameters must be de-
termined from only two equations, making the system not
fully determined. Second, the elliptic-beam approximation
requires more elaborate numerical techniques, which substan-
tially complicates the optimization procedure.

As shown in Fig. 6, the circular-beam approximation
combined with the transmittance-matching method exhibits
significantly better agreement with numerical simulations
than the elliptic-beam approximation over a broad range of
aperture radii a. Importantly, this comparison is performed
using numerically simulated (i.e., best achievable) parameters
for the elliptic-beam approximation and analytical parame-
ter values for the circular-beam approximation. These results
clearly demonstrate that, for suitable aperture sizes, matching
transmittance moments within the circular-beam framework
provides a more efficient and accurate parameter estimation
technique than the standard elliptic-beam approach.

063716-8



CIRCULAR-BEAM APPROXIMATION FOR QUANTUM ...

PHYSICAL REVIEW A 112, 063716 (2025)

VI. APPLICATION: FREE-SPACE TRANSFER OF
NONCLASSICAL OPTICAL PROPERTIES

In this section we demonstrate how the developed PDT
model can be applied to analyze nonclassical properties of
quantum light transmitted through a free-space channel. In
quantum optics, the quantum state of a light mode is con-
sidered nonclassical [99-107] if it cannot be represented
as a statistical mixture of coherent states. In other words,
its Glauber-Sudarshan P function, P(«), fails to have the
interpretation of a classical probability distribution. Nonclas-
sicality can be revealed from measurement statistics—for
example, through photocounting or balanced homodyne
detection.

Let us start with photocounting measurements performed
using a photon-number resolving detector. In this case a suf-
ficient condition of nonclassicality is the negativity of the
Mandel Q parameter,

(An?)
(n)

which indicates a sub-Poissonian character of the photon-
number statistics [101,108]. Here, (n) and (An?) denote the
mean and the variance of the photon number, respectively. The
Mandel Q parameters of the input and output modes—Q;, and
Qout» respectively—are related for a free-space channel as

_ A, L an)
Qout - <77) an + (n)

where (n);, is the mean photon number at the input; see
Refs. [70,109]. Throughout this section we incorporate all
constant losses into the model by treating the transmittance
n as the product 7.7.

Equation (43) depends only on two first moments of 7.
Therefore, the transmittance-matching moments method is
ideally suited for describing the transfer of sub-Poissonian
photon statistics. Any discrepancies in this case can arise only
from imperfections in the analytical approximations used to
compute these moments.

To be more specific, we consider propagation of amplitude-
squeezed coherent states |ag, x) = D(a9)S(x)|0), where
D(a) and S( x ) are the displacement operator and squeezing
operator, respectively, x > 0 is the squeezing parameter, o
is the coherent amplitude, and |0) is the vacuum state. In
Fig. 7(a) we present the Mandel Q parameter as a function
of aperture radius for different parameter-matching tech-
niques, along with numerically simulated data (line S). The
transmittance-moment matching method using simulated mo-
ments (line D) reproduces the numerical results exactly.
However, the same method using analytical moment values
(line C) shows a significant discrepancy. This is due to the
second term in Eq. (43): since (n);, is large for high values of
o, even a small error in the analytical expressions for (An?)
can lead to a large deviation in Q.. Remarkably, matching
the moments of S provides a reliable result: it yields only
a small discrepancy for simulated moments of S (line B)
and a qualitatively correct result when using analytical values
(line A).

0= —1, (42)

(n)in, (43)

0.2 @
a _@_ Matching S,
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— 0.1 1 /\ simulated
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FIG. 7. Comparison of Mandel Q parameter and binomial Q;
parameter calculated by means of simulated PDT and PDTs obtained
using the circular-beam approximation, based on different matching
methods and either analytical or numerically simulated parameters.
The blue solid line (S) stands for using simulated PDT; for the
correspondence of other lines, see Fig. 3. The channel parameters
are the same as in Fig. 3(a), with aperture radius a ranging from 8 to
34 mm, with x = 0.4, a9 = 6, and 1. = 0.48.

In a more realistic scenario, one can consider so-called
click detectors. The corresponding measurement scheme is
based on balanced spatial [110-113] or temporal [114-116]
splitting of a light beam into N parts, each detected by an on—
off detector. The number of triggered detectors, n, corresponds
to the number of clicks, which approaches the actual photon
number in the limit N — +o00. The click-number distribution
at the output is given by

P, = / PaPo(e)TT (@), (44)
C

where Py () is the Glauber—Sudarshan P function of the
output mode, related to Py, («) via Eq. (1). The function IT,(«)
represents the positive operator-valued measure element in
Q representation corresponding to n clicks and is given
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by [117]

N l|*(N — n)

e = (n) =P [_T]
[1— _lal? ] 45
X exp( T) ’ ( )

see Ref. [117]. To witness nonclassicality using this detection
scheme, one can use the binomial Q parameter [118]:

S VO L (46)

T = ()

Importantly, unlike the Mandel Q parameter, it is not possible
to express an input—output relation for Qy similar to Eq. (43).
The output binomial parameter depends on the full PDT, not
just its first two moments.

Let us consider the case N = 7 and the same state as in
the previous example—in this regime, the click detector oper-
ates well below saturation. Figure 7(b) shows the dependence
of the binomial parameter (7 on the aperture radius. The
transmittance-moment matching method using the simulated
moments (line D) again demonstrates good agreement with
the simulated data (line S), indicating that the circular-beam
PDT accurately captures information about the numerical
PDT beyond just the first two moments of 1. The same method
with analytical moments also performs well within the domain
0.43 < a/Wir < 0.8. Reasonable results are obtained with
matching the moments of S as well, where the outcome with
simulated moments (line B) surpasses that with analytical
moments (line A).

Another nonclassical effect—quadrature squeezing—
requires measurement of a field quadrature, e.g.,
% =2Y2(a+ a"), where a is the field annihilation operator.
The corresponding measurement procedure—balanced
homodyne detection—can be adapted for free-space channels
by sending the local oscillator in the same spatial mode as
the signal but with orthogonal polarization [6,7,71]. This
configuration effectively suppressed the dephasing effect,
making it negligibly small.

The quadrature variance can be expressed in terms of the
normally-ordered quadrature variance (: A%? :) as

(AR%) = (: AR ) + 1. 47)

Since for classical light the normally ordered variance is al-
ways non-negative, the condition (A%?) < 1/2 serves as a
witness of quadrature squeezing, which is an example of non-
classical behavior. The corresponding input—output relation is
given by [71,109]

(AR ou = () AR i+ (ATH(RE, (48)
where T = /7 is the transmission coefficient. Therefore, the
output squeezing depends not only on the first moment (1),
but also on the variance (AT?), which involves (/m. This
fractional moment is not accounted for in the transmittance-
moment matching method by Egs. (28) and (29). Hence, it
is important to verify whether the circular-beam PDT with
the transmittance-moment matching method can adequately
describe the transmission of quadrature squeezing.

Figure 8 shows the quadrature squeezing for an amplitude-
squeezed coherent state. The transmittance-moment matching
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FIG. 8. Comparison of squeezing parameter calculated by means
of simulated PDT and PDTs obtained using the circular-beam
approximation, based on different matching methods and either an-
alytical or numerically simulated parameters. For the legend, see
Fig. 7. The channel parameters are the same as in Fig. 3(a), with
aperture radius @ ranging from 8 to 33 mm, with «p = 4, . = 0.48,
and initial squeezing —3 dB.

method using simulated moments exhibits only a small dis-
crepancy compared to the simulated data. However, the same
matching method with analytical moments fails for nearly all
aperture radius values. The reason for this behavior is very
similar to the discrepancy observed for the Mandel parameter.
Since the second term in Eq. (48) becomes large for high
values of g, even small errors in (AT?) cause significant
errors in the resulting squeezing. A further contributing factor
to this discrepancy is the significant error in the analytical
expressions for (n) at large aperture radii. When matching
the first two moments of S, the result is again quantitatively
correct but shows a larger discrepancy for analytical values
compared to numerical simulations.

VII. SUMMARY AND CONCLUSIONS

Analytical PDT models play a crucial role in analyzing the
transfer of nonclassical effects through free-space channels
and in quantum communication protocols implemented in
such environments. It is also well known that the applicability
of these models strongly depends on several factors—one of
the most important being the aperture radius. While heuristic
models such as the beta PDT can yield acceptable results over
a wide range of aperture sizes, physically motivated models
based on the actual behavior of beams propagating through
the atmosphere are of particular interest due to their stronger
physical justification.

The elliptic-beam model is an example of a physically
motivated approach. While it provides a good fit to both exper-
imental and numerical data, the parameter estimates obtained
through such fitting can be significantly biased. This is be-
cause, in a real atmospheric channel, the instantaneous beam
shape is strongly non-Gaussian. As a result, fitting its shape
using the moments of the squared beam-spot radius may not
yield the most accurate Gaussian approximation of the actual
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beam profile. Another limitation of the elliptic-beam approx-
imation is that it requires involved numerical computations
and analytical approximations due to the elliptical shape of
the beam.

The circular-beam approximation proposed in this paper
addresses the two problems mentioned above. First, we as-
sume that the instantaneous beam profile is circular, which
significantly simplifies the calculations. Second, we pro-
pose an alternative parameter-matching method—designed to
overcome the problem of model misspecification bias—by
matching the model parameters to the first two moments of
the transmittance rather than to the first two moments of the
squared beam-spot radius. While this approach introduces
more numerical calculations into the model, it significantly
extends the range of its applicability across different aperture
radii.

To validate our model, we compare it with numerical
data obtained using the phase-screen method. The results
demonstrate acceptable accuracy and at least reproduce the
numerical trends quantitatively. The method based on match-
ing the moments of the squared beam-spot radius shows good
agreement for aperture radii around 1.25 times the long-term
beam radius—similar to the validity range of the elliptic-beam
and beam-wandering models. For other aperture sizes, it is
more reasonable to use the transmittance-moment matching
method.

We have also found that the results are highly sensitive to
errors in the calculated moments. Consequently, inaccuracies
in the analytical expressions for the moments—either (S)
and (S?) (for the squared beam-spot radius moment match-
ing method), or (1) and (n?) (for the transmittance-moment
matching method)—can lead to significant discrepancies in
the resulting PDT. For our analysis, we used the phase approx-
imation of the Huygens—Kirchhoff method and found that for
certain parameter ranges, its accuracy was insufficient. In this
paper we have considered only the case of weak turbulence,
since strong turbulence is characterized by even larger inaccu-
racies in the parameter values, although the model itself may
still remain valid.

To demonstrate the applicability of our method, we exam-
ined its ability to describe the transmission of nonclassical
properties of quantum light—specifically, sub-Poissonian and
sub-binomial photocounting statistics, as well as quadrature
squeezing—through free-space channels. In all cases the
method based on matching the moments of the squared beam-
spot radius yields quantitatively correct results, although the
discrepancy with numerical data may be somewhat larger.
The transmittance-moment matching method, by contrast,
has the potential to deliver highly accurate results. By using
numerically simulated moments, we showed that this ap-
proach agrees well with the numerical data, indicating that the
circular-beam PDT accurately reproduces the full numerical
PDT beyond just the first two transmittance moments.

However, a challenge arises for bright nonclassical states—
for instance, amplitude-squeezed coherent states with high
coherent amplitude. In such cases, even small errors in the
variances (An?) (for sub-Poissonian light) and (AT?) (for
quadrature squeezing) can lead to large deviations in the
output nonclassicality certifiers. This highlights the need for
more accurate analytical techniques when calculating the

transmittance moments if the method is to be applied reliably
in such regimes.
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APPENDIX A: MATCHING MOMENTS OF SQUARED
BEAM-SPOT RADIUS

In this section we describe the method of matching the
moments of the squared beam-spot radius. Similar to the
transmittance-moment matching, this method is employed to
determine the parameters of the log-normal distribution, © and
o2, introduced in Eq. (23). These parameters are expressed in
terms of the first two moments, (S) and (S?), as

2
( <j;2>), an
2

While the first moment, (S), is given by Eq. (15), the second
moment, (S?), requires a more involved analysis.

For deriving (S?), we start by squaring and averaging the
instant beam-spot radius (9):

82y = 16(/4d2r1d2r2x,2xgr4(r171'2;L)
R

- 2<x8/ dzrx21(r;L)> + (xé)).
R2

The difficulty with this expression lies in the fact that the
second and third terms involve sixth- and eighth-order field
correlation functions, which pose challenges for analytical
calculations. To overcome this issue, we will apply reasonable
approximations, similar to those used in the elliptic-beam
approximation.

Let us analyze the second term in Eq. (A3). It depends on
the sixth-order field correlation function. A straightforward
approach would be to assume that the field intensities at three
points in the transverse plane are approximately distributed
according to the Gaussian law. Under this assumption, the
sixth-order correlation function can be expressed in terms of
the second- and fourth-order correlation functions. However,
our numerical simulations show that this approach does not
provide satisfactory accuracy.

(A3)
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FIG. 9. The Pearson correlation coefficient between x3 and S, cf.

Eq. (AS), as a function of the Rytov parameter. For the rest of the
channel parameters, see Fig. 1.

An alternative technique, used also in Ref. [77], consists in
using Eq. (9) to represent the second term in Eq. (A3) as

<x§ A; 2 dzrle(r;L)> = i(ng)—i—(xS). (Ad)

Our central assumption is that the correlation between xj and
S is weak. This is confirmed by our numerical simulations,
which evaluate the corresponding Pearson correlation coeffi-
cient between these variables,

(553)— 1)
s = ) () - ()

see Fig. 9. The absolute value of the coefficient remains sig-
nificantly below unity, thereby justifying the assumption of
weak correlation. This yields

corr (S, x5) = : (AS)

(x3S) ~ (x3)(S). (A6)

Finally, we take into account that the beam-centroid coor-

dinate xy can be considered Gaussian distributed with high
accuracy [76]. This implies that

2

(xg) ~ 3(x3)". (A7)

By combining all these assumptions in Eq. (A3), we arrive at
its approximate form

(S2) %16</ﬂ;4 d*rid*ryxixgTy(ry, s L)

L, 2\2
G OEE )]

which requires only the knowledge of the second- and fourth-
order field correlation function.

(A8)

APPENDIX B: ANALYTICAL PARAMETERS
FROM THE PHASE APPROXIMATION OF THE
HUYGENS-KIRCHHOFF METHOD

In this section we present the derivation of analytical
expressions for the key parameters required in the circular-
beam approximation. A central quantity is the variance of the
beam-centroid coordinate, obzw. The moments (S) and (S?)
are needed for the parameter-matching technique based on
the first two moments of S, as described in Appendix A.
These parameters also provide the initial guess for the iterative
procedure used to determine w and o2 in the transmittance-
moment matching method. The latter additionally requires the
transmittance moments (n) and (5?). The core idea behind
these derivations is to substitute the field correlation functions
[2(r; L) and T'4(ry, ro; L)—see Egs. (34) and (35)—into the
corresponding definitions of these quantities. The main chal-
lenge lies in finding suitable approximations for the resulting
integrals.

To derive the analytical expression for (S), we substitute
Egs. (34) and (36) into Eq. (15). We start with the first term in
Eq. (15), for which we use the dimensionless variables q and
q’ via the substitution

r =qW,/2
r' = q'Wy/Q. B

As a common approximation, we replace (q'/2)%? with
(q'/$2)%, which is valid in the regime of weak turbulence. The
remaining steps involve evaluating Gaussian integrals. Upon
carrying out the calculations, we obtain the expression

(S) =WFQ 2 +2.93Wio2Q /0 + 0.24Wiog 213, (B2)

Here o} is the Rytov parameter.

To evaluate o2, [which also corresponds to the second
term in Eq. (15)] and (S?) we take a different approach.
We substitute Egs. (35) and (36) into Eqgs. (14) and (AS).
The subsequent calculations reduce to evaluating two similar
integrals: one for 6,2, and another one for the first term in
Eq. (A8). It is convenient to introduce the new variables R

and p,
(r1 +12)/2 =R,
r,—r;=p, (B3)
and make use of the identity involving the Dirac § function,

2 n
f d*Xd’r X" " XT f(r) = (2712) <—A—2r) f(r)
R* 14 14

r:()’
(B4)

where A, is the transverse Laplace operator.

One of the exponential terms containing the structure func-
tion [see Eq. (35)], after substitution and rearrangement, has
the argument

1
p&5/3f0 df[ D Ipg + (rp + (= 1Y) = §)PF°

j=1.2

—2lpE + (1 — &) —2Iry(1 — sn”}. (BS)
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In the weak-turbulence regime, this expression remains small.
Therefore, the terms involving p can be neglected and the
expression simplifies to

*“f dé[ S +

j=1.2

+ (=1)/ry) (1 = &)P73

—2|ri(1 = &) = 2|, — snﬂ. (B6)

We then expand the exponential with respect to p, 33 up to

the second order. Where appropriate, Eq. (B4) is employed,
after which the remaining integrals can be expressed in terms
of Gamma functions and Gaussian integrals. As a result, we
arrive at the expression for the second moment:

(S%) =W Q™ + 6.48Wop Q716 + 9.40W o273
+ 2.60Wy ol — 0.05W, oS3, (B7)

Finally, the closed-form expression for o, is summarized in
Eq. (38).

Similar to Sec. IV, to assess the validity of the analytical
expressions for (S) and (S?), we compare them with numerical
results obtained using the sparse-spectrum implementation of
the phase-screen method. The comparison is shown in Fig. 10
for the first and second moments of the squared beam-spot
radius. Good agreement is observed only for small values of
o2,

To evaluate the first moment of transmittance, (1), we sub-
stitute Eqgs. (34) and (36) into Eq. (12) and apply the change
of variables from Eq. (B1). Next, we approximate |q/2|*/3 by
expanding it with respect to (q/2)> — 1:

A 3@

After performing the integrations, we obtain

(B8)

(n) = exp (—0.1303Q27)

=0)

(B9)

2
a
1 —
X [ eXP( 0.5W2 Q2 + 0.66Wiop

Since the first exponential factor is close to one in the weak-
turbulence regime, we neglect it to ensure that (n) — 1 as
a — oo.

To evaluate (%), we substitute Egs. (35) and (36) into
Eq. (13), then sequentially apply the variable substitutions
from Eqs. (B3) and (B1) for all integration variables, followed
by the same approximation used in Eq. (B6). The exponent
involving the structure function then becomes

B _I)Jq/ 5/3
3 5/% 5/%2 Uq]‘f‘(
j=1,2
/ _1J 7 15/3 / _1J 7 15/3
_ q; + (—=1)q; _ q; +(—=1)q; . (B10)
Q Q
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FIG. 10. Comparison of analytical results obtained using the
Huygens—Kirchhoff method (solid blue lines) with simulated data
based on the sparse-spectrum model of the phase-screen method
(dashed orange lines) for (a) (S) and (b) (S?). The channel parameters
are the same as in Fig. 2(d).

We approximate this expression using the same technique as
discussed after Eq. (B1):

5/3 5/3 Z |:< + (= 1)"12)

j=12

~ <q£+ (—1)«"%)2 ~ (qﬁ + (—1)’115)2 _
Q Q B

3 _ -2 7
_ —5,00 5/3W05/3Q 2q32. (Bll)

The next step involves performing integrations that yield
the modified Bessel function of the first kind and zero or-
der, Iy(z). One of the integrals can be expressed in terms
of a function similar to the Rice cumulative distribution,
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F(r;o,v):

F(r;o,v) = / dr/r—2
0 o

r'? 4+ 2 r'v
X exp iy Iy g B (B12)

Following Ref. [94], we use an approximation of the Rice
cumulative distribution. Since the first-order approximation

does not significantly improve the result, we adopt the simpler
zero-order approximation:

2
F(rio,v)~ 1 —exp (—%) (B13)
o

The remaining integrations are evaluated using standard
Gaussian integral techniques.
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