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In developing quantum science and technologies, it is essential to demonstrate so-called quantum advantages,
which are performances that can be achieved only with the assistance of quantum resources. Most of the time,
different quantum features lead to different advantages. Interestingly, there are certain classes of tasks where
quantum advantages are achievable by general quantum resources. This work reports such a class of tasks in
thermodynamics—we provide a work-extraction task that certifies general quantum resources of both states
and channels, suggesting general quantum effects can provide nonclassical advantages in work extraction.
We also show that such work-extraction tasks can be applied to certify quantum entanglement in a one-sided
device-independent way. As an application, we report a novel type of anomalous energy flow—a type of locally
extractable energy that is attributed to the globally distributed entanglement. Finally, we show that the existence
of this novel anomalous energy flow is equivalent to measurement incompatibility.
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I. INTRODUCTION

Quantum advantages underpin quantum science and tech-
nologies. They are tasks and benchmarks unachievable by any
classical means [1-3]. For instance, quantum teleportation
[4], superdense coding [5], and sub-shot-noise interfero-
metric precision with qubit probes [6-8] are possible only
when we consume quantum entanglement as a resource [9].
On the other hand, in device-independent quantum infor-
mation processing, quantum nonlocality [10,11], quantum
steering [12-16], quantum incompatibility [17,18], and quan-
tum complementarity [19] can enhance the performance in
cryptography and communication. Furthermore, dynamical
quantum effects can also be resources for, e.g., quantum mem-
ories [20-26], quantum communication [27-30], preserving
or generating quantumness [26,28,31-35], and thermodynam-
ics [28-30,36].

Crucially, most of the quantum advantages mentioned
above are only possible with specific resources. It is thus
of great interest, both theoretically and practically, to know
whether there is any class of tasks where general quan-
tum resources can provide an advantage. This amounts to
asking “Can any class of tasks universally certify quantum
resources?”
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We call such a class a universal resource certification class
(URCC). Whenever a URCC is found, being able to perform
it experimentally is then equivalent to the ability to exper-
imentally certify general quantum resources. Consequently,
discovering a URCC in a novel setting is not only of theoreti-
cal interest, but may also provide a novel method to practically
certify a broad range of quantum phenomena.

Using a theoretical approach termed quantum resource
theories [37], or simply resource theories, it has been proved
that general quantum resources' can provide advantages in the
classes of operational tasks such as discrimination [39—46],
exclusion [19,47,48], parameter estimation in metrology [49],
and input-output games [50] (see also Ref. [51] for spacelike
separated resources). These existing URCCs thus tell us not
just how to universally certify quantum resources—they also
tell us that general quantum resources can provide generic
advantages in these tasks.

Surprisingly, despite several URCCs having been reported,
there is no known URCC in the context of thermodynamics.
So far, quantum signatures in thermodynamics have been
identified in, e.g., quantum heat engines [52-58] and conser-
vation laws [59-62] (see also Refs. [63-67]). Also, quantum
advantages in thermodynamics of specific resources such as
entanglement [68-72], coherence [73,74], steering [54-57],
incompatible instruments [58], and quantum communication
channels [28-31,34] have been studied. Furthermore, very
recently, heat was found to serve as a witness of certain quan-
tum properties [75]. Still, a task-based thermodynamic URCC
has not been found to date, and it is still unknown whether

'"With general quantum resources, we refer to all resources with
reasonable and minimal physical assumptions, including convexity
and compactness of the free set; see also Ref. [38].
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general quantum resources can provide quantum advantages
in a single class of thermodynamic tasks.

In this work, we provide a thermodynamic URCC based
on work-extraction tasks, where general quantum resources
can provide advantages. Moreover, in the context of quan-
tum steering [12,13,76-80], our results not only show that
entanglement can be certified by work extraction in a one-
sided device-independent way, but also lead to a novel type of
anomalous energy flow [68,70], which is locally extracted and
can only be generated by the combination of entanglement and
incompatible measurements [17].

This work is the companion paper of Ref. [38], which
provides a necessary and sufficient characterization of state
conversions in general resource theories via thermodynamic
work extraction. Here, we provide additional details on the
work-extraction task, discuss the implications for specific re-
sources, and extend our results to enable the certification of
resources beyond states, i.e., of channels and channel tuples
(which refers to finite collections of channels).

We structure this work as follows. In Sec. II, we detail
the notion of channel tuples and their resource theories. In
Sec. III, we present the first set of main results, which shows
that the so-called ensemble state discrimination tasks intro-
duced in Ref. [46] form a URCC for channel tuple resource
theories (Theorems 1 and 2). In Sec. IV, we present the second
set of main results, which shows that the work-extraction
tasks introduced in this paper form a URCC for channel tuple
resource theories (Theorem 3). In Sec. V, by focusing on the
quantum steering scenarios [12,13,76-80], we develop a one-
sided device-independent work-extraction task that identifies
a local anomalous energy flow (Theorem 4). Observation of
this phenomenon can be used to certify entanglement and
measurement incompatibility [12,17]. Finally, we conclude
the paper in Sec. VI.

II. PRELIMINARY NOTIONS
A. Resource theories of channel tuples

We focus on finite-dimensional quantum systems where a
quantum state, or simply state, p, is a positive semidefinite
operator p > 0 with unit trace tr(p) = 1. Quantum mea-
surements are modeled by positive operator-valued measures
(POVMs) [81], that are sets of positive semidefinite operators
{E;}; satisfying E; >0 Vi and ) ,E; =1, where I is the
identity operator acting on the given system. For an initial
state p, a POVM {E;}; describes the measurement process
that outputs the measurement outcome indexed by i with the
probability tr(E;p). Finally, the general evolution of quantum
systems is described by a quantum channel, or simply chan-
nel, that is a completely positive trace-preserving linear map
[81]. Physically, a channel £ mapping from an input system
S to an output system S’ describes the process that transforms
any given initial state p in S to the final state £(p) in §'.

We can now define a key notion for this work. Consider a
given input system S and output system S’. A channel tuple is
defined as a finite collection of channels, denoted by

E:=1{&:85, — S} (1)

x=1°

where &, is a channel from S, to S and, for each x, Sy (S})
is a subsystem of S (S”). Throughout this work, we will call

“Sy — S an input-output route. For clarity, a fixed set of
input-output routes will be denoted as

A= {S, — S} 2)

x=1

and we aim to identify channel tuples (with the given A) that
possess a resource of interest (denoted by “R”). To this end,
following the standard resource-theoretic approach, we first
identify the set of all channel tuples without this resource—
this is called the free set of the resource R and is written as §g.
Channel tuples in §x are called free or R resourceless, and a
channel tuple £ is called R resourceful if £ ¢ §g.

B. Examples

The notion of channel tuples encompasses a wide range of
resource theories of channels and states. For instance, when
we set A = {S — §’}, which contains only one input-output
route, we recover the so-called channel resource theories
[32,33], including

(1) Quantum memory. This resource is described by set-
ting §r as the set of all entanglement-breaking channels
[20-22,82,83], which are the measure-and-prepare channels
[83] of the form

() > Y pitrlEi(-)] 3)

for some states p; and POVM {E;};.

(2) Classical communication. This can be obtained by set-
ting S as the set of all state-preparation channels [27] of the
form

() = ptr(-) “4)

for a fixed state p. Note that this is a special type of measure-
and-prepare channel given in Eq. (3).

(3) State resource theories. By setting §g as the set of all
state-preparation channels [Eq. (4)] outputting some free state
of a given state resource, which is denoted by “Rgy.,” one
can recover the state resource theory of Ry by restricting to
state-preparation channels.

(4) Resource preservability. One can set §g as the ap-
propriate resource-annihilating channels [26,28,31,36]. More
precisely, for a given state resource Ry With free set $g,,,
(viewed as a set of states now), a resource-annihilating chan-
nel for Ry can be defined as a channel AV satisfying A'(p) €
SR Y P [31].

To further illustrate the flexibility of channel tuples, con-
sider the case of S = A, S’ =BC and A = {A — B,A — C}.
In this case, we can obtain the following resource theory:

(5) Broadcasting incompatible channels. We set $r as
the set of all broadcast compatible channels [84-90], which
are channel tuples of two channels £ ={£,:A — B, &, :
A — C} satisfying

Ei=ttcoN and & =trgo N 5)

for at least one channel N : A — BC.

If now we consider ' = ABC and A = {S — AB,S —
BC}, we obtain transitivity and other quantum marginal prob-
lems:

(6) Quantum marginal problems and transitivity problems.
By restricting to only state-preparation channels [Eq. (4)] in
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this setting, we can encompass various quantum marginal
problems as well as transitivity problems [45,82,91-93]. For
instance, for two bipartite states psp and pgc (in AB and BC,
respectively), a quantum marginal problem asks whether there
is at least one tripartite state napc achieving

tra(masc) = ppc  and  trc(napc) = pPaB- (6)

Then, for psp and pgc with Eq. (6) for at least one nspc, the
entanglement (meta-) transitivity problem [91] asks whether
every napc satisfying Eq. (6) must have an entangled marginal
trg(napc) in AC. Our framework can include these problems
by restricting to only state-preparation channels [Eq. (4)].

Finally, when we set S =S = ABC with S| =S| = AB
and S, = S, = BC, we obtain A = {AB — AB, BC — BC}.
In this setting, we can recover a special type of the resource
theory of

(7) Quantum channel marginal problems. One can achieve
this by setting $ as the set of compatible channels. More pre-
cisely, two bipartite channels £ : AB — AB and &, : BC —
BC are said to be compatible [46] if there exists at least one
tripartite channel A/ : ABC — ABC such that

ttcoN =& otrec and try o N =& otry. @)

Note that this is similar to, but not the same as, the broadcast
compatible condition defined in Eq. (5). See Definitions 2 and
3 in Ref. [46] for details.

Consequently, by studying the resource theory of channel
tuples, we are able to obtain results that can naturally be
applied to a broad range of different quantum resources.

III. CERTIFYING QUANTUM RESOURCES
BY DISCRIMINATION TASKS

A. Certifying general quantum resources

We start with a necessary and sufficient certification of
quantum resources possessed by channel tuples, which further
generalizes the main result of Ref. [50] (since now, with a
given A and a given resource R, we use the notation £ = {L, :
Sy — S/}E_, to denote a generic channel tuple in the free set
SR):

Theorem 1. (Reference [50]) Consider a given A = {S, —
S3E_ . Let Fg be convex and compact. Then the following two
statements are equivalent:

(1) &€ ¢ §g- Thatis, € is R resourceful.

(2) There exist state ensembles ({pjy, pixlix With
Y iPix=1Yx and pj, > 0Vi x, POVMs {E;,};, with
Zj Ej,=1Ig Vx and Ej, >0V j,x, and real numbers
{a)ij|x},-,j,x such that

> 01 PistrEjeEx(pie)]
i,j,x
> max ; @ jlx i trLE j 1 L (0] (®)
Proof. Reference [50] has proved the case when S, = §
and S, = §’ for every x. In the general case, it suffices to use
the following map onto a set satisfying the conditions imposed

by Ref. [50]:
M:E=1{&: S — SHE

Lsns,

H{gx_

L
= ®(5x0tr5\sx) ZS—>S/} .
dsns, =1

(€))

As an embedding of the channels &, : S, — S, into a bigger
input-output route S — §’, the map M is one-to-one and con-
tinuous (in the topology induced by the diamond norm [94]).
Hence the set M(Fg) is convex and compact if T is so. It suf-
fices to show the sufficiency (=) since the converse direction
holds immediately. When £ ¢ §k, it means M(E) ¢ M(Sr)
since the map M is one-to-one. By Ref. [50], there exist state
ensembles {pix, pijx}ix in S, POVMs {Ej}; . in §’, and real
numbers {w;jx};, j,» such that

Z a)ij\xpi\xtr[ENj\xgx (Pip)]
i,j,x

> max o Bl (o
EGSR;Q)’”XP”" [ Jlx x(:ol\x)]

= max Z Wi Pipe T LE jjx L (Din)], (10)
i,j.x

where we define, for every i, j, x,

~  trong (Ej)

Jb =

and iy = trs\s, (Pilx)s (11)
dsns,
which are, again, POVMs and states. |

Theorem 1 provides a general way to certify quantum
resources possessed by channel tuples, which covers, but is
not limited to, resources in broadcast scenarios, networklike
structures, and channel marginal problems. In general, as long
as we have a multipartite setting where we want to study
resourcefulness from some local dynamics, Theorem 1 can be
a potential tool to witness the resource.

B. Ensemble state discrimination tasks as a URCC

Using Theorem 1, we can then prove a URCC for channel
tuple resources in terms of the ensemble state discrimination
task defined in Ref. [46]. Again, consider a given input system
S, an output system ', and a finite set A = {S, — S,}-_,.
Then the task is characterized by

D := ({px}x, {Giixs Pipxixs (Eix}ix)s (12)

consisting of a probability distribution {p,},, finitely many
state ensembles {qjx, pix}ix (€., Y ; gy = 1 Vx and gj, >
OVi,X), and POVMs {Eilx}i,x (Wlth Zi Eilx = HS; Vx and
E;x =2 0 Vi, x). Operationally, it means that with probability
Dy, the input-output route S, — S is chosen. Conditioned
on this specific x, the agent needs to discriminate between
the states p;), that are sent with probability ¢;, and will be
measured by the measurement {E;),};. To enhance the discrim-
ination performance, the agent is allowed to use a channel
& 1Sy — S, to process the state before the measurement,
resulting in the following figure of merit, which is the average
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success probability (see Ref. [46] for details):
P(D, ) :="Y peqinctr[EieEx(pipe)]- (13)

The task D is further called positive if p, > 0, g > O,
Ejx > 0V, x. Our first main result generalizes the findings of
Ref. [46], showing that the above tasks form a URCC:

Theorem 2. Consider a given A = {S, — Si}:_. Let 3z
be convex and compact. Then the following two statements
are equivalent:

(1) € ¢ §g. Thatis, € is R resourceful.

(2) There exists a positive ensemble state discrimination
task D such that

P(D, ) > max P(D, L). 14)
LeFr

Proof. We follow the approach of Theorem 2’s proof in
Ref. [46]. It suffices to show that statement 1 implies state-
ment 2 (as statement 2 directly implies statement 1). Suppose
statement 1 holds; i.e., £ ¢ §g. By Theorem 1 (which is
applicable as § is convex and compact), there exist state en-
sembles {pjx, pijx}ix With Z pix =1Vxand p;, 2 0Vi,x,
POVMs (Ej,} ;. with Z Ej,=1Ig Vx and Ej, 20V j, x,
and real numbers {w; ;| }; j .« such that Eq. (8) holds. Now, for
every I, x, define the operators

llx = Zwl]\xpl\x Jlxos (15)

which are Hermitian but not necessarily positive semidefinite.
Then, using Eq. (8), we have

;tr[L”xsx(pnx)] > max ;tr[Lnx.cx(pm)], (16)

Now let § > 0 be a strictly positive value, and let [i| and |x|
be the cardinalities of i and x, respectively (i.e.,i =1, ..., [i
andx =1, ..., |x]). Since &£,’s and L,’s are channels, we have

fillxIs =) str[E(oi)l = Y StlLepy)],  (17)

which is a strictly positive constant. Since adding this constant
on both sides of Eq. (16) will preserve the strict inequality, we
conclude that Eq. (16) holds if and only if

> te[(Liy + 815 Ecpin)]

> max

Lo . tr[(Li\x + SJISQ)EX(IOilx)], (18)

and § > 0 can be arbitrarily chosen. By choosing

8 > max [ Liy|l (19)
1,X

we can ensure that L;;, + Iy, > 0V, x. For any § > 0 in the
range Eq. (19), we now further define the following operators:

7O ._ L + 0l
T A+ T X (L + 81 |
Then Z(’S) >0 Vixand YW T (‘i) < Is Vx, meaning that
{L(‘S)}‘1| (with a fixed x) is part of a POVM. Since

ilx

Vi,x. (20)

> ||Z‘lI 1 (Lijy + 8Is)|l , > Ois constant in i and x, dividing
it on both sides of Eq (18) gives

2o ulLEono] = max 3w L] @D

Now consider an ensemble state discrimination task with
i=1,...,]i|+ 1 (i.e., with an additional value) and x =
1..., x|,

DO = () o) (G0

which is parametrized by § and another parameter 0 < € < 1:

1
P i= — Vx, (23)
x|

6o . L€ Gei il and ¢80 e, (24
Gipy - T ifi=1,...,|if an qli\+1|x'_€’( )
pi = pix ifi=1...li and p{}. =n. (25

ESO =L ifi=1,.. [

i

and Ep =1 — Y LY)> 0. (26)

i=1

Here 7, is an arbltrarlly chosen state in Sy, and {E£ (lé 6)}ll_Hl'1 is
a valid POVM with |i| 4+ 1 elements. Also, our constructlon
ensures that D€ is positive, as p® > 0, ql‘x 9 >0, and
E{»? > 0 Vi, x. Following Eqs. (E9) and (E10) in Ref. [46],
for a set of channels N = {N,}, (again with the given A =
{Sy — Si}E_)), its average success probability given in Eq.
(13) reads

P(D®O, N) = PON) + € x TOWN), 27

where
1 [x] i

Ny = —— >[I Ne(pn)]  (28)

PO
lif x| x=1 i=1
and

x| lil

rOW):= |1|Z tr| [Is — ZLf‘fQ No(ny)

|| tr[ ,‘XN(,Ozp)] . (29)

Now, Egs. (21) and (28) imply POE) > maxzeg, PO(L),
meaning that o«® := PO(£) —maxscz, PY(L) > 0 s
strictly positive. Combining everything together, we obtain

max P(D®9, L)
LeFr
< max 13(5)([,) + € x max I'9(L)
;CESR [:ESR
=POE)—a® 4 € x max TP (L)
LeFr
=P(D%9 &) —a®
réwg) —roeE
+ € x [Eneaé (L) &)

= P(D*9, &) —a® + €p?, (30)
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where we define 8% := maxzcz, (L) — I'®(E), which
is finite since the function I'® is bounded for all channels.
Since «® > 0, if we also have ) < 0, then P(D®9, £) >
maxceg, P(D®9 L) Y0 <€ < 1. On the other hand, if
B® > 0, we can choose € in the interval

oa®
0<e<miny——,1 31
el
to achieve P(D%9), £) > max ez, P(D®, L£). This means
there is a family of positive tasks D€ [i.e., those with pa-
rameter § that satisfies Eq. (31)] that can achieve the strict
inequality P(D®9), £) > maxzcg, P(D®9, L). [ |
We remark that Theorem 2 generalizes one of the main
results of Ref. [46] (more precisely, Theorem 2 in Ref. [46]),
which further shows that the ensemble state discrimination
tasks introduced in Ref. [46] not only work for quantum chan-
nel marginal problems, but also actually serve as a URCC. As
an application of Theorem 2, which we shall demonstrate in
the next section, we can construct a thermodynamic URCC
from the ensemble state discrimination tasks.

IV. CERTIFYING QUANTUM RESOURCES
BY WORK-EXTRACTION TASKS

A. Energy storage enhancement as a work-extraction task

Crucially, one can utilize Theorem 2 to further show that
general quantum resources can also be certified by work
extraction. To see this, we recap the work-extraction task
introduced in the companion Letter [38]. Consider a finite-
dimensional quantum system with Hamiltonian A and a
background temperature 0 < T < oo. In thermal equilib-
rium, it is described by the thermal state

o—H/ksT
= 2
Y = (e Ty’ (32)
where kg is the Boltzmann constant, and we keep the Hamil-
tonian and temperature dependence implicit. Now suppose the
system is prepared in a nonequilibrium state p. Then one can

extract the following optimal amount of work from it [72,95]%:
W(p,H) := (kgT' In2)D(p || y), (33)

where D(p ||o) :=tr[p(log, p —log, o)] is the quantum
(Umegaki) relative entropy [96]. When H = 0, Eq. (33) gives
the optimal work extractable from p’s information content:

Wint(p) :=W(p,H =0) = (kgT In2)D(p | 1/d).  (34)

Inspired by Refs. [97-101], we consider the following fig-
ure of merit in the companion Letter [38], termed energy
storage enhancement of the state p with the Hamiltonian H:

Alp, H) :=W(p, H) — Wint (p). (35)

As mentioned in the companion Letter [38], A carries a rather
simple physical meaning—when we prepare the system in

2 As mentioned in the companion Letter [38], the quantity W (p, H)
is the average extractable work in the limit of infinitely many copies
of p [95], or in the limit of infinitely many steps in the protocol
considered in Ref. [72].

p, the value A(p, H) describes the “enhancement” of energy
storage allowed by quenching the Hamiltonian from O (i.e.,
the fully degenerate one) to H. See also Fig. 2 in the com-
panion Letter [38]. From a purely operational perspective, A
measures the difference between two types of work extraction:
One is subject to the given Hamiltonian H, and one addresses
solely the information content of p. Hence, to evaluate it
for a given state p, one simply runs two different work-
extraction experiments (e.g., by using the protocol introduced
in Ref. [72]): one with the given Hamiltonian H, and another
one with a vanishing Hamiltonian. After that, one computes
the difference between the amounts of the extracted work.

B. Work-extraction game for channel tuples

As we demonstrate now, A can certify general quantum
resources of channel tuples. Our strategy is to use A to con-
struct a work-extraction game for channel tuples in which
quantum resources can be witnessed. Let us start with a given
A={S— S;}szll and a background temperature 0 < T <
0o. Suppose §g is the free set of a given resource R. For

every label x, we pick finitely many initial states p;,’s in Sy

and Hamiltonians H;),’s of S, both indexed by i =1, ..., [i].
Collectively, we write a game as follows:
G = ({pilx}i,m {Hi\x}i,x)- (36)

A fixed game G defines a multiround work-extraction task
as follows. Consider a channel tuple £ = {&, : S, — S;})lc’il.
In each round, an index x is chosen randomly with equal
probability 1/|x|. After that, a pair of initial state and Hamil-
tonian from G, i.e., (pjx, Hyx), is further selected randomly
with equal probability 1/[i]. Then we run work extraction to
evaluate A[E(piir), Hix] °. After sufficiently many rounds,
the score of £ in the game G reads

1 1
—_ ; m Z A[gx(pilx)v Hi|X]' (37)

Aave(g’ G) = |X|

This is A of £,(pix) With H;, averaged over i, x. Namely, it
is £’s average performance in obtaining A with the setting
specified by G. Physically, this is the amount of energy storage
enhancement A that can be further enhanced by the given
channel tuple £ in the given game G.

Finally, we say G = ({0ijx}i,x, {Hix}i x) has positive Hamil-
tonians if H;, >0 Vi,x. Now we can show that such
work-extraction tasks form a URCC:

Theorem 3. Consider a given A = {S, — S,}-_, and tem-
perature 0 < T < oo. Let §r be convex and compact. Then
the following two statements are equivalent:

(1) € ¢ §g. Thatis, € is R resourceful.

(2) There exist finitely many Hamiltonians {H;, > 0}; .
and states {;x}; « such that

Aae(€, G) > max Aye(L, G), (38)
LeFr

where the maximization is taken over all free channel tu-
ples denoted by L € Fk.

3This thus requires several shots of experiments so that we can
evaluate both W,y and W.
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Proof. Tt suffices to show that statement 1 implies state-
ment 2. Suppose € ¢ Fr. Then, with the listed assumptions,
Theorem 2 implies that there is a positive ensemble state dis-
crimination task D := ({px}x, {Gijx> Piix}ixs {Eijx}ix) such that

P(D, &) > max P(D, L). 39)
LeFr

Define
H;, = (kgT In2)p.qiEix, (40)

which is a Hamiltonian in S7; it is strictly positive as long as
T > 0. Combining Eqgs. (13), (39), and (40) gives

HipE(pi H; : 41
Ztr[ llxgx(pl\x)] > gleaéi Ztr[ llx‘cx(pl\x)]a ( )
L,XxX 1,X

Finally, we note the following formula,

A(n, Hy)  tr(Hyen) _ e
- log, tr(e T ) — log, dy, (42
kT2 kpTln2 & °% r(e77) ~ log, “42)

where d, is the dimension of S’.. Then, adding the constant
hsT1n2) > [logytr(e® ) —logyd,]  (43)

i,x

on both sides of Eq. (41), which preserves the strict inequality,
and using A,y ’s definition [Eq. (37)] conclude the proof. W

Theorem 3 implies that, as an answer to our central ques-
tion, the thermodynamic tasks characterized by A [Eq. (35)]
serve as the first thermodynamic URCC. Notably, our proof
relies on the mathematical link between these thermodynamic
tasks [Eq. (37)] and the ensemble state discrimination tasks
(which form a URCC via Theorem 2) through the formula
given in Eq. (42). In other words, the thermodynamic URCC
that we construct via Eq. (35) is induced by the URCC from
the ensemble state discrimination tasks. It remains an open
interesting problem to explore whether the technique adopted
here can also provide other discrimination tasks (e.g., Theo-
rem 4 in Ref. [45] and Result 5 in Ref. [102]) with a novel
thermodynamic meaning in work extraction.

Interestingly, together with the companion Letter [38], the
energy storage enhancement A reveals (at least) two different
types of quantum resources: For states, it is about the energy
that they can carry; for channels (in channel tuples), it is about
the energy that they can enhance. We refer the readers to
the companion Letter [38] for further details as well as A’s
applications to characterize state conversions. Finally, as dis-
cussed in the companion Letter [38], since A can be naturally
interpreted as an enhancement of energy storage, Theorem 3
also hints that general quantum resources of channel tuples
can be potentially witnessed by quantum batteries. Further
explorations are left for future studies.

C. Implications of Theorem 3

When one considers specific settings, simpler versions can
be obtained. First, when |x| = 1, we have a result for channel
resources. In this case, a game G becomes a collection of the
form ({p;};, {H;};), and we have

Corollary 1. Let §g be a convex and compact set of chan-
nels. Then £ ¢ T if and only if there exist states {p;}; and

Hamiltonians {H; > 0}; such that
IZART( ). H;] IZA[L( ). Hl.  (44)
o i), ;] > Max — i), M.
i & Len i &=

In this sense, work-extraction advantages can be provided
by general channel resources from, e.g., quantum mem-
ory [20-22], communication [27,28], and thermodynamics
[28-30,36]. Furthermore, when we focus on state-preparation
channels, we obtain a result for state resources, Ry, Where a
game G becomes a single Hamiltonian:

Corollary 2. Let Fr,. be a convex and compact set of
states. Then p ¢ §g,. if and only if there exists a Hamiltonian
H > 0 such that

state

A(p,H) > max A(n, H). 45)

NES Ryate

Proof. To start with, let § := {ntr(-) | n € §g,,.}, Whichis
the set of all state-preparation channels that output some state
in §g,,.. This set is convex and compact when §g,,, is so.
Using Eq. (41) for a state-preparation channel £(-) = ptr(-)
and applying Eq. (42) completes the proof. |

Hence, here, we provide an alternative proof of Theorem 3
in the companion Letter [38].

V. CERTIFYING ENTANGLEMENT BY ONE-SIDED
DEVICE-INDEPENDENT WORK-EXTRACTION TASKS

From Theorem 3, it is clear that we can use work extrac-
tion to certify state resources, such as entanglement. This,
however, requires trusted devices; namely, we need to fully
control our work-extraction system. It is interesting to notice
that the technique adopted in proving Theorem 3 also implies
that entanglement can be certified by work-extraction tasks
in a one-sided device-independent way. More precisely, to
certify the entanglement of a bipartite state, we can show that
it suffices to extract work from one side of it without trusting
the other party’s operations.

A. Quantum steering: A recap

To formalize our result, we briefly recap the notion of
quantum steering, or simply steering [12,13,76-80], which
is a multiround scenario with two agents A and B. Suppose
they share a bipartite state p4p. Then the goal of the steering
scenario is for the agent B to certify that psp is entangled
without trusting the agent A after all. To define a steering
scenario, the first thing for B to do is to ask A to prepare a
collection of quantum measurements locally in A’s laboratory.
Mathematically, this is described by E = {E,,}, ., where for
every fixed x, the set {E, .}, is a POVM with outcomes labeled
by a. We call the collection E a measurement assemblage.

Once a measurement assemblage E is specified, the agents
can start the steering scenario. During each round, first, agent
A selects a measurement setting x uniformly. Then A performs
the corresponding POVM {E,|,}, from E, obtaining the out-
come a. After that, A informs B about the measurement setting
and outcome, indicated by the index pair (a, x). For a given x
(and note that each x has equal probability to occur), the pair
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(a, x) occurs with the conditional probability

P(alx) = tr[(Eqx ® L) pas] (46)
and results in the conditional quantum state
Nalx = try [(Ealx ® ]IB)/OAB]/P(a|x) (47)

in B’s system. Overall, the final statistics and states that B
obtains can be collectively described by the so-called state
assemblage, which is denoted by A = { A }4.x [103] with

A 1= P(alx)ngn= tra[(Eq ® Ip)pagl. (48)

A fully describes the steering scenario, as it collects the
“data,” including postmeasurement quantum states and classi-
cal statistics, that B will obtain after sufficiently many rounds.
Note that, by construction of Eq. (48), we have

Do A=) Ag=ps Vxy, (49)

which is usually called the no-signalling condition for steer-
ing, where pp is the reduced density matrix for B. Physically,
this means that A cannot change B’s average quantum state by
changing the measurement setting x; namely, A cannot “sig-
nal” B’s local quantum output by their local classical input.

Crucially, as mentioned earlier, the steering scenario aims
to help B to certify pup’s entanglement. Hence, let us now
examine what would happen if psp is not entangled, i.e.,
separable. In that case, we can write psp as

pss? =3 pe @ py” (50)
A

with some probability distribution {p(A)}, and variable A.
Then, B’s obtained state assemblage, indicated by AP :=
{ASP, ., must take the form

AGP) LAS Y P(alx, p()py’ Va,x, (51)
A

where P(alx, \) = tr(Ea|x,019)). This is the so-called local
hidden-state (ILHS) model [12,13,76-80]. Let LHS denote the
set of all state assemblages that admit some LHS representa-
tion. An important physical implication is that, if B obtains
a state assemblage A that cannot be described by any LHS
model (i.e., A ¢ LHS, which is called steerable), then, imme-
diately, B can conclude that the state p4p must be entangled.
Crucially, as all B needs to do is to examine ingredients in .A,
which are all locally obtainable in B’s laboratory, the agent B
can certify A ¢ LHS without trusting A after all—this is the
one-sided device-independent certification of entanglement
[12,13], which is also the foundation of one-sided device-
independent quantum information processing [14,104,105].
Based on the above discussion, for steering, we thus have
the free set Fseering = LHS. Any state assemblage that is
outside this set is said to demonstrate quantum steering. Im-
portantly, instead of checking the whole set LHS to certify
steering, it suffices to check A ¢ LHS(.A), where LHS(.A)
denotes the set of state assemblages B = {B,}.» € LHS
satistying tr(B,y) = tr(Ayg)y) for every a, x. Physically, these
are LHS state assemblages that are indistinguishable from
A based on the classical statistics that B receives from A.
To show the claim, first note that A € LHS implies that

A € LHS(A). On the other hand, since LHS(.A) € LHS,
A ¢ LHS implies that A ¢ LHS(A). Hence we have
A ¢ LHS ifandonlyif A ¢ LHS(A), (52)

and it suffices to check A ¢ LHS(.A) to achieve one-sided
device-independent entanglement certification.

B. One-sided device-independent work-extraction tasks

We are now in the position to detail the local work-
extraction task that only involves B’s system. Consider a given
state assemblage A and a given collection of Hamiltonians
H := {H,1}4.x in B’s system. Upon receiving the information
(a, x) about the measurement setting and outcome of agent
A, agent B abruptly changes the local Hamiltonian to Hyx
(without changing the quantum state) and then extracts work
from the conditional state 7,,. Note that, in contrast to the
sufficient steering witnesses of, e.g., Refs. [106,107], here,
each pair (a, x) may need a different Hamiltonian. With uni-
formly distributed x [i.e., P(x) is a constant in x], we obtain
the average extractable work as

WA H) =) P(a, )W (ape, Hapo), (53)

a,x

where P(a, x) = P(x)P(a|x). Next, the two agents implement
the same protocol as before, the only difference being that this
time, B’s local Hamiltonian is always fully degenerate. This
corresponds to the average extractable work

Wint(A) =Y P(a, x)Wint (al)- (54)

a,x
We again consider the deficit-type figure of merit,
A(AH) ;= W(AH) — Wiy (A)
=Y P(a, x)A(ae: Hay), (55)

which can be understood as the energy storage enhancement
A [Eq. (35)] conditioned on the indices a, x from steering
scenarios. It turns out that this class of thermodynamic work-
extraction tasks is necessary and sufficient to certify quantum
steering and thus relevant to one-sided device-independent
entanglement certification. Specifically, we have [from now
on, we use the notation B to denote a generic element in the
set LHS(A)]

Theorem 4. A ¢ LHS if and only if, for every 0 < T <
00, there exist Hamiltonians H = {H,, > 0}, such that

A(A H) > pnax ABH). (56)

Proof. Since A ¢ LHS if and only if A ¢ LHS(.A), as in
Eq. (52), it suffices to show that A ¢ LHS(.A) implies the
desired strict inequality for every given 0 < 7' < co. Consider
one such state assemblage .A. Then, by the dual programme of
steering robustness (see, e.g., Eq. (41) in Ref. [13], Eq. (8) in
Ref. [104], and Eq. (28) in Ref. [108]), there exists a collection
of semidefinite positive operators {Fy|, > 0}, such that
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; tr(Fa\x-Aa\x) > Bnelfﬁs ; tr(Fa\xBa\x)- (57)

Now, by reducing the maximization range, we have

tr(FBay) > tr(Fu Bajx)- 58
BIQE?IS; I'( alx u\x) = Bein}ils)iA); I'( alx u\x) ( )

Combining the above two inequalities gives

; tr(Fa\an\x) > BEE}'?S)%A) ; tr(Falea\x)- (59)

Note that we need the above form to obtain A with appropriate
P(a, x). We define the Hamiltonians

Hy = (kgT In2)F,. (60)
Then, using Eq. (42), and adding the constant
Hu\x
Y " P(a, x)[log, tr(e” %7 ) — log, d| (61)

to both sides of Eq. (59), the desired result follows by multi-
plying kg7 In 2. ]

Our finding thus demonstrates that steering is the necessary
and sufficient resource for the advantage in the one-sided
device-independent work-extraction tasks introduced above.
This further complements the recent findings reported in
Refs. [54-58]. Theorem 4 thus implies that entanglement dis-
tributed among two agents can be thermodynamically certified
by one of them without trusting the other. More precisely,
by obtaining the conditional energy storage enhancement
‘A(A, H) (which can be done in B with the classical statis-
tics announced by A, e.g., via a public channel), Theorem 4
implies that the local agent B can certify that A ¢ LHS if the
obtained conditional energy storage enhancement is strictly
higher than maxgcpus.a) A(B, H) (which is a value that B
can compute). In that case, the state assemblage A ¢ LHS
cannot be produced by any separable state in a steering sce-
nario and, consequently, p4p must be entangled.

C. Application: Local anomalous energy flow generated by
entanglement and incompatible measurements

As an application, Theorem 4 uncovers a novel type of
anomalous energy flow. In the literature, anomalous energy
flow refers to energy flow that classical systems cannot in-
duce. For instance, energy mainly flows from the hot to the
cold systems in classical thermodynamics, while quantum
correlations can reverse this time arrow, leading to the anoma-
lous heat backflow (see, e.g., Refs. [68,70]). Here, Theorem
4 suggests that a certain type of locally observed energy flow
implies the presence of globally distributed entanglement. To
see this, let us define

Eanomaty (A) = mSX(A(A, H) - BeaX A)A(B, H)), (62)

where the maximization is taken over all possible local Hamil-
tonians H = {H\},» with 0 < H,, < 61, where 6 > 0 is
a given energy scale whose dependence is kept implicit.
Then, when Eynomaly (A) > 0 for some properly designed local
Hamiltonians H in B’s system, the local agent B concludes
that there must be some entangled state behind the entire

scenario—as no separable state can produce this amount of
energy. We thus conclude that Eypomay(VA) is the maximal
amount of energy that is certainly induced by entangle-
ment. Importantly, the local agent can certify this novel type
of anomalous energy flow without accessing the bipartite
structure. We thus discover a novel type of one-sided device-
independent anomalous energy flow (see also Refs. [54-56]).

As another illustrative application of Theorem 4, let us
relax the one-sided device-independent assumption and al-
ways consider A and B sharing a maximally entangled state
|®+)ap = 3 (1/+/d)ii) ap. Then Theorem 4 implies that
the local anomalous energy flow Eunomay(A) is equivalent
to measurement incompatibility in the system A. More pre-
cisely, a measurement assemblage M = {M,,},  is said to
be jointly measurable, or compatible, if there exists a single
POVM {G,}, and some conditional probability distribution
{P(al|x, 1)}4.x. achieving [12,17]

M o ZP(a|x, MGy VYa,x. (63)
)

Namely, POVMs in M can be simulated by a single POVM
plus some purely classical processing. A measurement as-
semblage is called incompatible if it is not compatible. Now,
suppose in a steering scenario A and B already share a
maximally entangled state |®*)45. When A is assigned to
perform the measurement assemblage E, B’s state assemblage
A"(E) := {A" (E)},.. takes the form

alx

A (B) = tral(Egpe ® IO (@F ap]l Va,x. (64

Crucially, it is known that A" (E) is steerable if and only if E
is incompatible [12,17]. Using this fact with Theorem 4 gives

Corollary 3. The measurement assemblage E is incompat-
ible if and only if Eanoma]y[A+ (E)] > 0 for some energy scale
§ > 0.

Hence we reveal another physical underpinning of the
anomalous energy flow Ejnomaly, Which is incompatible mea-
surements in A’s system. This result thus establishes a thermo-
dynamic meaning for incompatible measurements—quantum
incompatibility and entanglement can produce locally ex-
tractable energy flows that cannot be observed in any classical
system.

Finally, as a remark, it is clear that any nontrivial steering
inequality can induce some Hamiltonians to certify steering
via the anomalous energy flow defined in Eq. (62). This
allows us to explicitly construct Hamiltonians for, e.g., the
superactivation of the anomalous energy flow. More precisely,
superactivation of steering refers to situations where a bipar-
tite quantum state pap cannot demonstrate steering (i.e., state
assemblages induced by it are in LHS), whereas at the same
time, pf’é‘ can violate some steering inequalities when k is
large enough [108,109]. Using Theorem 4, we deduce that
such a psp cannot induce any anomalous energy flow defined
in Eq. (62), while pf’,é‘ can do so with a large k. Moreover, the
corresponding Hamiltonians can be explicitly found by using
the steering inequality Eq. (40) in Ref. [108] and multiplying
it by (kgT In 2), as in the proof of Theorem 4.
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VI. CONCLUSIONS

In this work, we introduce a thermodynamic universal re-
source certification class based on work extraction, implying
that general quantum resources can demonstrate advantages
in work-extraction tasks. Our approach further shows that
locally performed work extraction can certify globally dis-
tributed entanglement in a one-sided device-independent way,
and a novel type of anomalous energy flow underpinned by
entanglement and measurement incompatibility is reported.

We now discuss the physical implications of our findings.
First, our results actually also imply that quantum com-
plementarity [19] as well as different notions of quantum
incompatibility (see, e.g., Refs. [17,58,84-90]) can provide
work-extraction advantages. The former can be viewed as a
thermodynamic version of Theorem 2 in Ref. [89] (see also
Theorem 1 in Ref. [110]), which also simplifies the opera-
tional task introduced in Ref. [44]. The latter is related to
Corollary 2 in Ref. [90] and Theorem 1 in Ref. [111]. These
findings, however, go beyond the scope of this work, as here
we aim to focus on general quantum resources, rather than
specific ones. Consequently, we report on these findings in
a follow-up paper focusing on thermodynamic advantages of
the uncertainty principle’s signature (especially incompatibil-
ity and complementarity), which is now in preparation [112].

Furthermore, as mentioned earlier, it is unclear whether the
technique used in this work can also apply to channel dis-
crimination tasks as detailed in Theorem 4 in Ref. [45]. More
precisely, is it possible to turn the channel discrimination tasks
into a novel thermodynamic URCC? Also, can any other class
of thermodynamic tasks serve as a URCC?

As another relevant aspect, recently, it has been found
that probabilistic tasks may also provide a universal char-
acterization of general quantum resources via the so-called
filters (e.g., Theorem D.1 in Ref. [26]). Notably, it suf-
fices to focus on filters with a relatively simple form
(such as filters with a single Kraus operator; see also,
e.g., Refs. [15,18,19]). It is then valuable, both theoret-
ically and practically, to investigate the thermodynamic
interpretation of such filters and their potential applications
to characterizing or certifying general quantum resources.
More broadly, it is rewarding to extend the recent find-
ings in probabilistic conversions (e.g., Refs. [113,114]) to
thermodynamics.

Finally, it may be insightful to apply our findings to spe-
cific resources, in particular, thermodynamic resources. For
instance, when we apply our main finding in the companion

Letter [38] to the so-called informational nonequilibrium
[115], we can reproduce the famous majorization conditions
for unital channel conversions (see, e.g., Ref. [115]). Can
we obtain more from our findings? In particular, recently, an
Mpemba-like effect has been reported in the concentration
problem of informational nonequilibrium [116]. Can our find-
ings provide further insights in this direction? We leave all
these open questions for future research, and we hope to use
this work to initiate the community’s interest in the interface
of general quantum resources and thermodynamics.
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