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Operator-valued-flow-equation approach to the bosonic lattice polaron: Dispersion
renormalization beyond the Frohlich paradigm
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We consider the ground-state properties of a lattice Bose polaron, a quasiparticle arising from the interaction
between an impurity confined to an optical lattice and a surrounding homogeneous Bose-Einstein condensate
hosting phononic modes. We present an extension of Wegner’s and Wilson’s flow equation approach, the
operator-valued-flow-equation approach, which allows us to calculate the renormalized dispersion of the polaron
and assess the role of two-phonon scattering processes on the dispersion. The results obtained in this way are
compared to a variational mean-field approach, which will allow us to demonstrate that the flow equations behave
correctly at weak coupling. We find that in certain impurity phonon interaction regimes the shape of the disper-
sion is significantly altered by the inclusion of two-phonon scattering events as opposed to only single-phonon
scattering events. Moreover, our results predict that a polaronic bound state may emerge, which is not present in
Frohlich-type models that only consider single-phonon scattering events.

DOI: 10.1103/pcsy-czjp

I. INTRODUCTION

Since its proposal by Landau [1] to describe the interaction
of an electron with the atoms in a crystal, the polaron concept
has attracted considerable attention among condensed matter
physicists for its extensibility to the more general setting
where an impurity is dressed by excitations of a surrounding
medium. To give just a few examples, these can be, as in the
original setting, phonons of crystal vibrations [2,3], spin ex-
citations [4-6], or Bogoliubov excitations of a Bose-Einstein
condensate (BEC) [7-9], which we consider here.

Thus, ultracold quantum gases can provide a platform to
study the fundamental polaron concept in a particularly pure
and isolated setting. In this context, optical lattices can be used
to experimentally implement different potential landscapes
[10]. Notably, the realization of atom-species-selective optical
lattices has opened the possibility to investigate settings where
an impurity atom is confined to a lattice while immersed in a
spatially homogeneous BEC [11,12].

On the theoretical side, most descriptions of lattice
polarons are based on the Hamiltonian originally introduced
by Frohlich [2]. The excitations surrounding the impurity
are identified as quasiparticles and the Frohlich Hamiltonian
describes their energies as well as the scattering of single
quasiparticles off the impurity. However, it has been shown
that for an accurate description of Bose polarons two-phonon
scattering terms and, in the strong-coupling regime, even
phonon-phonon interactions cannot be neglected [8,13—16].
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While the ground state and dynamical properties of lattice
polarons have been analyzed at the Frohlich level [17], open
questions on the effect of two-phonon scattering terms for
their theoretical description remain. The purpose of this article
is to consider a system where an impurity on a quasi-one-
dimensional optical lattice is immersed in a one-dimensional
Bose gas, as visualized in Fig. 1. A similar scenario without
an optical lattice potential has already been subject to both
experimental [18] and extensive theoretical investigation, see,
e.g., Refs. [14,18-25]. Moreover, the spectral and quasiparti-
cle properties of a lattice polaron in a two-dimensional BEC
of hard-core bosons [26] as well as the dynamics of two
interacting polarons in a two-dimensional BEC [27] have been
subject of previous studies.

We will work with Bogoliubov theory and include two-
phonon terms while neglecting phonon-phonon interactions.
We focus our analysis on the ground-state properties of
the lattice polaron by calculating its energy and renormal-
ized dispersion. This corresponds to calculating the mass
renormalization for nonlattice Bose polarons. We will tackle
this problem in two different ways: on one hand we use
a variational coherent state Ansatz to obtain the mean-field
dispersion [15,17]; on the other hand we introduce an exten-
sion of the flow equation approach [28,29] to approximately
diagonalize the Hamiltonian. The method presented here has
the promise of being adaptable to several physical problems,
in particular to Hamiltonians arising in bosonic impurity prob-
lems [8]. A potential candidate for applying the operator
valued flow equation approach could be magnetic polaron
problems with effective Hamiltonians that are structurally
very similar to the one-dimensional Bose lattice polaron that
we are working with [30].

Moreover, the straightforward adaptability of flow equa-
tion approaches to both time-dependent problems, see, e.g.,
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FIG. 1. A single impurity (red) is immersed in a quasi-one-
dimensional homogeneous BEC (green) while being constrained to
an one-dimensional optical lattice (black sinusoidal line). The dis-
tance between adjacent lattice sites is a, and the hopping parameter J
is associated with the required energy cost for the impurity to tunnel
between adjacent sites. The Wannier functions (blue) on each lattice
site are approximated by Gaussians of width ¢y,,. The distortions of
the condensate depicted near the impurity illustrate the formation of
a polaron.

Ref. [31] for a general introduction, and higher dimensions
makes the operator valued flow equation approach a par-
ticularly interesting as a tool to study out-of-equilibrium
properties of the Bose (lattice) polaron, similar in spirit to the
time-dependent RG brought forward in a previous study of
Bose polarons [32].

This article is organized as follows. After introducing the
theoretical model in Sec. II, we will present our results for
the renormalized dispersion of the lattice polaron both with
and without two-phonon scattering terms in Sec. III, where
mean-field results will serve as a benchmark for the flow
equation approach. We will also address the dependence of
the ground-state energy on the impurity-boson interaction
strength at fixed polaron momentum. In Sec. IV, we will de-
velop our formalism and introduce the previously mentioned
extension of the flow equation approach. We will briefly
present the idea of the flow equation approach Sec. IV A, then
make the transition to allow operators to be subject to the flow
(Sec. IV B) and discuss how solving the flow equations can
be approached (Secs. IVC and IV D) as well as why the
breakdown of the flow equations in a certain regime is to
be expected (Sec. IV E). This article is then concluded by a
summary of the results obtained for the bosonic lattice polaron
and a discussion on further potential applications of the newly
developed operator-valued-flow-equation approach.

II. MODEL
A. Establishing the Hamiltonian

We consider a one-dimensional system where a single
impurity of mass my, described by a field operator ¥/ (x), is
immersed into a sea of bosons of mass mg, described by the
field operator ¢ (x), with contact interaction of strength ggg.
The impurity is confined to a lattice of length L whereas the
bosons move in continuous space, a scenario, which can be re-
alized optically [12]. The boson-impurity interaction strength
is g1B, and in natural units the microscopic Hamiltonian of this
system reads

=l ol
= / ¢ )| =5+ 5P X)P(x) |6(x)
np 2

R V2 R R R
- w*m[—z—mI + Vi(x) + gmw(xw(x)]w(x)}. (1

Here we introduced the optical lattice potential, which we take
to be of the form

Vi(x) = Vp sin? (kox). 2)

ko = 27 /A is the wave vector used to create the lattice po-
tential, which is only seen by the impurity. This setting is
similar to the one discussed in Ref. [17], except that we
consider a fully one-dimensional system here. Moreover, in
our following analysis we will include two-phonon scattering
terms.

The field operator v (x) can be expanded in terms of Wan-
nier functions, which will be approximated as Gaussians with
standard deviation ¢, centered around a given lattice site j.
Next, we introduce the spacing between adjacent lattice sites

a along with wy = 2,/VokZ /2my and €y, = 1/,/miey in order
to relate the optical potential to the Wannier functions.

The free impurity is then described by a tight-binding
Hamiltonian

Th=—-7) (@,¢ +Hc), (3)
i

with effective hopping J between adjacent lattice sites j. Here
6; creates an impurity in the Wannier orbital centered around
site j.

The bosons will be treated as an unperturbed homogenius
condensate of density ng, speed of sound ¢ and healing length
& using Bogoliubov theory. In Sec. IIB we argue, why the
use of Bogoliubov theory is justified for the current setting.
Within Bogoliubov theory, the bosonic field operator can be
written as ¢ (x) = Vo + & (x) where

d(x) = dkdpe*x

1
V2 /
dk(uéy + v’ e, )

~ 7

describes fluctuations around the condensate. d; represents a
Bogoliubov phonon of momentum & and energy

w = cky/ 1+ FE2K2. (5)

Its contribution to the excitation to the condensate is given by
the mode functions

u, = L 1+—k252+1 (6)
T Ve e

|+ k282

i
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As it will be useful later, we already introduce the dimension-

less constant
no
8eff = &IB PR (®)

Depending on whether the impurity-boson interactions are
repulsive or attractive, it can take positive or negative values.

(7
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Combining Egs. (1), (4), (5), as well as the Gaussian Wan-
nier functions, gives rise to the following Hamiltonian:

H= /dkwka,iak —JY (&, ¢+ He)
J

+ Zéjéj [ngno + %‘: / dkv/%
j
+ / dk(@] + a_)Upe*
+/ dk / dk'a} a Vi e %
" / dk/dk/(altaz'wk’k/eiaj(ﬂk/) + H.c.)i|~ )

Crucially, this Hamiltonian is at most quadratic in impurity
or phonon operators. This is because interactions between
bosons that are not part of the condensate have been neglected,
which is valid in the dilute limit or, alternatively, when the
boson-boson coupling ggg is small. In Eq. (9), we introduced
the coefficients

_ no (k$)2 e —K262, /4
Uk —&B,/E<m> e (10)

81B (K —k)2 2

Vi = 5~ (e + vivioJe K=kt /4 (1
gIB o 292

Wer = 3 (wve + van e K0 o4, (12)

‘We will now show that the Hamiltonian can be transformed
such that it factorizes into a block-diagonal form

= Z elegHy. (13)

qeBZ

This reduces the problem of diagonalizing the full Hamil-
tonian to diagonalizing each purely bosonic block 7—2,1. In
order to bring the Hamiltonian (9) in the block-diagonal form
(13), we define the Lee-Low-Pines unitary operator, originally
proposed by Lee et al. [33],

ULLp = exp iZa jele; f dkkafay |. (14)
J

Applying it to the Hamiltonian transforms the latter into the
polaron frame: Noting that X := ) ja jé;é_,v is the position
operator of the impurity and that P := i dkk&;[&k is the mo-
mentum operator of the phonons, or more formally using the
Baker-Campbell-Hausdorff formula, it is clear that UpLp trans-
lates all bosons by X and boosts the impurity’s momentum
by P. Finally, after applying transformation (14), we see that
Hamiltonian (9) indeed factorizes in the block-diagonal form
(13). The momentum blocks are given by the extended lattice

Bogoliubov-Frohlich (BF) Hamiltonian:
H, = / dk[wdag + (@] + U
+ / dkdk'[(@)a, Wi + H.c.) + &g Vi w]

— 2J cos(aq — aP) + gwno + iﬂ / dkv.  (15)
JT

B. Validity of the Bogoliubov approximation

It is a priori not clear that the use of the Bogoliubov ap-
proximation is justified in the current one-dimensional setting.
First, there is a second excitation branch in the spectrum that
Bogoliubov theory does not capture [34]. Moreover, it has
long been known that there is formally no condensation in
one-dimensional systems [35].

But despite the absence of true long-range order, the al-
gebraic decay of correlations gives rise to quasicondensate
behavior, which is adequately captured by the low-energy
excitations described by Bogoliubov phonons. This observa-
tion is supported by a comparison of Bogoliubov theory to
numerically exact diffusion Monte Carlo (DMC) and experi-
ments [8,14]. In this context, it has been shown that while the
Bogoliubov approximation breaks down at strong coupling, it
is indeed very accurate at describing, for example, the renor-
malized polaron mass and polaron ground-state energy in a
weak coupling regime with high boson density. In a similar
fashion, we will see in Sec. III that our operator-valued-flow-
equation approach correctly predicts the ground-state energy
in the weak coupling regime by comparing it to mean-field
results, which we know to be accurate in that regime.

III. RESULTS

In this section, we present our findings for the ground-
state energy of the bosonic lattice polaron obtained with
the flow-equation approach. In anticipation of a portion of
the forthcoming discussion in Sec. IV, we will open the
present section by conceputally introducing the operator-
valued-flow-equation approach. We will also briefly discuss
the lattice-Lee-Low-Pines mean-field (MF) treatment via a
coherent state Ansatz, previously applied in Ref. [17], against
which this new method will be compared.

We will first investigate the pure Frohlich-type Hamilto-
nian in Sec. III B, i.e., the BF Hamiltonian (15) with V; =
Wiiw = 0 Vk, k. In Sec. III C, we will take two-phonon scat-
tering terms into account, which will make our model exact
at the level of Bogoliubov theory. This corresponds to the full
extendend Bogoliubov-Frohlich Hamiltonian (15).

A. Brief overview of theoretical methods

The flow-equation approach [28,29,31] can be used to
obtain, at least approximately, the spectrum of a given
Hamiltonian by applying a continuous series of unitary trans-
formations. The unitary transformations are ordered by the
so-called flow parameter X. It is common to design the unitary
transformation in such a way that the degree to which off-
diagonal matrix elements of the Hamiltonian are suppressed
depends on how large the difference in the energies of the
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associated states is. In essence, this implies that for a given
state with a high energy, a greater number of associated
off-diagonal matrix elements are rapidly suppressed in com-
parison to a state with a lower energy. This is qualitatively
similar to the Wilson-Fisher momentum-shell renormalization
group (RG) where fast field components, which for typical
dispersions also correspond to higher energies, are integrated
out first. However, in contrast to Wilsonian RG, the flow equa-
tion approach does not integrate out any degrees of freedom
and gives access to the full energy spectrum. Moreover, as in
RG, terms can be generated in the flow that are not present in
the original Hamiltonian (or action).

In our case, the BF Hamiltonian (15) is not purely quadratic
in the bosonic operators &, unless the hopping J — 0 is
suppressed. In the latter case, the flow equation approach can
be applied straightforwardly and becomes exact. For nonzero
hoppings, J # 0, the off-diagonal part of the Hamiltonian
will become dependent on the bosonic momentum operator P
during the flow. The central step in our formalism is therefore
to promote all coefficients w, U, W, V in the BF Hamiltonian
(15) to flowing operators commuting with the bosonic number
operators 7iy.

We will have to make two approximations: first, terms that
are generated in the flow and do not formally correspond
to this form will be neglected. Second, only an approximate
representation of the flow operators with a finite number of
parameters is used. We will use use two different Ansdtze.

The first one will be to write the flowing operators as a trun-
cated Fourier series in ag — aP, which can be motivated easily
because any continuous function over the Brillouin zone (BZ)
can be written as a Fourier series. An operator O will be
represented by the coefficients {o'?}o<,cn ({89 }o<nsn) for
cosine (sine) terms with argument n(ag — aP); N € N is the
Fourier series cutoff.

The second one will be a heuristic Ansatz involving a finite
number of particularly chosen basis functions (37), which
is less generic than the Fourier series treatment and cannot
be motivated without additional assumptions about the shape
of the dispersion. Specifically, we have designed them so
that their Fourier spectrum decreases exponentially with fre-
quency.

Our results obtained via the flow equation aproach will be
compared with those from mean-field theory. The variational
states corresponding to the MF Ansatz read

[w)") = [ [exp(exa] — ;)0 (16)
k

with variational parameters {oy};. It is clear that the flow
cannot be accurate for Eqoy > Eymr because mean field gives
a variational upper bound for the energy. This statement can
even be strengthened: With the flow equations we will di-
agonalize the entire family of operators 7:[,, simultaneously.
However, the approximations made are not dependent on g.
So if the flow dispersion is higher in energy than the MF
dispersion, which sets an upper bound for each g separately,
even for just one g € BZ, this indicates poor performance of
the flow-equation approach.

B. Frohlich Hamiltonian

Since it will soon become apparent that in the supersonic
regime, where the group velocity v, = (9,H(q)) exceeds the

(a) Gor = 3.2 (b) gexr = 6.4

=== MF

— Flow

=== MF
— Flow

unrenormalized ~15 unrenormalized

00 05 1.0 15 20 0.0 05 10 15 20
a/% a/%

FIG. 2. Polaron dispersion obtained via MF (blue dashed line)
and the flow equations (black solid line) with Fourier cutoff N = 6
for two different interaction strengths g.;r = 3.2 (a) and geir = 6.4 (b)
without the inclusion of two-phonon scattering terms. In both cases,
the renormalization of the hopping is most noticeable by the narrow-
ing of the dispersion at the edge of the Brilloin zone (¢ = £7/a).
We also show the unrenormalized dispersion —2J cos(agq) (gray
dash-dotted line), which has been shifted down to the energies of
the renormalized dispersion for the purpose of graphical clarity. The
hopping was set to J = 0.4¢/a, the lattice spacing to a = £ /5 and the
oscillator length to ¢y, = a/ /2. The calculations were performed on
a one-dimensional momentum grid of size Ngig = 12.

speed of sound ¢ of the condensate, the flow equations become
unreliable even for relatively small interaction strengths, we
will present selected dispersions for the supersonic regime
and then primarily focus our analysis to the subsonic regime
of the polaron. The supersonic regime with v, > ¢ involves
dynamics that are far from equilibrium including Cherenkov-
type radiation and strong decoherence effects [8], which we
will not address in this article.

Figure 2 compares the MF Ansatz dispersion to the dis-
persion obtained via the flow equations (FE). For relatively
small interaction g.; = 3.2 in Fig. 2(a), MF and the flow
equations yield essentially identical results. For larger inter-
ation shown in Fig. 2(b), the MF dispersion gets narrower
around g = £ /a at the edge of the BZ. The FE predict a
very slight correction to the MF energies while validating the
narrowing of the dispersion at the edge of the BZ. The total
renormalization of the hopping parameter amounts to around
10% in Fig. 2(b), being slightly stronger for the FE compared
to MF. Also, the FE dispersion is strictly lower in energy than
the MF dispersion, strongly suggesting that the FE are well
behaved and accurate in this regime.

In the case of larger hoppings, allowing supersonic bare
impurities, the situation is different. Figure 3(a) confirms that
for a small range of weak interaction strengths, good agree-
ment between the FE and MF can be obtained even in the
supersonic regime. In the case under consideration, the hop-
ping is sufficiently large that the polaron becomes supersonic
in the gray shaded regions centered around g ~ (7 £ 7 /2)/a.

For the slightly larger interaction strength g.;f = 2.8 con-
sidered in Fig. 3(b), the MF dispersion is most substantially
renormalized for g within the supersonic (gray shaded) region,
whereas the FE dispersion continues to exhibit a qualitative
alignment with the MF dispersion. However, the FE also in-
troduce an oscillatory behavior on top where high-frequency
terms in the Fourier Ansatz become more dominant than
lower-frequency terms. Since the FE are energetically above
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FIG. 3. Polaron dispersion obtained via MF and the flow equa-
tions (Fourier cutoff N = 6) for two different interaction strengths
ger = 1.2 (a) and ger = 2.8 (b) in the supersonic regime without
the inclusion of two-phonon scattering terms. The hopping was set
to J = 0.7c/a, which is sufficiently large that there exist g € BZ
such that the group velocity exceeds the speed of sound ¢ of the
condensate. In the gray shaded area we numerically find vgr[F > c.
All system parameters apart from the hopping were chosen exactly
as in Fig. 2.

MF for the majority of the BZ, we can state, as discussed
above, that the limits of the approximations made have been
reached here and the FE are no longer reliable. Phenomeno-
lo%ically, we observe that MF and FE quantitatively agree if
o) < (M) V0 < n < N, using notation introduced in Sec.
IV C below. It is based on this observation that we introduce a
heuristic Ansatz that allows us to no longer represent the dis-
persion by a truncated Fourier series, but by the appropriately
chosen basis functions (37). Within this Ansatz, we obtain
a good agreement between FE and MF for a wider range
of interactions strenghts, as becomes apparent by comparing
Fig. 3(b) and Fig. 4(a). Since MF as a variational approach
provides an upper bound for the ground-state energy for each
q, Fig. 4(b), where the FE for some phonon quasimomenta is
clearly higher than MF, shows that the just chosen Ansatz also
breaks down if both the hopping and the interaction strength
are too large. However, it is still possible that some aspects of
the FE dispersion can be translated into real physics, e.g., that
the FE predict a transition to the supersonic regime for smaller
quasimomenta than MF. A remarkable feature of the MF
dispersion is the kink around ¢ = + /a at the edge of the BZ.

(a) ot = 3.0 (l)) o = 0.1
1.5 1.0 3
1.0 0.5
. 05 o 0.0
= S 0.5 2
= 0.0 o D /.
—05 —— Flow ~1.0 Flow \
: unrenormalized unrenormalized \ %\
—1.0 [ > 1.0 ¢ —1.5 [0} > 1.0 ¢
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
a/z q/=

FIG. 4. Polaron dispersion obtained via MF and the flow equa-
tions [heuristic Ansatz (37) with i € {1, 2, 3,4}] for two different
interaction strengths ge;r = 3.0 (a) and g = 5.1 (b) in the super-
sonic regime without the inclusion of two-phonon scattering terms.
The hopping was set to J = 0.7¢/a and the depiction follows that in
Fig. 3.

=
~
S,
~15 ROTN
& ° J=0.1c/a RN
— J=04dc/a —— FE: Fourier \\v
20— g=05 c/a < FE: Heuristic ‘\\\
J=06cla - MF : ‘
—-2.5
1 2 3 4 5 6 7 8
Geff

FIG. 5. Ground-state energy at momentum g = 0 as a function of
the interaction strength for different hoppings J without the inclusion
of two-phonon scattering terms. We show the results according to MF
(dashed lines) and the FE using a Fourier Ansatz with N = 6 (solid
lines) and the heuristic Ansatz (dotted lines). The colors indicate the
relevant hoppings. All system parameters were chosen exactly as
specified in Fig. 2.

If this kink is physical, it is evident that we cannot expect to
capture it with the FE using either the Fourier or the heuristic
Ansatz. This is attributable to the fact that the Fourier series
employed to describe the FE dispersion is truncated with a
hard (soft) cutoff for the Fourier Ansatz (heuristic ansatz). It
is not possible to describe a function around a point where the
function is nondifferentiable using a finite number of terms,
which means that our Ansatz cannot describe nonanalyticities
in the quasiparticle dispersion.

We close our discussion of the pure Frohlich Hamiltonian
by looking at the ground-state energy at momentum g = 0
as a function of the interaction strengths in Fig. 5. For fixed
hopping J, we observe very good agreement of the FE and
MF ground-state energy across a wide range of interaction
strengths. This holds both for the Fourier and the heuristic
Ansatz. Above a certain interaction strength, which is greater
for larger hoppings, the energy of the FE with Fourier Ansatz
cannot be considered reliable since they exceed the MF en-
ergy. This can be seen as an artifact of the oscillations already
observed in Fig. 3. This oscillatory behavior can be reduced
by using the heuristic Ansatz for the FE, but eventually the
ground-state energy becomes unphysical for large interaction
strenghts even then. In contrast to the Fourier Ansatz, the
breakdown of the FE is now not manifested by a decrease
and subsequent increase in the ground-state energy compared
to MF. Instead, the ground-state energy diverges to minus
infinity above a critical interaction strength in a noncontinuous
way, which is clearly not physical.

The analysis of the dispersion of the Frohlich-type Hamil-
tonian with the flow equations using two different Ansdtze
has shown us that the failure of the flow equations is caused
in two ways: on the one hand, if the hopping is increased
for fixed g.;r we observe that the FE results may depend
strongly on the FE Ansatz chosen. Once relevant experiments
will be conducted, conclusions could be drawn about the true
dispersion and consequently also about a good Ansatz for the
operators subject to the flow. On the other hand, higher-order
terms in the bosonic operators in the flow are generated more
quickly in the FE for larger interaction strengths, which is

033317-5



CHRIST, BERMES, AND GRUSDT

PHYSICAL REVIEW A 112, 033317 (2025)

150 exact
‘)‘ ¢ MF
e Flow

o 10.0+ 4 0(7:[) Z R
2
S,
K 504

0.01 /—f

-10.0 -5.0 0.0 5.0 10.0

Geft

FIG. 6. Polaron energy as a function of the interaction strength
for a localized impurity as calculated via MF (red marker), the flow
equations (blue marker) and exact diagonalization (black line) with
the inclusion of two-phonon scattering terms. The gray shaded area
indicates the region where the system is dynamically unstable. Note
that for g.;r above that region, the phonon vacuum energy coincides
with the ground-state energy of the system. For smaller g.g, the true
ground-state energy is unbounded from below and the energy branch
that we plot corresponds to a metastable repulsive polaron state. All
system parameters were chosen exactly as in Fig. 2.

why this approximation becomes poorer, as discussed in Sec.
IV. However, for repulsive potentials, two-phonon scattering
terms become relevant for larger interaction strengths anyway,
which is why we reach the limits of the validity of the Frohlich
Hamiltonian if |gs| is too large. The next section is devoted
to examining the effect of including the two-phonon scattering
terms, leading to the extended lattice Bogoliubov-Frohlich
Hamiltonian.

C. Extended Bogoliubov-Frohlich Hamiltonian
1. Zero hopping: Static impurity

We will start our discussion by considering the case J = 0,
i.e., the impurity is localized and cannot hop between lattice
sites. In this case, the LLP Hamiltonian (15) is exactly solv-
able using a Bogoliubov-de Gennes transformation and will
serve as a test to assess the range of applicability of the flow
equations.

First of all, it is notable in Fig. 6 that above a certain
critical attractive interaction strength, both MF and FE agree
with the results from exact diagonalization. Below this critical
interaction strength g¢. ~ —2.55, a pair of conjugate complex
eigenvalues emerges, as the exact diagonalization reveals.
Then the system is said to be dynamically unstable, since
the system will irreversibly fall out of its equilibrium state
if perturbed infinitesimally [36]. The complex eigenvalues
cannot be reproduced by the flow equations. Instead, they are
encoded in such a way that not all off-diagonal terms vanish. If
the interaction strength is lowered even further, the dynamical
instability disappears and the FE converge again against the
result from exact diagonalization.

At the same time, we find that the MF energy func-
tional (C7) is no longer bounded from below for interaction
strenghts lower than g¢.. However, there still exists a MF

instability region
exact: J=0.0c/a x

—31 X

x FE: J=0.0c/a
X
x FE: J =02 c/a
—4 . x FE:J=04c/a
X
—10 -9 -8 =7 —6 =5 —4 -3
Geff

FIG. 7. Low-energy part of the spectrum determined by the ener-
gies of single-phonon Fock states &Z |0) of momentum k for different
interaction strengths g and hoppings J with the inclusion of two-
phonon scattering terms. The gray shaded region indicates where an
instability in the form of imaginary eigenvalues is predicted accord-
ing to the exact solution for vanishing hopping J = 0.0. The energies
are with respect to the phonon vacuum Ej. All system parameters
were chosen exactly as in Fig. 2.

saddle point in good agreement with the result obtained via
exact diagonalization even in this regime.

Although we lack the comparitive reference of exact diag-
onalization in the case of nonzero hopping J, we still expect
similar behavior in that case: especially near the resonance,
in the regime of dynamical instability, we believe that the
results from the FE are not strictly accurate. This can also
be seen in Fig. 7 where the flow equations predict a mode
with single-particle energy w = O in the gray shaded region.
This is in contrast to exact diagonalization, which yields a pair
of imaginary, complex conjugated eigenvalues with vanishing
real parts. Notably, for even lower interaction strengths, the
FE correctly predict the existence of a bound state with nega-
tive single-particle energy w < 0 for J = 0. Furthermore, we
see from the orange and green data in Fig. 7 that the FE also
predict single-particle excitations for J > 0 that energetically
lie below the phonon vacuum and thus indicate the existence
of a bound state.

2. Nonzero hopping: Mobile impurity on a lattice

We open our analysis by comparing the effect of including
the full BF Hamiltonian on the dispersions in Fig. 2. In Fig.
8, we observe that for g.s > 0 the two-phonon terms have
the effect of counteracting the strong renormalization, which
became particularly prominent around ¢ = 4 /a at the edge
of the BZ. The flow equations agree with the MF result and
lie only marginally lower in terms of energy.

The comparison with Fig. 2 also shows that for fixed ges
due to the inclusion of two phonon scattering terms, in addi-
tion to the change of the shape of the dispersion, the overall
energy increases. This also manifests itself in the fact that we
observe the typical Bose polaron branches in Fig. 9. These are
known to be connected for g.ir — 400 in the case of a nonlat-
tice Bose polaron [14], which is consistent with our MF results
for the lattice polaron. Within the flow equation approach, the
two polaron branches are not separated by a divergence of the
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FIG. 8. Comparison of the polaron dispersion obtained via MF
(blue line) and the flow equations (black line) with Fourier cut-
off N = 6 for fixed hopping J = 0.4c/a and two different positive
interaction strengths g = 3.2 (a) and g = 6.4 (b). The system
parameters are the same as those specified for Fig. 2. This time, how-
ever, we work with the extended Bogoliubov-Frohlich Hamiltonian,
which includes two-phonon-scattering terms.

ground-state energy but are continuously connected, see Fig. 6
and Fig. 9. Nevertheless, the FE also indicate that the asymp-
totic behavior in ger — o0 is connected. Furthermore, the
FE very closely match and thereby confirm the MF predictions
above a critical negative interaction strength g ~ —2.5. This
is also the critical value below which the MF energy becomes
unbounded from below.

As Fig. 9 already suggests, comparison to the MF treat-
ment, which is asymptotically exact at weak interactions,
reveals that the FE indeed behave correctly in the weak cou-
pling regime. This becomes even more apparent in Fig. 10,
where we see only small differences between the MF and the
FE using either the Fourier or heuristic Ansatz as we approach
the critical interaction strength g¢; ~ —2.5 or as we increase
the interaction strength away from the weak coupling regime.

For large, repulsive interaction strengths, we have seen that
there is no sharpening of the dispersion when including two-
phonon scattering terms (see Fig. 8). Instead, in Fig. 11 we
find such a dispersion for negative interaction strengths. Since
this is in the regime where the FE are no longer accurate due

10 | — J=0.1c/a

/ J=02c/a

:: 0 // J=04c/a
—15 —10 =) 0 5 10

FIG. 9. Polaron energy at momentum g = 0 as a function of the
interaction strength for three different hoppings J. We show the
results according to MF (solid lines) and the FE using a Fourier
Ansatz with N = 6 (dotted lines). The colors indicate the relevant
hoppings. All system parameters were chosen exactly as specified in
Fig. 2.

< yd
=
—-1.0
—1.5 . A i FE: Fourier J=0.1c/a
/ FE: Heuristic — J=02c/a
"a — MF — J=04c/a
22 0 2 1 . p
Geft

FIG. 10. Polaron energy at momentum g = 0 as a function of
the interaction strength for three different hoppings J. We show the
results according to MF (solid lines) and the FE using a Fourier
Ansatz with N = 6 (dashed lines) as well as the heuristic Ansatz (37)
with i € {1, 2, 3,4} (dotted lines). The colors indicate the relevant
hoppings. All system parameters were chosen exactly as specified in
Fig. 2.

to the emergence of strong oscillatory behavior, we have not
included the associated FE dispersion in this plot.

IV. FORMALISM

A. Overview of the flow-equation approach

The flow-equation approach was introduced by Wegner
[28] and by Glazek and Wilson [29] as a new renormalization
technique to diagonalize or block diagonalize Hamiltonians. It
involves applying a continuous unitary transformation, guided
by an appropriately chosen generator, to the Hamiltonian,
which increasingly diagonalizes the Hamiltonian.

Generically, the starting point is a Hamiltonian %, which
we can split into a diagonal part #, and an off-diagonal/
interaction part 7:lint such that

H =Ho + Hin. (17)

Applying a continuous unitary transformation U (1) ordered
by the flow parameter A with [A] = Energy~2 is intended to
transform this Hamiltonian into a unitarily equivalent diag-
onal Hamiltonian, i.e., the off-diagonal elements in the flow
Hamiltonian

HO) =UWHO =00 () (18)
(a) gt = —2.5
—0.75 -~
—1.00
=—-125 e N
‘ifl.SO L
~175 7
L -—= MF e
—2.00f =77 unrenormalized T
0.0 0.5 1.0 1.5 2.0
a/z

FIG. 11. MF dispersion for g.z = —2.5. The hopping was set
to J = 0.4c/a. All system parameters apart from the hopping were
chosen exactly as in Fig. 2.

033317-7



CHRIST, BERMES, AND GRUSDT

PHYSICAL REVIEW A 112, 033317 (2025)

should vanish in the limit A — co. U(X) is connected to the
antihermitian flow generator ) by

A dU ) A

A0 = ——=0"() = =i (b). (19)

dx

Differentiating Eq. (18) with respect to A and inserting
Eq. (19) gives the following differential equation, which we
will refer to as the flow equations for the Hamiltonian H(1),

L08R
—5— = [), H)]. (20)
da
From now on, the A dependence of 7, H and U will be nota-
tionally dropped.
Throughout the present article, we will work with
i = [Ho, Hindl- @D

This choice is called the canonical generator and usually
achieves the desired diagonalization, as discussed in Ref. [31].
It is also elaborated there that the fundamental difficulty of the
flow-equation approach is that, depending on the structure of
the Hamiltonian, the flow equation (20) may generate new,
higher-order interaction terms during the flow. We will en-
counter precisely this problem with the lattice Bose polaron.
In the next section, we will discuss the truncation scheme that
is necessary to handle this proliferation of terms.

B. Transitioning the flow parameters to operators

The flow-equation approach can be successfully applied to
the free Bose polaron in the heavy impurity limit. For this
problem, the flow equations are able to reproduce in excellent
agreement the spectrum obtained from exact diagonalization
by means of a coherent state Ansatz and a Bogoliubov-de
Gennes transformation, see Ref. [31], Sec. 2.3 for a treatment
of a similar quadratic Hamiltonian. And indeed, in Sec. III
we have seen that except in the vicinity of the resonance, the
flow equations are able to reproduce the ground-state energy
obtained via exact diagonalization.

For J # 0, the Hamiltonian (15) can of course still be split
into a diagonal and off-diagonal part, but the diagonal part
now depends on the bosonic momentum operator P, which
is diagonal in the occupation number representation. This
creates a technical complication when trying to apply the
flow-equation formalism because it means that the Hamilto-
nian now contains higher than linear powers of the number
operators. This implies that when computing the canonical
generator 7), terms that are higher than quadratic in the ladder
operators will be created. When evaluating (20), similar terms
will manifest in the flowing Hamiltonian. These terms can be
interpreted as effective interactions created by the flow. They
can be written as the product of some operator, which depends
only on P and a normal ordered product of ladder operators.
Following this reasoning, it is clear that this dependence on
the momentum operator, whose strength is controlled by the
hopping J, will carry over into the off-diagonal part during the
flow.

This motivates choosing a quadratic Hamiltonian as an
Ansatz for the flow Hamiltonian, where the coefficients are not
¢ numbers but operators diagonal in the occupation number
representation 7y = &};&k, which allows us to capture a broad

class of the effective interactions generated by the flow, as dis-
cussed earlier. This Ansatz is further supported by the formal
similarities to the work of Yakaboylu [37], as we will discuss
in Sec. IVE.

It is convenient to express the flowing Hamiltonian in the
following manifestly Hermitian form:

= 7‘10 + 7:lim = 7‘20 + Z Vq,qr&;&q,
974

+ Z(W,,,,,,aj,a; + a,a,W, )
p.r

+ Y (Ga) + al). (22)
k

where all new operators V,W, U that have been introduced
functionally depend on the number operators {7 }; with 71 :=
&Z&k. It is clear that the lattice polaron Hamiltonian (15) is
of this form, after the integrals have been discretized into
sums and the occurring prefactors have been absorbed into
the relevant parameters. We write the diagonal part of the
Hamiltonian as

Tlo = Hy+ Y Hiajay, (23)
k

where Hj corresponded to a constant shift in overall energy
before promoting it to an operator. Careful inspection of
’;‘—20 and 7:{,im reveals that the canonical generator will con-
tain normal-ordered terms with three or more creation or
annihilation operators. This means that during the flow, the
Hamiltonian (22) would acquire even higher order terms,
which we will truncate at second order. Whenever such a
truncation has been performed, we will indicate it with the

symbol “g” and refer to it as the quadratic approximation.

Since we are working with normal ordered expressions,
the quadratic terms contain all the information about the one-
particle energies, the quartic terms contain the information
about two-particle interactions and so forth. In our case, we
perform the normal ordering with respect to the vacuum, since
in the subsonic regime of the lattice polaron it can be assumed
that the bosonic vacuum is indeed the ground state of the
system. Therefore it is expected that this truncation is well
behaved in our case. For other physical problems, it may be
necessary to adapt our formalism to allow for normal ordering
with respect to states other than the vacuum (Ref. [31], Sec.
4.1.5).

Within this approximation, the canonical generator 7 is
given by

A= [Tlo. Hind] (24)
@ At X At ~ n
= Z Gq,q/a;aq/ + Z ¢p$p/a;,a;, + Z gkaz —H.c.
q#q’ p.p k
(25)

Here we introduced both the auxiliary operators

A

Oy = Vyy(Ho — Ho(Ry — 1,7ty + 1)
+H, — Hy(hy — 1,y + 1)), (26)
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bpp =W,y (Hy — Ho(hy — 1,71, — 1)+ H, + Hy), (27)
& := Ux(Ho — Ho(fy — 1) + Hy), (28)

and the notation O(fi; &+ 1), where O is some operator di-
agonal in the occupation number representation. We define
O(7y; = 1) implicitly by

a0y — 1) = Oay, (29)
a0y + 1) = Oa;, (30)

and we extend our notation in the natural way to allow for two
arguments:

Oy £ 1,7 £ 1) := (O, £ D) £1). (31

This is best understood when considering the action of O +

1) on a Fock state |v) := |1y, 71y, ...) with occupationAnumber
fi; for state i. By assumption, this is an eigenstate of O:
Olity, iz, ...) =: O, sy, i1, fin, .. ). (32)
It then follows from Eqgs. (29) and (30) that
O £ DIV) = Opy i1, V). (33)

However, the action of O(fi; — 1) on states with 7i; = 0 is
ill defined, since the annihilation operator d; in Eq. (29) is
invertible only on subspaces consisting exclusively of states
with 7, > 0. For our purposes, though, this is not much of a
concern, since operators of the type (29) and (30) enter the
flow equations via the following commutators:

(0,41 = (0 — Oy — 1))aj, (34)
[0, 4] = (O — O(Ag + 1))a. (35)

It is now clear that O(f; — 1) only ever acts on states where
site k is occupied, hence it suffices for its action to be defined
only on such states. Equation (25) is derived essentially from
the repeated use of the two identities (34) and (35).

To arrive at the flow equations, the commutator of the
Hamiltonian (22) and the canonical generator (25) has to be
evaluated. For the commutator 7{, and 7) no extra work is re-
quired since 7}, which itself is the commutator of ﬁim and 7:10,
is structurally identical to H;, within the quadratic approxi-
mation. After repeated use of (34) and (35) and the canonical
bosonic commutation relations, we arrive at a closed set of
flow equations valid within the quadratic approximation as
discussed above. For the explicit form of the flow equa-
tions we refer to Appendix A.

C. Choosing a suitable Ansatz for the operators

Since the flow equations we have derived are opera-
tor valued, it is now necessary to choose a well-behaved
Ansatz for the operators that allows the differential equa-
tions to be solved numerically. First, we will choose a generic
Fourier-series-type Ansatz, which may produce unreasonable
results in certain parameter regimes. Based on the phe-
nomenological observation that mean-field theory and the
flow equations quantitatively agree when the Fourier expan-
sion coefficients associated with higher energies are strictly

smaller than those associated with lower energies, in a second
step we will choose a heuristic Ansatz that enforces precisely
that condition.

1. Fourier series ansatz

The fact that initially the only dependence on the number
operators lies in the cosine of the boson momentum is a
great simplification, i.e., all we have is a cos(ag — aP)-type
dependence. The flow will also create higher-frequency terms
of the form cos(nag — naP), n € N. This is because in the
first integration step the terms created by the commutator
from the canonical generator and the diagonal part will clearly
generate cos’(aqg — aP)-type terms, which by trigononmetric
identities contain a component with twice the frequency. In
the subsequent step, the flow Hamiltonian will also pick up
these higher-frequency terms, which will in turn create even
higher-frequency terms. This process of generating higher-
frequency terms makes it clear that the contribution of a
term cos(nag — naP) should be of no order lower than J”
because higher-frequency terms are created by multiplica-
tion of lower-frequency terms. And indeed, the calculations
leading to Eq. (B2) demonstrate that the contribution of a
term cos(naq — naP) is of order J”, although contributions
J",m > n are also possible due to the flowing back from
higher terms of the Fourier series. For sufficiently small J,
however, these contributions should be negligible.

Furthermore, the operators in definitions (26)—(28) will
introduce sine terms, as Eq. (B1) shows. Hence a suitable
Ansatz for an operator O in the flow Hamiltonian is given by
a Fourier series:

o0
0= a(()o) + Z [a,(,o) cos(naq — naﬁ)

n=1

+ /Bflo) sin(naq — nals)]. (36)

In practice, we are only able to consider partial sums thereof
and thus have to truncate the Fourier series at order N € N,
allowing us to represent each operator by 2N + 1 ¢ num-
bers. One advantage of this Ansatz is that it requires minimal
effort to deal with arbitrary optical potentials to which the
impurity is coupled, provided that they can be approximated
sufficiently well by a Fourier series [and do not violate
the tight-binding approximation (3)]. This allows for the
adaptation to any experimental deviations from the idealized
potential investigated here.

In order to approach solving our flow equations numer-
ically, we need to understand both how products of these
operators and operations such as (29) or (30) can be evaluated.
For this, please refer to Appendix B.

In practice, it is easy to implement the representation of the
operators in such a way that N can be arbitrarily chosen, tun-
ing the accuracy of the approximation. In contrast, the Ansatz
of an at most quadratic flow Hamiltonian is rather fixed. The
validity of this approximation is primarily determined by the
interaction strength (in our case grg), as this governs how
quickly higher-order terms are generated in the flow.
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2. Heuristic Ansatz

There may be cases where the functional dependence of
the operators, especially the diagonal part Hy, Hy, cannot be
captured by a truncated Fourier series. Then, the truncation
scheme just developed, where terms of order N’ > N are
merely ignored, need not be well behaved, because the in-
finite number of terms beyond the cutoff may have made a
finite contribution to one or more of the 2N + 1 expansion
parameters.

However, the operator dependence of the diagonal part can
be translated quite directly into the shape of the dispersion,
so that we can find a reasonable operator Ansatz based on
our predictions of the shape of the dispersion. A suitable
heuristic Ansatz for the bosonic lattice polaron should fulfill
the following conditions:

(1) The Fourier spectrum of the Ansatz should fall off
sufficiently quickly, as we expect the dispersion to qualita-
tively resemble a cosine curve: At least for small hoppings
J, we expect only a single local and global maximum of the
dispersion, located at the edge of the BZ at g = +7 /a.

(ii) Figure 6 suggests that for large effective interaction
strengths, MF should essentially be correct. A suitable Ansatz
should therefore be able to capture the narrowing of the dis-
persion at the edge of the BZ, as seen in Fig. 2.

(iii) It should be possible to represent our Ansatz by a man-
ageable number of basis functions. These should be closed
in the sense that products of them allow themselves to be
expressed at least approximately by a linear combination of
the same basis functions. The same should hold for operations
(29) and (30).

One possible choice is given by the following set of func-
tions:

Y Jra—. LU — (37)
cosh(i) — cos(x)
sin(x)/2

$i0) 1= = cos(x) — cosh(i)’ (38)

ci(x) =

For these functions to be continuous, we have to require i > 0,
e.g., i €{l1,2,3,4}. In that case, their Fourier spectrum has
the convenient property that higher-frequency contributions
are exponentially (but smoothly) sug ressed, thus enforcing
the phenomenological condition &) < & VO < n <N,
we have found in Sec. I1I. We do not expect these functions to
approximate any function defined on the BZ, but we do expect
them to be able to capture the dispersion sufficiently well.

In a similar form to how we have represented the operators
by a truncated Fourier series in Eq. (36), we use the basis
functions to write any operator in the flowing Hamiltonian as

O0=a\"+ [aciag— aP) + B{”si(aq — aP)]. (39)
i=1

where N € N is the truncation cutoff.

D. Solving the flow equations

In combination with a suitable Ansatz for the operators,
as discussed in the previous section, the operator-valued
flow equations in Appendix A effectively turn into flow
equations for the expansion coefficients. While it would be

possible to simply substitute the relevant Ansdtze for the
operators into the flow equations and derive explicit flow
equations for the coefficients, we instead choose the follow-
ing procedure: within the Fourier Ansatz (heuristic Ansatz),
every operator is uniquely determined by 2N 4+ 1 2N + 1) ¢
numbers. This allows for each operator to be represented by
an array of 2N + 1 (or 2N + 1) ¢ numbers. For the Fourier
Ansatz, we define a multiplication of two such arrays accord-
ing to the calculations shown in Appendix B. For the heuristic
Ansatz, we calculate how the products of the basis functions
can be expanded in the basis, which only needs to be done
once and therefore does not add to the computational cost.
In this way, we generate a multiplication for the arrays of
size 2N + 1. In a similar spirit, we evaluate how the arrays
transform under operations of the form O(f, £ 1, /i, £ 1).
For the Fourier Ansatz, the relevant calculations are shown in
Appendix B.

Equipped with these multiplication and transformation
rules, we can numerically solve the flow equations in Ap-
pendix A at the operator level. We get a set of coupled,
nonlinear ordinary differential equations (ODE) that are easy
to solve in principle. The challenge lies in the number of
ODEs we have to solve: we need (2N + 1)(Ngq + 1) op-
erators to describe the diagonal part H, of the flowing
Hamiltonian (22). The interaction part 7—A£,~m requires another
2Ng2rd(2N + 1) parameters, which means that we are dealing

with a set of 2N + 1)(2Ng2rd + Ngra + 1) coupled ODEs. This
number scales unfavorably with the system size Ngq.

Having traversed the flow, i.e., solved the ODEs, for a suf-
ficiently long intervall in the flow parameter A, the interaction
part of the Hamiltonian is sufficiently suppressed and we can
assume that the diagonal part now contains all the information
about the dispersion and the ground-state energy that we are
interested in. If no bound state is present, the ground state of
the flowing Hamiltonian turns out to be the phonon vacuum
where the total bosonic momentum P = 0 vanishes. A priori,
this is not clear from the form of 7:10 and has to be verified
numerically for each quasimomentum g € BZ.

If we were interested in observables other than energy, e.g.,
the phonon density around the impurity, results could not be
found that straightforwardly. For a general observable O, we
need to apply the same series of unitary transformations that
have been applied to the Hamiltionian. This is equivalent to
solving another set of ODEs [31]:

dom)

o = [0, 0@l (40)

E. Breakdown of the flow equations

It is worth mentioning that without making the quadratic
approximation and the Ansatz for the operators, we would
indeed expect the flow equation approach to be exact. This
also means that if the flow equations break down in a specific
regime, then at least one of the approximations made stops
being valid. It is therefore crucial to understand how our two
approximations influence the flow.

We start from the BF Hamiltonian and note that in the
heavy impurity limit (/ — 0), all off-diagonal elements are
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O(getr)- This makes the canonical generator O(ges) and, con-
sequently, the flow equations initially O(gﬁff).

For finite hopping, a cos(aP) term of O(J) enters the
picture. Thus, before the first integration step, all off-diagonal
terms remain O(ges), but the canonical generator now
contains both O(ge) and O(Jgesr) contributions. In the sub-
sequent commutator with the Hamiltonian, more terms are
generated. In essence, our approach fully accounts for cor-
rections up to O(J2gerr), O(Jgesr), and O(g2;), while terms
of O gﬁff) and O(ngﬁff) are not fully included. It is the
quadratic approximation and not the Fourier truncation that
prevents us from fully accounting for, e.g., O(J2g%;) con-
tributions. This demonstrates that the original parameters J
and g.¢ indeed control our approximation at the beginning
of the flow, which implies that our two approximations are
justified in the weak coupling limit (a regime imposed by the
underlying Bogoliubov theory anyway).

Taking a different perspective, we will now try to give an
argument on why the flow equations break down in the area
where MF predicts a divergence, which we have discussed
in Sec. III C. Specifically, Yakaboylu [37] has demonstrated
for the Bose polaron with quadratic dispersion that an im-
purity can be analytically described as a deformation in the
Lie algebra defined by the bosonic operators. This deforma-
tion manifests itself (for a single bosonic mode) in modified
commutation relations for the deformed bosonic operators
b, b', B:

bt — cbh =1,

where ¢ is called the deformation parameter. The deformed
operator b can be expressed in terms of the original bosonic
operators in the form of an infinite series

b= ci@ayal, (42)
n=0

with the expansion coefficients ¢, scaling with ¢. The original
polaron Hamiltonian in the LLP frame can then be understood
as a series expansion of uncoupled but deformed harmonic
oscillators. The corresponding Hamiltonian can be organized
in the form of Eq. (22).

Crucially, Yakaboylu [37] has shown that at the tran-
sition from the repulsive to the attractive polaron (where
the divergence of the ground-state energy can be seen), the
deformation parameter diverges as well. However, if the de-
formation parameter diverges, any truncation of the series (42)
is no longer valid. Translated to our flow equations, this means
that a finite representation of the expansion operators can no
longer be justified and the approximation discussed in Sec,
IV C cannot be applied.

These considerations are valid for the Bose polaron with
a quadratic dispersion, but while the analysis by Yakaboylu
[37] cannot be straightforwardly applied to our problem, it
should be at least qualitatively applicable to the lattice Bose
polaron, where MF also predicts a repulsive-attractive transi-
tion (see Fig. 9). After all, the cosine can be approximated
by a quadratic function, at least in those Hilbert subspaces in
which the total boson momentum is small.

This suggests that it is still useful to think about the
lattice polaron in terms of boson deformations caused by
the impurity. If the deformations diverge, deformed bosons

cannot be considered good degrees of freedom and the formal
similarities to our method plausibilize the breakdown of the
flow equations.

V. SUMMARY AND OUTLOOK

We investigated a system where a single impurity is
confined to a one-dimensional optical lattice and becomes
dressed by Bogoliubov phonons of a quasi-1D BEC. We
analyzed how the ground-state energy changes if the theo-
retical model describing that system is extended to include
two-phonon scattering events [13], calculated the renormal-
ized dispersion and considered the ground-state energy for
fixed quasimomentum ¢ both via a mean-field treatment and a
flow-equation approach.

We have found that the strong renormalization of the dis-
persion, which was previously predicted by Grusdt et al. [17]
when treating the lattice polaron within the Frohlich paradigm
at large interaction strengths, does not prevail on the repulsive
side of the Feshbach resonance after taking two-phonon pro-
cesses into account. Instead, we found the same to arise at
negative interaction strenghts on the attractive side of the res-
onance. Furthermore, looking at the ground-state energy for
vanishing quasimomentum using mean-field theory, we were
able to find the typical polaron branches, whose qualitative
features remain intact for different nonzero hoppings.

On the more technical side, we have introduced an exten-
sion of the flow-equation approach in this article. Formally,
it involves the derivation of flow equations for a bosonic
quadratic Hamiltonian where the coefficients are promoted to
diagonal operators in the occupation number representation.
We were able to expand these operators in a Fourier series
that is dependent on the total bosonic momentum.

We then applied this method to the lattice polaron and
showed that if the flow equations produce physical results,
i.e., if no parameters diverge during the flow, they essentially
confirm the results obtained via a mean-field treatment: when
no processes beyond the Frohlich paradigm are considered,
the flow equations are well applicable for not too large gey.
And if two phonon processes are considered, MF and the flow
equations essentially agree above a (negative) impurity-boson
interaction strength. However, in the transition region between
repulsive and attractive polaron, the flow equations do not give
physical results. We argued that this is due to the fact that in
this region the operators, which are subject to the flow can-
not be represented by a finite number of parameters. Despite
this, the flow equations suggest, as does MF, that the asymp-
totic behavior of the ground-state energy for gg — o0 is
identical.

We must conclude that since the extension of the flow-
equation approach developed here for the bosonic lattice
polaron mostly just reproduces the mean-field results when
applied within its range of validity, the practical value of
this approach is rather limited. This is similar to the con-
clusion that Brauneis er al. [23] reached when considering
the one-dimensional continuous Bose polaron, which is that
the mean-field treatment reproduces the flow-equation results
almost exactly as long as boson-boson interactions are weak.

One of the key challenges of our novel flow-equation ap-
proach is finding a suitable representation of the operators that
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are subject to the flow. Of course, this is highly dependent on
the physical system under consideration, which is why it is at
this point that we would like to stress that the Fourier series
treatment is very specific to the lattice polaron and the form
of the potential to which the impurity is coupled.

However, similar techniques may be applied to other prob-
lems. This is especially true for problems where initially only
H, depends on the number operators. In this case, it suffices
to find an Ansatz that is closed under multiplication and oper-
ations (29), (30).

For example, in the case of a free polaron with a quadratic
dispersion, a polynomial Ansatz instead of the Fourier series
could be chosen. Here, too, a cutoff N must be introduced.
This cutoff would correspond to the degree of the polynomial.

J

But again, the flow equations would only be valid within
the quadratic approximation, since higher-order terms in the
boson operators will also be generated in the flow.
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APPENDIX A: FLOW EQUATIONS

The flow equations for the diagonal part of the Hamiltonian are
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The off-diagonal operators follow the following equations:
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The auxilary operators ¢, 0, & are given by definitions (26)—(28) and we introduced ¢’, & as:

G5 = b5 (A5 + 1, Ay + 1)

& = i + ).

APPENDIX B: OPERATIONS ON FOURIER-SERIES-TYPE OPERATORS

(A3)

(A4)

In the flow equations, we frequently encounter expressions of the form O(ﬁq £ 1, iy £ 1), which can be evaluated explicitly

using addition theorems for sine and cosine. Let &, & € {+1, —1}. Then:
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Now consider the product of two operators O, O':
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APPENDIX C: COHERENT STATE MEAN-FIELD THEORY

For fixed momentum ¢, we consider the Hamiltonian (15)
and apply the variational coherent state Ansatz

[wa™) = [ [ exp(exa] — ejar)|0) =: D(@)]0).  (C1)
k

D(at) is the unitary displacement operator which acts on
bosonic creation and annihilation operators as follows:

D(e)' axD(@) = oy + o, (C2)

D@)'alD(a) = a] + of. (C3)

Using these relations, the variational coherent state Ansatz can
be straightforwardly applied to the parts of the Hamiltonian,
which are at most quadratic in creation and annihilation oper-
ators while the term ~ cos P requires more work. As Grusdt
et al. [17] have shown,

(V4" | costag — aP)|y,"") = eI cos (aq — S[al). (C4)

where the functionals
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S[ee] := / dk|o |? sin(ak). (C6)

have been introduced.
Neglecting the constant terms in H,, the MF energy func-
tional becomes
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Minimizing this energy functional with respect to o gives,
for each k, the following self-consistency equation for the
variational parameters:

S%MF 0
= —
(S()[k
1 -
= - U dk[V; pap + (W, + Wi Dadl),
Qg Qk[oc]< k +/ Viror + Wi+ k,k)“k]>
(C9)
where
Qilee] := g + 2Je “Ycos(ag — S[a])
— cos(aq — ak — Sla])}. (C10)

Instead of solving the self-consistency equation, it is also
feasable to directly minimize the energy functional (C7). The
latter, however, does not produce interesting results below
a critical (attractive) interaction strength where the energy
functional becomes unbounded from below while the self-
consistency equation still yields a saddle-point solution. The
fact that the variational energy is unbounded from below
implies that the Hamiltonian (15) is unbounded from below
in the relevant region. This points towards the presence of a
bound state. In the true ground state, this bound state would
then be occupied with an infinite number of phonons. The MF
saddle point determined by the self-consistency equation cor-
responds to a metastable repulsive polaron state [8]. This state
is an excited state but experimentally highly relevant because
it manifests itself for the continous Bose polaron as a peak in
the spectral function with a large quasiparticle weight [13].
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