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A limitation of analog quantum simulators based on cold atoms in optical lattices is that readout is typically
limited to observables diagonal in the charge basis, i.e., densities and density correlation functions. To overcome
this limitation, we propose experiment-friendly schemes to measure charge-off-diagonal correlations (such as
currents). Our protocols use noninteracting dynamics for random times followed by standard quantum gas
microscope measurements to effectively measure in random bases. The main requirement of our scheme is
the ability to turn off interactions, which can be done in many atomic species using Feshbach resonances.
Importantly, our scheme requires no local control and otherwise also exhibits modest requirements in terms
of total evolution time and number of repetitions. We numerically demonstrate efficient estimation of bilinear
correlation functions, requiring less than 4000 samples to measure local currents to 5% error (system-size
independent) and ∼104 samples to simultaneously measure all nonlocal correlations in 70-site systems. Due
to its simplicity, our protocol is implementable in existing platforms, and thus paves the way to precision
measurements beyond particle number measurements.
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I. INTRODUCTION

Analog quantum simulators are table-top experiments de-
signed to study complex many-body physics and quantum
dynamics [1–6], such as those described by the Hubbard
model [7–11]. A critical component of these experiments is
the postevolution measurement step to determine physical
quantities of interest such as currents, correlation functions,
or the system’s energy.

Optical lattices with cold atoms are a leading platform for
analog simulation, capable of simulating systems of hundreds
of strongly interacting particles that mimic the behavior of
strongly correlated electrons [5,12–14]. A key breakthrough
was the quantum gas microscope, which allowed single site-
resolved measurement of each particle at the end of the
experiment [15–21]. The main limitation of the quantum gas
microscope is that it only allows measurements in the particle
number (or computational) basis, which excludes important
observables such as currents.

There is a significant effort to overcome these limitations.
Experimentally, nearest-neighbor current measurements have
recently been achieved by engineering a superlattice [22],
which constitutes a step towards realizing local control. While
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promising, extending this approach to longer-range correla-
tions appears challenging. More recently, several proposals to
access more general observables have been put forward that
use the natural evolution of the quantum simulator to effec-
tively change the measurement basis [23–40]. Conceptually,
such approaches bear resemblance to time-of-flight measure-
ments, where the momentum distribution of a tightly confined
gas is mapped through free evolution onto a measurable
spatial distribution [41,42].

Inspired by randomized and shadow tomography schemes
designed for digital quantum computers [43–49], these
proposals employ time evolution under an interacting
[23–25,29,30,32–35] or a noninteracting [28,31,37–40]
Hamiltonian for random times or in the presence of ancillas,
before measuring. When the ensemble of times is chosen
correctly, the net effect is a measurement in a random basis,
which allows one to reconstruct many observables by clas-
sically postprocessing the measured data. However, schemes
using interacting dynamics require either local control or the
ability to simulate long-time evolution during the classical
post-processing, which we assume here to be prohibitive. For
example, Ref. [33] has an exponentially scaling postprocess-
ing protocol, which is mitigated only by processing patches of
the system that results in a limitation of the measurements of
currents only within the patches. Approaches that use non-
interacting dynamics to randomize measurement bases are
more scalable because such dynamics are easy to simulate
classically [28,31,37,38,40].

Closest to the present work is Ref. [31], where it was
demonstrated that one can fit a covariance matrix to mea-
surement data obtained from noninteracting quenches. While
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TABLE I. Illustration and main characteristics of the two
schemes that we simulate numerically. In the local scheme, we only
aim to estimate local bilinear observables. In the global scheme we
estimate the whole correlation matrix.

Local scheme Global scheme

Atoms hopping in one or Expansion from 1D → 2D
two dimensions

→ No ancillas → �(N2) ancillas
Random times ti � const. Fixed t ∝ N
Applied quasiperiod pot. (orange) Same
Random pot. strength hi � hmax Same
Random pot. phase ϕi No phase

this can work well in many practical circumstances, it does
not provide guarantees or error estimates, and it is not clear
whether it admits local recovery, which is important for
scalability. In another related work, it was proven that the
noninteracting time evolution produced by an ensemble of
random translation-invariant hopping Hamiltonians is suf-
ficient to recover all two-point and four-point correlation
functions [38]. This scheme may, however, be difficult to
apply in practice, as the required time scales as a quartic of
system size, and implementing random translation-invariant
Hamiltonians still poses substantial experimental difficulty.

Here, we propose and analyze schemes that achieve simple
and efficient estimation of correlation functions. The schemes
are feasible to implement in common lab setups, provide
guarantees on the sample complexity before an experiment is
run and the recovery scheme is optimal. Specifically, we con-
sider lattice-based cold-atom quantum simulators with three
main ingredients: (i) the ability to turn off interactions, lead-
ing to noninteracting dynamics (or evolution by a quadratic
(bilinear) Hamiltonian constituting a Gaussian channel in the
fermionic sense), (ii) the ability to measure the average occu-
pancy of each lattice site, and (iii) an additional laser used to
impart a quasiperiodic potential that breaks all lattice symme-
tries (see Table I), such as that implemented in Ref. [50]. With
these ingredients, our scheme allows one to simultaneously
measure all local correlation functions to high accuracy, using
time evolution for at most a few hopping times and a constant
number of repetitions (sample complexity) of the order of less
than 104. Measuring arbitrary nonlocal correlation functions
is substantially harder, but we present a protocol in which
a one-dimensional (1D) chain of length N expands into a
two-dimensional (2D) N × N lattice (reminiscent of time-of-
flight measurements), in which hopping times of order N are
sufficient to measure all correlation functions.

II. SETTING

We consider experiments based on spinless fermionic
atoms hopping in an optical lattice, but various

generalizations, e.g., to noninteracting spinful fermions
or to bosons, are straightforward given experimental methods
to measure average occupancy of the lattice sites. We assume
that we can repeatedly prepare the same state ρ0 (the outcome
of the experiment) and would like to measure its correlations,
which are captured by the correlation matrix

C0,ij = Tr[ρ0c†
i cj] , (1)

where ci is the annihilation operator for the fermion on site
i, with {ci, c†

j } = δi,j. For simplicity and efficiency, we focus
here on bilinear observables (i.e., the correlation matrix), but
our method readily generalizes to higher-order correlations
at the expense of increased sample complexity, as shown in
Appendix A. We consider both 1D and 2D arrays and in the
latter case i = (ix, iy).

The key obstacle to measuring the correlation matrix is
that readout in typical cold-atom experiments is based on
quantum gas microscopes that record the presence of atoms
and thus allow measurements only in the number basis. To
circumvent this limitation, we propose evolving ρ0 under the
noninteracting Hamiltonian of the simulator

H (h, φ) = c† · H(h, φ) · c

= −
∑
〈ij〉

c†
i cj + h

∑
i

cos(k · i + φ)c†
i ci ,

(2)

where c is a column vector containing the system annihilation
operators ci. The hopping part of this Hamiltonian describes
typical cold atom experiments based on optical lattices. The
second term is a quasiperiodic potential, which could be re-
alized by either a second laser at a different wavelength, or
by reusing the lattice laser, but shining it at an angle θL, in
which case k = 2π (cos θL, sin θL). The additional potential is
crucial to break the symmetries of the lattice (Sec. V).

In the following, we present a general protocol, but we
will select two concrete variants for numerical simulation,
illustrated in Table I, which are designed for complementary
purposes.

(i) A “local scheme” in which we want to measure only
local correlations. This requires evolution times of only a few
hopping times (<2, and independent of system size), and we
assume that the phase φ and strength h of the quasiperiodic
potential can be changed for each repetition of the experiment.

(ii) A “global scheme” to estimate arbitrary correlation
functions. Here we consider a 1D system of length N expand-
ing into two dimensions, which requires evolution times of
order N , with a fixed laser phase and strength.

More variations are conceivable and can be adapted to
experimental suitability and needs.

III. METHODS

We now give a precise mathematical description of our
protocol and show how to compute an estimator for the
correlation matrix from the measurement data.

A. Experimental steps

The first (optional) step in the protocol is to attach an Nanc-
site ancilla system. In practice, if, for example, the atoms were
initially confined to move in a 1D lattice, one could lower the
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potential barrier and allow them to explore a 2D lattice. The
correlation matrix of the system plus ancillas is then

Ctot = C0 ⊕ Canc . (3)

Here, we consider an empty ancilla system, where the cor-
relation matrix is the zero matrix, Canc = 0, but the protocol
can easily be generalized to ancillas in some other state with
known correlation matrix.

In the second step of the protocol, we evolve many copies
of the system by randomly chosen non-interacting Hamiltoni-
ans of the form in Eq. (2). Due to the noninteracting nature
of the Hamiltonian, the final state in the simulator can be
described efficiently by a unitary transformation of the initial
correlation matrix

Cs = U ∗
s (C0 ⊕ Canc)U T

s , (4)

where Us are drawn according to probabilities ps from an
ensemble U = {(ps,Us = e−itsH(hs,φs ) )}S

s=1 where time ts ∈
(0, tmax], potential strength hs ∈ (0, hmax], and phase φs ∈
[0, 2π ].

In the last experimental step, we measure the particle oc-
cupation on each site of the entire system, which yields the
random variables n̂j (here and in the following, we use hats to
denote random variables). These random variables can be ar-
ranged into a column vector n̂ of dimension Ntot = N + Nanc.
Their expectation values (conditioned on the choice s) are

ds := E[n̂|s] = diag(Cs) = Fs|C0) + F anc
s |Canc) , (5)

where |C0) is a N2-dimensional vector containing each ma-
trix element of C0, and similarly for |Canc). Fs and F anc

s are
linear maps that are implicitly defined by restricting the ma-
trix equation Eq. (4) to diagonal elements and separating the
contributions from C0 and Canc.

Thus, a single run of the experiment generates a random
choice of unitary labeled by ŝ and a vector of particle numbers
n̂ ∈ {0, 1}Ntot . We collate these data into a subblock of a larger
vector ẑ = n̂ ⊗ eŝ, where {es}S

s=1 are the standard basis vectors
of dimension S and ⊗ is the Kronecker product. Over both
the random choice ŝ and the measurement outcomes n̂, the
expectation value is

E[ẑ] = (p1d1 · · · pSdS )T = F |C0) + F anc|Canc) , (6)

where F = (p1F1 p2F2 · · · pSFS )T , and similar for F anc.
If F has full row rank, we can find a left inverse G such
that GF = I . Thanks to linearity, the random variable |Ŷ ) :=
G(z − danc), where danc = F anc|Canc), will constitute an unbi-
ased estimator of |C0), i.e., its expectation value is the desired
correlation matrix E[|Ŷ )] = |C0).

B. Postprocessing

Running the experiment R times, with a different randomly
chosen s in each repetition, we generate multiple pairs of data
{(ŝr, n̂r )}R

r=1 ≡ {ẑr}R
r=1, each of which can be used to construct

an independent estimator of the full correlation matrix |Ŷr ) as
described above. The sample mean |Ŷmean) = 1

R

∑R
r=1 |Ŷr ) will

then tend towards |C0) for sufficiently large R. To obtain an
estimate θ̂O for the expectation value Tr[ρ0O] of a particular

quadratic observable O = ∑
ij oijc

†
i cj, we can compute

θ̂O := (o|Ŷmean) = 1

R

R∑
r=1

(o| · G · ẑr − μO , (7)

where μO = (o| · G · danc is a nonrandom variable. By con-
struction, the above estimator satisfies E[θ̂O] = Tr[ρ0O]. As
in shadow tomography [43,44,46], the choice of observable
only appears in the postprocessing; thus, we can simulta-
neously estimate many correlations from the same set of
experimental data.

Since θ̂O is a random variable, we expect some statistical
error 	O = |θ̂O − Tr[ρ0O]|. The required number of repeti-
tions (the “sample complexity”) to achieve a desired level of
statistical uncertainty can be determined by calculating the
variance of the estimator Eq. (7). We find an approximate
expression

Var[θ̂O] ≈ 1

R
(o|GW G†|o) , (8)

where W = ⊕S
s=1 psWs is a block-diagonal matrix that de-

pends on the ensemble and the ancilla state, which are both
known beforehand. See Appendix B for an explicit expression
for W , and a proof of the above.

Since the left inverse G may not be unique when SNtot >

N2, we wish to choose the estimator that minimizes the vari-
ance and hence the statistical uncertainty in our estimation
scheme. In Appendix B we show this to be [33,51]

G = L−1F †W −1, L = F †W −1F . (9)

We observe numerically that this choice can dramati-
cally outperform, e.g., the Moore-Penrose pseudoinverse
G = (F †F )−1F †. This approach reduces to the Moore-
Penrose pseudoinverse in the regime where no ancilla sites
are present and there are many unitaries in the ensemble.
Either way, we note that the analysis and error bounds are
independent of the target state.

IV. QUANTIFYING SAMPLE COMPLEXITY

The practical utility of our framework depends on the sam-
ple complexity (the number of experimental samples needed
to achieve a particular accuracy 	O � ε), which itself is a
function of both the ensemble of unitaries U and the observ-
able O being estimated. Using our optimal inverse Eq. (9), the
variance Eq. (8) of the estimator is

Var[θ̂O]optimal = 1

R
(o|L−1|o) , (10)

so we can use the single-shot variance σ 2
O := (o|L−1|o) as a

quantitative measure of sample complexity for the observable
O. If we want to quantify the performance of a scheme that
uses a particular ensemble U without specifying an observable
O, we have two options. A conservative “worst-case” ap-
proach is to consider the largest variance over all observables
of sub-unit norm (o|o) � 1. We thus define the worst-case
variance

σ 2
worst = sup

o:(o|o)�1
(o|L−1|o) = ‖L−1‖∞ , (11)
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where ‖ · ‖∞ is the spectral norm (the largest absolute eigen-
value).

Alternatively, to characterize the variance one would ex-
pect in estimating a typical observable, we can compute the
average over a random ensemble of quadratic observables O,
defined by some probability density function p(O). Assuming
invariance of this ensemble p(V OV †) = p(O) under Gaussian
rotations V , we obtain an “average case” quantifier of sample
complexity

σ 2
avg = EO∼O(o|L−1|o) = 1

N2
Tr[L−1] . (12)

Using Chebychev’s inequality, these metrics can be converted
into bounds on the probability of our estimate deviating by
more than some target error ε using R repetitions

Pr
[|E[θ̂O − Tr[ρ0O]| > ε

]
� σ 2

Rε2
, (13)

where σ 2 = σ 2
O, σ 2

worst, or σ 2
avg as appropriate.

V. MINIMUM REQUIREMENTS

So far we have not specified anything about the particular
ensemble of unitaries U , other than that they are Gaussian of
the form in Eq. (2). Here we identify two necessary require-
ments of the ensemble U for our scheme to be successful.

A. Dimension of linear maps

If we want to estimate a collection of Nobs linearly inde-
pendent quadratic observables O = {Oi}Nobs

i=1 , then the column
rank of the measurement map F needs to be at least as large as
Nobs. If this were not the case, the measurement data ẑ would
lie in a subspace of dimension < Nobs, and we would not be
able to find a left inverse G such that GF preserves all the
desired observables. In other words, there would necessarily
be some observables in the span of O that are not accessible
in any of the measurement bases used in the scheme.

If we want to reconstruct the whole correlation matrix, this
means we must have SNtot � N2. This can be achieved either
by taking a large number of ancilla sites Nanc ∼ N2, or by
using many different rotations S ∼ N . For our local scheme,
we look to reconstruct correlations Cij for which i and j are
separated by at most some constant range, which means we
only need SNtot ∼ N .

B. Sublattice symmetry

On a bipartite lattice without the quasiperiodic poten-
tial, the hopping Hamiltonian respects a sublattice symmetry
�H� = −H, where � = (IA 0

0 −IB
) imparts a relative π phase

between the two sublattices A and B. Under such a quench, the
fermion creation operators evolve as ci(t ) = ∑

j[e
−itH]ijcj.

Because of the sublattice symmetry, the coefficients [e−itH]ij
have a particular structure: they are real for i and j on the
same sublattice and purely imaginary otherwise. This makes
it is impossible to measure the imaginary (real) part of any
intra (inter)sublattice correlation function Cij, and the map F
will hence always be singular. (An analogous observation was
made for hopping Hamiltonians in Ref. [31].)

We consider the quasiperiodic potential proposed in Sec. II
to be a particularly simple and experimentally friendly way
to break sublattice symmetry, and the ability to control both
h and φ also allows us to construct a suitably expressive
ensemble of unitaries U . However, other approaches are, in
principle, feasible. For instance, sublattice symmetry can be
broken by introducing time-dependence in the Hamiltonian,
even if the instantaneous Hamiltonian is always sublattice
symmetric [52].

VI. RESULTS

We now present numerical results to estimate the sample
complexities of our methods in the two proposed schemes
shown in Table I: the “local scheme” to estimate local observ-
ables in 1D chains and 2D lattices and the “global scheme” to
estimate arbitrary correlations in 1D chains by allowing them
to expand into 2D space.

In the following, the parameters were not fully optimized
with respect to sample complexity; rather, they were chosen to
ensure feasible experimental settings characterized by short
evolution times, manageable ensemble sizes and practical
sample complexities. We note that potential laser angles θL

close to 0, π/4 and π/2 radians should be avoided to prevent
the near-chiral symmetry of the system. We also observe this
numerically by plotting the sample complexity as a function of
laser angle, which exhibits a “w” shape with 0, π/4 and π/2
being the high points. An ensemble of unitaries U of size S
was created by sampling S tuples (t, h, φ) from the discretized
grid of the space (0, tmax] × (0, hmax] × (0, 2π ), where each
dimension was split into 30 intervals. We give the specific
parameter values in the caption of Fig. 1.

A. Estimating local observables without ancillas

In the left panel of Fig. 1, we show the scaling of the ex-
pected sample complexity (left y axis) and the variance (right
y axis) when using the “local scheme” without ancillas for sys-
tems of up to N = 100 sites. In the 1D regime, we estimated
both the worst-case local observable σworst and the current at
the chain’s midpoint Cm = 〈c†

mcm+1〉, where m is the midpoint
index (or center point of a square layout). The worst-case sam-
ple complexity for estimating nearest-neighbor observables
plateaus at approximately R = 3000 samples, independent of
the system size N , which indicates that the observable is
indeed recovered locally. The sample complexity to estimate
Cm has a lower plateau than that of the worst-case observable,
but both are less than a factor of 10 away from the optimal
shot noise limit of 1/ε2 that one would achieve by directly
measuring the observable, which demonstrates that our proto-
col achieves substantial practical experimental simplification
at a modest cost in sample overhead.

In the 2D regime, we calculated the sample complexity for
estimating the current in the middle of 2D square lattices.
The expected sample complexity is around 7500 measure-
ments and independent of system size. The increased sample
complexity compared to the 1D case is consistent with the
increased connectivity and the correlation structure inherent
in higher-dimensional lattices. Size independence again fol-
lows from finite velocity of the information under short time
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1D and 2D

1D

1D

1D

2D

FIG. 1. We display the sample complexity for various different cases (estimating worst, average and specific observables) and target
accuracy of ε = 0.05 (left y axis) as well as the value of the variances (right y axis). Left: We show the expected performance for estimating
the worst-case local observable (blue) and the middle current [green (1D) or black (2D)] in 1D and 2D lattices. In both cases we set hmax =
6, θL = 2/3 and singular value truncation at δ = 10−3. In the 1D setting, we used the hyperparameter settings of tmax = 5 and S = 400.
In the 2D setting, we estimated a single current observable with the hyperparameter settings of tmax = 1.5 and S = 1000. For building the
inverse for systems with greater than N = 36, we use the measurement-site truncation method described in Appendix C with 
out = 2 to
reduce the computational demand. Right: Similar to the left panel but targeting global observables using N2 + 10N ancilla sites. We plot the
average case sample complexity (orange) as well as the current in the middle (green) and a long-range current where the distance is half the
linear length of the one-dimensional string (light blue). The inset shows the expected sample complexity for the worst-case global observable.
We do not randomize the phase or the strength of the laser and fix them at φ = 0 and h = 1, respectively. Similarly, the laser angle and the
evolution time are fixed at θL ≈ 0.798 and t = 0.75 N . The fit lines for the average and worst case follow asymptotic power-law scaling with
exponents α = 1.88 and α = 2.88, respectively.

evolution with tmax < 2. We find it advantageous to set tmax ∼

 = 2 where 
 defines the neighborhood used in the larger
systems under the method described in Appendix C, because
setting it too short will result in high sample complexities and
no added benefit for longer time evolutions since the relevant
timescale is set by the light cone of the quench Hamiltonian
and the locality of the desired currents, which are both inde-
pendent of the system size.

Since the inverse reduces to the Moore-Penrose pseu-
doinverse, we employ the singular value decomposition and
truncate the singular values at δ = 10−3 prior to inverting the
matrix. Careful selection of the truncation level δ is crucial to
limit the systematic error while balancing numerical stability
and moderate sample complexities. However, since this can
be done offline (and in principle, even in postprocessing after
the experiment), we do not expect this to be a practical issue.

B. Estimating global observables with ancillas

To estimate global observables, we propose an alternative
strategy, the “global scheme” depicted in Table I that expands
the 1d target system into two dimensions by coupling it to
an ancilla system of dimensions Lx = N and Ly = N + const.,
where const. is a constant number of additional rows indepen-
dent of system size. A single Hamiltonian governs the quench
evolution, following the configuration shown on the right side
of Table I. Unlike in the local case, we randomize neither
phase, nor strength of the potential laser, nor the evolution
time. Of course, this can be added back in, but here we were
aiming to showcase that this is not strictly required. However,
the evolution time needs to scale linearly to ensure the light
cone of the quench Hamiltonian can propagate the informa-
tion across the system. We saw negligible improvement from
longer times due to the effective mixing of the system.

The right panel of Fig. 1 shows scaling behavior of the
sample complexity to achieve a desired accuracy of ε = 0.05
(left y axis) as one increases the system size N . We compute
the required sample complexity from the variance of the esti-
mator (right y axis). We observe that the sample complexities
for estimating the average and worst cases follow asymptotic
power-law scaling with respect to system size N with expo-
nents α < 2 and α < 3, respectively. Although estimating the
worst-case observable for grids greater than 4 × 4 demands
a fairly large number of samples (�105 samples, as shown
in the inset), a randomly chosen or average-case observable
would require only ∼105 samples to reach an accuracy of
ε < 0.05 even for chains of 100 sites. The sample complexity
for estimating a current in the middle of the system Cm is
in line with the average case. Notably, a long-range current
Clr = 〈c†

i ci+d〉, such as one spanning a distance d = N/2, can
be reconstructed with similar sample complexities to that of
the middle current Cm, measured between nearest neighbors
(d = 1). This finding suggests that the accuracy of our global
estimation method is independent of the spatial locality of the
observable.

C. Robustness to errors and further
experimental considerations

In real experiments, the system Hamiltonian is never
known with perfect precision. Imprecise knowledge of the
applied Hamiltonian result in one using the incorrect inverse
map, which leads to bias in the estimated expectation values.
To estimate this bias numerically, we add a random un-
known potential to the Hamiltonian, sampled from a Gaussian
distribution of standard deviation ν, when constructing the
forward (measurement) map Ferr, but use the recovery map for
the unperturbed Hamiltonian. The maximal deviation in the
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FIG. 2. This shows the maximum absolute eigenvalue of GoptFerr − I for various different values of error ν for a perturbed forward map
F to get an error map Ferr whereby the Hamiltonian has some random potential that has values sampled according to a standard distribution
centered at zero with standard deviation ν. In both cases, we show the maximum across 50 random simulated error perturbations. Left:
Local correlations estimation in a 1D chain without ancillas. Right: Global correlations estimation in a 1D chain with ancillas. Here, various
combinations of the strength h ∈ [0, 5] and phase φ ∈ [0, π/2] of the Hamiltonian were tested with the best performing parameter combination
selected for display.

correlation estimates is dictated by the largest eigenvalue of

GoptFerr − I . (14)

In Fig. 2 we show the maximum absolute eigenvalue of
GoptFerr − I for several values of ν and for both schemes.
In the local scheme, which employs constant time evolution,
the errors grow only very mildly with system size as the
reconstruction is essentially local. The global scheme instead
displays a stronger sensitivity to tuning errors due to the long
time evolution.

Another practical aspect is that in experiments, interac-
tions and potentials are often ramped up and down gradually,
which can affect the time evolution. This may be particularly
problematic in interacting evolution, whose effect is compu-
tationally difficult to include in the measurement map. This
can be mitigated by implementing the measurement map in
the following order: (i) at the end of the experiment turn off
hopping by increasing the strength of the optical lattice, (ii)
turn off the interaction, (iii) turn on the quasiperiodic poten-
tial, and (iv) reintroduce hopping for a controllable amount
of time. This way, steps (i) and (ii) are independent of the
noninteracting evolution applied in the measurement map.
Steps (iii) and (iv) are variable and constitute the measurement
map and can be efficiently simulated, even when they include
ramps for technical reasons.

VII. CONCLUSION AND FUTURE WORK

We present a practical and flexible framework for ef-
ficiently estimating correlation matrices of quantum states
prepared in neutral atom optical lattices using between
103 and 105 occupation measurements (snapshots), featur-
ing easily implemented quench Hamiltonians, and classically
efficient postprocessing. The approach accommodates di-
verse laboratory configurations by combining or adapting the
proposed schemes as needed. Perhaps most interesting exper-
imentally is our scheme to estimate local observables, as it
features very competitive sample complexities of a few thou-
sand shots and low evolution times of at most five hopping
times. In principle, our scheme applies equally well to bosons
and fermions, but when applied to bosons, an important caveat

is that existing quantum gas microscopes typically measure
not boson number but their parity. This obstacle can be over-
come by choosing low-density initial states or more advanced
postprocessing.

In our scheme, parameters have to be chosen judiciously to
achieve optimal performance. However, this does not present
an actual limitation as computing the measurement map F ,
verifying its invertibility and calculating the expected sample
complexity is an efficient offline calculation that can be used
to optimize the scheme before the experiment is run.

Although we focus on bilinear observables, our method
generalizes to higher-order ones (see Appendix A), extending
previous noninteracting quench approaches [31,38] to k-point
functions. The underlying enabling principle is that nonin-
teracting evolution connects k-point correlators only to other
k-point correlators, of which there are Nk (or still linearly
many if we restrict to local ones). We expect that while the
basic properties of the scheme to remain the same, estimating
more observables requires a higher sample complexity, but we
leave the thorough investigation of this scaling to future work.

Our work lays a foundation for many promising areas
of future development. The adaptation to continuous-space
systems would extend its applicability beyond discrete lat-
tice models. The exploration of time-dependent Hamiltonians
in the quench evolution may offer additional advantages for
noise robustness or sample efficiency. An investigation into
the extension of using local kinetic measurements [22] rather
than just the single-site measurements could be an interesting
direction to further reduce the sample complexity. A com-
prehensive analysis of the protocol’s robustness to errors to
Hamiltonian errors or system noise would enable better pa-
rameter selection, further enhancing the method’s practical
utility.
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APPENDIX A: ESTIMATING FOUR-POINT
CORRELATORS

The scheme we describe in the main text can be straightfor-
wardly generalized to estimate four-point (and, in principle,
k-point) correlation functions, without assuming that the tar-
get state ρ0 is Gaussian. For simplicity, we assume that
there are no ancillas here, though this can also be included
if needed. In place of the correlation matrix Cij, which we
arranged as a N2-component column vector contains all two-
point correlators, we instead compile a column vector |D0)
containing all two- and four-point correlation functions of
the state ρ0; explicitly, we have |D) = |C0) ⊕ |D′

0), where
(ijkl|D′

0) = Tr[ρ0c†
i cjc

†
kcl]. Because the unitaries e−itsH (hs,φs )

that we use in our protocol are Gaussian, they will transform
2k-fermion operators to linear combinations of 2l-fermion
operators for all l � k. Thus, there will be a linear relationship
between |D0) and the correlation vector for the rotated state
|Ds), defined the same way as |D0) with ρs = UsρU †

s in place
of ρ0. We write this as |Ds) = U (4)

s |D0), where U (4)
s can be

constructed from the matrix elements single-particle unitary
e−itsHs . The computational cost of constructing this map is still
polynomial in N since we are restricting ourselves to the space
of � 4-fermion operators.

When we measure the occupation numbers at all sites n̂ ∈
{0, 1}N , we now construct a vector of not just the single-site
occupations, but also two-site density-density correlations

n̂(4) = �(n̂ ⊕ (n̂ ⊗ n̂)) , (A1)

i.e., the components of n̂(4) are either of the form n̂j or
n̂jn̂j′ . The projector � removes any repeated elements, so
there should be N components for single-site occupations plus
N (N − 1)/2 two-site products. Conditioned on a particular
value of s, the expectation value of this larger vector is a linear
function of |Ds)

E[n̂(4)|s] = B|Ds) = Fs|D0) , (A2)

where B is a linear map, and Fs := BU (4)
s . This is the analog of

Eq. (5). Once this is established, the postprocessing continues
as in the two-body case: From a given experimental run where
we choose unitary ŝ and observe occupation numbers n̂, we
create a vector ẑ(4) = n̂(4) ⊗ es. This gives us a linear rela-
tionship between the expectation value of ẑ(4) and the desired
four-point correlation functions

E[ẑ(4)] = F |D0) where F =

⎛
⎜⎝

p1F1
...

pSFS

⎞
⎟⎠ . (A3)

By computing a left inverse of F (assuming one exists), we
can infer four-point correlation functions.

APPENDIX B: VARIANCE AND OPTIMALITY
OF THE ESTIMATOR

Suppose we use the scheme described in Sec. III to esti-
mate a particular quadratic observable 〈A〉 = (a|C0), where
A = ∑

ij aijc
†
i cj. For a given run of the experiment, we obtain

measurements of the occupation numbers n̂ ∈ {0, 1}Ntot , and
using the method described in the main text we construct an
estimator of the correlation matrix |Ŷ ) = G(ẑ − danc), where
G is the left inverse of F . The quantity θ̂A := (a|Ŷ ) is then our
desired estimator, E[θ̂A] = 〈A〉. As explained in the main text,
depending on the dimensions of the linear map F , there might
not be a unique choice of left inverse G, and thus, there will
be different possible estimators. Our aim is to make a choice
that minimizes the sample complexity of the protocol.

Conditioned on a particular choice of unitary s, our esti-
mator θ̂A is a linear function of the observed measurement
outcomes n̂, so we can write θ̂A|s = ∑

j bs,jn̂j + const. for
some set of coefficients bs,j, where the constant part is non-
random and based on the starting ancilla state. Specifically,
as a column vector we have b = GT |a∗). The number of
repetitions required to obtain an estimate of a desired accuracy
can be determined by calculating the variance

Var[θ̂A] =
∑

s

psVar[θ̂A|s]

=
∑

s

ps

∑
j,j′

b∗
s,jbs,j′ (E[n̂jn̂j′ |s] − E[n̂j|s]E[n̂j′ |s]) ,

(B1)
where E[Ô|s] is the expectation value of the observable Ô in
the state Vs(ρ0 ⊗ ρanc)V †

s for Vs = e−itsH (hs,φs ). The right hand
side of the above depends on the target state ρ0, which we do
not know in advance. As described in Ref. [51], an appropriate
solution is to eliminate this dependence by supposing that ρ0

is drawn from some suitably structureless ensemble ρ0 ∼ E ,
reflecting our lack of a priori knowledge about the state in
question. The precise choice of ensemble is not important, but
we assume that the average state is Eρ0∼E [ρ0] = πsys, where
πsys = Isys/dsys is the maximally mixed state of the system.
For large enough system sizes, the typical variance of the
estimator is then approximately

Eρ0∼EVar[θ̂A] ≈
∑

s

ps

∑
j,j′

b∗
s,jbs,j′

× (Tr[ρsn̂jn̂j′ ] − Tr[ρsn̂j]Tr[ρsn̂j′ ]) ,

(B2)

where ρs := Vs(πsys ⊗ ρanc)V †
s . (For instance, this can be ex-

plicitly verified when E is the Haar ensemble, by neglecting
terms of order d−1

sys = 2−N .) Assuming that ρanc is a Gaussian
state, Wick’s theorem can be applied to give

Eρ0∼EVar[θ̂A] ≈
∑

s

psb
∗
s,j[Ws]jj′bs,j′ = b†W b , (B3)

where

[Ws]jj′ = δjj′[Cs]jj′ − |[Cs]jj′ |2 , (B4)

and

Cs := U ∗
s

(
(I/2) ⊕ Canc

)
U T

s . (B5)
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Here, we define the matrix W = ⊕S
s=1 psWs whose dimen-

sions are NtotS × NtotS. We look to find the optimal estimator,
namely the choice of bs,j that minimizes the above vari-
ance, subject to the constraint that E[θ̂A] = 〈A〉. This is an
optimization problem with a quadratic cost function and a
linear constraint, which can be straightforwardly solved. This
amounts to choosing the inverse [33,51]

G = (F †W −1F )−1F †W −1 , (B6)

as claimed in the main text.

APPENDIX C: APPROXIMATE LOCAL INVERSE

The measurement map F defined in Eq. (6) has SN3

entries, which can require a large amount of memory to
store. For example, for S = 1000 and N = 121 = 112, storing
F requires approximately NGB = 16SN3/10243 = 26 GB of
memory, which is impractical on a common laptop (we used a
MacBook Pro with 16 GB of RAM). However, for larger sys-
tems, it is not difficult to run the same code on an HPC node,
which typically have 256 GB or more RAM. For S = 1000
and a RAM of 256 GB, one could store a map F for a lattice
of 16 × 16 sites before encountering memory issues.

In the local schemes, we can mitigate this storage increase
with a small trade off in bias. Since we aim to only recover
local correlation functions and only use constant time evolu-
tion, we can instead define an approximate local version of F
that becomes independent of system size.

Concretely, we can compute the elements of C0 individ-
ually by restricting the measurement data to a patch around
the target sites, and then construct the inverse using only this
localized data. We define the neighborhood around a target
site j as

K

j = {i : max(|ix − jx|, |iy − jy|) � 
} . (C1)

The densities within this patch can only depend on its back-
ward light cone (up to exponential tails). Now let F̃ (
in,
out )

s,j

be the map obtained from Fs by keeping only the rows in
K
out

j and the columns in K
in
j . The truncated maps are then

concatenated as before to construct

F̃ 

j = (

p1F̃ (
in,
out )
1,j p2F̃ (
in,
out )

2,j · · · pSF̃ (
in,
out )
S,j

)T
.

(C2)

By construction, F̃ no longer depends on system size.
However, this procedure introduces very small singular val-
ues, which naively would lead one to conclude that the sample
complexity becomes very large. Intuitively, these small singu-
lar values stem from exponential tails of the time evolution
map. To overcome this, we can additionally perform a singular
value decomposition on F̃ and discard all singular values
below some threshold δ ∈ (0, 1]. This truncation introduces
a small bias in the estimator, which can be controlled by δ. In
our numerical exploration, we use δ = 10−3, which leads to
a bias substantially smaller than the target accuracy. Overall,
using F̃ for judiciously chosen 
in, 
out, and δ yields an esti-
mation scheme that can easily be run on a laptop for arbitrary
system sizes and whose error is only marginally increased
compared to inverting F .

When using the truncation method around a particular
observable, the map F̃ is stored in a smaller matrix of size
2
 + 1 × 2
 + 2. For 
 = 2 the matrix will require NGB =
16S303/10243 = 0.4 GB of space independent of the larger
system size with 
 = 3 resulting in 2.6 GB of space. Along
with parallelization on a cluster, this significantly mitigates
the computational demand.

Beyond the storage requirements of F , one could also
introduce controlled bias to the inversion process to reduce
sample complexity. We do not consider this case here, as such
a bias could lead to an unclear tradeoff in sample complexity
that might lack a clear intuitive understanding of the behavior
of the system. However, it is something that would be worth
investigation in real experiments.
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