
PHYSICAL REVIEW A 113, 063726 (2026)

Nonclassical photocounting statistics with a single on-off detector
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Any single on-off photocounter, which can only detect the presence or absence of photons without discrimi-
nating their number, is not capable of identifying the nonclassical nature of light. This limitation arises because
any photocounting statistics obtained with such a detector can be easily reproduced with coherent states of a
light mode. We show that a simple modification of an on-off detector—introducing controlled attenuation as a
tunable setting—enables such detectors to reveal nonclassical properties of radiation fields.
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I. INTRODUCTION

The concept of nonclassical states in quantum optics [1–9]
derives from the observation that all measurements on coher-
ent states and their statistical mixtures can be explained within
the framework of classical electrodynamics. Technically, it is
related to the Glauber-Sudarshan P representation [10,11]. It
establishes that the density operator ρ̂ of an electromagnetic
field mode can be expanded by projectors of coherent states
|α〉,

ρ̂ =
∫
C

d2α P(α)|α〉〈α|, (1)

where P(α) is the Glauber-Sudarshan P function. If P(α) � 0,
i.e., it can be interpreted as a probability distribution, then
the corresponding quantum state is classical. All states that
violate this condition are considered in quantum optics as
nonclassical. Optical nonclassicality encompasses a number
of nonclassical phenomena such as photon-number [12] and
quadrature [13–17] squeezing and their further generaliza-
tions to higher-order nonclassical effects [18]. Moreover, a
number of techniques have been developed to detect and quan-
tify optical nonclassicality; see, e.g., Refs. [19–50].

Optical nonclassicality is often considered in the frame-
work of quantum resource theories [51,52]. Indeed, nonclas-
sicality can be interpreted as a generalization of quantum
coherence [7,53]. In particular, nonclassicality is a resource
in quantum metrology [54,55], quantum linear networks such
as boson-sampling schemes [56], quantum kernel methods
[57], and so on. Importantly, optical nonclassicality is the
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resource for generating quantum entanglement with passive
linear optical elements [26,39].

Experimentally accessible information about a given quan-
tum state of light is encoded in measurement statistics. In
typical scenarios, this information is not complete to re-
construct the density operator of the studied quantum state.
Counting of photons represent a typical example of such
informationally incomplete measurements. In this case, the
photocounting probability distribution P (n) is given by

P (n) = Tr[ρ̂�̂(n)], (2)

where �̂(n) is the positive-operator-valued measure (POVM).
For ideal photon-number-resolving detection, the POVM is
known from the photodetection theory [3,58]. In more re-
alistic scenarios, it may differ significantly from this ideal
situation [59–62].

By substituting Eq. (1) into Eq. (2), we can rewrite the
latter in the P representation [63,64]

P (n) =
∫
C

d2α P(α)�(n|α), (3)

where �(n|α) = 〈α|�̂(n)|α〉 is the photocounting probabil-
ity distribution for the coherent state |α〉. If the state ρ̂ is
classical, i.e., if P(α) � 0, then P (n) can be sampled from
the statistical mixture of coherent states. However, if we treat
Eq. (3) as an integral equation in P(α) for a given P (n) and
�(n|α), we observe that it may yield multiple solutions due to
informational incompleteness. If at least one of these solutions
is non-negative, then P (n) can be sampled from a statistical
mixture of coherent states even if the state ρ̂ is nonclassical
[45–49].

This situation is always inherent to on-off detectors, which
can only detect the presence or absence of electromagnetic
radiation without distinguishing between the number of pho-
tons. The POVM of these detectors is easily obtained from
the POVM of ideal photon-number-resolving detectors [3,58].
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FIG. 1. Scheme of the experiment for detecting nonclassicality
of photocounting statistics with an on-off detector. The detector is
preceded by an amplitude modulator, whose transmittance may take
the values ηi, i = 1, . . . , N .

The corresponding photon-number distribution for the coher-
ent state |α〉 is given by

�(0|η; α) = exp(−η|α|2), (4)

�(1|η; α) = 1 − �(0|η; α). (5)

Here n = 0 and n = 1 correspond to the cases of no click and
click, respectively, and η ∈ [0, 1] is the detection efficiency.
Obviously, any photocounting statistics obtained from such a
detector can always be reproduced by a coherent state whose
amplitude satisfies |α|2 = − lnP (0)/η. This is the reason why
a single on-off detector is not considered capable of detecting
nonclassicality of quantum states.

We note, however, that there are different ways to identify
nonclassical features by exploiting several on-off detectors
[31,32,59,65] and that there are also methods that are formu-
lated in terms of the no-click probabilities [48,66–69].

In this paper we show that a simple modification of on-
off detectors makes it possible to detect nonclassicality of
photocounting statistics. Moreover, our technique works even
for counterintuitive examples where the photocounting statis-
tics obtained with ideal photon-number-resolving detectors
are super-Poissonian. The result can be achieved by treating
the detection efficiency η as a device setting that takes on a
discrete finite set of N values ηi, i = 1, . . . , N , such that η1 <

η2 < · · · < ηN . In experiments, this is easily implemented
by placing an amplitude modulator in front of the detector
(see Fig. 1). In this case, the detection of nonclassicality is
reformulated as a test for the impossibility of reproducing the
set of no-click probabilities

P (0|ηi) = Tr[ρ̂�̂(0|ηi )] (6)

for the state ρ̂ with a statistical mixture of coherent states. This
formulation does not include the probabilities P (1|ηi), since
they depend on P (0|ηi) according to Eq. (5).

A similar task for general measurements has been consid-
ered in Refs. [45,49]; see also Refs. [28,46–48] for important
examples. In particular, as discussed in Ref. [49], there
are inequalities that tightly bound a convex set of classical
probability distributions. Violation of these inequalities is a
necessary and sufficient condition for optical nonclassicality
of measurement statistics and a sufficient condition for optical
nonclassicality of quantum states. In this paper we apply this
technique to reveal nonclassicality of photocounting statistics
obtained with a single on-off detector having switchable de-
tection efficiency.

The rest of the paper is organized as follows. In Sec. II
we introduce the general framework for constructing tight

inequalities that reveal nonclassicality with the device under
consideration. Intuitive cases with two and three settings are
considered in Sec. III. Complete sets of tight inequalities
for an arbitrary number of settings are derived in Sec. IV.
A special case involving uniformly distributed efficiencies
ηi = i/N is considered in Sec. V. In this section we derive
an alternative approach that leads to inequalities nonlinear
in the probabilities P (0|ηi), as well as establish a relation
between the no-click statistics and the photocounting statis-
tics obtained from multiplexing schemes using several on-off
detectors. Applications of our approach to the counterintuitive
example of phase-squeezed coherent states are presented in
Sec. VI, where we also account for statistical noise in the
determination of transmittances. A conclusion is given in
Sec. VII.

II. TIGHT INEQUALITIES REVEALING
NONCLASSICALITY

In this section we recall tight inequalities for nonclassical-
ity of measurement statistics introduced in Ref. [49] (see also
Ref. [48]) and discuss the background of tailoring this method
to the case considered in this paper. It is particularly useful
to use the geometric picture of this technique from the very
beginning of our consideration. Observe that all coherent-state
probability distributions �(0|η; α) depend on the magnitude
of the coherent amplitude α and not on its phase. This implies
that we can employ a useful reparametrization by introducing
a new parameter

t = exp(−η1|α|2), (7)

where η1 is the lowest efficiency among all ηi. Then Eq. (4) is
reduced to the form

�(0|η; t ) = tη/η1 , (8)

where t ∈ [0, 1]. Considering N settings η = ηi, where i =
1 . . . N , we introduce the new vector

�(t ) = (�1(t ) �2(t ) · · · �N (t ))T, (9)

composed of the components

�i(t ) = �(0|ηi; t ) (10)

and parametrized by the parameter t . Similarly, we define the
vector

P = (P1 P2 · · · PN )T, (11)

whose components

Pi ≡ P (0|ηi) (12)

are the no-click probabilities given by Eq. (6).
The vector P (the set of no-click probabilities) can be

reproduced with classical electromagnetic fields if there exists
�(t ) � 0 such that

P =
∫ 1

0
dt �(t )�(t ). (13)

For classical states, �(t ) can be directly derived from a non-
negative P function of the state. However, it can also exist for
nonclassical states, due to informational incompleteness of the
measurement procedure.
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The set C = {�(t )|t∈[0, 1]} defines a closed curve in
the N-dimensional Euclidean space of the vectors P . Then
Eq. (13) states that the vector P can be reproduced by clas-
sical radiation fields if and only if it belongs to the convex
combination of the set C, H = ConvC. Applying to this state-
ment the hyperplane supporting theorem [70] and the methods
of Refs. [45,49,71], we conclude that the vector P is classi-
cally treatable if and only if for any vector λ the inequality

λ · P � sup
t∈[0,1]

λ · �(t ) (14)

is satisfied. If we find at least a single instance of λ such that
this inequality is violated, then the vector P (the set of all no-
click probabilities) cannot be reproduced with the statistical
mixtures of coherent states.

A straightforward way to deal with this problem may be to
apply an optimization procedure to find vectors λ that violate
inequality (14). However, we can significantly reduce com-
putational resources, by optimizing the set of λ. This optimal
set � corresponds to the set of tight inequalities [49], which
(i) can be used to derive any other inequality outside this set
and (ii) are independent, i.e., no tight inequality can be de-
rived from other tight inequalities. As discussed in Ref. [49],
the vectors λ corresponding to tight inequalities are normal
vectors to the supporting hyperplanes of the manyfold H.

Each supporting hyperplane should include at least one
point of the curve C. For each value t1 of the parameter t ,
we can define a set of vectors λ(t1) that form closed convex
cones,

L(t1) = {λ(t1)|arg maxt∈[0,1]λ(t1) · �(t ) = t1}. (15)

In the considered scenario it is possible for a single value of
t1 to be associated with multiple values of λ(t1). Independent
vectors λ(t1) correspond to extreme rays Ext[L(t1)]. Finally,
the set

� =
⋃

t1∈[0,1]

Ext [L(t1)] (16)

defines all vectors λ(t1) that generate tight inequalities. The
application of this method to the photocounting problem,
where the vector P represents a photocounting statistic, has
been derived in Ref. [49]. The same procedure is straight-
forwardly generalized to the scenario where the vector P
represents the no-click probabilities considered in this paper.

III. TWO AND THREE SETTINGS

We start our analysis with the intuitively accessible cases
of N = 2 and N = 3. In these scenarios, the curve C and its
convex hull H can be easily visualized, providing clear geo-
metric insight into the structure of the problem. These simple
examples serve as a useful foundation for understanding the
general approach developed in the following sections. Here
we focus on an intuitive understanding of the results, while
deferring a more rigorous derivation, which is applicable to
arbitrary N , to the next section.

FIG. 2. Classical region for N = 2 settings (shaded area), its
boundary (solid line), and points related to the n-photon-added ther-
mal states [cf. Eq. (24)], attenuated with the efficiency ηc. In this
example, η1 = 1/2 and η2 = 1.

A. Two settings

In the case of N = 2, Eq. (8) reduces to

�1(t ) = t, (17)

�2(t ) = tν2 , (18)

where ν2 = η2/η1. Therefore, the curve C is described by the
equation

P2 = Pν2
1 (19)

(see Fig. 2). Since ν2 > 1, its convex hull H is clearly the
region bounded by this curve and the line P2 = P1.

We now proceed to examine this construction in more tech-
nical detail. According to Eq. (15), at each point t1 ∈ (0, 1),
the vectors λ(t1) defining tight inequalities satisfy the equation

λ(t1) · �̇(t1) = 0, (20)

where the overdot denotes differentiation. Clearly, its solution
yields the maximum of λ(t1) · �(t ) with respect to t at the
point t = t1. It is given by

λ(t1) =
(

�̇2(t1)

−�̇1(t1)

)
=

(
ν2tν2

1

−1

)
. (21)

The vectors λ(t1) are normal to the tangent line of the curve
(19), which are supporting hyperplanes of H. Similar to the
scenario described in Ref. [49], at the endpoints of this curve,
t = τ ∈ {0, 1}, the condition (15) defines the conic combi-
nations of the vectors λ(τ ) and λ↖ = (−1 1)T. Therefore,
according to Eq. (16), the complete set of tight inequalities is
given by the vectors λ(t ) ∈ [0, 1] and λ↖.
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The set of linear tight inequalities can be combined into
two nonlinear inequalities

Pν2
1 � P2, (22)

P2 � P1 (23)

related to λ(t ) ∈ [0, 1] and λ↖, respectively. In fact, they
define the convex set H of the curve C given by Eq. (19) (cf.
Fig. 2). In addition, the inequality (23) represents the trivial
fact that the no-click probability with efficiency η1 is higher
than the same probability with efficiency η2 for η1 < η2.

This elementary case of N = 2 is already suitable to reveal
nonclassicality of the Fock states |n〉 and even of the more
general case of an n-photon-added thermal state,

ρ̂ = 1

n!(1 + nth )n
â†nρ̂thân. (24)

Here

ρ̂th = 1

1 + nth

(
nth

1 + nth

)n̂

(25)

is a thermal state with mean photon number nth, â and â† are
the annihilation and creation operators, respectively, and n̂ =
â†â is the photon-number operator. For nth = 0, the state (24)
reduces to the Fock state |n〉. We further assume that this state
undergoes attenuation with efficiency ηc.

The no-click probability for this state is given by

Pi = (1 − ηiηc)n

(1 + ηiηcnth )n+1
. (26)

The inequality (22) is violated provided that nth is below
a threshold value determined by solving the corresponding
equation, which is in general transcendental. There are two
cases in which the inequality (22) is always violated. First,
for nth = 0, it reduces to (1 − η1ηc)nν2 � (1 − η2ηc)n, which
is violated for all parameter values. Second, for ηc = 1, the
inequality (22) is violated when η2 = 1. As shown in Fig. 2,
all points related to the attenuated Fock states are placed
outside the set H, whereas for nth exceeding the threshold
value, the points lie inside it.

B. Three settings

In the case of N = 3, Eq. (8) is given by

�1 = t, (27)

�2 = tν2 , (28)

�3 = tν3 , (29)

where νi = ηi/η1 such that 1 < ν2 < ν3. These equa-
tions parametrically define the curve C in a three-dimensional
space. Our task is to construct the convex hull H of this curve.
Appropriate mathematical methods to solve this problem are
described in Refs. [72–74]. We use the idea of Ref. [49] to
obtain this result in an intuitively clear way.

Let t1 be the value of the parameter t at which λ · �(t )
attains its maximum with respect to t . Clearly, a supporting
hyperplane of H that contains the point �(t1) is parallel to
the vector �̇(t1), which is tangent to the curve C at t = t1.

FIG. 3. The curve C and its convex hull H for the case of N = 3.
Also the vectors λ(t1; τ ) and the vectors 
�(t1, τ ) and �̇(t1) defin-
ing supporting planes of H are shown for τ = 0.

We also assume that each point t1 corresponds to two support-
ing planes, each passing through one of the endpoints �(τ ),
where τ = 0 or τ = 1. Hence, the vectors λ also depend on
the parameter τ . These vectors, normal to the supporting plane
and directed outward from H, are given by

λ(t1; τ ) = N (−1)1+τ �̇(t1) × 
�(τ, t1), (30)

where


�(t ′, t ′′) = �(t ′) − �(t ′′) (31)

(see Fig. 3).
The explicit form of the vectors λ(t1; τ ),

λ(t1; 0) = N

⎛
⎜⎜⎝

−(ν3 − ν2)tν2+ν3−1
1

(ν3 − 1)tν3
1

−(ν2 − 1)tν2
1

⎞
⎟⎟⎠, (32)

λ(t1; 1) = N

⎛
⎜⎜⎝

(ν3 − ν2)tν3+ν2−1
1 − ν3tν3−1

1 + ν2tν2−1
1

−(ν3 − 1)tν3
1 + ν3tν3−1

1 − 1

(ν2 − 1)tν2
1 − ν2tν2−1

1 + 1

⎞
⎟⎟⎠,

(33)

can be obtained by direct substitution of Eqs. (27)–(29) into
Eq. (30). Here N is the norm of the vector λ. This factor
becomes relevant only in the limiting cases t1 → 0 and t1 → 1
for Eqs. (32) and (33), respectively. In these cases, the vectors
are given by

λ(0; 0) = −
⎛
⎝0

0
1

⎞
⎠ (34)
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and

λ(1; 1) = N

⎛
⎜⎝

ν2ν3(ν3 − ν2)

−ν3(ν3 − 1)

ν2(ν2 − 1)

⎞
⎟⎠, (35)

respectively. These expressions are obtained by applying
l’Hôpital’s rule. The normalization factor N in Eq. (35) differs
from that in Eq. (33). In this context, it serves a purely techni-
cal purpose and is included for consistency with the examples
later.

Using Eqs. (32) and (33) in the general inequality (14)
yields a set of tight inequalities

−(ν3 − ν2)tν3+ν2−1
1 P1 + (ν3 − 1)tν3

1 P2 − (ν2 − 1)tν2
1 P3 � 0

(36)

and

(ν2 − ν3)tν2+ν3−1
1 (1 − P1) + (

ν2tν2−1
1 − ν3tν3−1

1

)
P1

+ (ν3 − 1)tν3
1 (1 − P2) + (

ν3tν3−1
1 − 1

)
P2

− (ν2 − 1)tν2
1 (1 − P3) − (

ν2tν2−1
1 − 1

)
P3 � 0 (37)

for τ = 0 and τ = 1, respectively. Equation (34) yields the
trivial inequality P3 � 0. In contrast, Eq. (35) results in the
nontrivial inequality

ν2ν3(ν3 − ν2)P1 − ν3(ν3 − 1)P2 + ν2(ν2 − 1)P3

� ν2ν3(ν3 − ν2) − ν3(ν3 − 1) + ν2(ν2 − 1), (38)

which provides a meaningful constraint on the classical set H.
Linear inequalities (36) for all t1 can be compactly com-

bined into a single nonlinear inequality for the probabilities
Pi. This is achieved by maximizing the left-hand side of this
inequality over the interval t1 ∈ [0, 1] and requiring that the
maximum remains nonpositive. This procedure leads to the
inequality

Pν3−1
2 � Pν3−ν2

1 Pν3−ν2
3 . (39)

For the inequalities (37), however, a similarly simple analyti-
cal reduction has not been identified.

It is useful to consider the special case with η1 = 1
3 , η2 =

2
3 , and η3 = 1, which corresponds to ν2 = 2 and ν3 = 3. In
this scenario, the inequalities (36) and (37) can be interpreted
as conditions for nonpositivity of quadratic trinomials of the
variable t1. These inequalities hold whenever the correspond-
ing trinomials have at least one real root or no real roots. This
results in two nonlinear inequalities

P2
2 � P1P3 (40)

and

(P1 − P2)2 � (1 − P1)(P2 − P3) (41)

for τ = 0 and τ = 1, respectively. In this case, the inequality
(38) reduces to

3P1 − 3P2 + P3 � 1, (42)

which is automatically satisfied whenever inequality (41)
holds.

IV. HIGHER NUMBER OF SETTINGS

The technique described in the preceding section can be
generalized to an arbitrary number of settings, N . In this case,
Eq. (8) takes the form

�i(t ) = tνi , (43)

where

νi = ηi

η1
. (44)

Here ν1 = 1 and 1 < ν2 < · · · < νN . Of particular interest is
the case where the discrete values ηi are uniformly distributed
over the interval [0,1], i.e., ηi = 1/N . Nevertheless, we also
consider a more general situation. A similar analysis was
carried out in Ref. [49] for the photocounting distribution
with an odd-dimensional vector P . In the present scenario,
it is likewise convenient to distinguish between odd and even
N , although a fully general treatment is also possible but
considerably more cumbersome.

Let us start with a consideration of the scenario with an
odd number of settings N = 2m + 1, where m is an integer. A
direct generalization of Eq. (30) is given by

λ(tm; τ ) = (−1)τ+NN
(

�

m∧
k=1


�(tk, τ ) ∧ �̇(tk )

)
. (45)

Here 
�(tk, τ ) is defined in Eq. (31), τ = ±1, and

tm = {t1, . . . , tm}, 0 � t1 � t2 � · · · � tm � 1. (46)

The factor N denotes normalization. The symbol � repre-
sents the Hodge star, which generalizes the cross product [see
Ref. [75] and Eq. (A1) in Appendix A]. Applying this vector
λ, the left-hand side of the inequality (14) reduces to

λ(tm; τ ) · P

= N (−1)τ+1 det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

P1 P2 · · · PN

t1 − τ tν2
1 − τ · · · tνN

1 − τ

1 ν2tν2−1
1 · · · νNtνN −1

1

· · · · · · · · · · · ·
tm − τ tν2

m − τ · · · tνN
m − τ

1 ν2tν2−1
m · · · νNtνN −1

m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(47)

The function λ(tm; τ ) · �(t ) attains its global maximum at all
points t = ti and t = τ (see Fig. 4). Therefore, the right-hand
side of inequality (14) takes the form

sup
t∈[0,1]

λ(tm; τ ) · �(t )

= N (−1)τ+1 det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

τ τ · · · τ

t1 − τ tν2
1 − τ · · · tνN

1 − τ

1 ν2tν2−1
1 · · · νNtνN −1

1

· · · · · · · · · · · ·
tm − τ tν2

m − τ · · · tνN
m − τ

1 ν2tν2−1
m · · · νNtνN −1

m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(48)
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FIG. 4. Function λ(tm; τ ) · �(t ) for ηi = i/N , N = 5 (i.e., m =
2), and τ = 0. The points t = t1, t = t2, and t = τ correspond to
the global maximum. Depending on whether t1 = t2 or t2 = τ , the
function exhibits 22 = 4 different variants [see Eq. (53)], each with a
different number of maxima. Here C−1 = inf t∈[0,1] λ(tm; τ ) · �(t ) is
a scaling factor introduced to make all plots comparable in scale.

In the particular case ηi = i/N , the right-hand side simplifies
to

sup
t∈[0,1]

λ(tm; τ ) · �(t ) = λ(tm; τ ) · �(ti )

= N τ f (tm; 0) f (tm; 1)g(tm), (49)

where

f (t l ; a) =
l∏

k=1

(tk − a)2, (50)

g(t l ) =
l∏

i< j

(ti − t j )
4. (51)

For a detailed derivation and a proof that the corresponding
inequalities form a complete set of tight inequalities, see
Appendix B. An intuitive explanation of this form of λ is
presented at the end of this section together with the case of
even N .

Strictly speaking, the vector λ in the form of Eq. (45) can
be directly applied only when 0 � t1 < t2 < · · · < tm � 1.
Indeed, if ti = ti+1 for at least one index i, the determinant
in this equation vanishes, while the normalization factor N
diverges. In such cases, the indeterminacy must be resolved
using l’Hôpital’s rule. The general expression for λ, which
also covers the cases with coinciding ti, is given by

λ(tm; τ ) = (−1)τ+1N �

⎛
⎝ ∧

k∈U (tm )

2ω(tk )−1+δtk ,τ∧
j=δtk ,τ

∂ j

∂t j
k

��(tk, τ )

⎞
⎠,

(52)

where U (tm) is the set of indices which correspond to unique
elements of tm and ω(tk ) is the number of times tk is included
in tm. The normalization factor N is defined separately for
each such configuration.

The number of different configurations of λ(tm; τ ) can be
determined as follows. First, let q = |U (tm)| denote the num-
ber of unique elements in tm. It can take values q = 1, . . . , m.
Second, note that

∑
k∈U (tm ) ω(tk ) = m. Third, for a fixed q,

the set tm can be partitioned into q groups of equal elements
ti, with group sizes given by ω(tk ). The number of distinct
partitions of tm into q groups is

(m−1
q−1

)
. Moreover, for given

q and ω(tk ), there exist two types of λ(tm; τ ) depending on
whether any component of tm equals τ . Thus, for a given τ ,
there are

m∑
q=1

2

(
m − 1

q − 1

)
= 2m (53)

different variants of λ(tm; τ ), each having q or q + 1 global
maximum points depending on whether any component of tm

equals τ (see Fig. 4).
Let us now consider the case of an even number of settings

N = 2m, with m � 2. In this case, geometrical arguments
similar to those presented at the end of this section lead to
two types of vectors λ,

λ(tm) = (−1)N−1N
(

�

m∧
k=2


�(tk, t1) ∧ �̇(tk )

)
∧ �̇(t1)

(54)

and

λ(tm−1; 0, 1)

= (−1)NN
(

�

m−1∧
k=1


�(tk, 0) ∧ �̇(tk )

)
∧ 
�(1, 0),

(55)

where tm is defined by Eq. (46) A proof that these vectors form
a complete set of tight inequalities is given in Appendix B.

First, we analyze in detail the inequality (14) associated
with λ given in Eq. (54). Its left-hand side is

λ(tm) · P = N det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

P1 P2 · · · PN

t2 − t1 tν2
2 − tν2

1 · · · tνN
2 − tνN

1
1 ν2tν2−1

2 · · · νNtνN −1
2· · · · · · · · · · · ·

tm − t1 tν2
m − tν2

1 · · · tνN
m − tνN

1
1 ν2tν2−1

m · · · νNtνN −1
m

1 ν2tν2−1
1 · · · νNtνN −1

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(56)

Since the function λ(tm) · �(t ) attains its global maximum at
all points t = ti [see Fig. 5(a)], the right-hand side is

sup
t∈[0,1]

λ(tm) · �(t )

= N det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

t1 tν2
1 · · · tνN

1
t2 − t1 tν2

2 − tν2
1 · · · tνN

2 − tνN
1

1 ν2tν2−1
2 · · · νNtνN −1

2· · · · · · · · · · · ·
tm − t1 tν2

m − tν2
1 · · · tνN

m − tνN
1

1 ν2tν2−1
m · · · νNtνN −1

m

1 ν2tν2−1
1 · · · νNtνN −1

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (57)
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For the particular case ηi = i/N , the right-hand side simplifies
to

sup
t∈[0,1]

λ(tm) · �(t ) = λ(tm; τ ) · �(ti ) = f (tm; 0)g(tm), (58)

where f (tm; 0) and g(tm) are defined in Eqs. (50) and (51),
respectively.

Similar to the case of odd N , Eq. (54) cannot be directly ap-
plied when ti = ti+1 for at least one value of i. Resolving this
indeterminacy using l’Hôpital’s rule leads to the expression

λ(tm) = (−1)N−1N �

⎛
⎝ ∧

k∈U (tm )

2ω(tk )−1∧
j=δtk ,t1

∂ j

∂t j
k

[�(tk ) − (1 − δtk ,t1 )�(t1)]

⎞
⎠, (59)

where U (tm) and ω(tk ) are defined as after Eq. (52). The total number of distinct configurations is 2m−1.
Second, we analyze in detail the inequality associated with λ(tm−1; 0, 1) given by Eq. (55). In this case, the left-hand side

reads

λ(tm−1; 0, 1) · P = (−1)τ+NN det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

P1 P2 · · · PN

t1 tν2
1 · · · tνN

1
1 ν2tν2−1

1 · · · νNtνN −1
1· · · · · · · · · · · ·

tm−1 tν2
m−1 · · · tνN

m−1
1 ν2tν2−1

m−1 · · · νNtνN −1
m−1

1 1 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (60)

The global maximum of λ(tm−1; 0, 1) · �(t ) is attained at the points t = ti (i = 1, . . . , m), t = 0, and t = 1, and in each case the
value is zero [see Fig. 5(b)]. Thus, the right-hand side is given by

sup
t∈[0,1]

λ(tm−1; 0, 1) · �(t ) = 0. (61)

The general expression, which also covers the cases of equal ti and ti+1 and requires resolving the indeterminacy using l’Hôpital’s
rule, is

λ(tm−1; 0, 1) = (−1)τ+NN �

⎛
⎝��(1, 0) ∧

∧
k∈U (tm )

2ω(tk )−1+δtk ,0+δtk ,1∧
j=δtk ,0+δtk ,1

∂ j

∂t j
k

��(tk, τ )

⎞
⎠. (62)

The total number of distinct configurations is 2m+1 − 1.
The vectors λ given by Eqs. (45), (54), and (55) form

the set of tight inequalities defined by Eqs. (15) and (16). A
detailed proof of this fact is provided in Appendix B. Despite
the different explicit forms of λ for odd and even N , the under-
lying reasoning is structurally the same. To give an intuitive
explanation, we first note that in both cases

λ · �̇(ti ) = 0 (63)

for i = 1, . . . , m. This implies that the vector λ is orthogonal
to all vectors �̇(ti ). Consequently, the points ti satisfy the
conditions for which the function �̇(t ) · λ reaches its extrema,
as required by Eq. (15). Next we observe that

λ · 
�(ti, tk ) = 0, (64)

where we additionally set t0,m+1 = τ ∈ 0, 1 for odd N . Thus,
the vector λ is also orthogonal to the vectors 
�(ti, tk ). Using
Eq. (31), we conclude that λ · �(t ) takes the same value for all
t = ti, including k = 0, m + 1 in the odd-N case. Combining
this observation with the considerations of Ref. [49] (see also
Appendix B), we conclude that these points are indeed global
maxima of the functions λ · �(t ). Their values are given ex-
plicitly by Eqs. (48) and (58). Examples of such functions are
shown in Figs. 4 and 5.

V. UNIFORMLY DISTRIBUTED EFFICIENCIES

A. Nonlinear inequalities

In this section we focus on the special case of uniformly
distributed efficiencies, i.e., ηi = i/N . In this setting, Eq. (13)
can be rewritten as

Pi =
∫ 1

0
dt �(t )t i. (65)

This implies that the no-click probabilities Pi = P (0|ηi) can
be simulated with classical radiation if and only if they can be
treated as the moments of a probability distribution �(t ) with
t ∈ [0, 1]. Here we consider i = 0, . . . , N , which ensures that
P0 = P (0|η0) = 1.

Now we can apply a necessary and sufficient condition for
the existence of a distribution �(t ) whose statistical moments
are given by the values Pi, namely, the Hausdorff moment
problem. According to Ref. [73], this condition holds if and
only if two quadratic forms, indexed by k = 1, 2,

F (k)(x) =
mmax∑
i, j=0

M (k)
i, j xix j, (66)

063726-7



KOVTONIUK, BOHMANN, AND SEMENOV PHYSICAL REVIEW A 113, 063726 (2026)

(a)

(b)

FIG. 5. Functions (a) λ(tm ) · �(t ) and (b) λ(tm−1; 0, 1) · �(t ) for
ηi = i/N , with N = 4 (i.e., m = 2). For case (a), the points t = t1 and
t = t2 correspond to the global maximum. For case (b), the points
t = 0, t = t1, and t = 1 correspond to the global maximum. Depend-
ing on whether t1 = t2, the function exhibits two distinct variants in
case (a) and 23 − 1 = 7 variants in case (b), where the cases ti = 0
and ti = 1 are also included. Here M−1 = supt∈[0,1] λ(tm ) · �(t ) and
C−1 = inf t∈[0,1] λ(tm−1; 0, 1) · �(t ) are scaling factors introduced to
make all plots comparable in scale.

are non-negative. Here x = {x1, . . . , xN }, with xi ∈ R, and
M (k)

i, j together with mmax are defined as

M (1)
i, j = Pi+ j, mmax = m, (67)

M (2)
i, j = Pi+ j − Pi+ j+2, mmax = m − 1 (68)

for N = 2m and

M (1)
i, j = Pi+ j+1, mmax = m, (69)

M (2)
i, j = Pi+ j − Pi+ j+1, mmax = m (70)

for N = 2m + 1. Since F (k)(x) is linear with respect to Pi, the
inequalities F (k)(x) � 0 can be considered as a special case
of the inequality (14), with λ parametrized by x ∈ RN and the
right-hand side equal to zero.

According to Sylvester’s criterion, the quadratic form (66)
is non-negative if and only if all its principal minors are

non-negative. This allows us, for a given N , to formulate a
set of nonlinear inequalities associated with minors of differ-
ent orders. Applying these inequalities requires significantly
fewer computational resources compared with the optimiza-
tion over tm and tm−1 needed for the inequalities discussed in
Sec. IV. The drawback of this approach is that it applies only
to the case ηi = i/N .

Let us consider two simple examples. For N = 2 and N =
4, only the second-order minors are involved. They are given
by

det

(
M (k)

0,0 M (k)
0,1

M (k)
1,0 M (k)

1,1

)
= M (k)

0,0M (k)
1,1 − M (k)2

1,0 � 0. (71)

In the case of two settings N = 2, we obtain two inequali-
ties: the inequality (22) for ν2 = 2 and the trivial inequality
P2 � 1, corresponding to k = 1 and k = 2, respectively. The
inequality (23) represents a trivial statement. For three set-
tings (N = 3), we again obtain two inequalities (40) and (41),
corresponding to k = 1 and k = 2, respectively.

More involved examples with N = 4 and N = 5 lead to the
inequalities ⎛

⎜⎜⎝
M (k)

0,0 M (k)
0,1 M (k)

0,2

M (k)
1,0 M (k)

1,1 M (k)
1,2

M (k)
2,0 M (k)

2,1 M (k)
2,2

⎞
⎟⎟⎠ � 0. (72)

This condition implies the non-negativity of all principal mi-
nors of the 3 × 3 matrix. Equivalently, one may require that
all three eigenvalues of the matrix are non-negative, for each
k.

B. Relation to multiplexed detection schemes

In this section we demonstrate the relation between our
method and a photodetection technique based on multiplexed
measurement schemes using several on-off detectors. This
scheme relies on balanced splitting of the signal field into N
modes, followed by detection of each output with an on-off
detector (see Refs. [76–82]). The measurement outcome in
this scheme is the number of triggered detectors. Assigning all
detection losses to the quantum state of light, the probability
distribution of observing n clicks for a coherent state |α〉 reads
(see Ref. [59])

�(n|α) =
(

N

n

)
e−(N−n)|α|2/N (1 − e−|α|2/N )n. (73)

Here n = 0, . . . , N ; however, the probability �(N |α) is not
independent due to the normalization condition and can there-
fore be omitted. Accordingly, the photocounting statistics
can be represented by the vector P (mp) with the components
P (mp)

n ≡ P (n), n = 0, . . . , N−1, defined via Eq. (3), where
the corresponding POVM is specified by Eq. (73).

The vector P (mp) is uniquely related to the vector P de-
scribing the no-click statistics considered in this paper via

P (mp)
n =

N∑
k=1

TnkPk, (74)
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where the matrix elements

Tnk = (−1)k−n+N

(
N

k

)(
k

N − n

)
(75)

are obtained by expanding �(n|α) in Eq. (73) in powers of
e−|α|2/N . Thus, the two types of statistics are equivalent in the
sense that they contain the same information and share the
same properties. In particular, nonclassicality of the no-click
statistics implies nonclassicality of the click statistics obtained
from multiplexing detection schemes and vice versa. In the
limit N → +∞, the statistics of the multiplexed schemes
approaches that of photon-number-resolving detectors (see
Ref. [59]). This further implies that a single on-off detector
with tunable efficiency, as considered in this work, can in
principle access information corresponding to arbitrarily high
photon-number resolution by increasing the number of effi-
ciency settings.

The equivalence established above allows us to translate
the nonlinear classicality conditions derived in Sec. V A di-
rectly into conditions on the click statistics P (mp) produced
by multiplexing onto N detection bins. Since the matrix Tnk

in Eq. (73) is invertible, the no-click probabilities Pk can
be expressed as linear combinations of the click probabilities
P (mp)

n ,

Pk =
N−k∑
n=0

(
N − k

n

)(
N

n

)−1

P (mp)
n , (76)

where k = 0, . . . , N . Substituting Eq. (76) into the matrices
M (k)

i, j recasts the quadratic forms (66) in terms of P (mp), and
classicality conditions are then obtained by requiring these
forms to be non-negative, which by Sylvester’s criterion yields
determinantal inequalities, analogously to the case of a single
on-off detector with uniform efficiency.

Carrying out the substitution explicitly, for N = 2m the
matrix elements (66) take the form

M (1)
i, j =

N−i− j∑
n=0

(
N − i − j

n

)(
N

n

)−1

P (mp)
n (77)

and

M (2)
i, j =

N−i− j−1∑
n=1

(
N − i − j − 2

n − 1

)(
N

n

)−1

P (mp)
n , (78)

while for odd N = 2m + 1 they read

M (1)
i, j =

N−i− j−1∑
n=0

(
N − i − j − 1

n

)(
N

n

)−1

P (mp)
n (79)

and

M (2)
i, j =

N−i− j∑
n=1

(
N − i − j − 1

n − 1

)(
N

n

)−1

P (mp)
n . (80)

The matrix elements in Eqs. (78) and (80) follow from simpli-
fying the difference Pk − Pk+1 by means of Pascal’s identity,(

N − k

n

)
=

(
N − k − 1

n

)
+

(
N − k − 1

n − 1

)
. (81)

The nonlinear inequalities derived in Ref. [49] for N = 2,(
2P (mp)

0 + P (array)
1

)2 − 4P (mp)
0 � 0, (82)

and for N = 3, (
P (mp)

1

)2 � 3P (mp)
0 P (mp)

2 , (83)

3
(
P (mp)

1

)2 + (
P (mp)

2

)2

+ 3P (mp)
1

(
P (mp)

0 + P (mp)
2 − 1

)
� 0, (84)

are particular cases of the requirement that all principal minors
(77)–(80) are non-negative.

VI. EXAMPLE: PHASE-SQUEEZED COHERENT STATES

In this section we present an example that demonstrates
the applicability of our method. Before addressing a specific
state, we briefly outline the methodology for practical ap-
plications of the derived inequalities. The simplest scenario
corresponds to uniformly distributed efficiencies ηi = i/N
considered in Sec. V. In this case, it is sufficient to verify the
positive semidefiniteness of the matrices M (k)

i, j for k = 1, 2,
either by applying Sylvester’s criterion or by checking the
non-negativity of their eigenvalues.

In the general case of arbitrary η = {η1, . . . , ηN }, we need
to determine the maximal violation of the inequality (14),
which is given by

V (η;P ) = max
t l ,T

[λ(t l ; T ) · P − λ(t l ; T ) · �(ti)]. (85)

Here l = m or l = m − 1, and T can take the values τ = 0,
τ = 1, ∅, or 0, 1, depending on which vector λ is used. To
compute this maximum, we first consider the vectors λ given
by Eq. (45) for odd N and by Eqs. (54) and (55) for even N . If
the optimization yields a vector t l such that ti+1 − ti < ε for at
least one index i (with ε a fixed small value), we then proceed
with the generalized vectors: Eq. (52) for odd N and Eqs. (59)
and (62) for even N .

In practical scenarios, it is reasonable to consider the case
of uniformly distributed efficiencies ηi = i/N . However, these
efficiencies are typically determined with statistical noise and
are therefore known only with some uncertainty, represented
by the error vector δ = {δ1, . . . , δN } such that ηi = i/N + δi.
We assume that δ lies within a domain �. To certify nonclassi-
cality in this setting, one must verify that, for the given vector
P , the maximal violation V (η) remains positive throughout
the entire domain �. This means that if

min
δ∈�

V (η0 + δ;P ) � 0, (86)

where η0 = {1/N, 2/N, . . . , 1}, then there exists some δ ∈ �

for which the vector P can be reproduced by a statistical
mixture of coherent states. Therefore, the certification of non-
classicality requires a strict violation of this inequality.

We illustrate our method using the phase-squeezed co-
herent state |r, α0〉 = D̂(α0)Ŝ(r)|0〉, where D̂(α0) is the
displacement operator, Ŝ(r) is the squeezing operator, and
|0〉 is the vacuum state. Throughout, we assume that the co-
herent amplitude α0 ∈ R and the squeezing parameter r > 0.
Phase-insensitive measurements, such as photocounting, are
usually regarded as unsuitable for revealing nonclassicality
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of this state [6]. Indeed, the amplitude quadrature of such
states is described by a probability distribution that admits
a classical interpretation. In particular, its variance exceeds
the vacuum noise level. Intuitively, the squared amplitude
quadrature is associated with the photon number, and this
intuition is commonly invoked to explain the super-Poissonian
photocounting statistics for phase-squeezed coherent states.
However, Ref. [49] demonstrated that witnessing nonclassi-
cality of photocounting statistics for such states is possible
even with imperfect photon-number resolution, as encoun-
tered in arrays of on-off detectors. Here we further show that
nonclassicality certification of these states is achievable also
with a single on-off detector, by using the detection efficiency
as a device setting.

The no-click probability for the squeezed coherent state
|r, α0〉 is given by

P (0|η) = 1√
1 + η(2 − η) sinh2 r

× exp

[
(α∗

0 −α0)σ−1

(−α0

α∗
0

)]
, (87)

where

σ−1 = η

4[1 + η(2 − η) sinh2 r]

×
(

η cosh 2r + 2 − η −η sinh 2r
−η sinh 2r η cosh 2r + 2 − η

)
. (88)

We construct the vector P from the components Pi =
P (0|ηcηi ), where ηc denotes the detection efficiency. These
results are then used in the derived inequalities to test non-
classicality.

Let us consider the case N = 3. We begin with the simplest
scenario of uniformly distributed efficiencies ηi = i/3. As
discussed in Sec. V, the corresponding nonlinear inequalities
(40) and (41) apply in this case. The violations of these in-
equalities are quantified by

V = max
{
P2

2 −P1P3; (P1−P2)2 − (1 − P1)(P2 − P3)
}
.

(89)

The dependence of V on the coherent amplitude α0 is shown
in Fig. 6. A clear violation is observed for small values of
α0, which gradually disappears as α0 increases. However, the
magnitude of the violation is relatively small, making an ac-
curate estimation of statistical errors essential in this regime.
This can be addressed straightforwardly by employing the
inequalities in the linear form (14).

Next we consider a scenario in which the detection effi-
ciencies are known only within a finite uncertainty. In this
case, witnessing nonclassicality requires a violation of the
inequality (86), meaning that the quantity

V = min
δ∈�

V (η0 + δ;P ) (90)

must be non-negative. To assess the statistical significance
of such a violation, we estimate the uncertainty associated
with the left-hand side of the underlying linear inequality,
λ(t l ; T ) · P . Since this expression represents a sum of ex-
pectation values of the random variables corresponding to the

FIG. 6. Violation of the nonlinear inequalities (40) and (41) [see
Eq. (89)] as a function of the coherent amplitude α0 for phase-
squeezed coherent states with different squeezing parameters r. The
number of settings is N = 3, and the detection efficiency is ηc = 0.8.
The shaded region corresponds to V � 0, for which no nonclassical-
ity is detected.

components λi, its statistical error can be evaluated as

ε =
√√√√ 1

M

N∑
i=1

Var(λi), (91)

where M is the total number of experimental trials. Here each
λi is treated as a random variable that takes the value λi when
a no-click event occurs at the corresponding efficiency setting
and 0 otherwise. During the optimization over the setting
inaccuracies δ ∈ �, we select the error configuration at which
the minimum in Eq. (90) is attained. The resulting behavior
is shown in Fig. 7. One observes that a statistically significant
violation can be achieved with a sample size of M = 107 even
under the assumption of imperfectly known transmittances.

VII. CONCLUSION

In this paper we have shown that, although a single on-
off detector is generally regarded as unsuitable for detecting
optical nonclassicality of quantum states, it can nevertheless
be employed for this purpose after a simple modification.
Specifically, we propose to precede the detector with a tunable
attenuator that introduces controlled additional losses into the
signal. A discrete set of N attenuation values then defines a
corresponding set of effective detection efficiencies, which
can be interpreted as distinct detector settings. In an experi-
ment, one measures the no-click probabilities associated with
each setting; collectively, these probabilities form a vector P
in an abstract N-dimensional Euclidean space.

The set of all vectors P that can be reproduced by classical
states, i.e., by statistical mixtures of coherent states, forms a
convex set: the convex hull of the curve defined by the no-click
probabilities of coherent states. Because the measurement
scheme considered here is not tomographically complete, vec-
tors generated by nonclassical states may still lie within this
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FIG. 7. Violation of the inequality (86) [see Eq. (90)] as a func-
tion of the coherent amplitude α0 for phase-squeezed coherent states
with different squeezing parameters r. The remaining parameters are
the same as in Fig. 6. The optimization is performed over the domain
defined by |δi| � 0.001 for all i = 1, . . . , N . The confidence intervals
correspond to M = 107 measurement trials.

set, implying that nonclassicality cannot always be revealed
by this measurement alone. However, if a given vector P
lies outside this convex set, the corresponding quantum state
necessarily exhibits optical nonclassicality.

To determine whether a given vector P belongs to the
convex hull of classical vectors, we employ tools from convex
geometry, in particular the hyperplane separation theorem.
This approach naturally leads to a continuous family of in-
equalities that are linear in the components of P . Together,
these inequalities provide a necessary and sufficient condition
for membership of P in the classical set. Violation of any
of these inequalities certifies the nonclassicality of the cor-
responding quantum state.

If uniformly distributed efficiency settings are chosen, the
problem is considerably simplified. In this case, the continu-
ous family of linear inequalities can be replaced by a discrete
set of nonlinear inequalities. This approach is computationally
efficient and straightforward to implement. However, it is not
robust against uncertainties in the efficiency values, which
makes its direct application in realistic experimental scenarios
challenging.

The method based on linear inequalities, however, can be
naturally extended to scenarios in which the detection efficien-
cies are known only within finite uncertainties. Since these
inequalities are formulated for arbitrary detector settings, one
can introduce an additional optimization to test whether the
measured vector P can be compatible with a classical de-
scription for at least one configuration of efficiencies within
a predetermined uncertainty region. If no such configuration
exists, one can conclude that the proposed method reveals

optical nonclassicality even under imperfect knowledge of
experimental parameters, making it particularly relevant for
practical experimental implementations.

We have demonstrated that our technique, while being
straightforward to implement experimentally, can reveal non-
classicality in scenarios where standard methods fail. As an
illustrative example, we considered phase-squeezed coherent
states. These states constitute an emblematic case: Despite
being nonclassical, they exhibit super-Poissonian photocount-
ing statistics and are therefore often regarded as unsuitable
for nonclassicality tests based on phase-insensitive measure-
ments. Nevertheless, our approach overcomes this limitation
and successfully reveals nonclassicality using only three ef-
ficiency settings. This example highlights the strong potential
of our method for experimental applications and demonstrates
its usefulness in situations where conventional techniques are
ineffective.
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APPENDIX A: HODGE STAR

In this appendix we recall the definition of the Hodge
star operator used in Sec. IV for constructing the vectors λ.
Consider the Euclidean space Rn and a set of n − 1 vectors
vi, with i = 1, . . . , n − 1. The Hodge star maps their exterior
product to a vector in Rn according to

(−1)n−1 �

n−1∧
i=1

vi =

∣∣∣∣∣∣∣∣∣∣∣∣

e1 e2 · · · en

v1
1 v1

2 · · · v1
n

...
...

. . .
...

vn−1
1 vn−1

2 · · · vn−1
n

∣∣∣∣∣∣∣∣∣∣∣∣
, (A1)

where e1, e2, . . . , en denotes an orthonormal basis of Rn. This
construction generalizes the cross product in R3 to arbitrary
dimension n.

APPENDIX B: TIGHTNESS OF INEQUALITIES

In this appendix we prove that the inequalities associated
with the vectors λ introduced in Sec. IV form a complete
set of tight inequalities. To this end, we employ methods
from convex geometry. In particular, our analysis relies on
results from the theory of generalized moment problems and
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extended Chebyshev systems. The mathematical results used
throughout this appendix can be found in Ref. [73]. We start
with presenting general statements that apply to a broad class
of measurements and experimental settings. In particular,
these results cover both the photocounting statistics studied
in Ref. [49] and the no-click statistics obtained from on-off
detectors with tunable efficiency settings considered here. The
explicit application of these general results to the latter case is
discussed at the end of this appendix.

Let us consider a set of N+1 functions {�∗
0(t ), . . . ,�∗

N (t )}
that are N times differentiable on the interval t ∈ [a, b]. This
set is called an extended Chebyshev system if there exists σ =
±1 such that

σ
(t0, . . . , tN ) > 0 if a � t0 � · · · � tN � b, (B1)

where


(t1, . . . , tN ) = det(�∗(ω0 )(t0) · · · �∗(ωN )(tN )). (B2)

Here

�∗(ωi )(ti ) = (
�∗

1
(ωi )(ti ) �∗

2
(ωi )(ti ) · · · �∗(ωi )

N (ti )
)T

,

(B3)

i = 0, . . . , N , and the superscript (ωi ) denotes the ωith deriva-
tive. The integer ωi equals the number of occurrences of ti in
the sequence t0, . . . , ti−1, with the convention ω0 = 0. In this
context, a linear combination of functions from an extended
Chebyshev system

P(t ) =
N∑

i=0

λ∗
i �

∗
i (t ) = λ∗ · �∗(t ) (B4)

is called a generalized polynomial. An equivalent defining
property of an extended Chebyshev system is that any gen-
eralized polynomial has at most N zeros on [a, b], counted
with multiplicities.

Our task is to determine the conditions under which a
vector P∗ ∈ RN+1 belongs to the convex set generated by
the vectors �∗(t ). In this context, a crucial role is played
by vectors λ∗ that correspond to generalized polynomials
non-negative on the interval t ∈ [a, b], i.e., P(t ) � 0. The
following theorem makes this connection precise.

Theorem 1. A vector P∗ ∈ RN+1 can be represented as
a convex combination of the vectors �∗(t ), t ∈ [a, b], if and
only if for any non-negative generalized polynomial P(t ) =
λ∗ · �∗(t ) � 0, the dot product

λ∗ · P∗ � 0. (B5)

The set of all vectors λ∗ associated with non-negative gen-
eralized polynomials can be reduced without loss of generality
to those corresponding to polynomials with exactly N zeros,
counting multiplicities, in the interval t ∈ [a, b]. We refer to
such polynomials as tight polynomials. The following the-
orem provides a key result that justifies this reduction and
enables an optimization of the admissible set of λ∗.

Theorem 2 (Karlin). Any non-negative generalized poly-
nomial which is not tight can be uniquely decomposed into
the sum of two tight generalized polynomials.

Indeed, let us suppose that λ∗
k · P∗ � 0 holds for ev-

ery λ∗
k associated with a tight generalized polynomial. By

Karlin’s theorem, any non-negative generalized polynomial

P(t ) = λ∗ · �∗(t ) can be decomposed into the sum of two
tight generalized polynomials P1(t ) and P2(t ). This de-
composition induces a corresponding decomposition of the
coefficient vector, λ∗ = λ∗

1 + λ∗
2, where each vector λ∗

k is as-
sociated with a tight polynomial. Consequently,

λ∗ · P∗ = (λ∗
1 + λ∗

2 ) · P∗ = λ∗
1 · P∗ + λ∗

2 · P∗. (B6)

Since both terms on the right-hand side are non-negative by
assumption, it follows that λ∗ · P∗ � 0. Therefore, it is suffi-
cient to test the inequalities associated with tight generalized
polynomials in order to determine whether P∗ belongs to the
convex hull.

Let us now consider a specific measurement scheme, de-
scribed by POVM elements associated with the set {�i(t ) |
i = 1, . . . , N}. We define the extended set of functions by
�∗

0(t ) = 1 and �∗
i (t ) = �i(t ) for i = 1, . . . , N and assume

that this set forms an extended Chebyshev system on [a, b].
Our goal is to determine whether a given vector P can be
presented as a convex combination of the vectors �(t ). To this
end we introduce the extended vector P∗ with components
P∗

0 = 1 and P∗
i = Pi for i = 1, . . . , N . It is straightforward to

see that the vector P is a convex combination of �(t ) if and
only if the vector P∗ is a convex combination of �∗(t ).

In the the present setting, a generalized polynomial λ∗ ·
�∗(t ) is non-negative if it satisfies the inequality

λ∗
0 � λ · �(t ). (B7)

Here we have assumed that

λ∗ =
(

λ0

−λ

)
. (B8)

Additionally, the inequality (B5) can be equivalently rewritten
as

λ∗
0 � λ · P . (B9)

Consider a family of non-negative generalized polynomials
that share a fixed λ but have different λ∗

0. Each polyno-
mial produces the inequality (B9) with its own λ∗

0. Such
inequalities can be replaced by a single one with the smallest
admissible λ∗

0 since all others are implied by it. According to
Eq. (B7), this minimal value is

λ∗
0 = sup

t∈[a,b]
λ · �(t ). (B10)

Thus, we conclude that in order to verify if P∗ belongs to the
convex hull of the vectors �∗(t ) one only needs to consider
generalized polynomials satisfying Eq. (B10). Substituting it
into the inequality (B9) directly yields the inequality (14).

Now we show that tight generalized polynomials corre-
spond to the set � of tight inequalities (see Sec. II). First,
by virtue of Theorem 2, any vector λ∗ can be decomposed
into a sum of two vectors λ∗

k associated with tight generalized
polynomials. It then follows directly that any vector λ defining
inequalities of the form (14) can likewise be decomposed into
a sum of corresponding vectors λk . Second, we need to prove
that a given vector λk cannot be expressed as a linear combina-
tion of other vectors from this set. For this purpose, we outline
a useful representation of a generalized polynomial with N
zeros t1, . . . , tN , where the number of duplications of a zero
indicates its multiplicity. Such a polynomial is determined

063726-12



NONCLASSICAL PHOTOCOUNTING STATISTICS WITH A … PHYSICAL REVIEW A 113, 063726 (2026)

uniquely up to a constant factor C and is given by

C
(t, t1, . . . , tN ) (B11)

[cf. Eq. (B2)]. It implies that a tight generalized polynomial
cannot be decomposed into the sum of other linearly indepen-
dent generalized polynomials. Indeed, if that were the case,
they would need to have the same zeros and multiplicities as
the original tight generalized polynomial. However, that con-
tradicts the uniqueness property. This conclusion translates
directly to the corresponding inequalities of the form (14).

As the next step, we derive explicit expressions for the tight
test functions. According to Eq. (B11), a tight generalized
polynomial is determined by its zeros up to a constant factor
C. Since such a polynomial is non-negative on the interval, all
its interior zeros must be non-nodal, i.e., their multiplicities
must be even. We denote a tight generalized polynomial by
P(t ; t l ; T ), where t l = {t1, . . . , tl} is a set of interior zeros of
size l = (N − |T |)/2 such that every occurrence of a zero
increases its multiplicity by 2, e.g., {0.2, 0.2, 0.9} means that
0.2 has a multiplicity of 4 and 0.9 has a multiplicity of 2. The
symbol T denotes the set of boundary zeros such that there
are no duplications and each occurrence of a zero increases
its multiplicity by 1 and |T | denotes the cardinality of this
set (the number of elements). Depending on the specific vec-
tor λ(t l ; T ) under consideration, the set T may contain the
boundary points a or b, or be empty.

For each parity of N , there are two families of tight gen-
eralized polynomials. If N = 2m, for the first family, T = ∅

and tm = {t1, . . . , tm},
P(t ; tm) = σC
(t, t1, t1, . . . , tm, tm), (B12)

where C > 0 and σ from Eq. (B1) ensures that the polynomial
is non-negative. For the second family, T = {a, b} and tm−1 =
{t1, . . . , tm−1},

P(t ; tm−1; a, b)

= −σC
(t, a, t1, t1, . . . , tm−1, tm−1, b), (B13)

where C > 0 and the minus sign accounts for the swap of t and
a. If N = 2m + 1, we have tm = {t1, . . . , tm} for both families
and T = {a} and T = {b} for the first and the second family,
respectively,

P(t ; tm; τ ) = (−1)τ+1σC
(t, τ, t1, t1, . . . , tm, tm), (B14)

where τ = a, b and C > 0.
We now derive the explicit expression for the vectors

λ associated with tight inequalities. For clarity, we restrict
the derivation to the case in which the set tm contains no
duplications (ωi = 1) as the methodology remains the same
for the general case. We substitute Eq. (B2) into Eq. (B12)
and perform elementary column operations, namely, sub-
tracting the second column from the first and applying the
same operation to all columns with even indices in the
determinant. As a result, the first row acquires a single
nonzero entry, which allows us to expand the determinant
along this row. This reduces the determinant to an N × N
form,

P(t ; tm) = σC det = −σC det

⎛
⎜⎜⎝


�1(t, t1) �̇1(t1) · · · 
�1(tm, t1) �̇1(tm)
...

...
. . .

...
...


�N (t, t1) �̇N (t1) · · · 
�N (tm, tm) �̇N (tm)

⎞
⎟⎟⎠. (B15)

This expression can be further rearranged as

P(t ; tm) = −σC[− det(�(t1) �̇(t1) · · · ��(tm, t1) �̇(tm)) + det(�(t ) �̇(t1) · · · ��(tm, t1) �̇(tm))],

(B16)

where we use vector notation for the matrix columns.
Since P(t ; tm) = supt ′∈[a,b] λ(tm) · �(t ′) − λ(tm) · �(t ), where λ(t ) is the associated tight test function, we conclude that

λ(tm) · �(t ) = σC det(�(t ) �̇(t1) · · · ��(tm, t1) �̇(tm)). (B17)

Recall that the determinant of a matrix formed by a vector v and a set of vectors u1, . . . , uN can be written as the dot product

det(v u1 · · · vN ) = (−1)N−1v · �(u1 ∧ · · · ∧ uN ). (B18)

Then Eq. (B19) can be rewritten as

λ(t ) · �(t ) = (−1)N−1σC�(t ) · �

(
�̇(t1) ∧

m∧
i=2

��(ti, t1) ∧ �̇(ti )

)
. (B19)

Thus,

λ(t ) = (−1)N−1σN �

(
�̇(t1) ∧

m∧
i=2

��(ti, t1) ∧ �̇(ti )

)
, (B20)

where we set C = N . Similarly, one can obtain the expres-
sions for other test functions.

As the next step, we specify the elements �i(t ) as those
corresponding to the no-click statistics given by Eq. (43).
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According to Ref. [72],

{1, t, tν2 , . . . , tνN }, (B21)

where 1 < ν2 < · · · < νN , is an extended Chebyshev system
on ]0,1]. To address the singularity at the boundary point t =
0, we employ a limiting argument. We first derive the family
of tight inequalities on the truncated interval [ε, 1] for an arbi-
trary ε ∈]0, 1[. Observe that for any ε1 < ε2, the inequalities
associated with ε2 follow directly from those associated with
ε1. Consequently, the limiting inequalities derived as ε → +0
are sufficient to imply the inequalities for all ε ∈]0, 1[.

Now let us determine the sign σ = ±1 from Eq. (B1).
Since σ is the same across all the domain of t0, . . . , tN , we

may restrict our attention to the case when there are no dupli-
cates. As stated in Ref. [72],

det

⎛
⎜⎜⎝

exp(x0y0) exp(x0y1) · · · exp(x0yN )
exp(x1y0) exp(x1y1) · · · exp(x1yN )

...
...

. . .
...

exp(xN y0) exp(xN y1) · · · exp(xN yN )

⎞
⎟⎟⎠ > 0,

(B22)

where x0 < · · · < xN and y0 < · · · < yN . Substituting x0 =
0, xi = νi (i = 1, . . . , N), and y j = ln t j ( j = 0, . . . , N), we
obtain Eq. (B1) for the system (B21). It follows that σ =
1, which specifies the sign in Eq. (B1) for the considered
Chebyshev system.
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