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Nonlinear squeezing of superpositions of quadrature eigenstates
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We introduce a family of operators exploiting the symmetry of superpositions of quadrature eigenstates (SQEs)
and demonstrate how the associated nonlinear squeezing, quantified by the expectation value of such operators,
serves both as a witness of non-Gaussianity and as an indicator of the quality of SQE approximations. To
establish the usefulness of this measure, we connect it to quantum state fidelity and evaluate its implications
in breeding protocols. Finally, we construct optimal approximations of SQE states in truncated Fock spaces.
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I. INTRODUCTION

Traveling light is a versatile experimental platform utilized
for many applications of quantum information processing,
such as quantum computation [1–7] quantum metrology
[8–10], or quantum communication [11–14]. Since all of these
applications are based on preparing and utilizing specific
quantum states and their properties, preparation and char-
acterization of quantum states, together with verification of
their quantum features, is one of the important challenges
in the field [15–17]. The states required by applications can
be broadly classified into two categories. Gaussian squeezed
light has fluctuations in a single quadrature reduced below the
level of the vacuum state. It can be directly applied in metrol-
ogy [18,19] or communication [20], and is indispensable for
the manipulation of optical states [21–23] and generation of
large-scale entangled states [24,25]. Despite its uses, squeezed
light on its own is insufficient for the more advanced applica-
tions of quantum information technologies, such as quantum
computation [26]. For this, the Gaussian tool set of quantum
optics needs to be supported by non-Gaussian quantum states
serving as code states [27–30] or resources for operations
[31–33].

Superpositions of coherent states form one such class of
useful non-Gaussian states with uses in quantum computa-
tion [34–36] and metrology [37,38]. These states can also be
considered for breeding of Gottesman-Kitaev-Preskill (GKP)
states [39–41], but there is a catch—the breeding protocol
calls for nonphysical superpositions of quadrature eigenstates
(SQEs). Squeezing the superposed coherent states can ap-
proach this approximation, but, for practical purposes, it is
generally more efficient to directly aim at preparation of
the already squeezed states. Both superpositions of coherent
states and superpositions of displaced squeezed states were
already experimentally prepared [42–48], which opened up
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the problem of evaluating and characterizing the quality of
the states. Superposed coherent states can be evaluated by
fidelity [49]. This is, however, impossible for approximations
of quadrature eigenstates due to the nonphysical nature of
infinitely squeezed states.

The quality of the Gaussian quadrature squeezed light can
be straightforwardly characterized by squeezing—the value of
the variance of the quadrature operator—which often directly
correlates with the noise added to the protocols [50]. Quan-
tum non-Gaussian states, however, have properties given by
complex features of their Wigner function, such as negative
areas, or sub-Planck structure [51,52]. In recent efforts, non-
Gaussianity was also tied to directly measurable quantities
which can be used to construct specific witnesses [53]. A
specific kind of such witness is nonlinear squeezing [54],
defined as the variance of a nonlinear function of quadrature
operators [55,56], which targets selected, practically relevant
non-Gaussian features [57–59] and can replace fidelity when
the ideal target state is nonphysical [60]. Nonlinear squeezing
provides valuable information and can be straightforwardly
evaluated, but it has an upfront cost—the design of a specific
nonlinear operator.

In this paper, we present a nonlinear squeezing operator
aimed at evaluating the quality of approximated super-
positions of quadrature eigenstates. We construct optimal
approximations of SQE states in truncated Fock spaces as
ground states of this operator and connect the values of nonlin-
ear squeezing to fidelity in interactions where SQE states act
as a natural resource of non-Gaussianity. We perform numeri-
cal optimizations to obtain bounds for this fidelity and also for
nonlinear GKP squeezing in breeding protocols, allowing us
to make predictions about the outputs in relevant interactions
solely based on SQE squeezing of input states.

II. SUPERPOSITIONS OF QUADRATURE EIGENSTATES

Let â be the bosonic annihilation operator of an elec-
tromagnetic field mode with canonically conjugate quadra-
tures x̂ = 1√

2
(â† + â), p̂ = i√

2
(â† − â); natural variables with

[x̂, p̂] = i are used in this work. With the exception of |x = 0〉,
we use x̂|x〉 = x|x〉 to denote the eigenstates of quadrature
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operators. An ideal SQE can be defined as

|Cu,∞,ϕ〉 = |u〉 + eiϕ |−u〉, (1)

where u ∈ R, ϕ ∈ [0, 2π ). The cases ϕ = 0, ϕ = π will be
referred to as even and odd superpositions, respectively.

These states appear as the asymptotic limit of super-
posed displaced squeezed states [39,41], as the squeezing
approaches infinity,

|Cu,r,ϕ〉 = 1√
Nu,r

{[D̂x(u) + eiϕD̂†
x (u)]Ŝ(r)|0〉}, (2)

where |0〉 is the vacuum state, D̂x(u) = exp(−iup̂) is
the single-quadrature displacement operator, u ∈ R, Ŝ(r) =
exp[ r

2 (â2 − â†2)] is the squeezing operator, r ∈ R, and Nu,r

is a normalization constant. SQE states, as defined in (1),
are non-normalizable and thus unphysical, but their ap-
proximative physical versions (2) are often considered as
imperfect resources for quantum information processing pro-
tocols [27,29,39–41]. For this, it is important to be able to
determine how well an arbitrary quantum state ρ̂ approxi-
mates the ideal state (1), which is relevant for theoretical
analysis of quantum protocols [3,61], evaluation of ex-
perimentally prepared quantum states [62,63], and related
optimization of quantum state preparation circuits. An effec-
tive way to evaluate quantum states is based on the ability to
define the states as eigenstates of some Hermitian operator
[54]. The variance of the operator, often called squeezing, can
then be used as a straightforward figure of merit and often
directly quantifies the noise added in some quantum protocol.

The general superpositions of quadrature eigenstatates (1)
can be defined as zero eigenvalue eigenstates of the operator

Ô(u, ϕ, c) = Ôx(u) + c · Ôp(u, ϕ), (3)

with

Ôx(u) = (x̂2 − u2)
2
, (4a)

Ôp(u, ϕ) =
+∞∑

j=−∞
|p = p j〉〈p = p j |, (4b)

where p j = (2 j−1)π−ϕ

2u . Note that the operator Ôp(u, ϕ) is not
unique. For same cases, such as even and odd superposi-
tions, it could be replaced by a modified parity operator [64].
However, choosing the operator as Eq. (4b) allows us to

evaluate the property of the state using only statistics of the
p̂ quadrature, which can be easily accessed by homodyne
detection. For the even case of the idealized approximation
given by (2), we find

〈Ô(u, 0, c)〉 =
4e2r u2(e2r u2−3)

ee2r u2 +1
+ 8e2ru2 + 3

4e4r
, (5)

which is decreasing everywhere as a function of r and con-
verges to zero as r → +∞, confirming that the ideal SQE is
a ground state of this operator.

The operator given by Eq. (3), or rather a family of oper-
ators distinguished by different values of c, can be separated
into parts involving only the x and the p quadrature repre-
sentations, taking advantage of the symmetric nature of the
target states (1) and (2). The value of c then serves as a
balancing factor, quantifying the relative importance between
the narrowness of the peaks visible in x and the interference
pattern visible in p. Note that Ôx is the square of a Hermitian
operator and is, therefore, positive semidefinite, while Ôp is
positive semidefinite due to being a sum of projectors. This
implies that Ô(u, ϕ, c) is positive semidefinite as well.

Similarly to the work done in [60], we interpret the mean
value of operator (3) as nonlinear squeezing because the oper-
ator is a positive-semidefinite observable and the target state
is its ground state. Nonlinear squeezing [54] can be generally
defined as

ξ = varρ̂T [Â]

varρ̂B [Â]
, (6)

where ρ̂T is some tested state, ρ̂B is the benchmark state, and Â
is an observable constructed as a general nonlinear function of
x̂ and p̂. For the case of ρ̂B = |0〉 and Â = x̂, Eq. (6) reduces to
standard quadrature squeezing. In our case, keeping in mind
that, for fixed mean values, the variances in (6) are simply
expectation values, we specifically define SQE squeezing as

ξSQE = 〈Ô(u, ϕ, c)〉
minG〈Ô(u, ϕ, c)〉 , (7)

where minG denotes the minimum over the set of Gaussian
states. Values of ξSQE < 1 (or ξSQE < 0 dB) therefore imply
non-Gaussianity of the tested state. This lower bound can be
analytically expressed as

min
G

〈Ô(u, ϕ, c)〉 = min

{
min
r∈R

[
u4 + 3

4
e−4r − u2e−2r + uc

π
ϑ3

(
− π

2
, e−u2e2r

)
︸ ︷︷ ︸

EA

]
,

uc

π︸︷︷︸
EB

}
, (8)

where ϑ3(z, q) = ∑+∞
n=−∞ qn2

ei2nz is the third elliptic theta
function. Here, EA corresponds to 〈Ô(u, ϕ, c)〉 for a squeezed
vacuum with finite squeezing r ∈ R and EB corresponds to the
same expectation value for an infinitely squeezed displaced
state at u. These are the two possible Gaussian optima as
confirmed by numerical optimization. Nonlinear squeezing

of SQE states therefore serves as a witness of non-Gaussian
behavior.

Let us now compare the nonlinear squeezing for SQE
states, defined as the expectation value of Eq. (3), to other
methods that can be used for quantifying the quality of the
quantum states. A common figure of merit often used for such
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analysis is the quantum state fidelity [49],

F (ρ̂1, ρ̂2) = (Tr
√√

ρ̂1ρ̂2

√
ρ̂1)

2

, (9)

where ρ̂1, ρ̂2 are density operators of two quantum states.
However, using quantum state fidelity directly to evaluate
the quality of approximative preparation of eigenket super-
position approximations needs to be discouraged. The first
reason is that the target state (1) is not normalizable. Although
Eq. (9) can be calculated, it does not have any good physical
meaning, as it is not from the interval [0,1]. The second reason
is that even if we consider the target state to be a specific
finite approximation 2 with some value r, the issues do not
disappear. This is because for any r, we could find r′ > r
such that the fidelity of the two states is close to zero, even
though the state with r′ better approximates the ideal state
given by (1).

One way to avoid the problem of calculating fidelities
with non-normalizable states is to not look for the fidelity
directly, but rather to consider utilizing the states (1) and (2) as
interaction resources (virtually) and only then comparing the
outputs, those being regular states with unit norm, using quan-
tum state fidelity. The virtual operation that can be considered
for this purpose, an operation for which the superposition of
quadrature eigenstates is a natural resource, is the nonunitary
operation,

D̂x(u) + D̂x(−u).

This operation can be used to create the superposed coherent
states, both regular and squeezed, but it can also be seen as a
single step of the breeding protocol for GKP states [39]. This
operation can be physically implemented only by Gaussian
operations supplanted by the resource state given by Eq. (1).
The full gate consists of a Gaussian coupling, either a beam
splitter or a quantum nondemolition (QND) interaction [65],
that couples the resource given by Eq. (1) to the target state.
This coupling is then followed by homodyne detection and
postselection on a specific outcome.

Formally, we can represent the full gate as follows. We will
consider two modes of a bosonic field, with quadratures satis-
fying [x̂ j, p̂k] = iδ j,k , where j, k = 1, 2. The Gaussian unitary
coupling will be represented by a unitary operator ÛINT, which
can either be the quantum nondemolition interaction [65],

ÛQND = exp(−ix̂1 p̂2), (10)

or the balanced beam splitter [66],

ÛBS = exp

[
iπ

4
( p̂1x̂2 − p̂2x̂1)

]
. (11)

We shall specifically consider an interaction where the first
mode contains the resource state |R〉1 and the second mode
contains the vacuum state |0〉2. The resource mode will then
be measured by homodyne detection and the output state will
be conditioned on measuring p̂1 = 0. The output state |�〉2

can then be, up to normalization, expressed as

|�〉2 ∝ 1〈p̂ = 0|ÛINT|R, 0〉12. (12)

evaluated interaction

ÛBS p = 0

optimal interaction

ÛBS p = 0

p

|ΩBS,R〉

|ΩBS,u,∞,ϕ〉

p

|R〉

|0〉

FBS = |〈ΩBS,u,∞,ϕ|ΩBS,R〉|2

|0〉

|Cu,∞,ϕ〉

FIG. 1. Schematic visualization of the virtual interaction-based
method for evaluating SQE approximations. Modes containing the
evaluated state |R〉 and an ideal superposition of quadrature eigen-
states |Cu,∞,ϕ〉 are split on identical beam splitters. Output states |�〉
are obtained by homodyne measurement of p = 0 in the remaining
modes and subsequently utilized to calculate the virtual interaction
based fidelity FBS.

For the ideal resource state |R〉 = |Cu,∞,ϕ〉, we can straight-
forwardly calculate the evolution and arrive at

|�QND,u,∞,ϕ〉 = [D̂x(u) + eiϕD̂†
x (u)]|0〉 (13)

for the QND interaction and

|�BS,u,∞,ϕ〉 =
[

D̂x

(
u√
2

)
+ eiϕD̂†

x

(
u√
2

)]
Ŝ

(
ln 2

2

)
|0〉

(14)

for the balanced beam splitter, both up to normalization,
where |�〉 is the state conditionally prepared in the remaining
mode.

For any pure resource state |R〉, we can obtain the condi-
tional output states in the x̂ − representation as

|�QND,R〉 = 1

NQND

∫∫
〈x′|R〉〈x − x′|0〉|x〉dxdx′,

|�BS,R〉 = 1

NBS

∫∫
〈x′ − x√

2
|R〉〈x + x′

√
2

|0〉|x〉dxdx′, (15)

where NQND and NBS are normalization coefficients. The pro-
cess could be generalized for mixed states, but for our main
purpose, benchmarking of the SQE squeezing, we can stick
with pure states. The respective interaction fidelities can now
be defined as

FQND = |〈�QND,u,∞,ϕ |�QND,R〉|2,
FBS = |〈�BS,u,∞,ϕ |�BS,R〉|2, (16)

with the calculation for FBS visualized in Fig. 1. It can be
shown that for the resource states that are superpositions of
squeezed states, |R〉 = |Cu,r,ϕ〉 (2), the fidelities given by Eq.
(16) are identical for both interactions, and that in the limit
as r → +∞, we get FQND = FBS → 1. For simplicity, from
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now on, we shall consider a single virtual interaction fidelity
F = FBS.

III. ANALYSIS

If both F = FBS and 〈Ô(u, ϕ, c)〉 indicate how well a
specific quantum state approximates the ideal SQE, it is rea-
sonable to expect that given the SQE squeezing value for a
specific state, it should be possible to infer some information
about the interaction fidelity. Specifically, obtaining a lower
bound,

Fmin(z) = min
|ψ〉∈Sz

F,

Sz = {|ψ〉 ∈ H∞ : 〈ψ |Ô(u, ϕ, c)|ψ〉 = z}, (17)

where the interaction fidelity is minimized over all pure states
with 〈Ô〉 = z, would allow us to predict how similarly the state
in question behaves to the ideal SQE in the described virtual
interactions based solely on its SQE squeezing.

Deriving the bound analytically is difficult due to the na-
ture of the states that form the boundary; however, numerical
methods can be used to obtain the bound with reasonable
accuracy. The operator given by Eq. (3) is defined on an
infinite-dimensional Hilbert space H∞, but it can be trun-
cated to a finite dimension [60,67]. Such finite-dimensional
representation can be used for evaluating the SQE squeezing
on approximate states. Additionally, the ground states of such
truncated operators posses the optimal SQE squeezing for
any given dimension. Formally, the operator given by Eq.
(3) truncated into a chosen finite-dimensional truncated Fock
space HN , N ∈ N can be defined as

Ô[N](u, ϕ, c) =
N−1∑
n=0

|n〉〈n|Ô(u, ϕ, c)
N−1∑
n=0

|n〉〈n|. (18)

In the following, instead of utilizing the analytical expressions
for 〈x|n〉, 〈p|n〉 to calculate expectation values, we chose to
approximate the constituents of Ô[N](u, ϕ, c), Ô[N]

x (u), and
Ô[N]

p (a, ϕ), as matrices in the truncated Fock space. This leads
to errors [67]; however, it allows for much faster numerical
optimization.

Implementing Ô[N]
x (u) is straightforward. Since this is

an operator formed by fourth powers of â and â†, we
can construct it with the help of the truncated annihila-
tion operator â[N+4] and then truncate it again. Representing
Ôp(u, ϕ) is more difficult, as quadrature eigenkets are not
available in truncated Fock spaces. We can, however, utilize
its p̂ − representation, a series of delta distributions at p =
(2 j−1)π−ϕ

2u , j ∈ Z, to approximate it as

˜̂Op(u, ϕ) = u√
π

(k) 1
2

[
sin

(
up̂ + ϕ

2

)]2k

, (19)

where (x)m = 
(x+1)

(x−m+1) is a generalization of the falling facto-

rial and k ∈ N. We choose k = 100 in the following numerical
work; see the Appendix for more details.

Utilizing the finite-dimensional approximations of Ô in
truncated Fock spaces, we can find the finite-dimensional

boundary,

F [N]
min (z) = min

|ψ〉∈Sz

F,

Sz = {|ψ〉 ∈ HN : 〈ψ |Ô[N](u, ϕ, c)|ψ〉 = z}, (20)

as the Pareto frontier simultaneously minimizing both the
virtual interaction fidelity and SQE squeezing. The Pareto
frontier [68] is defined as the set of Pareto optimal points,
i.e., all points, where virtual interaction fidelity cannot be
lowered without increasing the expectation value z. As such,
it is equivalent to the lower bound defined in (20). We have
utilized the NSGA-II algorithm [69] to effectively find the
frontier; our Compute Unified Device Architecture (CUDA)
optimized PYMOO [70] implementation is available on GitHub
[71]. The SQE squeezing is expressed in decibels as

ξSQE = 10 log10

(
〈Ô[N](u, ϕ, c)〉

minG〈Ô(u, ϕ, c)〉

)
. (21)

The Fmin boundaries for various combinations of N, c are
visualized in Fig. 2. For each of the bounds, the filled area
corresponds to the subspace where pure states can exist, and
the dashed line represents the lower bound (Pareto frontier)
itself. SQE states are a crucial resource in breeding protocols
for the preparation of GKP state approximations [39–41]. The
ideal GKP qubit basis states are defined as [27]

| jL〉 =
∑
k∈Z

|x = (2k − j)
√

π〉, j = 0, 1. (22)

Although many similar encodings exist [30], in the GKP basis,
all Clifford gates can be realized by Gaussian operations,
making it especially suitable for optical quantum computers,
with universal computation being achievable through magic
state injection [72]. The approximations of (22) obtained in
breeding protocols can, again, be evaluated by means of non-
linear squeezing [60],

ξGKP0 = 10 log10

( 〈
Q̂0

[N]〉
minG〈Q̂0〉

)
, (23)

where

Q̂0 = 2 sin2

(
x̂
√

π

2

)
+ 2 sin2( p̂

√
π ). (24)

The expectation that states with lower SQE squeezing produce
better GKP state approximations in breeding protocols can
then be formally expressed as the existence of an upper bound,

ξmax(z) = max
|ψ〉∈Sz

ξGKP0 ,

Sz = {|ψ〉 ∈ H∞ : 〈ψ |Ô(u, ϕ, c)|ψ〉 = z}, (25)

where ξGKP0 is evaluated for a GKP state approximation ob-
tained as the output of m rounds of a breeding protocol, where
m2 identical copies of a state with SQE squeezing ξSQE are
used as the resource.

Utilizing finite-dimensional approximations of both ξGKP0

and ξSQE, the finite-dimensional versions of this bound can
be found in similar fashion to Fmin as the Pareto frontier of
a multi-objective optimization problem with the objectives of
simultaneously maximizing GKP squeezing and minimizing
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FIG. 2. Numerically optimized lower bounds for virtual interac-
tion fidelity Fmin given SQE squeezing ξSQE. Subplot (a) represents
how the boundary changes with changes in relative weight c between
the constituents of Ô(u, ϕ, c); see Eq. (3). Subplot (b) represents how
the boundaries with specific c differ with changes in dimensionality
of the space N . The squeezing was evaluated in truncated Fock
spaces using Ô[N](3, 0, c). The bounds represent worst-case scenar-
ios; no states underneath the curves exist in their respective spaces.
Therefore, we can infer minimum values of virtual interaction fidelity
given SQE squeezing and vice versa. (a) N = 30 and (b) c = 10.

SQE squeezing. The boundaries are visualized in Fig. 3 for
various combinations of N, c. Each input state undergoes two
rounds of the probabilistic breeding protocol introduced in
[39] with postselection on p = 0. Similarily to Fig. 2, the
shaded areas, each associated with one of the upper bounds
(Pareto frontiers), correspond to subspaces where pure states
possibly exist.

FIG. 3. Numerically optimized upper bounds for GKP squeezing
after two rounds of breeding given SQE squeezing ξSQE. Subplot (a)
represents how the boundary changes with changes in relative weight
c between the constituents of Ô(u, ϕ, c); see Eq. (3). Subplot (b)
represents how the boundaries with specific c differ with changes
in dimensionality of the space N . The squeezing was evaluated in
truncated Fock spaces using Ô[N](3, 0, c). The area with gray filling
represents the values of ξGKP0 for which fault tolerance is possible
[60]. Therefore, the intersections of the boundaries with this area
provide a necessary condition for ξSQE for the resource states in
order to breed GKP state approximations that are sufficient for fault
tolerant quantum computation under ideal conditions. (a) N = 30 and
(b) c = 10.

IV. OPTIMAL SQE APPROXIMATIONS

The analysis indicates that SQE squeezing can serve
both as a witness of non-Gaussianity and as a measure of
how well any state approximates a chosen superposition of
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VOJTĚCH KUCHAŘ AND PETR MAREK PHYSICAL REVIEW A 112, 053706 (2025)

FIG. 4. Optimal approximations for superpositions of quadrature eigenstates in truncated Fock spaces. Each subplot visualizes the Wigner
function of the state best approximating an even eigenket superposition |x = 3〉 + |x = −3〉 in an N-dimensional truncated Fock space. The
plotted states were obtained as ground states of N-dimensional representations of Ô(u, ϕ, c) with u = 3, ϕ = 0, c = 10; see Eq. (3). As such,
these states minimize SQE squeezing (21) in their respective truncated Fock spaces and are the optimal approximations of |x = 3〉 + |x = −3〉
with stellar rank of, at most, r� [see Eq. (27)]. (a) N = 3, (b) N = 5, (c) N = 12, (d) N = 30, (c) N = 80, and (f) N = 150.

quadrature eigenstates. We can utilize the measurelike prop-
erties of nonlinear squeezing to obtain optimal SQE approxi-
mations in truncated Fock spaces, which correspond simply to
the ground states of (18) for any given dimension N . Examples
of such states for ϕ = 0 are plotted in Fig. 4.

A common way to hierarchize non-Gaussian states is their
stellar rank [73], which is defined for a pure state |ψ〉 as the
number of zeros of its stellar function,

F �
ψ = exp

(
1
2 |α|2)〈α∗|ψ〉, (26)

where |α〉 is the coherent state with amplitude α ∈ C. It can
be shown that the stellar rank of Fock states is equal to their
photon number and that the stellar rank is invariant under
Gaussian operations.

Given that the plotted eigenstates are symmetric in the
phase space, their Fock basis coefficients can be nonzero only
for |0〉, |2〉, . . . and only up to the dimensional cutoff. This
implies that their stellar rank is, at most,

r� =
{

N − 2 for N mod 2 = 0,

N − 1 otherwise. (27)

Therefore, they represent optimal target approximations
of superpositions of quadrature eigenstates in quantum
state preparation schemes with, at most, r� single-photon
operations.

In the context of state preparation, an alternate
parametrization of Eq. (3) can also be considered. For an

ideal SQE, given by Eq. (1), Gaussian squeezing only affects
the separation of the peaks, not their width. By choosing u = 1
without loss of generality and subsequently transforming the
operator by a squeezing operation, we obtain

Ô(g, ϕ, c) = Ôx(g) + c · Ôp(g, ϕ), (28)

with

Ôx(g) = g4

(
x̂2 − 1

g2

)2

, (29a)

Ôp(g, ϕ) =
+∞∑

j=−∞
|p = π j〉〈p = π j |, (29b)

where π j = (2 j−1)π−ϕ

2/g and g > 0 is the squeezing parameter.
For any quantum state, we can now evaluate

O(ϕ, c) = min
g>0

[〈Ô(g, ϕ, c)〉] (30)

to find how well the state approximates an ideal SQE of any
amplitude, if Gaussian squeezing is a free operation. This
parametrization is more suitable when approximating SQEs
using cat states, where both a larger separation of the peaks
and stronger squeezing of individual peaks contribute to a
better SQE approximation.
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FIG. 5. Accuracy of ˜̂Op(u, ϕ) in infinite-dimensional spaces. Each plot represents the accuracy of the infinite-dimensional approximation
(A2) for (a) u = 1, (b) u = 2, (c) u = 3, (d) u = 4, ϕ = 0 in all cases. The approximation was calculated for individual Fock states and its
accuracy is expressed as the normalized density of points, for which |1 − 〈 ˜̂Op(u, 0)〉n/〈Ôp(u, 0)〉n| � 1%, i.e., if a single point is picked in the
0.9 contour, the probability of the approximation being off by more than 1% is smaller than 0.1.

V. CONCLUSION

We introduced a family of operators exploiting the
properties of superpositions of quadrature eigenstates and
established their usefulness within the framework of nonlin-
ear squeezing. SQE squeezing serves both as a witness and
measure of non-Gaussianity, and allows us to evaluate how
well any given state approximates a chosen symmetric super-
position of quadrature eigenstates.

Through numerical optimization, we discovered lower
bounds for virtual interaction fidelity, quantifying how well
a state with given SQE squeezing behaves as a resource for
the nonunitary operation D̂x(u) + D̂x(−u) when compared to
a superposition of quadrature eigenstates, the natural resource
for such operation.

In a similar fashion, we obtained upper bounds for GKP
squeezing in a breeding protocol, which suggest that states
with lower SQE squeezing generally produce better approxi-
mations of GKP states in such protocols.

Furthermore, SQE squeezing allows us to construct opti-
mal approximations for superpositions of quadrature eigen-
states in truncated Fock spaces. These states represent optimal

targets for experimental preparation with limited resources,
effectively connecting theory with experiment and suggesting
how well these intrinsically unphysical states can be approxi-
mated in the near future.
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APPENDIX: TRUNCATED FOCK
SPACE APPROXIMATIONS

In order to allow for effective optimizations, we
approximate the constituents of Ô(u, ϕ, c) as finite-
dimensional matrices expressed in the truncated Fock
basis {|0〉, |1〉, . . . , |N − 1〉}, where the truncated Fock space
HN , N ∈ N, is the linear hull of this basis. Given that
both Ôx(u) and Ôp(a, ϕ) are defined in infinite-dimensional
spaces [see Eqs. (4a) and (4b)], truncating these operators to
finite-dimensional matrices is generally associated with an
error. The following is an analysis of the most dominant error
in our approach.

To implement Ô[N]
x (u), we can directly utilize the truncated

form of â as outlined in the text. This leads to an excellent
approximation with practically zero error in comparison to the
error in Ô[N]

p (a, ϕ) and there is no reason to investigate further.
In the case of Ô[N]

p (a, ϕ), we are faced with the construction
of quadrature eigenkets in a truncated Fock space. One could
consider utilizing the expansion

|p0〉 =
∞∑

n=0

|n〉〈n|p0〉 =
∞∑

n=0

(−i)ne−p0
2√

2nn!
√

π
Hn(p0)|n〉, (A1)

where Hn is the nth Hermite polynomial, and truncating it
to a finite sum capped at n = N . This method unfortunately
fails completely for some N . While we did not thorougly
investigate the cause, our understanding of the eigenket |p0〉
as the infinite squeezing limit of a squeezed state with 〈p̂〉 =
p0 points to the fact that while Eq. (A1) converges to the
eigenstate, its truncated form does not in any way guarantee
〈p̂〉 = p0. This leads to offsets of the individual projectors
which cause the operator to behave in unintended ways.

To mitigate this issue, we have instead decided to ap-
proximate the infinite-dimensional operator Ôp(u, ϕ) using

a different infinite-dimensional operator ˜̂Op(u, ϕ), which can
then be truncated in a similar manner to Ô[N]

x (u). Its form,

˜̂Op(u, ϕ) = u√
π

(k) 1
2

[
sin

(
up̂ + ϕ

2

)]2k

, (A2)

is based on the fact that Ôp(u, ϕ) projects only onto p =
(2 j−1)π−ϕ

2u , j ∈ Z. The limit lim
k→∞

[sin(up̂ + ϕ

2 )]2k is positive

precisely at these points, while being zero everywhere else.
The multiplicative term ensures normalization around each of
the peaks, i.e.,

∫ jπ−ϕ/2
u + π

u

jπ−ϕ/2
u

u√
π

(k) 1
2

[
sin

(
up + ϕ

2

)]2k

dp = 1, ∀ j ∈ Z.

(A3)
Given the identical support and normalization, we can con-
clude that limk→∞ ˜̂Op(u, ϕ) = Ôp(u, ϕ). This limit acts as a
justification for approximating Ôp(u, ϕ) in this manner, but
does not find much use in practice, as numerical issues appear
with large k.

In this case, the dominant error is the error associated
with the approximation itself and not the truncation error; see
Fig. 5. Given that the approximation numerically collapses
for large k, but also requires large k to work, we seek an
optimal value that allows us to obtain reasonably accurate
results for the optimizations we perform. Specifically, given
the dimensionality of the truncated Fock spaces that are used
and an analysis of the errors in Fig. 5, we settled for k = 100.
Additionally, when looking for Fmin (see Fig. 2), we utilized
this data to choose u = 3.
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