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We establish two inequalities, the weighted strong monogamy (WSM) and the maximum residual strong
monogamy (MRSM), which sharpen the generalized Coffman-Kundu-Wootters inequality for multiqubit states.
The WSM inequality distinguishes itself from the strong monogamy (SM) conjecture [B. Regula et al., Phys.
Rev. Lett. 113, 110501 (2014)] by using coefficients rather than exponents to modulate the weight allocated to
various m-partite contributions. In contrast, the MRSM inequality is formulated using only the maximum m-
partite entanglement. We find that the residual entanglement of the MRSM inequality can effectively distinguish
the separable states. We also compare the tightness of various SM inequalities and provide examples using a
four-qubit mixed state and a five-qubit pure state to illustrate the MRSM inequality. These examples characterize
the trade-off relations among entanglement components involving varying numbers of qubits. Our results provide
a rigorous framework to characterize and quantify the monogamy of multipartite entanglement.
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I. INTRODUCTION

Quantum entanglement, one of the most intriguing features
of quantum mechanics, captures the fundamental distinc-
tion between the quantum and classical worlds. It serves as
an indispensable resource in modern quantum technologies,
underpinning applications across quantum information pro-
cessing, while also playing a pivotal role in diverse domains
such as condensed matter physics, statistical mechanics, and
thermodynamics [1,2]. While bipartite entanglement has been
extensively studied over recent decades [3–9], the quan-
tification of multipartite entanglement—often essential for
quantum information tasks—remains a profound challenge. A
crucial aspect of this challenge is understanding how entan-
glement is distributed among the constituents of a multipartite
system, which is a central goal of this work.

The fact that entanglement cannot be freely shared in
multipartite quantum systems, known as monogamy, is a phe-
nomenon with no classical counterpart. In 2000, Coffman
et al. first formalized the monogamy of entanglement for a
three-qubit system via an inequality, known as the Coffman-
Kundu-Wootters (CKW) inequality [10]

τA(BC) � τAB + τAC, (1)

where τA(BC) represents the square of bipartite concurrence
for the bipartition A : BC. Additionally, τAB and τAC denote

*Contact author: dwang@ahu.edu.cn
†Contact author: gerardo.adesso@nottingham.ac.uk

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

the squared concurrence of reduced states ρAB and ρAC , re-
spectively. Notably, for pure states, the difference between the
left- and right-hand side of Eq. (1) can serve as a measure of
residual tripartite entanglement, also known as three-tangle,

τABC := τA(BC) − τAB − τAC, (2)

which is invariant under qubit permutation. In 2006, the gener-
alized version of the CKW inequality was proven by Osborne
and Verstraete [11],

τq1(q2···qn ) � τq1q2 + τq1q3 + · · · + τq1qn . (3)

Following that, similar monogamy inequalities were estab-
lished for other entanglement measures, including the squared
negativity [12] and the squared entanglement of formation
[13,14]. In addition, the minimum exponents required for
monogamy inequalities were investigated [15]. In 2014, a
strong monogamy (SM) conjecture for multiqubit entangle-
ment was proposed by Regula et al. [16], involving additional
terms related to m-partite entanglement on the right-hand side
of Eq. (3), where m ranges from 3 to n − 1. The SM inequality
takes the form

τq1(q2···qn ) �
n∑

j=2

τq1q j +
n−1∑
m=3

∑
�jm:Sn

[
τq1q jm1

···q jmm−1

]μm
, (4)

where �jm : Sn implies that the index vector �jm = ( jm
1 , . . . ,

jm
m−1) runs through all possible combinations of m − 1 distinct

elements from the index set Sn = {2, . . . , n}. The rational
exponents {μm|μm � 1} are introduced to regulate the weight
assigned to different m-partite contributions. Note that μm

should be as small as possible, since the verification of Eq. (4)
for a specific set {μ�

m} implies its validity for all {μm} �
{μ�

m}. In addition, τq1q jm1
···q jmm−1

can be regarded as the residual
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entanglement of m-partite reduced states, obtained via a con-
vex roof construction of the residual entanglement for pure
states, which is defined recursively as the difference between
two sides of Eq. (4). Subsequently, other SM conjectures
were proposed for the square of convex roof extended neg-
ativity [17] and the squared negativity [18]. However, these
promising conjectures have yet to be rigorously proven. Fur-
thermore, the minimal choice of exponent μm = 1, which is
appropriate for continuous variable Gaussian states [19], was
found inadequate even for four-qubit states [20]. While it has
been numerically shown that μm = m/2 is valid for four-qubit
states [16], the suitable μm for systems with a larger number
of qubits remains unknown.

In this article, we present different general approaches
to quantify the monogamy of multipartite entanglement. We
first utilize coefficients rather than exponents to modulate the
weight allocated to various m-partite contributions, thereby
analytically deriving a weighted SM (WSM) inequality. We
then establish the maximum residual SM (MRSM) inequality,
which considers only the maximum entanglement of m-partite
contributions, in contrast to conventional methods that sum
over all such terms for continuous-variable systems [19]. We
prove the inequalities by using squared concurrence for an
arbitrary number of qubits, and we demonstrate that they
can be naturally extended to other entanglement measures
(Sec. II). Furthermore, we compare the tightness of different
SM inequalities (Sec. III). Finally, we present examples using
a four-qubit mixed state (Sec. IV) and a five-qubit pure state
(Sec. V) to illustrate the MRSM inequality.

II. DEFINING THE WSM AND MRSM INEQUALITIES

The squared bipartite concurrence, also known as the tan-
gle (or one-tangle), for any pure state |ψ〉AB of a 2 ⊗ d system
is given by [6]

τAB(|ψ〉AB) = 2
[
1 − Tr

(
ρ2

A

)] = 4 det(ρA), (5)

where ρA is the reduced matrix of the subsystem A. The
tangle for any mixed state ρAB is defined via the convex roof
construction

τAB(ρAB) := inf
{pi,|ψi〉}

∑
i

piτAB(|ψi〉), (6)

where the infimum runs over all pure-state decompositions of
ρAB, ρAB = ∑

i pi|ψi〉〈ψi|. Then for arbitrary states of a 2 ⊗
2 ⊗ 2n−2 system ABC, the CKW monogamy inequality holds
[11]:

τA(BC) � τAB + τAC . (7)

We will now establish the first result of this paper.
Theorem 1. For arbitrary n-qubit states, the WSM inequal-

ity holds, which can be expressed as

τq1(q2···qn ) �
n∑

j=2

τq1q j +
n−1∑
m=3

(
n − 1

m − 1

)−1 ∑
�jm:Sn

τq1q jm1
···q jmm−1

,

(8)

where
(n−1

m−1

) = (n−1)!
(m−1)!(n−m)! is the binomial coefficient. The

index vector �jm : Sn is defined as in Eq. (4).

The proof is offered in the Appendix. Note that for each

m, the expression
(n−1

m−1

)−1 ∑
�jm:Sn

τq1q jm1
···q jmm−1

in fact represents
the average of the distinct m-partite “residual entanglements”
whose index vector is �jm. From the derivation, we observe that
the WSM inequality can be naturally extended to other en-
tanglement measures, provided that they satisfy the following
conditions: (a) For arbitrary states of a 2 ⊗ 2 ⊗ 2n−2 system
ABC, the measure satisfies an inequality of the form Eq. (1);
(b) the measure is convex. For example, the entanglement of
formation to the

√
2 power satisfies conditions (a) [21] and

(b) [3].
Unfortunately, the difference between left- and right-hand

sides of the WSM inequality cannot be considered as a mul-
tipartite entanglement measure, since it can be positive for
certain separable states. Specifically, for four-qubit states, the
WSM inequality takes the form of

τA(BCD) � τAB + τAC + τAD + 1
3 (τABC + τABD + τACD). (9)

Then for the state |ψ〉ABCD = 1/
√

2(|000〉 + |111〉) ⊗ |0〉, the
difference between left- and right-hand sides of the WSM
inequality evaluates to 2/3. To address this issue, we introduce
a monogamy inequality.

Theorem 2. For arbitrary n-qubit states, the following
inequality holds,

τq1(q2···qn ) �
n∑

j=2

τq1q j + max
�jm:Sm+1

{
n−1∑
m=3

τq1q jm1
···q jmm−1

}
, (10)

where �jm : Sm+1 implies that the index vector �jm =
( jm

1 , . . . , jm
m−1) runs through all possible combinations of m −

1 distinct elements from the index set Sm+1. The set Sm+1

is defined by the indices of �jm+1, and the original set Sn =
{2, . . . , n}. The m-partite residual entanglement τq1q jm1

···q jmm−1
is

obtained via a convex roof construction of the residual entan-
glement for pure states, which is formulated as the difference
between left- and right-hand sides of Eq. (10). Specifically,
the residual entanglement for any n-qubit pure state is given
by

τq1q2···qn := τq1(q2···qn ) −
n∑

j=2

τq1q j − max
�jm:Sm+1

{
n−1∑
m=3

τq1q jm1
···q jmm−1

}
,

(11)

and the residual entanglement for an arbitrary mixed state ρ is
expressed as

τq1q2···qn := inf
{pi,|ψi〉}

∑
i

piτq1q2···qn (|ψi〉), (12)

where the infimum runs over all pure-state decompositions of
ρ = ∑

i pi|ψi〉〈ψi|. Then the m-partite residual entanglement
τq1q jm1

···q jmm−1
is generated via Eqs. (11) and (12) for correspond-

ing reduced states ρq1q jm1
···q jmm−1

in a recursive manner.
Proof. Without loss of generality, for simplicity, consider

the maximum index vector �jm = (2, . . . , m). Equation (10)
reduces to

τq1(q2···qn ) �
n∑

j=2

τq1q j +
n−1∑
m=3

τq1···qm . (13)
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Consider the pure states |ψi〉 belonging to an optimal decom-
position of ρq1(q2···qn−1 ), that is, a decomposition that minimizes
〈τq1(q2···qn−1 )〉, i.e., 〈τq1(q2···qn−1 )〉 = ∑

i piτq1(q2···qn−1 )(|ψi〉). Then

τq1q2···qn−1 �
〈
τq1(q2···qn−1 ) −

n−1∑
j=2

τq1q j −
n−2∑
m=3

τq1···qm

〉

= 〈
τq1(q2···qn−1 )

〉 − n−1∑
j=2

〈
τq1q j

〉 − n−2∑
m=3

〈
τq1···qm

〉

� τq1(q2···qn−1 ) −
n−1∑
j=2

τq1q j −
n−2∑
m=3

τq1···qm , (14)

with the first inequality due to the convexity of τq1q2···qn−1 . The
last inequality follows from the fact that for mixed states,
any τq1q j is a convex function of the density matrices [5],
and τq1···qm is defined via a convex roof construction. From
Eq. (14), we have

n∑
j=2

τq1q j +
n−1∑
m=3

τq1···qm � τq1qn + τq1(q2···qn−1 )

� τq1(q2···qn ), (15)

in which the second inequality is proven true according to
Eq. (7). When the maximum index vector �jm takes on other
values, the term τq1qn + τq1(q2···qn−1 ) in Eq. (15) corresponds to
a different combination of the form τq1qi + τq1(q2···qi−1qi+1···qn )

with i ∈ {2 . . . n}. Nevertheless, Eq. (15) remains valid, as can
be derived from Eq. (7). Thereby, the proof is completed. �

For convenience, we call Eq. (10) the maximum residual
strong monogamy (MRSM) inequality. It is worth noting that
for the fundamental case of a three-qubit system, the higher-
order terms (where m ranges from 3 to n − 1) in both the
WSM and MRSM inequalities vanish. Consequently, both
inequalities naturally reduce to the standard CKW inequal-
ity Eq. (7), serving as a consistency check with established
tripartite monogamy relations. The derivation shows that the
MRSM inequality can be extended to other entanglement
measures under the same conditions as the WSM inequality.
Remarkably, the residual entanglement τq1q2···qn of the MRSM
inequality vanishes for all separable states. Specifically, any
separable state can be written as a convex combination of
product pure states. And for a separable pure state, one can
always find a τq1(q2···qi−1qi+1···qn ) equal to τq1(q2···qn ), in which
case τq1qi = 0. For example, without loss of generality, con-
sider the separable state |ψ〉n−1 ⊗ |0〉, with |ψ〉n−1 being an
n − 1-qubit state. Then from Eq. (11), we have

τq1(q2···qn−1 ) =
n−1∑
j=2

τq1q j + max
�jm:Sm+1

{
n−2∑
m=3

τq1q jm1
···q jmm−1

}
+ τq1q2···qn−1

=
n∑

j=2

τq1q j + max
�jm:Sm+1

{
n−1∑
m=3

τq1q jm1
···q jmm−1

}

= τq1(q2···qn ). (16)

III. COMPARISON OF SM INEQUALITIES

Here, we compare the tightness of the WSM, MRSM, and
original SM inequalities for four-qubit pure states. Specifi-
cally, for four-qubit states, the MRSM inequality reduces to

τA(BCD) � τAB + τAC + τAD + max{τABC + τABD + τACD},
(17)

which is obviously tighter than the WSM inequality, i.e.,
Eq. (9). On the other hand, for four-qubit states, the SM
inequality in Ref. [16] reduces to

τA(BCD) � τAB + τAC + τAD + τ
3/2
ABC + τ

3/2
ABD + τ

3/2
ACD. (18)

To compare the MRSM and original SM inequalities, it is suf-
ficient to compare T1 ≡ max{τABC + τABD + τACD} and T2 ≡
τ

3/2
ABC + τ

3/2
ABD + τ

3/2
ACD.

Recall that Verstraete et al. proposed an insightful classifi-
cation for four-qubit states into nine groups [22]. Specifically,
any four-qubit pure state |ψ〉 can be obtained as

|ψ〉 = (A1 ⊗ A2 ⊗ A3 ⊗ A4)|Gx〉, (19)

Here, {Ak} represents a set of Stochastic Local Operations
and Classical Communication (SLOCC) operations within
SL(2,C), where each operation satisfies det(Ak ) = 1. The
(unnormalized) states |Gx〉, indexed by x = 1, . . . , 9, repre-
sent nine normal-form families of states, which are given by∣∣G1

abcd

〉 = a + d

2
(|0000〉 + |1111〉) + a − d

2
(|0011〉

+|1100〉) + b + c

2
(|0101〉 + |1010〉)

+ b − c

2
(|0110〉 + |1001〉),

∣∣G2
abc

〉 = a + b

2
(|0000〉 + |1111〉) + a − b

2
(|0011〉

+ |1100〉) + c(|0101〉 + |1010〉) + |0110〉,∣∣G3
ab

〉 = a(|0000〉 + |1111〉) + b(|0101〉 + |1010〉)

+ |0110〉 + |0011〉,∣∣G4
ab

〉 = a(|0000〉 + |1111〉) + a + b

2
(|0101〉 + |1010〉)

+ a − b

2
(|0110〉 + |1001〉)

+ i√
2

(|0001〉 + |0010〉 + |0111〉 + |1011〉),

∣∣G5
a

〉 = a(|0000〉 + |0101〉 + |1010〉 + |1111〉)

+ i|0001〉 + |0110〉 − i|1011〉,∣∣G6
a

〉 = a(|0000〉 + |1111〉) + |0011〉 + |0101〉 + |0110〉,
|G7〉 = |0000〉 + |0101〉 + |1000〉 + |1110〉,
|G8〉 = |0000〉 + |1011〉 + |1101〉 + |1110〉,
|G9〉 = |0000〉 + |0111〉,

where a, b, c, d are complex parameters with non-negative
real parts. We will use upper bounds of the reduced three-
tangles for some typical instances of the normal-form states
|Gx〉, which are given in Refs. [16,23] and presented in Table I.
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TABLE I. Upper bounds of the reduced three-tangles for the
normal-form states |Gx〉.

|Gx〉 Upper bounds of the reduced three-tangles

|G2
abc〉 τqiq j qk � 4|c|

√
(a2−b2 )(a∗2−b∗2 )

(|a|2+|b|2+2|c|2+1)2

|G3
ab〉 τq1q2q3 = τq1q3q4 = 0, τq1q2q4 � 4|a||b|

(1+|a|2+|b|2 )2

|G4
ab〉 τqiq j qk � 2|a2−b2 |

(2+3|a|2+|b|2 )2

|G5
a〉 τq1q2q3 = τq1q3q4 � 16|a|2

(3+4|a|2 )2 , τq1q2q4 � 4
(3+4|a|2 )2

Figure 1 illustrates how the tightness indicator T1 − T2

depends on the parameter a; the other parameters are chosen
as in Ref. [16]. Note that T1 − T2 > 0 signifies that the MRSM
is tighter than the original SM inequality, and vice versa when
T1 − T2 < 0. Figure 1 reveals that for classes 3 and 4, the
MRSM inequality is tighter across the entire range of param-
eters. In contrast, for classes 2 and 5, the MRSM inequality is
tighter at the extremes of the parameter a, but becomes looser
than the original SM inequality in the intermediate range.

IV. EXAMPLE OF FOUR-QUBIT MIXED STATES

Since the residual entanglement of the MRSM state is de-
fined via the convex roof construction, whose exact evaluation
is generally difficult, it becomes meaningful to derive suitable
lower and upper bounds [24–26]. Equation (14) shows that
directly subtracting the convex roofs of the one-tangle and
the m-partite residual entanglement provides an upper bound.
On the other hand, analytical solutions can be obtained for
low-rank mixed states [27–29]. Building on this progress, we
investigate the MRSM inequality for squared concurrence by
considering the following four-qubit mixed state:

ρp = (1 − p)|GHZ4〉〈GHZ4| + p|GHZ3〉〈GHZ3| ⊗ |−〉〈−|,
(20)

FIG. 1. Dependence of T1 − T2 on the parameter a for the states:
|G2

abc〉 with c = b + 1 = a and b � 0 (red solid line), |G3
ab〉 with b =

a/4 (green dashed line), |G4
ab〉 with b = a/2 (blue dotted line), and

|G5
a〉 (magenta dotted-dashed line).

where 0 � p � 1, |GHZ4〉 = 1/
√

2(|0000〉 + |1111〉),
|GHZ3〉 is the three-qubit Greenberger-Horne-Zeilinger
(GHZ) state 1/

√
2(|000〉 + |111〉), and |−〉 = 1/

√
2(|0〉 −

|1〉). It is obvious that the tangles τA(BCD) of the states |GHZ4〉
and |GHZ3〉|−〉 are both equal to 1. The two-qubit tangles
τAB, τAC , and τAD for these two states all vanish. The key
difference is that |GHZ4〉 has no three-tangle in any of its
reduced subsystems, thus exhibiting a four-partite residual
entanglement of 1. In contrast, for |GHZ3〉|−〉, the maximum
three-tangle among its reduced subsystems is τABC = 1,
meaning it possesses no four-partite residual entanglement.
In other words, this mixed state eliminates the contribution of
the two-qubit tangle, thereby highlighting the role of tripartite
residual entanglement within the MRSM inequality.

For this four-qubit mixed state, a pure state can be con-
structed from its eigenvectors as

|ψ〉p =
√

1 − p|GHZ4〉 + √
peiφ|GHZ3〉|−〉, (21)

such that any pure-state decomposition can be expressed in
this form. From the reduced density matrix, it follows that
the two-qubit tangles τAB, τAC , and τAD all vanish, and the tri-
partite entanglement is exclusively confined to the subsystem
ρABC . Consequently, the residual entanglement of the MRSM
inequality reduces to

τABCD(|ψ〉p) = τA(BCD) − τABC . (22)

In addition, the reduced subsystem ρABC of |ψ〉p is a GHZ-
symmetric state [30,31], for which the three-tangle can be
analytically computed [32]. Specifically, any such state ρS can
be parametrized by coordinates (x, y), defined as follows,

x(ρS ) = 1

2
[〈GHZ+|ρS|GHZ+〉 − 〈GHZ−|ρS|GHZ−〉],

y(ρS ) = 1√
3

[
〈GHZ+|ρS|GHZ+〉 + 〈GHZ−|ρS|GHZ−〉− 1

4

]
,

(23)

with |GHZ±〉 = (|000〉 ± |111〉)/
√

2. Then, given a GHZ-
symmetric three-qubit state with coordinates (x0, y0), the
three-tangle is given by

τ3(x0, y0)

=
⎧⎨
⎩

0 for x0 < xW
0 and y0 < yW

0 ,(
x0−xW

0
1
2 −xW

0

)2
=

(
y0−yW

0√
3

4 −yW
0

)2
otherwise,

(24)

where (xW
0 , yW

0 ) is the intersection point of the line joining
the |GHZ+〉 state at (1/2,

√
3/4) to (x0, y0) with the “GHZ/W

line,” the latter being defined by the parametrized curve

xW = v5 + 8v3

8(4 − v2)
, y =

√
3

4

4 − v2 − v4

4 − v2
, (25)

where y � 1
2
√

3
and − 1 � v � 1.

Using Eq. (23), the coordinates of ρABC are determined to
be (p/2,

√
3/4). Then direct calculation of Eq. (24) reveals

that the three-tangle of ρABC is τABC = p2. Determining the
four-partite residual entanglement of ρp reduces to finding the
convex roof of the one-tangle. By applying the method from
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FIG. 2. Dependence of the four-partite residual entanglement
τABCD (red solid line) and the maximum reduced three-tangle τABC

(blue dashed line) on the parameter p for the mixed state ρp

[Eq. (20)].

Ref. [29], we first derive the one-tangle of the superposition
state as a function of the relative phase φ:

τA(BCD)(p, φ) = 1 − p(1 − p)(1 + cos 2φ). (26)

The tangle of the mixed state is determined by minimizing
this quantity over φ, which yields τA(BCD) = 1 − 2p + 2p2.
Consequently, subtracting the tripartite contribution leads to
a four-partite residual entanglement of (1 − p)2. It is also
insightful to compare how the four-partite and tripartite
entanglements vary with the parameter p. The tripartite en-
tanglement of ρp is confined to the ABC subsystem, which
itself is also a GHZ-symmetric state. Quantified by the three-
tangle, this entanglement remains p2. Figure 2 plots how the
four-partite residual entanglement τABCD and the maximum re-
duced three-tangle τABC depend on the parameter p. As shown
in the figure, τABCD decrease as τABC increase, confirming the
validity of the MRSM inequality.

V. EXAMPLE OF FIVE-QUBIT PURE STATES

The MRSM inequality is defined for an n-qubit system;
however, the right-hand side requires recursively invoking
the m-partite residual entanglement, which is defined via the
convex roof construction. Consequently, the computational
complexity increases dramatically with the number of qubits.
Here, we provide an example of a five-qubit pure state, which
is constructed as follows:

|�〉p =
√

1 − p|GHZ4〉|0〉 + √
p|GHZ3〉|−〉|1〉. (27)

For this state, the reduced density matrices reveal that all
reduced two-qubit tangles involving the first qubit vanish.
The tripartite entanglement is confined to the subsystem ρ123.
Furthermore, it can also be seen that the one-tangle (of the first
qubit) for the reduced systems ρ1245 and ρ1345 is zero, imply-
ing the absence of four-partite entanglement. Consequently,
the residual entanglement for this state reduces to

τ12345(|�〉p) = τ1(2345) − max {τ1234, τ1235} − τ123. (28)

FIG. 3. Dependence of the five-partite entanglement τ12345 (red
solid line), the maximum four-partite entanglement τ (4) (green dotted
line), and the tripartite entanglement τ123 (blue dashed line) on the
parameter p for the state |�〉p [Eq. (27)].

Here, τ1(2345) = 1, τ1234 = (1 − p)2, and τ123 = p2, since the
subsystem ρ1234 corresponds exactly to the four-qubit mixed
state example ρp defined in Eq. (20). Consequently, determin-
ing the five-partite residual entanglement reduces to finding
the convex roof of τ1235. By following a procedure similar to
that used for τ1234, which involves the eigendecomposition of
ρ1235, we obtain the result 2p(1 − p).

Figure 3 plots the dependence of the five-partite entangle-
ment τ12345, the maximum four-partite entanglement τ (4) ≡
max{τ1234, τ1235}, and the tripartite entanglement τ123 on the
parameter p for the state |�〉p. It can be seen that for the
limiting case p = 0, the state becomes |�〉0 = |GHZ4〉|0〉,
which possesses only four-partite entanglement. Conversely,
when p = 1, the state becomes |�〉1 = |GHZ3〉|−〉|1〉, which
possesses only tripartite entanglement. As p varies from
0 to 1, the tripartite entanglement increases monotonically,
which is consistent with intuition. However, the maximum
four-partite entanglement does not decrease monotonically;
this is because, although τ1234 decreases, τ1235 may increase.
Notably, five-partite entanglement τ12345 emerges in any non-
trivial superposition of |�〉0 and |�〉1, even though neither
of the individual component states possesses five-partite
entanglement.

VI. DISCUSSION AND CONCLUSION

This paper addresses a long-standing question [16]:
can genuine m-partite entanglement be incorporated into
a generalized CKW-type inequality—of the form akin to
Eq. (3)—for multiqubit systems? Such a strong monogamy
inequality involving m-partite entanglement would impose
stricter constraints on multiple forms of entanglement distri-
bution compared to the conventional CKW-type monogamy
inequality [10,11,33], which already stimulated significant
applications, such as quantum cryptography, many-body spin
systems, and quantum networks [1,2,34–36]. A general SM
inequality offers a valuable approach for quantifying the es-
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sential features of quantum correlations that exclusively arise
in scenarios beyond the bipartite case.

Here, we first established a universal WSM inequality,
by using coefficients rather than exponents to modulate the
weight allocated to various m-partite contributions, which
distinguishes it from the original SM conjecture [16]. We
then established the MRSM inequality, which is defined by
the maximum m-partite entanglement, and leads to a faithful
quantifier of residual entanglement. The derived WSM and
MRSM inequalities sharpen the existing ones [10,11], and
are proven analytically for arbitrary multiqubit states. We
showed that the WSM and MRSM inequalities, initially for-
mulated for squared concurrence, can be naturally generalized
to other entanglement measures. Furthermore, we compared
the tightness of different SM inequalities. Finally, we pro-
vided examples using a four-qubit mixed state family and a
five-qubit pure state family to demonstrate the validity of the
MRSM inequality. Through these examples, we characterized
the trade-off relations among entanglement components in-
volving different numbers of qubits.

Our results represent a significant step forward in the
quantitative quest to understand the distribution of entangle-
ment in complex quantum systems. In future studies, sharper
monogamy inequalities than the WSM and MRSM inequali-
ties might be developed by assigning more weight to m-partite
contributions. Furthermore, it would be interesting to analyze
the operational significance of the m-partite entanglement
emerging from the WSM and MRSM inequalities, and on
the other hand to investigate the validity of these monogamy
inequalities in higher-dimensional systems.
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APPENDIX: PROOF OF THEOREM 1

Proof. The difference between left- and right-hand sides of
Eq. (8) for any n-qubit pure state is given by

τq1q2···qn := τq1(q2···qn ) −
n∑

j=2

τq1q j

−
n−1∑
m=3

(
n − 1

m − 1

)−1 ∑
�jm:Sn

τq1q jm1
···q jmm−1

, (A1)

And for an arbitrary mixed state ρ it is expressed as

τq1q2···qn := inf
{pi,|ψi〉}

∑
i

piτq1q2···qn (|ψi〉), (A2)

where the infimum runs over all pure-state decompositions
of ρ = ∑

i pi|ψi〉〈ψi|. Then the m-partite τq1q jm1
···q jmm−1

is gen-
erated via Eqs. (A1) and (A2) for corresponding reduced
state ρq1q jm1

···q jmm−1
in a recursive manner. In the following we

will demonstrate the validity of Theorem 1 by employing the
method of mathematical induction.

For any four-qubit pure state |ψ〉ABCD, from Eq. (7), we
have

τA(BCD) � τAB + τA(CD)

� τAB + τAC + τAD + τACD. (A3)

The second inequality follows from the fact that, for mixed
states,

τACD � τA(CD) − τAC − τAD, (A4)

where τACD denotes the three-tangle, defined for mixed states
through the convex roof construction of Eq. (2). To further
understand, consider the pure states |ψi〉 belonging to an
optimal decomposition of ρACD, that is, a decomposition
that minimizes 〈τA(CD)〉 = ∑

i piτA(CD)(|ψi〉). Then τACD �
〈τA(CD) − τAC − τAD〉 = 〈τA(CD)〉 − 〈τAC〉 − 〈τAD〉 � τA(CD) −
τAC − τAD, since both τAC and τAD are convex functions on the
set of density matrices [5]. Similar to Eq. (A3), it follows that

τA(BCD) � τAC + τA(BD) � τAC + τAB + τAD + τABD, (A5)

τA(BCD) � τAB + τAC + τAD + τABC . (A6)

Combing Eqs. (A3), (A5) and (A6), we obtain

τA(BCD) � τAB + τAC + τAD + 1
3 (τABC + τABD + τACD). (A7)

Without loss of generality, assuming for arbitrary (n − 1)-
qubit states, the following WSM inequality holds,

τq1(q2···qn−1 ) �
n−1∑
j=2

τq1q j +
n−2∑
m=3

(
n − 2

m − 1

)−1 ∑
�jm:Sn\n

τq1q jm1
···q jmm−1

,

(A8)

where Sn\n means removing element n from Sn. Resorting to
Eqs. (A1) and (A2), the following inequality is satisfied as

τq1q2···qn−1 � τq1(q2···qn−1 ) −
n−1∑
j=2

τq1q j

−
n−2∑
m=3

(
n − 2

m − 1

)−1 ∑
�jm:Sn\n

τq1q jm1
···q jmm−1

. (A9)

The analysis follows a similar approach to that of Eq. (A4),
given that all m-partite residual entanglements are defined via
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a convex roof construction. Consequently, we arrive at

τq1(q2···qn−1 ) �
n−1∑
j=2

τq1q j +
n−2∑
m=3

(
n − 2

m − 1

)−1 ∑
�jm:Sn\n

τq1q jm1
···q jmm−1

+ τq1q2···qn−1

=
n−1∑
j=2

τq1q j +
n−1∑
m=3

(
n − 2

m − 1

)−1 ∑
�jm:Sn\n

τq1q jm1
···q jmm−1

.

(A10)

From Eq. (7), we attain

τq1(q2···qn )

� τq1qi + τq1(q2···qi−1qi+1···qn )

� τq1qi +
n∑

j=2
j �=i

τq1q j +
n−1∑
m=3

(
n − 2

m − 1

)−1 ∑
�jm:Sn\i

τq1q jm1
···q jmm−1

=
n∑

j=2

τq1q j +
n−1∑
m=3

(
n − 2

m − 1

)−1 ∑
�jm:Sn\i

τq1q jm1
···q jmm−1

. (A11)

For distinct i ∈ Sn, we obtain n − 1 inequalities with identi-
cal left-hand sides. Averaging the right-hand sides of these

inequalities, it yields

τq1(q2···qn ) �
n∑

j=2

τq1q j +
n−1∑
m=3

(
n − 2

m − 1

)−1 1

n − 1

n∑
i=2

∑
�jm:Sn\i

× τq1q jm1
···q jmm−1

. (A12)

Note that the indices of the terms in the sum∑n
i=2

∑
�jm:Sn\i τq1q jm1

···q jmm−1
form a list L1, which can be

constructed as follows: first, select n − 2 elements from
Sn, and then choose m − 1 elements from those n − 2
elements; all possible combinations of such choices constitute
the List L1. The number of these combinations is given
by (n − 1)

(n−2
m−1

)
. On the other hand, the indices of the

terms in the sum
∑

�jm:Sn
τq1q jm1

···q jmm−1
form a set S1, which

corresponds to the combinations of directly selecting m − 1
elements from Sn, and the number of such combinations is
expressed as

(n−1
m−1

)
. In fact, the list L1 is exactly the set S1

after removing repeated elements, And one can show that
(n − 1)

(n−2
m−1

) = (n − m)
(n−1

m−1

)
. That is to say,

τq1(q2···qn ) �
n∑

j=2

τq1q j +
n−1∑
m=3

(
n − 2

m − 1

)−1 n − m

n − 1

∑
�jm:Sn

τq1q jm1
···q jmm−1

=
n∑

j=2

τq1q j +
n−1∑
m=3

(
n − 1

m − 1

)−1 ∑
�jm:Sn

τq1q jm1
···q jmm−1

.

(A13)

This completes the proof. �
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