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Correlated decoherence and thermometry with mobile impurities in a one-dimensional Fermi gas
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We theoretically investigate the correlated decoherence dynamics of two mobile impurities trapped within
a gas of ultracold fermionic atoms. We use a mean-field approximation to self-consistently describe the effect
of impurity-gas collisions on impurity motion, while decoherence of the impurities’ internal state is computed
exactly within a functional determinant approach. At equilibrium, we find that the impurities undergo bath-
induced localization as the impurity-gas interaction strength is increased. We then study the nonequilibrium
dynamics induced by a sudden change of the impurities’ internal state, which can be experimentally probed
by Ramsey interferometry. Our theoretical approach allows us to investigate the effect of impurity motion
on decoherence dynamics, finding strong deviations from the universal behavior associated with Anderson’s
orthogonality catastrophe when the mass imbalance between impurity and gas atoms is small. Finally, we show
that mobile impurities can be used as thermometers of their environment, and that bath-mediated correlations
can be beneficial for thermometric performance at low temperatures, even in the presence of nontrivial impurity
motion. Our results showcase the interesting open quantum dynamics of mobile impurities dephasing in a
common environment, and they can help to provide more precise temperature estimates of ultracold fermionic
mixtures.
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I. INTRODUCTION

Modern experimental techniques for cold atomic gases
allow for the precise control of confining potentials and
interatomic interactions, making them an ideal testbed for
many-body physics [1]. In particular, two or more atomic
species can be loaded into the same trap, allowing us to re-
alize multicomponent systems, while species-dependent traps
can confine particles that are in different hyperfine levels
into independent potentials with distinct geometries [2–4].
By making the density of one of the species much lower
than the other, they can be considered as impurities within a
fluid of the majority atoms. Mobile impurities can get dressed
by their environment, forming polaronic quasiparticles [5] in
bosonic [6–8] and fermionic [9–12] environments. On the
other hand, static impurities in a fermionic environment have
been shown to exhibit universal behavior predicted by the
Anderson orthogonality catastrophe (OC) [13–17]. Since typ-
ical ultracold atomic experiments operate with hundreds, or
even thousands, of impurities, a substantial research effort
has been put into understanding interactions between impu-
rities mediated by the bath [18,19], and they have even been
observed experimentally [19,20].
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However, at ultralow temperatures, measuring the tem-
perature of ultracold mixtures becomes difficult. Standard
techniques based on time-of-flight completely destroy the
system, lack spatial resolution, and may yield low precision
at ultralow temperatures [21]. Recently, there have been im-
provements in other techniques, such as thermometry based
on density fluctuations, which have shown great potential
[22–24]. Despite such thermometry schemes being in princi-
ple nondestructive and able to be extended to access the local
temperature [25], they may still suffer from low precision
in the degenerate regime. Over the past decade, the study
of the fundamental limits of temperature estimation in the
quantum regime has gained prominence in the literature [26].
Early work in the field studied probes in equilibrium with a
bath [27], but such setups always suffer from exponentially
vanishing precision as temperature is lowered. Instead, several
proposals have been put forward to use the nonequilibrium
dynamics of a probe for thermometry, especially for ultra-
cold gases [28–37]. Other important work has shown how
thermometry precision is affected by strong system-bath cor-
relations [38–40] and informational constraints, such as lack
of knowledge of all relevant parameters [41], limited measure-
ment data [42–47], and coarse-grained measurements [48,49].

Another important physical effect that can be exploited
in thermometry is the correlations of multiple probes due to
their common thermal environment [50,51]. In particular, it
has been shown that, at low temperature and weak coupling,
bath-induced correlations developing in time can be used as
a resource to enhance thermometric precision [50–55]. In
these studies, the impurities are treated as static, distinguish-
able particles, and after an appropriate interaction time, the
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temperature is inferred from a measurement on the internal
state of the impurities. However, in experiments, some motion
of the impurities is unavoidable. It is well-known that impurity
motion affects the decoherence dynamics of the impurities,
e.g., for impurities in a Fermi gas the motion of impuri-
ties changes the universal OC dynamics. An understanding
of how impurity motion affects decoherence dynamics, and
whether the collective thermometric precision enhancement
prevails in the presence of impurity motion, is lacking
in the literature.

In the following, we fill this gap by investigating mobile
impurities embedded in a one-dimensional (1D) homoge-
neous gas of fermions at finite temperature trapped in a box
potential. Such box potentials can routinely be created in
experimental labs [56–59]. In Sec. II we describe our setup of
mobile impurities with two internal energy states and a spatial
distribution. We describe this setup in detail in Sec. II and cal-
culate the equilibrium state of the impurities and background
gas based on a mean-field (MF) approach in Sec. II A. We find
that as the interaction between impurities and background gas
increases, the impurities can start to localize while minimally
perturbing the background gas. Importantly, as this happens, a
gap opens up in the single-particle spectrum of the impurities,
which allows us to neglect the temperature of the impurities
as long as the gap is much larger than the temperature of the
background gas. This also allows us to neglect thermalization
of the impurities with the environment and therefore only
focus on how pure dephasing of the impurities is affected by
temperature. Furthermore, we always take the impurities to be
heavier than the majority gas atoms.

Next, in Sec. III, we calculate the quench dynamics of the
densities of the impurities and majority atoms if the internal
state of one or more of the impurities is flipped. Since the
internal states can couple differently to the background gas,
this is effectively a quench in the interaction strengths of the
impurities that have their internal state flipped. The interaction
strength of each internal state can be tuned by the use of Fes-
hbach resonances [60]. We find that quenching the interaction
strength between impurities and background gas pushes the
majority atoms away from the impurity positions, leading to
excitations traveling through the gas with the Fermi velocity.
The density of the impurities, on the other hand, exhibits
breathing modes [61–64]. The excitations traveling through
the gas give rise to bath-mediated interactions developing in
real time.

In Sec. IV, we study the internal state of the impurities,
which undergoes pure decoherence due to the absence of
spin-changing collisions. Based on a functional determinant
approach (FDA) [65–70], we calculate the decoherence dy-
namics of two impurities and show that for sufficient mass
imbalance between the impurities and the host gas, the uni-
versal time-evolution of the decoherence functions previously
studied for static impurities arises. However, our theoretical
method is not limited to this regime, and we also investi-
gate the decoherence function for light impurities using a
mean-field description of the impurity motion. This approach
neglects quantum correlations between motional degrees of
freedom and is thus limited to moderately weak impurity-
gas coupling. However, the FDA provides a nonperturbative
description of the spin- and motion-dependent decoherence

functions, and the corresponding classical correlations be-
tween the spin, the impurity position, and the gas atoms.

Finally, in Sec. V, based on local quantum parameter esti-
mation theory [71], we show how the mobile impurities can
be used as thermometers for the host gas. Mobile impurity
thermometers have been suggested in other works, but then
only by considering the equilibrium density of the impuri-
ties [72,73]. We find that for a single impurity, most of the
temperature information is contained in the internal state of
the impurity. We then consider a two-impurity thermometer,
and we find that at low temperature and relatively small mass
imbalance, there is a substantial enhancement of thermometric
performance when comparing two correlated impurities to
that of two independent impurities. Importantly, we show that
this enhancement prevails even if we only have access to the
internal state of the impurities, thus showing that the collective
enhancement found for static impurities prevails even when
the motion of impurities is taken into account.

II. DESCRIPTION OF SYSTEM

We consider a system S of NS fermionic impurity atoms
(we will focus on NS = 1, 2) interacting with an environment
E of NE � 1 majority atoms. We take E to be a gas of
spin-polarized, noninteracting fermions confined to a 1D box
potential of length L. This is a good description as long as the
gas is dilute and the temperature T is low enough for s-wave
scattering to be dominant, because s-wave scattering between
identical fermions is forbidden due to the antisymmetry of
fermionic wave functions.

The impurity atoms are modeled as two-level systems with
energy eigenstates |σ 〉n, where σ ∈ {↓,↑} and n = 1, . . . , NS

labels the different impurity atoms. The total Hamiltonian is
given by

Ĥ = ĤS + ĤE + ĤI , (1)

ĤE = − h̄2

2ME

∫ L/2

−L/2
dx�̂†(x)∂2

x �̂(x), (2)

where ME is the mass of the majority atoms, and �̂†(x)
[�̂(x)] creates (destroys) a fermion at position x and obeys the
fermionic anticommutation relation {�̂(x), �̂†(x′)} = δ(x −
x′). The system Hamiltonian has a contribution from the in-
ternal qubit states as well as the kinetic and potential energy
of the motion of the impurities in a trap:

ĤS = Ĥqubit + ĤK + ĤP, (3)

Ĥqubit = ε

NS∑
n=1

|↑〉n〈↑|, (4)

ĤK = − h̄2

2MS

∑
σ=↓,↑

∫ L/2

−L/2
dx�̂†

σ (x)∂2
x �̂σ (x), (5)

ĤP =
∑

σ=↓,↑

∫ L/2

−L/2
dxV (x)�̂†

σ (x)�̂σ (x), (6)

where MS is the impurity mass, ε is the local energy splitting
of the internal state of the impurities, and �̂†

σ (x) (�̂σ ) creates
(destroys) an impurity fermion in internal state σ at position
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x and obeys the anticommutation relation {�̂σ (x), �̂†
σ ′ (x′)} =

δ(x − x′)δσ,σ ′ . V (x) is a species-selective confining potential
that is only applied to the impurities. We take the potential
to be a harmonic trap V (x) = MSω

2x2/2, where ω is the
frequency of the trap. The interaction between S and E is
taken to be a contact interaction,

ĤI =
∑

σ=↑,↓
κσ

∫ L/2

−L/2
dx�̂†(x)�̂(x)�̂†

σ (x)�̂σ (x), (7)

with a coupling strength κσ that depends on the internal state
of the impurity atoms.

Equilibrium state calculation

We are first interested in finding the thermal equilibrium
state of S and E . We consider the case where all the impurities
are prepared in the |↓〉n internal state. To progress further, we
make an MF approximation to the interaction Hamiltonian

Ĥ (MF)
I = κ↓

∫ L/2

−L/2
dx[�̂†(x)�̂(x)〈n̂S (x)〉

+ �̂
†
↓(x)�̂↓(x)〈n̂E (x)〉], (8)

where the local densities are given by

〈n̂S (x)〉 = 〈�̂†
↓(x)�̂↓(x)〉, (9)

〈n̂E (x)〉 = 〈�̂†(x)�̂(x)〉. (10)

The MF approximation assumes that there are no correlations
between S and E , which is valid for weak to moderate cou-
pling strength [74]. This means that the full equilibrium state
of S and E can be written as a direct product

ρ̂ = ρ̂S ⊗ ρ̂E . (11)

We can thus solve for the state of S and E separately, with a
potential energy term proportional to the local densities. We
can move to a first quantization description, where the single-
particle Hamiltonians acting on the particles of S and E are
given by

ĥS = − h̄2

2MS

∂2

∂x2
+ κ↓〈n̂E (x)〉 + V (x), (12)

ĥE = − h̄2

2ME

∂2

∂x2
+ κ↓〈n̂S (x)〉, (13)

respectively. The local average densities then take the form

〈n̂S (x)〉 =
NS∑

n=1

|φn(x)|2, (14)

〈n̂E (x)〉 =
Nb∑

n=1

f (En)|ψn(x)|2, (15)

where ψn(x) and φn(x) are the single-particle wave functions
of E and S. They are found by solving the single-particle
Schrödinger equations

ĥSφn(x) = Enφn(x), (16)

ĥEψn(x) = Enψn(x) (17)

self-consistently. In Eq. (15), we have assumed that the single-
particle eigenstates are Fermi-Dirac distributed according to

f (E ) = 1

1 + e(E−μ)/kBT
, (18)

where μ is the chemical potential of the environment, found
by fixing the average particle number in E . Furthermore, we
use a basis set of size Nb, such that the occupation of the
most energetic state f (ENb ) 
 1. We also assume that only the
first NS impurity wave functions are occupied. This is a good
approximation as long as the energy gap Egap = ENS+1 − ENS

is much greater than the thermal energy kBT . This is the case
when the impurities become localized and the temperature
is small.

The assumption of the local density in Eq. (15) means that
the state of E is a thermal state ρ̂E ∝ e−βĤE . Furthermore, the
state of S is given by

ρ̂S = |↓1↓2 · · · ↓NS 〉〈↓1↓2 · · · ↓NS | ⊗ |�〉〈�|, (19)

with |�〉 being the NS-particle state composed of the single-
particle eigenstates of Eq. (16). If NS = 2, the two-particle
wave function is given by

�(x1, x2) = 1√
2

[φ1(x1)φ2(x2) − φ1(x2)φ2(x1)]. (20)

The state vector will then take the form

|�〉 =
∫ L/2

−L/2
dx1dx2�(x1, x2)|x1, x2〉. (21)

We could instead consider the impurities to be bosons in the
Tonks-Girardeau limit [75,76] by adding an infinetly repul-
sive impurity-impurity interaction, and by imposing bosonic
exchange statistics on the wave function. For both fermionic
and Tonks-Girardeau bosons, the results presented in this
manuscript are the same.

In practice, Eqs. (16) and (17) are solved by starting with
κ↓ = 0, where the problem is reduced to a simple particle in a
box problem. In the case of no interactions, the physical scales
of the gas are fixed by the fermion number density n̄ = NE/L,
the Fermi wave vector kF = π n̄, the Fermi energy EF =
h̄2k2

F /2ME , the Fermi time τF = h̄/EF , the Fermi velocity
vF = h̄kF /ME , and the Fermi temperature TF = EF /kB. In the
rest of the paper, all quantities will be rescaled appropriately
with the quantities for the case with no interaction. We then
slowly increase κ↓. At each step, we use the solutions from
the previous step and iterate until the solution has converged
[74,77,78]. The equilibrium densities of E and S are shown in
Figs. 1(a) and 1(b) as the coupling strength is increased. We
can clearly see that as the interaction strength is increased,
the impurities start to localize, pushing the atoms of E away.
Figure 1(c) shows that as the impurities localize, a gap opens
up in the spectrum. This means that our approximation of
only including NS wave functions in the description of the
impurities makes sense if the temperature is sufficiently low.
Figure 1(d) shows the single-particle wave functions φ1(x)
and φ2(x) at κ↓kF /EF ≈ 2.6. Note that φ1(x) is always sym-
metric and φ2(x) is antisymmetric about the center of the box.

Note that recent studies have shown that for impurities in
a bosonic environment, the strong localization in the middle
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FIG. 1. (a),(b) The equilibrium density of the environment and
impurities as the coupling strength is increased. (c) The energy gap
from the second to the third energy eigenvalues of the Hamiltonian
Eq. (12). (d) The single-particle wave functions φ1(x) and φ2(x)
at κ↓kF /EF ≈ 2.6 In all cases, we have NE = 150, T/TF = 0.005,
MS = 2ME , and h̄ω/EF = 0.001.

of the box is blocked due to correlations within the environ-
ment, ignored by the mean-field approximation [79,80]. In
these studies, they instead find that the impurities localize at
the edge of the box potential. Due to the harmonic potential
applied to the impurities, we avoid this problem.

III. QUENCH DYNAMICS

In this section, we will investigate the quench dynamics
of the densities of the impurities and the gas following a flip
of the internal state of one or more of the impurities. For the
sake of simplicity, we will focus on the cases NS = 1 or 2,
but the generalization to more impurities is straightforward.
In both cases, we will consider S and E to have been initially
prepared in the equilibrium state discussed in Sec. II A before
the quench.

A. Single impurity

Consider first the case of NS = 1. At t = 0, the internal
state is flipped |↓〉 → |↑〉. This is effectively a quench in
interaction strength κ↓ → κ↑, such that the single-particle
Hamiltonians in Eqs. (12) and (13) become time-dependent,

ĥS,↑(t ) = − h̄2

2MS

∂2

∂x2
+ κ↑〈n̂E ,↑(x, t )〉 + V (x), (22)

ĥE ,↑(t ) = − h̄2

2ME

∂2

∂x2
+ κ↑〈n̂S,↑(x, t )〉, (23)

where the local densities entering are now time-dependent,

〈n̂S,↑(x, t )〉 = |φ1,↑(x, t )|2, (24)

〈n̂E ,↑(x, t )〉 =
Nb∑

n=1

f (En)|ψn,↑(x, t )|2, (25)

FIG. 2. Quench dynamics for the atoms of the gas (left) and
density of the impurity atom (right). The parameters used are
NE = 150, T = 0.005TF , κ↓kF /EF ≈ 1.8, κ↑ = 2κ↓, MS/ME = 6,
and h̄ω/EF = 0.005.

and the single-particle wave functions are the solutions to the
time-dependent Schrödinger equations

ih̄
∂φn,↑(x, t )

∂t
= ĥS,↑(t )φn,↑(x, t ), (26)

ih̄
∂ψn,↑(x, t )

∂t
= ĥE ,↑(t )ψn,↑(x, t ), (27)

which can easily be solved numerically with high precision.
As in Sec. II A, the above equations are equivalent to assum-
ing that the total state factorizes at all times, ρ̂(t ) = ρ̂S (t ) ⊗
ρ̂E (t ), thus neglecting all motional correlations.

In Fig. 2 we plot the density of the noninteracting environ-
ment (left) and the density of a single impurity (right) after
flipping the internal state of the impurity. For short times, we
see that the quench induces a damped breathing mode in the
impurity density where the spatial distribution of the atom
contracts and expands periodically. For the environment, the
quench pushes the atoms close to the impurity away, creating
density waves in the gas that travels with velocity vF (see
the black dotted line). We can also notice that density waves
are excited every time the impurity distribution expands. Fur-
thermore, the fringes observed in the gas density are Friedel
oscillations [81], i.e., decaying, periodic density modulations
with a spatial period of π/2kF L, forming in real time.

B. Two impurities

We now consider the case NS = 2. At time t = 0, we flip
the internal state of either one or both of the impurities. Note
that flipping the internal state of only one of the impurities
would be experimentally impossible since the impurities are
indistinguishable. We still include the results for this case as
it contributes to the decoherence dynamics studied in Sec. IV.
For t > 0, there are four possible single-particle Hamiltonians
for E ,

ĥE ,↓↓ = − h̄2

2ME

∂2

∂x2
+ κ↓(〈n̂1,↓〉 + 〈n̂2,↓〉), (28)

ĥE ,↓↑ = − h̄2

2ME

∂2

∂x2
+ κ↓〈n̂1,↓〉 + κ↑〈n̂2,↑〉, (29)

ĥE ,↑↓ = − h̄2

2ME

∂2

∂x2
+ κ↑〈n̂1,↑〉 + κ↓〈n̂2,↓〉, (30)

ĥE ,↑↑ = − h̄2

2ME

∂2

∂x2
+ κ↑(〈n̂1,↑〉 + 〈n̂2,↑〉). (31)
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FIG. 3. Quench dynamics for the density of the atoms of the gas
(left) and the density of the impurity atoms (right). The parame-
ters used are MS/ME = 2, NE = 150, T = 0.005TF , κ↓kF /EF ≈ 1.8,
κ↑ = 2κ↓, and h̄ω/EF = 0.005. On the top left, we show that the
density waves travel with velocity vF , and we have indicated the
interaction time τi.

We then solve the time-dependent single-particle Schrödinger
equations

ih̄
∂ψn,σ (x, t )

∂t
= ĥE ,σ (t )ψn,σ (x, t ) (32)

for E , where σ labels the two-impurity internal state. For S,
the situation is more complicated as the two single-particle
eigenstates in general evolve with different Hamiltonians. For
example, if σ =↑↓, the time evolution of the two single-
particle wave functions is given by

ih̄∂tφ1,↑↓(x, t ) =
[
− h̄2∂2

x

2MS
+ κ↑〈n̂E ,↑↓〉 + V (x)

]
φ1,↑↓(x, t ),

(33)

ih̄∂tφ2,↑↓(x, t ) =
[
− h̄2∂2

x

2MS
+ κ↓〈n̂E ,↑↓〉 + V (x)

]
φ2,↑↓(x, t ),

(34)

and similarly for the other values of σ . This leads to the time-
dependent local densities

〈n̂S,σ (x, t )〉 =
2∑

n=1

|φn,σ (x, t )|2, (35)

〈n̂E ,σ (x, t )〉 =
Nb∑

n=1

f (En)|ψn,σ (x, t )|2. (36)

Figure 3 shows the density dynamics for noninteracting gas
(left) and the two impurities (right) after flipping the internal
state of both (top row) or one (bottom row) of the impurities.
Similarly to the single impurity case, we see breathing modes
in the impurity density. We can also see how the density
waves induce impurity-impurity interactions mediated by the
environment when the excitations travel through the gas from

one impurity to the other. This induced interaction happens
around a time τi = �x/vF . Looking closely at Fig. 3, we
can see that around t = τi, the density waves slightly push
the impurities away from each other. Note that both 〈n̂S,↑↑〉
and 〈n̂S,↑↓〉 display a two-peak structure, meaning that the
impurities are in a spin-1 state.

IV. DECOHERENCE DYNAMICS

A. Calculating the decoherence functions

In this section, we will investigate the decoherence dynam-
ics of two mobile impurities. We will again consider S and E
to be prepared in the equilibrium state discussed in Sec. II A,
and at time t = 0 the internal state is transformed into

|↓1↓2〉〈↓1↓2| −→ ρ̂I (0) =
∑
σ,σ ′

ρσ,σ ′
∣∣σ 〉〈σ ′∣∣, (37)

where σ labels the different possible internal states of S. The
total initial state of S and E is given by

ρ̂(0) =
∑
σ,σ ′

ρσσ ′
∣∣σ 〉〈σ ′∣∣ ⊗ |�σ 〉〈�σ ′ | ⊗ ρ̂E (38)

with |�(0)〉 given by Eq. (21). Due to the MF approximation,
there is no scattering between internal states. Since we are
starting from a statistical mixture of different internal states,
each of them will thus evolve independently in time, and
correlations between S and E can build in time. Time-evolving
Eq. (38) and tracing over the environment yields the density
matrix for S,

ρ̂S (t ) = trE ρ̂(t )

=
∑
σ,σ ′

ρσ,σ ′ ν̃σ,σ ′ |σ 〉〈σ ′| ⊗ |�σ 〉〈�σ ′ | ⊗ ρ̂E . (39)

We refer to ν̃σ,σ ′ as the bare decoherence functions, and they
are given by

ν̃σ,σ ′ = Tr[eiĤσ ′
E t/h̄e−iĤσ

E t/h̄ρ̂T ], (40)

where Ĥσ
E is the Hamiltonian for E under the MF approxima-

tion, conditioned on the internal state σ of the impurities; see
Appendix A for a complete derivation.

Since Eq. (40) is a thermal expectation value of a product
of exponentials of bilinear operators, we can employ the FDA
[65–67] to map it into a determinant in single-particle space,

ν̃σ,σ ′ (t ) = det[Âσ,σ ′ (t )] (41)

with matrix elements given by (see Appendix B for a deriva-
tion of this)

[Âσ,σ ′ (t )]n,m = [1 − f (En)]δnm + f (En)
〈
φ(σ ′ )

n

∣∣φ(σ )
m

〉
,

(42)

where the single-particle overlap of the environment wave
functions is given by

〈
φ(σ ′ )

n

∣∣φ(σ )
m

〉 =
∫ L

0
dx

[
ψ (σ ′ )

n (x, t )
]∗

ψ (σ )
m (x, t ). (43)

Note that Aσ,σ ′ in principle is an infinite-dimensional operator,
but since f (ENb ) 
 1, we can approximate it as an (Nb × Nb)
matrix. We have checked that changing the dimension of the
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FIG. 4. (a)–(d) Decoherence dynamics of two mobile impurities of mass MS = 2ME (solid blue) and MS = 6ME (dashed orange) immersed
in a bath of NE = 150 fermions at temperature T = 0.005TF . The fermions in the bath are confined in a box-potential of length kF L = πNE , the
impurity trap is set to h̄ω/EF = 0.005, and the interaction strengths are given by κ↑ = 2κ↓ and κ↓ ≈ 2.1EF /kF . (e)–(h) The bare decoherence
function (without the two-particle overlap) for the same parameters. (i)–(l) The two-particle wave-function overlap of impurity wave functions
time-evolved with different Hamiltonians.

operator (increasing Nb) does not affect the results shown
below.

The time evolution of the internal state can then be found
by tracing over the motional degrees of freedom of the
impurities,

ρ̂I (t ) = tr�ρ̂S (t ) =
∑
σ,σ ′

ρσ,σ ′νσ,σ ′ (t )
∣∣σ 〉〈σ ′∣∣, (44)

where the decoherence functions are modified and are now
given by

νσ,σ ′ = 〈�σ ′ (t )|�σ (t )〉ν̃σ,σ ′ (t ). (45)

Thus, we can immediately see now that the decoherence
dynamics of the internal state of the impurities are affected
by both the motion of the impurities 〈�σ ′ (t )|�σ (t )〉 and the
induced nonequilibrium dynamics in the environment ν̃σ,σ ′ (t ).
In this case, mobile impurities can have faster decoherence
rates as they deviate from their initial equilibrium positions,
which can significantly affect their precision when probing
the environment.

B. Results

We will now discuss the decoherence dynamics of two
impurities prepared in an equal superposition of the two in-
ternal states. Our results are shown in Fig. 4 for impurity
mass MS/ME = 2 (solid blue lines) and MS/ME = 6 (orange
dashed lines). These values are chosen as approximations
of the experimentally relevant cases of Feshbach molecule
impurities [82,83] and K impurities embedded in a bath of
Li atoms [16,17], respectively. Figures 4(a)–4(d) show the dy-
namics of the representative selection of the full decoherence
functions |νσ,σ ′ |. In addition to these, the decoherence func-
tion ν↓↓,↑↓ is in principle different from ν↓↓,↓↑. However, we
have checked that they behave qualitatively in the same way.

Figures 4(e)–4(h) show the bare decoherence functions |ν̃σ,σ ′ |,
and Figs. 4(i)–4(l) show the contribution from the two-particle
overlap |〈�σ ′ (t )|�σ (t )〉|. Throughout this section, we com-
pare our results to the case of distinguishable, infinite mass
impurities studied in detail in a previous work [55].

Figures 4(a) and 4(b) show the full decoherence functions
|ν↓↓,↓↑| and |ν↓↓,↑↑|, respectively, as a function of time. The
first feature to note is that as the mass is increased, the deco-
herence functions become proportional to power-law decays,

|ν↓↓,↓↑| ∝ t−α, (46)

|ν↓↓,↑↑| ∝ t−2α, (47)

where the exponent is given by

α =
(

Mred(κ↑ − κ↓)

h̄2kF π

)2

, (48)

with Mred = MSME
MS+ME

being the reduced mass. These power
laws are plotted as the gray dotted lines in Figs. 4(a) and
4(b). Remarkably, we can see the universal behavior of the
Anderson orthogonality catastrophe [13] predicted for infinite
mass impurities [15,55] with a relatively small mass ratio. We
can see this behavior emerge from Figs. 4(e) and 4(f) and Figs.
4(i) and 4(j). As the mass is increased, the bare decoherence
function approaches a power law. Meanwhile, the two-particle
overlap shows only small oscillations around a finite value for
MS/ME = 6. The behavior of the overlap is more complicated
for smaller mass ratios.

Figure 4(c) shows |ν↓↑,↑↓|, the corresponding bare deco-
herence function and two-particle overlap in panels (g) and
(k), respectively. For large impurity mass, we can see that
the bare decoherence function is almost constant, and that the
only source of decoherence is due to the motion of the impu-
rities. As pointed out in [55], this happens because the bare
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decoherence function couples to density differences in the
environment. Since the quench in the impurity-environment
interaction strength is only able to create low-energy excita-
tions, the density difference around the two maxima in the
impurity density will be minimal, and this decoherence func-
tion will only decay very slowly. For smaller impurity mass,
the impurities will be less tightly localized in space, and the
argument above no longer holds true. This gives rise to more
complex dynamics as seen in panel (k).

Figure 4(d) shows the dynamics of |ν↓↑,↑↑|, and the con-
tribution from the bare decoherence function and two-particle
overlap in panels (h) and (l), respectively. In [55] this deco-
herence function was predicted to have the same power-law
evolution as |ν↓↓,↓↑| for short times. For larger impurity mass,
this behavior emerges, but there seems to be some discrepency
with the predicted power law for long times. This might be
related to the fact that second-order perturbation theory fails
for this decoherence function [55].

One notable deviation from the prediction of [55] is the
lack of a clear signature of the bath-induced interaction time
in Figs. 4(a)–4(d). This is because the impurities are indistin-
guishable, and prepared in a localized superposition of two
different positions. Thus, the time it takes for the impurities to
feel the presence of the other should effectively be zero. For
small mass impurities, there seems to be some signature of
the interaction time in the bare decoherence function, e.g., in
Figs. 4(e) and 4(g), but the interpretation of these features is
less clear than that of [55].

V. THERMOMETRY WITH MOBILE IMPURITIES

In this section, we investigate how our proposed ther-
mometer, consisting of one or two mobile impurities interact-
ing with a fermionic bath, can be used to estimate ultracold
temperatures. We first go through a brief overview of local
quantum parameter estimation theory before explaining the
various thermometry schemes we consider. Finally, we show
examples of the thermometric performance of our mobile
impurity thermometer. In all examples shown here, we use
relatively light impurities, MS/ME = 2, such that the motion
of the impurities plays a significant role in the decoherence
functions, as shown in Fig. 4. The initial internal state of
the impurities is chosen to be |↓〉 and the motional state is
weakly localized inside the environment with coupling κ↓ ≈
1.8EF /kF . At time t = 0 we flip the internal state(s) to an
equal superposition of |↓〉 and |↑〉 with κ↑ = 2κ↓ such that
the quench in interaction strength has a large impact on the
impurity and gas densities.

A. Local quantum thermometry

We first review the basics of local quantum parameter esti-
mation theory. For now we consider a general density matrix
ρ̂ that has some dependency on the temperature T of the
environment. By making measurements on ρ̂, we will estimate
T . The measurements are in general positive operator-valued
measures (POVMs) represented by a collection of positive
operators �̂(x) > 0 that sum up to identity

∑
x �̂(x) = 1.

After M successive measurements, the POVM produces the
outcomes x = {x1, x2, . . . , xM}. From the outcomes x we can

construct a temperature estimator Ť (x), e.g., using maximum-
likelihood estimation. The estimator will carry uncertainty
from the finite value of M, the number of repetitions of the
experiment, as well as the random nature of quantum mea-
surements. To quantify the precision attainable in this setup,
we employ the quantum Cramer-Rao bound

E[(Ť − T )2] � 1

MFT
� 1

MFT
, (49)

where FT is the Fisher information for a specific measurement
choice {�̂(x)},

FT (ρ̂, �̂(x)) =
∑

x

p(x)

[
∂ ln p(x)

∂x

]2

, (50)

where p(x) = Tr�̂(x)ρ̂ is the probability of getting outcome
x from the measurement. The quantum Fisher information is
then found by maximizing FT over all POVMs,

FT = max
�̂(x)

FT (ρ̂S, �̂(x)). (51)

FT provides the ultimate bound on the precision of the tem-
perature estimation. The maximum of Eq. (51) is reached
when a projective measurement onto the eigenbasis of the
symmetric-logarithmic derivative (SLD) is performed. The
SLD �̂ can be written as the solution to the operator equation

∂/∂ρ̂ST = �̂ρ̂S + ρ̂S�̂

2
. (52)

We note that the quantum Cramer-Rao bound can only be
saturated in the limit of many measurements M � 1.

For a density matrix ρ̂ that is full-rank, the QFI is given by
[71]

FT (ρ̂) = 2
∑
n,m

|〈rn|∂T ρ̂|rm〉|2

rn + rm
, (53)

where |rn〉 and rn are the eigenvectors and eigenvalues of ρ̂.
However, if the density matrix is not full-rank, we use an
expression for the QFI that is defined on the support of ρ̂

only [84],

FT (ρ̂) =
s∑

n=1

[
(∂T rn)

rn
+ 4rn〈∂T rn|∂T rn〉

]
(54)

−
s∑

n,m=1

8rnrm

rn + rm
|〈rn|∂T rm〉|2, (55)

where s is the rank of ρ̂. Here, rn are the nonzero eigenvalues
of ρ̂, and |rn〉 are the corresponding eigenvectors. Thus, we
are able to greatly simplify the calculation of the QFI if the
rank of the density matrix is less than its dimension.

We are also interested in looking at the thermometric per-
formance of carrying out suboptimal measurements to see
how the sensitivity compares to the optimal sensitivity. If
we do temperature estimation by measuring the expectation
value of some operator Ô, we know that the uncertainty in the
estimate is given by the error propagation formula [26]

�T = �Ô√
M∂T |〈Ô〉| , (56)
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where M is again the number of measurements we perform,
and �Ô =

√
〈Ô2〉 − 〈Ô〉2 is the operator variance of Ô.

As our figure of merit, we will take the sensitivity
ST (ρ̂, Ô). In general, we define this as

ST (ρ̂, Ô) = T√
M�T

. (57)

The sensitivity is maximized by measurement of the SLD, and
it can be shown to be given by ST (ρ̂, �̂) = T

√
FT [73].

1. Thermometry based on the full state

We consider first a scenario where we use the full state
ρ̂S of Eq. (39) with the internal state prepared in an equal
superposition state, e.g., all ρσ,σ ′ = 1/4. We let the state
evolve for some time t before we make a measurement in the
eigenbasis of the SLD. Because of the orthonormality of the
states {|σ 〉 ⊗ |�σ 〉}, we can see that for NS impurities, the rank
of the density matrix is only s = 2NS . Since the dimension of
ρ̂S is in principle infinite due to the continuous wave function,
we use Eq. (54) to calculate the QFI and the corresponding
sensitivity. For the cases NS = 1 and 2, we can analytically
find the eigenvalues and vectors of ρ̂S , which greatly simpli-
fies the calculation.

To see the effect of the correlations between the impurities,
we also consider the case of two independent impurities. We
do this by taking the state of the two impurities to be ρ̂

(NS=2)
S =

ρ̂
(NS=1)
S ⊗ ρ̂

(NS=1)
S . Since the QFI of a product state is additive,

we have that FT (ρ̂ (NS=2)
S ) = 2FT (ρ̂ (NS=1)

S ).

2. A Ramsey protocol for thermometry

Next, we consider a thermometric scheme based on Ram-
sey interferometry, where we only make measurements on
the internal state ρ̂I of the impurities. We prepare the same
initial state as in Sec. V A 1, but this time we only perform
the measurement on ρ̂I (t ) from Eq. (44). Since this density
matrix is full-rank, we use Eq. (53) to calculate the QFI and
the corresponding optimal sensitivity.

If NS = 1, the SLD will just be a linear combination of σ̂x

and σ̂y, which is easily measured in the laboratory. However,
for NS = 2, the SLD will in general be some nonlocal oper-
ator, which is much harder to implement practically. To this
end, we are interested in suboptimal measurements that are
experimentally feasible. One such measurement is the total
measurement signal from the impurities, see, e.g., [85], where
after the impurities have interacted with the environment for
a time t , a π/2 pulse is applied to the internal state with a
phase φ. The number of impurities left in the ground state is
counted. This is equivalent to measuring the expectation value
of the local operator

Ô(φ) =
2∑

n=1

[
cos(φ)σ̂ x

n + sin(φ)σ̂ y
n

]
. (58)

We use Eqs. (56) and (57) to calculate the sensitivity and nu-
merically optimize to find the φ that yields the best sensitivity.

3. Thermometry based on the position distribution of impurities

We now focus on a thermometry scheme based on the
position distribution of the impurities. The first step is to trace

FIG. 5. The optimal sensitivity as a function of time for a single
impurity of mass MS/ME = 2 interacting with a bath of NE = 150
fermions at temperature T/TF = 0.005. The blue line is for the full
state of the impurity, and the orange line is for the internal state
only (the spatial part has been traced out). The fermions are confined
in a box-potential of length kF L = πNE , the impurity trap is set by
h̄ω/EF = 0.005, and the interaction strengths are given by κ↑ = 2κ↓
and κ↓ ≈ 1.8EF /kF .

out the internal state from ρ̂S , giving us the motional state

ρ̂x = trσ ρ̂S = 1

4

∑
σ

|�σ 〉〈�σ |. (59)

Clearly, this density matrix can maximally have a rank s =
2NS . We thus use Eq. (54) to calculate the QFI of ρ̂x and the
corresponding optimal sensitivity.

However, the SLD of ρ̂x can in general be a very compli-
cated object that can include a joint measurement of position
and momentum of the two impurities. Again, we are interested
in a suboptimal measurement that can be experimentally fea-
sible. Thus, we consider the probability distribution

p(x1, x2) = |�(x1, x2)|2, (60)

the probability of finding one impurity at position x1 and
the other at x2. We then use Eq. (50) to calculate the Fisher
information of this distribution. From the Fisher information
FT , the sensitivity is then found as ST = T

√
FT .

B. Thermometric performance

We now investigate the thermometric performance of one
or two mobile impurities. First we consider a single impu-
rity interacting with a bath of cold fermions at temperature
T/TF = 0.005. Figure 5 shows the sensitivity of the full state
(blue line) and internal state (orange line). As we can see, most
of the information is captured by the internal state. However,
since the impurity mass is relatively small, MS/ME = 2, the
breathing mode greatly impacts the coherence [see Fig. 4(a)].
This is seen in the oscillations of the internal state sensitivity.
Note that it seems like the sensitivity is growing linear in
time. This is not true for very long times. At some point the
sensitivity will reach a peak and then decrease. We are not
able to simulate for these long times without running into
finite-size effects due to computational constraints.

Next, we consider a two-impurity thermometer. We con-
sider the sensitivity of the full state (solid blue line), the
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FIG. 6. Sensitivity of two impurities for measuring the full state
(blue line), measuring the internal state (orange dashed line), mea-
suring the local observable of Eq. (58) (green dashdot line), and
measuring the full state of two independent impurities (red dotted
line). The parameters are the same as in Fig. 5.

internal state (orange dashed line), and we compare these to
the sensitivity of the experimentally feasible measurement of
the local observable of Eq. (58) (green dash-dotted line) (see
Fig. 6). To see the effect of correlations between the impuri-
ties, we compare this with the sensitivity of two independent
impurities (red dotted line). We immediately see that it is no
longer true that most of the information is contained within
the internal state. Instead, we see that there would be a sig-
nificant thermometric advantage in accessing the full state of
the impurities by measuring the SLD of the full state. We also
see that there is a massive difference between the sensitivity
for two correlated impurities compared to having independent
impurities. It is also worth noting that measuring the local
observable of Eq. (58) can achieve a sensitivity comparable to
the SLD of the internal state. Finally, we note that even though
measuring the internal state is suboptimal, it still performs
better than the optimal measurement on the full state of two
independent impurities. In Fig. 7 we compare the sensitivity
of the full state (blue solid line), the internal state (orange
dashed line), the motional state (red circles), and the position

FIG. 7. Sensitivity of two impurities for measuring the full state
(blue line), measuring the internal state (orange dashed line), optimal
measurement of the motional state of (59) (red dots), and the position
distribution of Eq. (60) (green triangles) The parameters are the same
as in Fig. 5.

FIG. 8. Sensitivity of two impurities for measuring the full state
(blue line), measuring the internal state (orange dashed line), and
measuring the full state of two independent impurities (red dotted
line) for mass-imbalance MS/ME = 6. The other parameters are the
same as in Fig. 5.

distribution of the impurities (green triangles). We can imme-
diately note that the sensitivity of the motional state is almost
as big as the sensitivity of the full state. However, the SLD
of the motional state can in general be a complicated joint
measurement of position and momentum of the impurities. We
therefore look at the precision that is obtainable from the joint
position distribution of the impurities. While there is a slight
decrease in sensitivity as any phase information is destroyed
when taking the density, we find that it still outperforms ther-
mometry of just the internal state on short timescales. This is
due to the infinite Hilbert space dimension of the continuous
variable state, which can potentially store more information
about the thermal state of the Fermi gas than the internal
state alone.

Note, however, that the thermometric advantage presented
above only holds for small mass imbalance. Figure 8 shows
the sensitivity for two impurities, using the same parameters
as Fig. 5, except the mass imbalance is now MS/ME = 6.
Clearly, the thermometric advantage vanishes in this case as
the motional dynamics of the impurities are suppressed due
to smaller kinetic energy, therefore the sensitivity of the full
state is mostly provided by the internal degrees of freedom.
Furthermore, the collective enhancement only persists for low
temperatures and when the relative coupling strength of the
internal states κ↑/κ↓ is relatively small. For a more detailed
exploration of when collective enhancement emerges, see
Appendix C.

VI. DISCUSSION AND CONCLUSIONS

In this work, we have explored the equilibrium and
nonequilibrium physics of mobile impurities embedded in a
common bath of ultracold fermions. For a single impurity, we
find that the equilibrium density becomes more localized in
the center of the box as coupling strength is increased while
only slightly perturbing the environment. For two impurities,
the equilibrium density features two peaks, and the impurities
are in a superposition of being in both locations. We then
considered a quench of the interaction strength, finding that
the gas is pushed away from the impurities, creating density
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waves traveling with the Fermi velocity, while the impurity
density exhibits breathing modes. Furthermore, we studied the
decoherence dynamics of two mobile impurities and found
that for sufficiently heavy impurities, we recover universal OC
dynamics, as predicted for infinite mass impurities [15,55].

We also studied the effect of the motion of impurities on the
thermometric performance. We find that at low temperature
when the initial impurity density is weakly localized, there
is significant collective enhancement in sensitivity. Remark-
ably, this enhancement persists even if we are restricted to
experimentally relevant measurements on either the position
or internal state of the impurity. This adds to the growing num-
ber of studies showing that for low temperatures there is an
improvement in thermometric precision from bath-mediated
correlations [50–55]. We have shown that this enhancement
can survive even in the presence of impurity motion. However,
the role correlations play in thermometry is still not well
understood. Although attempts have been made to formalize
the conditions necessary for performance gain [86], an un-
derstanding of the underlying physical mechanism for gain or
loss in precision is still missing. A more complete understand-
ing of the role of correlations for thermometry is needed and
would present an interesting avenue for further research.

This study only deals with a mean-field description of the
impurity-bath coupling, which limits us to only study rela-
tively weak interactions [74], where positional correlations
can be neglected. Our model also only holds for low tem-
peratures such that the thermal energy is much smaller than
the gap in the single particle impurity spectrum. However,
we emphasize that the FDA is a nonperturbative method and
the decoherence functions we compute are exact within the
mean-field approximation, allowing us to capture impurity-
gas correlations that are induced by the impurities’ internal
state. Our coupled FDA and mean-field approach could be
applied to study the impact of impurity motion on other inter-
esting problems, e.g., decoherence in a fermionic superfluid
environment [68,69] or impurity-induced heating [87–89].
To explore regions of parameter space with strong correla-
tions beyond the mean-field approximation, other theoretical
techniques such as variational methods [90–94] or ab initio
Hartree-Fock [95] and exact diagonalization [96] calculations
could be employed.

ACKNOWLEDGMENTS

S.B. and M.T.M. acknowledge the computational cluster
Kesha for the computational resources used in this work. We
gratefully acknowledge the financial support of the Royal
Society and Science Foundation Ireland. M.T.M. is supported
by a Royal Society University Research Fellowship. This
work was supported by the Okinawa Institute of Science
and Technology Graduate University. This work was par-
tially supported by Japan’s Council for Science, Technology
and Innovation (CSTI) under the Cross-ministerial Strate-
gic Innovation Promotion Program (SIP) for “Promoting the
application for advanced quantum technology platforms to
social issues.” (Funding agency: QST, Grant No. JPJ012367).
T.F. acknowledges support from JSPS KAKENHI Grant No.
JP23K03290. T.F. and T.B. are also supported by JST Grant
No. JPMJPF2221.

FIG. 9. Sensitivity of two impurities for measuring the full state
(blue line), measuring the internal state (orange dashed line), and
measuring the full state of two independent impurities (red dotted
line). The temperature is T/TF = 0.01 and the other parameters are
the same as in Fig. 5 in the main text.
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APPENDIX A: DERIVATION OF EQ. (39)

In this appendix we will show how to arrive at the time-
evolved state of S and E . We start from the initial state

ρ̂(0) =
∑
σ,σ ′

ρσσ ′
∣∣σ 〉〈σ ′∣∣ ⊗ |�σ (0)〉〈�σ ′ (0)| ⊗ ρ̂E . (A1)

We can write the thermal state in its eigenbasis

ρ̂T =
∑

n

pn|ηn〉〈ηn|. (A2)

Due to the MF approximation, we can write the total Hamil-
tonian as

Ĥ =
∑

σ

|σ 〉〈σ | ⊗ (
Ĥσ

S + Ĥσ
E

)
, (A3)

where Ĥσ
S and Ĥσ

E are the Hamiltonians of the system and
environment under the MF approximation and conditioned on
the state σ of the internal state of the impurities.

Consider now the unnormalized state vector

|ζn〉 =
∑

σ

aσ |σ 〉 ⊗ |�σ (0)〉 ⊗ |ηn〉. (A4)

One can immediately notice that
∑

n pn|ζn〉〈ζn| = ρ̂(0) if we
define ρσσ ′ = aσ a∗

σ ′ . Now, we consider a time-evolution of
this state:

e−iĤt/h̄|ζn〉 =
∑

σ

aσ |σ 〉e−iĤσ
S t/h̄|�σ (0)〉e−iĤσ

E t/h̄|ηn〉

=
∑

σ

aσ |σ 〉 ⊗ |�σ (t )〉 ⊗ e−iĤσ
E t/h̄|ηn〉. (A5)
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FIG. 10. Same as Fig. 3, but starting from no interaction, i.e.,
κ↓ = 0. The other parameters are NE = 150, T = 0.001TF , κ↑ ≈
2.7EF /kF , and h̄ω/EF = 0.005.

This means that the total time-evolved state is given by

ρ̂(t ) = e−iĤt/h̄ρ̂(0)eiĤt/h̄

= e−iĤt/h̄

[∑
n

pn|ζn〉〈ζn|
]

eiĤt/h̄

=
∑
σσ ′

ρσσ ′
∣∣σ 〉〈σ ′∣∣ ⊗ |�σ (t )〉〈�σ ′ (t )|

⊗ e−iĤσ
E t/h̄ρ̂T eiĤσ ′

E t/h̄. (A6)

Tracing out E from Eq. (A6) yields

ρ̂S (t ) =
∑
σσ ′

ρσσ ′ ν̃σσ ′ |σ 〉〈σ ′| ⊗ |�σ (t )〉〈�σ ′ (t )|, (A7)

with

ν̃σσ ′ = Tr[eiĤσ ′
E t/h̄e−iĤσ

E t/h̄ρ̂T ], (A8)

and |�σ (t )〉 given similarly to Eq. (21), but the single-particle
wave functions are now given by the solution to Eqs. (34) and
(33), and similarly for other values of σ . We have thus arrived
at Eq. (39).

APPENDIX B: DERIVATION OF EQ. (42)

We will now derive Eq. (42) in the main text. According to
the FDA, the expectation value of Eq. (40) can be written as a
determinant in single-particle space,

Tr[eiĤσ ′ t/h̄e−iĤσ t/h̄ρ̂T ]

= det[1 − n̂ + n̂e−iĥE ,σ ′ t/h̄eiĥE ,σ t/h̄] ≡ det Âσ,σ ′ , (B1)

where the occupation number operator is given by

n̂ = [1 + e(ĥE ,↓↓−μ)/kBT ]−1. (B2)

FIG. 11. Same as Fig. 9, but now we start from zero interaction
between impurities and gas. The mass ratio is set to MS/ME = 2, and
the other parameters are the same as in Fig. 10.

In the basis of the eigenstates ĥE ,↓↓|ψn〉 = En|ψn〉, the matrix
elements of this operator are given by

〈ψn|Âσ,σ ′ |ψm〉 = [1 − f (En)]δnm + f (En)
〈
ψ (σ )

n

∣∣ψ (σ ′ )
m

〉
, (B3)

where we have used that

eiĥE ,σ t/h̄|ψn〉 = ∣∣ψ (σ )
n (t )

〉
. (B4)

APPENDIX C: EXPLORATIONS OF PARAMETER SPACE
FOR THERMOMETRIC PERFORMANCE

In this appendix, we illustrate when a correlated impurity
state fails to show collective enhancement compared to two
uncorrelated impurities. As the baseline, we take the parame-
ters used in Sec. V and vary one other parameter.

1. Higher temperature

Figure 9 shows the sensitivity when the temperature is
increased. We can clearly see that in either case the collective
enhancement reported in Sec. V has vanished, and instead the
independent impurities preform better as thermometers.

2. Dynamical formation of localized impurities

We now show what happens if you start from no interaction
between S and E . The initial single-particle wave functions
of the impurity will be the eigenstates in a harmonic trap.
The density evolution of the impurities if we flip the in-
ternal state of one or both of them is shown in Fig. 10.
We can clearly see that the impurities become localized in
time and exhibit breathing modes. We are interested in see-
ing the effect of dynamical localization on the thermometric
performance. This is shown in Fig. 11. Clearly, the collec-
tive enhancement reported in the main text vanishes in this
case as well.
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[45] M. R. Jørgensen, J. Kołodyński, M. Mehboudi, M. Perarnau-

Llobet, and J. B. Brask, Phys. Rev. A 105, 042601 (2022).
[46] M. Mehboudi, M. R. Jørgensen, S. Seah, J. B. Brask, J.
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