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Macroscopic self-trapping in the dynamical tunneling of a Bose-Einstein condensate
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A Bose-Einstein condensate in a modulated, one-dimensional, anharmonic potential can exhibit dynamical
tunneling between islands of regular motion in phase space. With increasingly repulsive atomic interactions,
dynamical tunneling is predicted to cease due to self-trapping [S. Wiister ef al. Phys. Rev. Lett. 109, 080401
(2012)]. This suppression of tunneling oscillations is related to the same phenomenon that occurs in the
two-mode dynamics of a repulsively interacting Bose-Einstein condensate in a double-well potential. Here we
present a two-mode model for dynamical tunneling based on nonlinear Floquet states and examine the range
of validity of the approximation. We characterize nonlinear dynamical tunneling for different trap strengths,
modulation amplitudes, and effective Planck constants. Using the linear Floquet states we derive an expression
for the critical nonlinearity beyond which tunneling ceases. Finally we demonstrate the dynamical instability of
selected nonlinear Floquet states and show how to initialize some Floquet states in experiments. Our detailed
survey will enable experiments to target accessible parameter regimes for the study of nonlinear dynamical

tunneling.
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I. INTRODUCTION

Particle transport that is classically forbidden may nonethe-
less take place via quantum-mechanical tunneling. For
example, a particle in a double-well potential cannot classi-
cally move from one well to the other if the barrier has a
higher potential energy than the total energy of the particle.
Dynamical tunneling is a subtly different process that can
occur in systems that are periodically modulated in time [1].
Here the classical transport process is inhibited due to the for-
mation of Kolmogorov-Arnold-Moser (KAM) tori of regular
motion in phase space from which classical trajectories cannot
escape [1]. However, quantum mechanics allows tunneling
between KAM tori related by symmetry. Dynamical tunneling
was first discussed in the context of molecular physics by
Davis and Heller [2].

Experiments have demonstrated that ensembles of ultra-
cold atoms loaded into periodically modulated potentials
provide a versatile test bed for studies of dynamical tunnel-
ing and more generally quantum chaos [3—16]. In particular,
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experiments allow the probing of quantum dynamical tunnel-
ing between symmetry-related islands of regular motion in
phase space. This has been well studied both experimentally
[4,5,10,12,17-20] and theoretically [2,21-38]. Another arena
for probing dynamical tunneling under controlled conditions
is optomechanics [39].

Much of the theoretical work and the experiments with
cold atoms on dynamical tunneling [4,5] were performed
in the single-particle regime where any interaction between
particles can be reasonably neglected. In this case, the equa-
tions of motion are linear and the superposition principle
applies. However, many of the above experiments were per-
formed using atomic gas Bose-Einstein condensates (BECs),
where s-wave collisions between the atoms can be signif-
icant. In this situation BECs are better described by the
Gross-Pitaevskii equation (GPE), a nonlinear Schrodinger
equation in which the nonlinear term captures these in-
teractions. We have earlier shown that interactions unlock
additional physics in dynamical tunneling such as self-
trapping [40]. Interactions will have to be considered for
experiments on dynamical tunneling with BECs on atom
chips [41].

Here we extend our earlier work on macroscopic non-
linear self-trapping in dynamical tunneling with BECs [40].
Throughout we assume that the GPE is a suitable approx-
imation to the dynamics. The many-body theory of similar
systems is considered, e.g., in Refs. [42—49]. The system that
we discuss is similar to that of the experiments [4,5] which
observed dynamical tunneling with an ensemble of ultra-cold
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atoms in a sinusoidal potential. In the phase space of these
atoms some regions classically form “islands of stability”
amid a sea of chaos, which contain stable and regular peri-
odic trajectories. The symmetry of the system results in two
such islands for which the classical trajectories have opposite
momenta, with both oscillating in phase with the modulation
of the potential. Periodically sampling the atomic momen-
tum for a classical trajectory on one of these islands would
yield the same momentum each period, as the KAM theorem
forbids a trajectory to cross from one island to another [1].
The experiments, however, observe a slow oscillation of the
periodically sampled atomic momentum between the islands
which implies quantum mechanical tunneling between these
classically disconnected regions of phase space, i.e., dynami-
cal tunneling.

It has been shown theoretically that, due to the pres-
ence of chaos, the period of dynamical tunneling exhibits
an extremely irregular dependence on system parameters,
such as the strength of the potential and of its modula-
tion [21,22,41,50]. However the experimental investigation
of these phenomena necessitates quite high atomic densities
[41]. This increases the strength of interactions and requires
extensions of present theory, which is applicable only in the
linear regime, i.e., at low atomic densities. Nonlinearity has
been shown to have an adverse effect on some transport phe-
nomena: it can suppress resonance-enhanced Landau-Zener
tunneling in optical lattices [51], and quantum transport in
a kicked harmonic oscillator [52,53] and in a kicked ro-
tor [54,55]. However quantum transport in ratchet potentials
can be enhanced [56] or suppressed [42]. Dynamical tun-
neling of cold atoms may also be suppressed by strong
nonlinearities [31].

As we have shown in Ref. [40], and further develop here,
nonlinear interactions in a BEC, characterized by strength U,
begin to suppress dynamical tunneling above a critical interac-
tion strength, i.e., when U > U;. This tunneling suppression
is due to macroscopic quantum self-trapping (MQST) in close
analogy to the suppression of BEC tunneling between two
weakly coupled potential wells that form a bosonic Josephson
junction [57-60]. For these results of the precursor article
[40] we had already employed nonlinear Floquet states and
a two-mode model that can capture the essential physics.

While much of the discussion of Ref. [40] is repeated
here to keep the article self-contained, we shall now pro-
vide further details about the techniques employed to predict
self-trapping in dynamical tunneling. We extend our discus-
sion of constructing nonlinear Floquet states and present a
complete derivation of our two-mode model. We also show
detailed comparisons between multimode simulations and the
two-mode model, validating the latter. We then proceed to a
broad survey of parameter space not included in Ref. [40],
mapping out the critical interaction strengths for a wide range
of parameters which will be crucial to enable experimental
explorations. We also additionally highlight dynamical insta-
bilities of selected Floquet states and propose protocols for the
initialization of an experiment in a Floquet state.

On the technical side these results are obtained by finding
nonlinear Floquet states [56,61], i.e., condensate states that
are invariant up to a phase under evolution with the nonlinear
GPE over one modulation period. Evolving superpositions of

FIG. 1. Anharmonic potential in the radial direction of an atom-
chip trap, Eq. (1). The solid line indicates the mean potential and the
dashed lines its largest modulation for the parameters k = 2,¢ = 0.4.

these over many modulation periods shows clean dynamical
tunneling despite the nonlinearity of the GPE. Increasing the
interaction strength U in these simulations allows us to numer-
ically find U,;;. We then show that a two-mode model based on
Floquet tunneling states explains self-trapping and accurately
forecasts the critical interaction strength, U, where it occurs.
The forecast is possible based just on the system parameters
and the linear Floquet states, i.e., the wave functions that re-
form up to a phase after one modulation period in the absence
of interactions. Finally, we show simulations of nonlinear dy-
namical tunneling with experimentally realizable initial states
that are approximations to the exact Floquet states. We then
find dynamical tunneling periods that are slightly offset from
the expected value and analyze this deviation in more detail.
We define our model and present the required linear and
nonlinear Floquet techniques in Sec. II. Then we investigate
the effect of nonlinearity on dynamical tunneling using non-
linear Floquet states (Sec. III A). In Sec. IIIB we present
the two-mode model and the expression for the critical self-
trapping nonlinearity, which are then compared with the full
Gross-Pitaevskii solutions. A parameter-space survey is the
subject of Sec. IV. Section V reports on simulations using an
experimentally realizable initial state before we conclude in
Sec. VI. Appendix A derives the atom chip potential, while
Appendix B outlines the numerical procedure we use to find
nonlinear Floquet states. In Appendix C we present the deriva-
tion of the two-mode model applied in our analysis in detail.

II. CONDENSATES IN A PERIODICALLY
MODULATED POTENTIAL

Atoms in a periodically driven one-dimensional (1D) po-
tential can follow classically chaotic trajectories only when
the trap is anharmonic. While the experiments [4,5] realized
such a trap using a sinusoidal optical lattice potential, an
alternative option that we investigate here is the radial poten-
tial typical for traps implemented with atom-chips. These are
harmonic near the center and become linear at large distances
from the trap minimum as shown in Fig. 1. This shape is
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dictated by the magnetic field strength profile near its local
minimum [41].

In this article we consider a BEC placed into a periodi-
cally modulated potential of this kind. This choice is largely
motivated by practical considerations: As opposed to the si-
nusoidal potential, the chip potential keeps the condensate
localized for a wide range of modulation parameters. We ex-
pect our main results—the occurrence of dynamical tunneling
despite nonlinear atomic self-interaction and of macroscopic
self-trapping—will also be realized in any other anharmonic

potential.
The dimensionless radial atom-chip potential is
V(x,t) = k[l + ecos(t)][v 1+ x* — 1], (1)

where x denotes the overall potential strength and e represents
the magnitude of the modulation. Dashed lines in Fig. 1 illus-
trate the amplitude of this modulation for typical parameters.

When a nonlinear interaction term is included, and mean-
field theory applied, the dynamics of the system follows the
GPE:

2 2

0 hgg 0
iheff&‘/f(xat) = |:— SH@ +V(x,t)+U|1/f|2]1/f(x,t),
2)

where U is the interaction strength parameter and /¢ the ef-
fective Planck’s constant. The latter arises through our choice
of length and time scales as discussed in detail in Ref. [41],
where we also derive Eq. (2).

For a brief summary of the derivation from Ref. [41] and
the definition of the dimensionless parameters k, fi.fs, and
U in terms of the dimensional parameters of the atom chip
problem; see Appendix A. For the remainder of the main
article we will work with the dimensionless variables.

A. Chaos and Floquet theory

The classical Hamiltonian for canonical coordinates (p, x)
that corresponds to Eq. (2) for U = 0 is

2
H= %—i—/c[l—l—ecos(t)][\/l—i—xz— 1. 3)

This Hamiltonian system can exhibit a mixed phase space
with chaotic and regular regions depending on the modulation
parameters k, €. For the case x =2, ¢ = 0.4, we show a
stroboscopic Poincaré section of phase space in Fig. 2. For
this we plot phase-space coordinates for a large range of
initial conditions at fixed times ¢t = 2mrn for n € N. We point
out a couple of key features: There are two large period-one
islands of regular motion that are labeled /. in Fig. 2. They
are symmetrically placed at p = £pg, x = 0 for some py. For
trajectories located in these islands, atoms move in phase with
the modulation of the potential. The islands are surrounded
and separated by a sea of chaotic motion. Beyond these islands
many higher order nonlinear resonances are visible [1]. For
€ = ( the Hamiltonian system (3) is integrable and its phase
space hence regular. According to the KAM theorem [1], we
expect that regular regions persist in phase space even if inte-
grability is slightly broken, but become increasingly destroyed
as € is increased. The KAM theorem also states that a classical
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FIG. 2. Stroboscopic phase space for k =2, € = 0.4, showing
islands of regular motion separated and surrounded by a region of
chaos. Of primary concern for this paper are the two period-one fixed
points located symmetrically on the x = 0 axis, labeled I, and I_.

trajectory from within one of the islands visible in Fig. 2 may
never cross into the other island.

Quantum mechanically this is no longer true. Consider the
Schrodinger equation given by Eq. (2) for U =0, i.e., the
linear case with no interactions. Due to the time dependence
of the potential the usual description in terms of eigenstates
of the Hamiltonian is not applicable. We can, however, resort
to Floquet theory [1]. Floquet’s theorem states, that for a
time-periodic Hamiltonian, H(t+T)=H(t), a basis of the
Hilbert space that solves Eq. (2) can be found at all times in
the form

[xn (1)) = exp (—iAnt [Fiege)|un (1)), 4

where A, € R and |u, (T +t)) = |u,(¢)). We use “x” to de-
note the solution to Eq. (2) in the linear U = 0 case, reserving
“y” for the nonlinear solutions found later. Although |x,(#))
denotes a physical state, it is generally easier to first find the
so-called Floquet state |u,(¢)). This is because one can define
a modified Hamiltonian A'(t) = H(t) — ified /0t such that
the Floquet states are its eigenstates:

H' ()|un(t)) = Anlun (1)), )

where the eigenvalue A, is called the quasienergy.

Equation (4) together with the periodicity of u implies
that |x,(z)) is reformed after one period up to a unitary
phase factor. This allows one to obtain |u(x,t = 0)) as an
eigenvector of the unitary time evolution operator over one
period U(r + T, t) (which we distinguish by the operator hat
from the dimensionless interaction strength U), with eigen-
value &, = exp (—i\,T /heg). To construct U(t +T,t), one
can choose a basis of the Hilbert space and evolve each basis
element over one modulation period according to Eq. (2) with
U = 0. In practice we choose the basis spanned by symmetric
and antisymmetric discrete position space eigenstates which
automatically decouples the even and odd subspaces.

To relate the linear Floquet states to the classical phase
space (Fig. 2) one can make use of the Husimi (or Q) function
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FIG. 3. Selected Husimi functions, Eq. (6), of even Floquet states
u, for «, € as in Fig. 2 and fi.s = 0.5 (black Q =0, bright O
large). Comparison with Fig. 2 shows the correspondence between
the distribution of Floquet states in phase space and the classical
distribution of chaotic and regular regions. The index n labels the
Floquet states, with energy at t = 0 monotonically increasing for
higher n. (a) Regular region, (b) tunneling state, (c), (d) further
nonlinear resonances, (e), (f) chaotic region.

of a quantum state W defined by

Q(p, x)[V] = (o | )%, (6)

2 fleff

where |o) is a coherent state centered on momentum p and
position x. The function Q(p, x)[¥] gives information about
the spread of | W) in phase space due to the Heisenberg uncer-
tainty. In Fig. 3 we show Q functions for various Floquet states
with Ziee = 0.5 that can be compared to the corresponding
classical phase space in Fig. 2. As expected [1], a remarkable
correspondence is visible between the distribution of Floquet
states over phase space and the classical division into chaotic
and regular regions. One finds that the period-one islands
of regular motion arise in the Floquet spectrum as a pair of
states localized on both islands; compare Fig. 3(b). These
states are even (odd) under the transformation p — —p and
have slightly different quasienergies 1,. In the following we
will label these states |ug(t)) (even) and |u;(¢)) (odd) and
without atomic interactions; for U = 0, we will refer to these
particular Floquet states as linear tunneling states. Floquet
states have to arrange themselves with a definite parity under

p — —p, since the operator H'(¢) is symmetric under this
transformation.

An atomic wave packet that is initially localized on
just one of the period-one islands of Fig. 2 must be
represented as linear combination of the odd and even tunnel-
ing states: |x+(0)) = [|uo(0)) % ilu1(0))1/+/2 = [|x0(0))
ilx1(0n1/ /2, where the upper sign locates the atoms on the
upper island. The phase factor i results from our choice of
phase of the potential modulation, as | x4+ (¢ = 0)) describes a
particle with nonzero velocity and hence nonvanishing phase
gradient. In the linear case it is easy to see that dynamical
tunneling will occur. Using Eq. (4) for t = nT, where n € N,
we find the time evolution of | x4 (7)):

| (nT)) = e~ Pont /e
x [lug(0)) = i’ =20 ety (0))]. (7)

The periodic change of sign of the second term causes transi-
tions between | ) (see above) and thus quantum tunneling.

The quasienergy splitting of the odd and even tunneling
states determines the linear period of dynamical tunneling
(i.e., the tunneling period in the absence of interactions):

27 hiegy

= — 8
[Ao — A1l ®

lin
It has been found that the tunneling period is strongly reduced
if the tunneling Floquet states have significant overlap with
the classically chaotic region [22,33]. This can be understood
as tunneling assisted by classical diffusion accross the chaotic
region. A further signature of this chaos-assisted tunneling is a
strong irregular sensitivity of 7, to the modulation parameters
(k,€) [21,41].

As heg is decreased, the quantum system becomes increas-
ingly sensitive to small scale structures of the classical phase
space. Examples for the latter are the higher-order resonance
chains surrounding the fixed points in Fig. 2. When Fi.g is
low enough for the quantum states to resolve these structures,
order of magnitude changes of the linear tunneling period can
result [23,41,62-64].

B. Nonlinear Floquet states

For nonzero interaction U # 0 the theory becomes more
complex because the nonlinearity means that we can no longer
construct the time-evolution operator U from the evolution of
a set of basis states. In the following we outline how nonlinear
Floquet states can be constructed which were also used in
[56,61]. We denote these states by ¢ to distinguish them from
their linear counterparts u. They are solutions of

H ()¢ = E,(U)hn, 9)

which is analogous to Eq. (5), but with a nonlinear operator
H! () defined by

H\(t) fiey ©° VD) + Ul — i, (10)
= -5 5 X, nl — 1 PR

nl m 9x2 eff 9t

which now includes a term describing particle interactions.

We denote E, (U ) the nonlinear quasienergy for the interaction

strength U, hence by definition, A, = E,(0). We similarly

change the labels for several variables to clearly distinguish
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TABLE 1. List of labels for different variables in the linear and
nonlinear cases.

Linear Nonlinear
U =0 U >0
Quasienergies An E,
Physical state [x) [¥)
Floquet state |ue) |#)
Tunneling states |ug) )

the nonlinear case from the linear case as summarized in
Table L.

The numerical procedure used to determine these solutions
is much more involved than for the linear case involving
an iterative optimization scheme as outlined in Appendix B.
Examples for the evolution of the odd and even nonlinear
tunneling states over one period of the modulation are shown
in Fig. 4.

For nonlinearities below the onset of self-trapping [40]
(considered in the next section) the nonlinear Floquet states
are very similar to the linear ones. To benchmark our con-
struction of nonlinear Floquet states, we hence sought states
with much higher nonlinearities (up to U ~ 2), as shown in
Figs. 4(a), 4(c), and 4(e). At nonlinearities of this order the
convergence of the algorithm becomes very slow. The states
created show successful reformation for several periods as

-2 0 2 -2 0 2
X X

FIG. 4. Examples of even and odd nonlinear Floquet tunneling
states ¢ ;. Physical parameters used are k = 2, € = 0.2, fi.,g = 0.5,
U =2 for (a), (¢), (e) and k =2, € = 0.2, higr = 0.25, U = 0.003
for (b), (d), (f). (a), (b) Space-time densities of the even states and (c,
d) of the odd ones. Black is zero, bright is high. (e), (f) Comparison
between the linear and nonlinear Floquet states, showing Re{¢} and
Re{u} at t = 7. States are color coded: even-nonlinear (black solid),
even-linear (black dotted), odd-nonlinear (red solid), odd-linear (red
dotted).

x 0

t2mw

FIG. 5. Instability of the odd nonlinear Floquet state for a large
nonlinearity U = 1.5, « = 1.4, € = 0.2, ligg = 0.5. Shown is the
stroboscopically sampled momentum space density at t = 2wn for
integer n, using the same colors as in Fig. 4. After about 20 periods,
we see the sudden onset of dynamical instability. The corresponding
even nonlinear tunneling state is stable on this timescale.

visible in Fig. 5. However, after about 20 modulation periods,
the figure shows a dynamical instability of the odd Floquet
state, while the corresponding even state is stable for this time
period. Clearly the stability properties of nonlinear Floquet
states merit further systematic study but are beyond the scope
of this paper. For the much smaller nonlinearity parameters
used later in this article all nonlinear Floquet states were found
to be stable.

III. NONLINEAR DYNAMICAL TUNNELING

We now use the nonlinear Floquet states to study dynam-
ical tunneling in the presence of interatomic interactions. In
Sec. IIT A we give representative examples for dynamical tun-
neling and its arrest, and in Sec. III B we explain our results
with a two-mode model.

One might expect that just as the tunneling period in the
linear case follows Eq. (8), the quantity

I p——L (1

|Eo(U) — E1(U)]

might provide the nonlinear tunneling period. However, it
turns out that there are other dominant effects of the non-
linearity on the tunneling physics: For small U, the value of
T (U) increases slightly compared to Tjj,, but we find that the
actual tunneling period deviates from this value as shown in
Fig. 6. The reason for this is the violation of the superposition
principle such that nonlinear dynamical tunneling is governed
by a larger range of parameters than simply the nonlinear
quasi-energy difference which enters Eq. (11); see Sec. III B.

A. Nonlinear macroscopic self-trapping

In this section we consider two specific scenarios that are
representative of a large part of parameter space as will be
shown in Sec. IV. Let us first consider k = 2.4, ¢ = 0.3 and
hege = 0.5. From the linear tunneling states for this scenario
we generate a series of nonlinear Floquet states up to U =
0.004. Then we form the superposition localized on the upper
resonance ¢ = @g + i¢;, and evolve it according to the GPE
(2) for 1100 periods of the modulation. The simulations use
an adaptive step-size Runge-Kutta integration method in the
interaction picture, implemented in the high-level language
XMDS [65,66]. Throughout the evolution, we stroboscopi-
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FIG. 6. Change of dynamical tunneling period with strength of
nonlinearity. (a) Estimate based on nonlinear quasi-energy differ-
ences in Eq. (11) (red line) and actual period of tunneling in the
nonlinear system, (black line), using the GPE (2) for Zs = 0.5,
k = 2.3, and € = 0.3. We show the linear tunneling period from
Eq. (8) as a horizontal blue dashed line for comparison. Within the
gray shaded nonlinearity intervals, the GPE predicts self-trapping.
(b) The same, but for 7.y = 0.5,k = 1.3, and € = 0.2.

cally sample the Fourier spectrum |/ (k)|? of the condensate
wave function after integer modulation periods. The momen-
tum space picture thus obtained is shown in Fig. 7. For the
chosen parameters, the classical resonance lies at |p| = 3.1 on
the momentum axis. As noted in [24] the quantum resonance
can be slightly shifted in the presence of interactions.

It can be seen in Fig. 7(a) that the momentum space distri-
bution is essentially unchanged for many modulation periods.
However on timescales still set by the quasienergy difference
of the odd and even linear Floquet states, Eq. (8), we observe a
complete reversal of the sign of the condensate’s momentum
at the stroboscope instants t+ = 2zrn with n € N. This is the
signature of dynamical tunneling. As the strength of the non-
linearity U is increased we find that the period increases and
for U > 0.0027 complete momentum reversal no longer takes
place. In this case the population becomes trapped in phase
space. This phenomenon is analogous to the arrest of interwell
tunneling in a bosonic Josephson junction due to strong non-
linearities, referred to as macroscopic quantum self-trapping
[57,58]. Macroscopic self-trapping effects on an even larger
scale have been found for BECs in optical lattices [67,68].

To check the accuracy of our nonlinear Floquet states and
confirm that the tunneling effect is not due to numerical in-
stability, we performed simulations like those in Fig. 7 but
starting from the odd or even Floquet eigenstates rather than
the tunneling states. As expected, in these cases the stro-
boscopic wave function does not change shape on the time
scale shown, because they are eigenstates of the one-period
time-evolution operator. We found that usually the use of non-
linear Floquet states is not crucial to see dynamical tunneling
and MQST in simulations with nonzero interaction: Simply
starting with the linear tunneling state still yields tunneling
with the expected period, as well as nonlinear self-trapping
for U > U, This is consistent with the fact that for these
parameters the nonlinear states undergo only a small change
of shape compared to the linear ones.

P p
0 t/om 500 1000 0 om 500 1000
4
2
p [ (d) U=0.0027
)
Y (¢) U=0.0033 p

500 1000

0 t/2n 500 1000 0 t/on

FIG. 7. Dynamical tunneling in stroboscopically sampled mo-
mentum space, showing the momentum density (black zero, bright
large), where p = fiegk with fier = 0.5 and « = 2.3, € = 0.3. Sub-
sequent panels illustrate the onset of macroscopic quantum self-
trapping as the nonlinearity is increased, (a) U = 0.0007, (b) U =
0.0013, (¢) U =0.002, (d) U =0.0027, (e) U = 0.0033, (f) U =
0.004. For the chosen values of 7., k, €, we have Tj;, = 1038 peri-
ods, Eq. (8). If the tunneling period was determined by the nonlinear
quasienergies alone, i.e., by T (U), it should increase by only 4%
from Tjj, over the range of U shown. Clearly this is not the case,
as the period is increased by nearly a factor of two between panels
(a) and (d), and macroscopic self-trapping arises for (e) and (f).

For the scenario in Fig. 7 the wave packet remains trapped
in stroboscopic phase space as U is further increased. We
also find cases where trapping occurs for isolated ranges of
U, and disappears as U is increased further, as shown in
Fig. 8. An analogous effect in the macroscopic self-trapping of
double-well tunneling has not been reported but should exist
for certain parameter regimes. This is studied in Ref. [69]
where the current authors completely characterize the dynam-
ical regimes of quantum tunneling in two-mode mode models
of the GPE with repulsive contact interactions.

B. Two-mode theory

To interpret the results of the preceding section we present
a simple two-mode model (TMM) for dynamical tunneling of
cold atoms. We summarize the main points here and leave the
detailed derivation to Appendix C.

Let us assume that for a given time-periodic system we
have found the odd and even nonlinear Floquet states centered
on the islands of regular motion. As previously we denote
these states by ¢ (even) and ¢; (odd). Also as before, the
modes localized on the upper and lower islands are found by
superposition ¢ = — (o + i¢pr) (upper) and ¢_ = —=(¢po —
i¢1) (lower). Due to the orthogonality of ¢y and ¢; the lin-
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FIG. 8. Dynamical tunneling in stroboscopically sampled mo-
mentum space |W(k,t = nT)|?, showing the density (black zero,
bright large), where p = hegk with fier = 0.5 and k = 1.3, ¢ = 0.2.
Interaction strengths are (a) U = 0.012, (b) U =0.023, (c) U =
0.034, (d) U = 0.045, (e) U = 0.057, (f) U = 0.068. In contrast to
the case shown in Fig. 7, dynamical tunneling is suppressed only
for a finite range of U and reappears as the interaction is further
increased. Here the dynamical tunneling periods are strongly affected
by the nonlinearity. They also deviate from those expected from
the quasienergy difference of the Floquet states. A more detailed
comparison of tunneling periods and quasienergy differences can be
found in [40].

ear combinations ¢y are also orthogonal. We know that the
functions ¢, n € 0, 1 solve the nonlinear Floquet equation:

N d
(Ho(x, 1)+ Ulgn(x, 1)) = iﬁeff§>¢n(x, 1) = Ey@n(x, 7).
(12)

In this expression and in the following, the argument U of
the nonlinear quasienergies E, (U ) is suppressed. Let us now
assume that the dynamics of the time-dependent solution of
the GPE (2) ¥ (x, t) is restricted to a linear combination of
physical states 11 (x,¢). Because these physical states are
equal to the Floquet states up to a phase, Eq. (4), we can just as
easily write ¥ in terms of the upper and lower island Floquet
modes ¢4 (x,1):

V(x, 1) = e ()P (x, 1) + c_(1)p—(x, 1). (13)

From (13), it is possible to derive equations of motion for
c+(t) from the GPE (2). One arrives at nonlinear equations of
the form

) _ AE
zheffgq =Ec, + - + Ny, ¢ e, ch,t], (14a)

0 _ AE
l‘heffac_ =FEc_+ Tc+ +Nlcy, ¢l e, c* 1], (14b)

where £ = (Ey + E;)/2 and AE = Ey — E,. The full expres-
sions for the nonlinear terms N are given in Appendix C,
Eq. (C13). They are proportional to U, depending on overlap
integrals of powers of the even and odd Floquet states:

Un()=U [ dxigutr. 0P Y0, (5w
Aoi(t) = dexqﬁo(x,t)qul(x,t)*z, (15b)
Ugo(t) = U/dx|¢0(x,t)|4, (15¢)
Un(t) = U/dx|¢1(x,t)|4. (15d)

Had we used a more complete expansion instead of Eq. (13),
the right-hand sides of Eq. (14) would contain terms coupling
to further nonlinear states, whose coefficients are proportional
to U and the overlap between the tunneling states and the
additional nonlinear states in question. Figure 3 suggests that,
at least for the linear case, the overlap between the tunneling
states and other Floquet states is small. Since U will be small
as well, one might expect that other nonlinear Floquet modes
besides the tunneling states can be neglected, which is indeed
what we usually find numerically.

We consider two different methods to predict the shutdown
of dynamical tunneling at a critical nonlinearity from Eq. (14).
In the explicit method we numerically extract the functional
form of the coefficients in Eq. (15) over one period from the
nonlinear Floquet states obtained in Sec. II B. Equation (14)
can then be solved numerically. Importantly, this has re-
duced the problem from a 1D partial differential equation into
two coupled ordinary differential equations. In the averaged
method, we additionally replace the coefficients by their av-
erage over one period, e.g., U;;(t) — U;; = fOT Uij(t)dt)T.
This is justified when the oscillations in the populations of
the modes ¢, and ¢_ take place on timescales much larger
than a single period. This approximation was found to be well
satisfied for most cases inspected.

We validated the two-mode results by direct compari-
son with full solutions of the GPE. To this end we extract
the coefficients d,(t) = [dx¢* (x,1)¢(x,1) and d_(t) =
f dx¢* (x, t)¥(x, t) from the numerical data. This makes use
of the nonlinear Floquet states ¢4 (x, t) as defined at the be-
ginning of this section and our solution ¥ (x,¢) of Eq. (2).
These coefficients can be directly compared with coefficients
¢+ computed using the two-mode model, Eq. (14), with either
explicit or averaged coefficients as explained earlier. Figure 9
shows this comparison for the same case as Fig. 7, and Fig. 10
corresponds to Fig. 8. We see that the TMM quite accurately
captures the complete solution of the GPE.

A key advantage of the averaged method is that it allows
additional analytical insight since the coefficients no longer
depend on time. Following [57], we can cast the TMM into
a more illuminating form by reformulating it in terms of
the population imbalance 7z = N, — N_, and relative phase
¢ = 0_ — 04, where cx = /Nie®* with Ny, 01 € R;see Ap-
pendix C. The resulting equations of motion for z and ¢ can be
derived as Euler-Lagrange equations for canonical variables z,
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FIG. 9. Comparison of GPE and two-mode model results for the
coefficients of Floquet states centered on the upper and lower island
of stability. The assignment of nonlinearities to the panels is as in
Fig. 7. Lines indicate the GPE Floquet state populations d..(t) =
/ dx¢%(x, )Y (x, 1) and crosses their TMM counterparts |c4|; see
Eq. (13). Black solid: |d, |?, red dashed: |d_|?, black dotted: mq =
|d4|* + |d_|?, black crosses [c4|* or morp = lci|? + le—|* ~ 1, red
crosses: |c_|%. The coupling coefficients for the two-mode model,
Eq. (15), have been determined from the appropriate nonlinear Flo-
quet states using the explicit method discussed in the text.

¢ from the effective classical Hamiltonian:

Hr = 3A2° + a1 — 22 cos (¢) + B(1 — 2°) cos (2¢),

(16)
with parameters
Uo+0n [ 3. - 7
A= 20T + —Re{A¢1} — Uy, (17a)
4 2
Up—U
o = 20 - 1 _ AE, (17b)
Un  Uwp+Un | RefA
g o UntUn  Relda)
2 8 4

Equation (16) is identical to the Hamiltonian of Ref. [57]
for « =1 and B = 0. As shown in [57], an effective conser-
vative Hamiltonian allows us to determine initial conditions
(z(0), ¢(0)) for which full dynamical tunneling can never take
place.

Dynamical tunneling requires that the population imbal-
ance z changes from positive to negative, or vice versa, so the
system must pass through some phase space point where z =
0. If the initial conditions have an effective energy value that
is incompatible with z = 0, the phase-space structure encoded
by Eq. (16) prevents a trajectory with such initial conditions
from passing through z = 0, hence the trajectory must cor-
respond to self-trapped dynamics. In our case the analysis is
more complicated than in Ref. [57] because of the cos (2¢)
term in the effective Hamiltonian. To use the above arguments

(a) (b)
o 075+ . 075 —
€ 05 -4 Y 05 -
025+ - 025F —

0 L L L 0 ORISR | TR

0 yT 500 1000 1500 0 yT 500 1000 1500

(© (@

! /“& "f I ! ;\\ 7% f\ ?L ," |
AT Y IR VARV A VARY o INRROVEL TR R R TR R AT
2 054 14 2 os ,

025B\ [v N e XA s AR A LT
¥ L \ \ AT ESAVEYRAVAVRY ARV AT
0 W \xp‘ 2 0 7] "3 LG K% 1\
0 yT 500 1000 1500 0 yT 500 1000 1500
)

1 1
o 075 o 075
€ 05 2 0.5

0.25 0.25
0 o oM ~ L
0 yT 500 1000 1500 0 yT 500 1000 1500

FIG. 10. GPE vs two-mode model results for a scenario without
complete trapping. Nonlinearities as in Fig. 8. Lines are coded as in
Fig. 9.

to infer an analytical critical nonlinearity, we assume that
initially z(0) = 1, ¢(0) = 0, and demand z(#*) = 0 at some
time #* if tunneling is to take place. As the classical effective
Hamiltonian is time-independent, energy conservation applies
and guarantees that H(0) = H(¢*), which in this case implies

1A = acos[p(t*)] + Bcos [2p(t*)]. (18)

Thus a sufficient condition for self-trapping is that this equa-
tion have no solution for any ¢. We define U, sy as a critical
nonlinearity above which this is the case. Obtaining it an-
alytically is in general difficult for reasons explained in
Appendix C.

It becomes possible, however, using a simple approxima-
tion that we found justified in most cases: We assume |AE| >
|8l and |AE| > |(Uyy — U;1)/2]. It can then be shown that for
interaction strengths in excess of the critical value

2|AE|

rit = > 19
bt = 8] (19)

where Ag = A/U, Eq. (18) does not have a solution and
dynamical tunneling undergoes macroscopic quantum self-
trapping. For a detailed exploration of regions in the phase
space for dynamical tunneling encoded by Eq. (16) without
this approximation we refer to Ref. [69].

Since A no longer explicitly depends on U we can define
a corresponding quantity for the linear Floquet states as well:

Uoo,in + Ui1,lin

3 _ _
—Re{A inf — U ins 20
1 + 3 e{Ao1in} 01,1 (20)

Agin =
where

_ 1
Up1in(t) = ?/dx'/dt luo(x, ) Jur (x, 1)|*,  (21a)

Mmm=%/M/mem%un% 21b)
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_ 1
Thoyin(t) = — f dx f dt |uo(x, )%, (21c)

G = 3 [(ax [[ar o @1d)
If we now assume that the parameters |AE|, Ag, in Eq. (19)
do not change dramatically as the nonlinearity is increased we
can estimate the critical nonlinearity for self-trapping simply
from knowledge of the linear Floquet states. That is, we define
the linear forecast of the critical nonlinearity

2|AN|

—_—, (22)
[ Ao tin]

clin —
where AL = A; — )¢ is the quasienergy splitting of linear
tunneling states from Eq. (5). We show in the next section that
Eq. (22) can indeed reliably predict the onset of trapping for a
wide variety of modulation parameters.

To explain intermittent trapping as in Fig. 8 and Fig. 10,
note that Eq. (18) does not always predict self-trapping in
the limit U — oo. While the approximations invoked to find
Eq. (19) might be appropriate for some intermediate range
of U and thus correctly yield the critical nonlinearity for
the initial onset of self-trapping, those approximations can
later become invalid as U is increased further. In the limit
U — oo we can eventually neglect AE in comparison with
all other terms, and then cancel a factor of U from both
sides of Eq. (18). The latter now depends on U only implic-
itly through the dependence of the nonlinear Floquet states
¢o.1(x, 1), which therefore determines whether or not self-
trapping persists to very large values of U.

For the cases shown here (and most other cases inspected)
the two-mode model accurately reproduces the full dynamics,
which is reasonable as we find that no significant population
is transferred to modes beyond the odd and even nonlinear
Floquet states. For the case in Fig. 9 the difference between
the two-mode model calculations with averaged or explicit
coefficients is not visible on the scale of the plot. The scenario
in Fig. 10 is, however, significantly better described by the
explicit model, which is the comparison made.

In summary, we have devised a two-mode model for dy-
namical tunneling in BECs based on superpositions of the odd
and even nonlinear Floquet states. Despite the absence of the
superposition principle, we find that this model can accurately
describe dynamical tunneling for a wide range of parameters.
Under conditions where coupling coefficients in the two-mode
model can be replaced by their time averages the model then
allows analytical predictions of the critical non-linearity for
the arrest of dynamical tunneling oscillations.

IV. SURVEY OF CRITICAL INTERACTION STRENGTHS

Here we extend our investigations of Sec. III A to a broad
range of modulation parameters k, € and effective Planck
constants 7. We determine the critical nonlinearity for self
trapping throughout parameter space and investigate how
successfully we can use Eq. (19) to predict the critical non-
linearity for self-trapping from the linear Floquet states. We
concentrate on a pair of two-dimensional slices of the 3D
parameter space (k, €, fier), sampling critical nonlinearities
and self-trapping characteristics as a function of € and 7 at

(e

2
0.5 @
: g
0.2 -4
0.1 -6

trapped

O

free

. ‘ intermittent
0.1

2 5 10 15
1/hes

FIG. 11. Dependence of macroscopic quantum self-trapping fea-
tures in dynamical tunneling on /i and €, for fixed k = 1.2 [cf.
Fig. 3(a) of Ref. [41]], based on 40 discrete values for each axis.
(a) Linear forecast of critical nonlinearity, log, (U 1in); see Eq. (22).
(b) Actual critical nonlinearity log,,(U; gpg), where U, gpg was de-
termined by solving the GPE (2) for a range of nonlinearities U.
The white areas indicate where no self-trapping occurs, i.e., the
tunneling period is infinite. (c) Classification of trapping in the full
GPE model. We distinguish three cases as discussed in the text: free
(white), trapped (black), and trapped only for an intermittent range
of interaction strengths (orange).

fixed k = 1.2 (see Fig. 11) and as a function of « and /i at
fixed € = 0.2 (see Fig. 12). For the former parameter range,
linear tunneling periods were known from Ref. [41].

For all data points (parameter sets) we used the following
numerical protocol:

(1) Generate linear Floquet states; see Sec. Il A. Use these
to estimate the critical interaction strength for self-trapping
U.jin from Eq. (22) [see Fig. 11(a)].

(2) Generate nonlinear Floquet states (see Sec. II B) for a
set of interaction strengths U; up to roughly Uia = 2 X U jin.
Use each of these to generate an initial state ¥ (x,t = 0) for
the GPE (2) that is centered on one of the islands of stability.

(3) Simulate dynamical tunneling oscillations for all U;
with the GPE (2). Classify each U; as untrapped (trapped) in
the GPE model if the mean momentum (p) crosses (does not
cross) zero. Determine the true critical nonlinearity U gpg as
the first trapped U; [see Fig. 11(b)].

(4) Categorize each point [see Fig. 11(c)] as (i) “free” if all
U; are untrapped. (i) “trapped” if only all U; above a given
critical U are trapped, e.g., as in Fig. 7. (iii) “intermittently
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intermittent

10

FIG. 12. Same as in Fig. 11, but showing the dependence on 7is
and « for fixed € = 0.2.

trapped” if a continuous range of U; are trapped [70], but the
highest investigated value is not, e.g., as in Fig. 8.

The results for U, i, and U, gpg are shown in Fig. 11 and
Fig. 12 together with the characterization of trapping for the
GPE. Note that the characterization depends on Uyia, Which
we cannot choose arbitrarily large due to numerical con-
straints. It can be seen in Fig. 11 and Fig. 12 that for most
trapped cases the linear forecast of the critical nonlinearity
gives a good idea of the true critical nonlinearity. This is
particularly the case when U j;, is small, such that nonlinear
Floquet states do not deviate much from linear ones, and
hence Eq. (22) is a very good approximation. For many cases
where Ui, is large enough such that Floquet states with
U =~ Uiy are significantly modified compared to the linear
ones, this results in the removal of trapping or significantly
increases the actual U, gpg (which we can not distinguish in
our numerics due to the finite Uiy ). This occurs for example
for the largest 7 values in Fig. 11.

The nonlinear two-mode model based on Eq. (18) predicts
these larger untrapped regions and the lobe of intermittently
trapped parameters around hgffl ~ 4 and € ~ 2 in Fig. 11 quite
well (not shown). However, there are a few isolated data points
throughout at which predictions differ from the GPE. Given
that we detect some unstable nonlinear Floquet states as in
Fig. 5 for the larger nonlinearities, we consider that overall
the predictions of the two-mode model are highly reliable.
However, this may be a sign that the self-trapping transition
is robust to imperfections, an idea that we will explore further
in the next section.

0.8

(b)

FIG. 13. Experimentally realizable approximations of dynamical
tunneling states. (a) Black solid line: Fourier spectrum |¢(k)| of
exact nonlinear Floquet state ¢, for x = 1.3, € = 0.2, Figg = 0.5
and U = 0.012. Black dotted line: Fourier spectrum of trap ground
state for kjp; = « with initial momentum kick pj, = 1.09, where py
corresponds to the classical fixed point. Red dashed line: Fourier
spectrum of trap ground state for adjusted trap strength «jp; = 0.4
to tune the momentum space width, with initial momentum kick
po = 0.65. (b) The same as (a), but for parameters k = 2, € = 0.1,
fiegg = 0.5and U = 0.11, k51 = 0.4, pj = 2.37, and py = 2.09.

The overall trend visible in all panels of Fig. 11 and Fig. 12
is that critical interaction strengths U, decrease as /g is
reduced. In all datasets, we also observe the appearance of
isolated simulations for which either trapping classification
or critical interaction strengths strongly differ from those for
adjacent parameter values. Together with our results on inter-
mittent supression of tunneling, e.g., Fig. 8 or the dynamical
instability of nonlinear Floquet states, Fig. 5, this further
indicates that the interplay of interactions and dynamical tun-
neling is a complex problem that warrants further study.

V. EXPERIMENTAL PREPARATION OF DYNAMICAL
TUNNELING STATES

An important consideration is how our predictions can be
realized in experiment. The Floquet states that undergo dy-
namical tunneling are not straightforward to precisely prepare
in an experiment. In this section we propose a scheme to
prepare good approximations to them, and then consider the
impact of the resulting imperfect initial state ¢ (x,# = 0) on
the results presented so far.

A. Approximating Floquet states with Gaussians

In the experiments [4,5], the atomic cloud was initially
prepared in a state resembling the tunneling Floquet state
simply by shifting the potential by an appropriate amount.
Along similar lines, here we consider providing a momentum
kick p consistent with the islands of stability to a condensate
wave function in a trap ground state; see also the description
in Ref. [41].

Let us first briefly review our method for matching the
initial condensate closely onto the nonlinear Floquet state for
a particular value of U [41], using for illustration purposes
the parameters k = 1.3, € = 0.2, e = 0.5. For these, inter-
esting intermittent trapping behavior has been highlighted in
Ref. [40] and in Fig. 8. In Fig. 13(a), we show the r =0
Fourier space representation of the target nonlinear Floquet
state centered on the upper island of stability as a solid black
line.

063305-10



MACROSCOPIC SELF-TRAPPING IN THE DYNAMICAL ...

PHYSICAL REVIEW A 112, 063305 (2025)

If we were to simply apply a momentum kick pg to the
condensate in the ground state of the potential at t = 0 the
resulting Fourier spectrum would be given by the black dotted
line. Such a kick could either be imparted by a shift of the
trapping potential [41] or by phase imprinting and would
result in the state ¥(x)exp (ipox), where Yy(x) is the trap
ground state and p( corresponds to the classical phase-space
resonance. While the resulting overlap with the target Floquet
state is quite acceptable in Fig. 13(a), the procedure gives
worse results when the Floquet state is multipeaked and/or
narrow, as in the second example, Fig. 13(b). In that case
the simple kick reproduces the most prominent peak less well
regarding its position and width.

The situation can be improved by correctly engineering
also the momentum space width of the condensate initial state.
The width can be tuned by preparing the atom cloud in a
potential with a strength that differs from that used during the
time evolution:

Vini(x, 1 < 0) = &ini(1 + €)v' 1 + 22, (23)

with ki, # . Consequently one obtains two parameters, Kin;
and pg, with respect to which the overlap between the initial
state and the target nonlinear tunneling state can be max-
imized. The optimal results obtained are shown for both
examples in Fig. 13 using red dashed lines.

The case shown in Fig. 13(a) corresponds to 97% over-
lap between the experimental initial state and the nonlinear
Floquet state. Even with this rather crude method dynamical
tunneling can now be observed in the presence of nonlinear-
ities, generalizing earlier results from the linear case [71].
The ensuing stroboscopic momentum space densities are dis-
played in Fig. 14, where dynamical tunneling oscillations
are clearly visible. However, the effective nonlinear tunneling
periods are slightly different compared to Fig. 8. We find that
the deviations depend on the precise values of ky and kj,; used
to define our initial state. This will be investigated further in
the next section.Dynamical tunneling with an approximation
of the Floquet initial state is also possible for the case of
Fig. 13(b), as shown in Fig. 15. The initial overlap with the
Floquet state is smaller, and hence deviations from two-mode
behavior are larger.

B. Response of tunneling period to initial-state imperfections

As mentioned in the previous section and in Ref. [41],
the dynamical tunneling period slightly deviates from the
expectations based on precise Floquet theory if the Gaussian
approximations of Floquet states of Sec. V A are used. Varia-
tions of the true dynamical tunneling period as a function of
the parameters py and kj,; used to define the initial state are
shown in Fig. 16. Overall the period is rather robust against
even substantial imperfections of the initial state, but its varia-
tions would have to be taken into account for the interpretation
of experiments.

These changes of period can clearly be traced back
to the atomic interactions as they vanish for U = 0. We
explored whether the modifications to the period are re-
lated to the changes in nonlinear interaction energy, L, =
UfOT dt [dx|y(x,0)[*/T using T =15x 27 or the de-
viation from two-mode behavior characterized by AN =

0 1300 0 1300

0 1300 0 1300

¢‘v V’v‘o‘v

U = 0.068

0 1300 0 1300
t/T t/T

FIG. 14. Stroboscopically sampled momentum space from im-
perfect initial state as shown in Fig. 13(a), which approximates
¢4 (x,t = 0), for increasing interactions (a) U = 0.012, (b) U =
0.023, (c) U = 0.034, (d) U = 0.045, (e) U = 0.057, (f) U = 0.068.
P = hegck with higge = 0.5 and k = 1.3, € = 0.2. We see intermittent
trapping of tunneling oscillations that is subsequently lifted, in ac-
cordance with simulations beginning from the full nonlinear Floquet
states for the same parameters; compare Fig. 8 and Fig. 10. However,
the actual tunneling period for these cases deviates from our previous
simulations, due to the imperfectly realized initial state.

fOT dt(|d.(t)]> + |d_(t)|*)/T — Nes, where N is the two-
mode population for a reference dataset, indicated by the
symbol ® in Fig. 16. However, Figs. 16(b) and 16(c) show that
neither of these are obviously linked to the observed behavior
of the tunneling period. The precise mechanism by which the
period changes thus warrants further study.

VI. CONCLUSIONS

We have examined the dynamical tunneling of a BEC
in a periodically modulated anharmonic potential. We have
demonstrated smooth dynamical tunneling oscillations over
up to thousands of modulation periods, in the presence of
nonlinear interatomic interactions. These results employ non-
linear Floquet states of the GPE.

However, the interactions can have a strong influence on
the tunneling. Above a critical interaction strength we have
numerically found the arrest of tunneling due to macroscopic
quantum self-trapping. We have derived a two-mode model
with can be used to predict the critical interaction strength
Usir from knowledge of the linear Floquet states. It is also
possible to accurately estimate the evolution of the atomic
population in the tunneling states involved. The performance
of this model and empirical values for U were surveyed as a
function of parameters k, €, and Figs.
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t/T t/T

0 200
t/T t/T

FIG. 15. Stroboscopically sampled momentum space from im-
perfect initial state, which approximates ¢, (x, t = 0), for increasing
interactions (a) U = 0.018, (b) U = 0.073, (c) U =0.18, (d) U =
0.26, (e) U =0.48, (f) U =0.77. p = hegk with e = 0.5 and
k =2, € =0.1. The thin white line in panels (a)—(d) is the mean
momentum. As in Fig. 14 dynamical tunneling persists for the case
here. There is, however, a deviation in critical nonlinearity from the
predicted Ui = 0.079.

Finally we have investigated nonlinear dynamical tunnel-
ing commencing from an experimentally realistic initial state
rather than the actual Floquet state. Such initial states can
be prepared by imparting a momentum kick and adjusting
the trap strength, and thus are experimentally more tractable
than the mathematical Floquet state. We find that the im-

0.1

0.85 0.45 0.65 0.85 0.45 0.65

(=1

045  0.65
p0 0 0

FIG. 16. (a) Fractional change of tunneling period for varied pa-
rameters of an initial state that only approximates a nonlinear Floquet
state. We construct approximate Floquet states as in Fig. 13(a) for
the case of Fig. 14(a), then vary py and k;p; as indicated. The relative
difference to the reference point, marked ® and with parameters as
in Fig. 13(a), is shown as color shading. The mean period for these
parameters is about 650 driving periods. (b) Corresponding fractional
change of mean nonlinear interaction energy E, as defined in the
text. (c) Corresponding deviation AN from two-mode behavior, as
defined in the text.

perfect state yields dynamical tunneling and macroscopic
self-trapping, with only minor deviations in observed dynam-
ical tunneling periods.
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APPENDIX A: ATOM CHIP POTENTIAL

In Ref. [41] we discuss how the radial direction of a typical
atom-chip potential allows one to engineer a one-dimensional
potential of the form

Vix, 1) = W[l + e cos(QD)][V1 + (x/d)* — 1], (AD)

where x is the spatial coordinate, V; is the potential strength,
d describes its width, and € controls the strength of the mod-
ulation with frequency €.

We assume that the BEC is well described by the one-
dimensional GPE:

PRV Ny : A2
tho = | =5 o3 tVD+yplyl 1y, (A2)

The atoms have mass m and s-wave scattering length a;, then
Yip = 2as/a; where a; = +/h/mw, is the oscillator length
of tight transverse confinement with strength @, . We assume
the Gross-Pitaevskii wave function v in Eq. (A2) to be nor-
malized to the number of atoms [ |y |*dx = N.

We now measure length in units of d, time in units of !
and employ the dimensionless wave function ¥ = y/d/N,
which is normalized to one. Finally relabeling ¥ — % we
obtain

. d ﬁe 92
Mot —¥ = |: "

o7 > 92 +Vx, )+ Uy i|1/f (A3)

with

V(x,1) =«[l +ecos@®)][vV1+x2—1]. (A4)
Here k = Vo/mQ*d?, U = Ny /mQ*d3, and Feie = 1/d>mSQ.
The commutator of the position operator x and the momentum

operator p = ifierrd/dx fulfills [X, p] = ifiesr, thus fier controls
the relative importance of quantum effects for the system.
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APPENDIX B: DETERMINING NONLINEAR
FLOQUET STATES

To find the nonlinear Floquet states solving Eq. (9),
we make use of existing methods for the solution of the
time-independent GPE in two dimensions. To this end we
effectively treat time as a second spatial dimension y, and
aim to find solutions of the following operator eigenvalue
equation in two dimensions:

fige 7 2 O
- 5 +Vx,y) +Ulgo (6, 7 — ihefr—— [¢o,1(x, y)
2m ox ay

= Eo1(U)go,1(x, y). (BD)

The solutions ¢ 1 (x, y) are required to obey periodic bound-
ary conditions in the time (y) direction ¢(x,y) = ¢(x,y +
27m) and to vanish for x — =£X,,,,., where X,,,,, is the extension
of our numerical grid.

To solve Eq. (B1) we employ conjugate gradient tech-
niques [72], which are efficient at determining nonlinear
eigenstates if they are supplied with a good initial guess.
We find nonlinear Floquet tunneling states with the following
numerical scheme:

(1) We construct the time evolution operator for U = 0
and find the linear Floquet states |u,,).

(2) Among these, we identify the odd and even tunneling
states |up, 1) as those having the largest overlap with a coherent
state centered on the period-one fixed point.

(3) We evolve these over one period with the Schrodinger
equation to obtain |[xo(x,?)), from which we extract
|uo,1(x, t)) using Eq. (4).

(4) We obtain nonlinear solutions of Eq. (B1) for small
U using a conjugate gradient technique with the initial guess
taken as linear result for ug (x, ) witht — y.

(5) We obtain tunneling states for U 4+ AU, using the re-
sult for U as initial guess. This step is iterated until the desired
Upax 1S reached.

(6) The states obtained are validated by evolution with the
GPE (2) over many modulation periods.

The nonlinear Floquet states employed in our work were
obtained on 128 x 200 grid points in the x and ¢ directions
respectively, and verified on larger grids. Typical steps for the
iteration of the nonlinearity were AU = 0.05.

APPENDIX C: TWO-MODE MODEL

As outlined in Sec. III B our two-mode model is based on
the odd and even nonlinear Floquet states, denoted ¢ (even)
and ¢ (odd). The modes localized on the upper and lower is-
lands are ¢, = —= (¢ + i¢1) (upper) and ¢_ = —=(¢o — i)
(lower). Due to the orthogonality of ¢ and ¢; these modes are
also orthogonal. We know that the modes ¢, n € 0, 1 solve the
nonlinear Floquet equation:

. 9
(Ho(x, 1)+ Ulgn(x, 1)) — iﬁeff§>¢n(x, 1) = Ex@n(x, 7).

(ChH

Let us now assume that the dynamics are restricted to the
upper and lower island modes ¢ (x, 7):

V(x,1) = ci () (x, 1) +c_(1)p—(x, 1). (C2)

We can alternatively expand in the odd and even tunneling
Floquet states:

V(x, 1) = co(t)do(x, 1) + c1 ()1 (x, 7). (C3)

The complex coefficients are related by

1 1
C+=E(Co—icl), C—=E(Co+i01),
. :
=5+ a= %m —c). (CH

The restricted expansion (C2) is well justified for the cases
presented here. This allows us to assume

lco()I* + le1®)* = lex ) + le— () ~ 1. (C5)
Let us write the GPE in the form

R a
(Ho(x, D+ U, - iheff§>1/f(x, 1)=0. (C6)

Inserting Eq. (C3) we obtain

> {[ﬁo +U(lcol’1gol + ler Pl I

n=0,1
+ cje1pgd1 + cocidod)1c,dn

e 2 )by — iheen gl =0. ()
LNetf 9t n LNeffCp 9t n( — Y-
Using Eq. (C5) and Eq. (C1) we can then write

> [E +Ulcn1 P (b ® = I¢al®)

n=0,1

* * * * -heff acn
+ U(Cocl¢o¢l + COC1¢0¢1 ) — lc_ W ¢y = 0.
(C8)

For this step we have inserted O in the form of |c;|?|¢o|> —
lc1]?|¢o|? into the n = O term of the sum and the correspond-
ing expression with 1 <> 0 into the n =1 term. Now we
project this result onto ¢,,, m € 0, 1 and obtain

ad
ifesr——cm = Enc + U ) [c5¢1(@m|#51Idn)cn

n=0,1
+ o€ (PmlpodF D) en + 111 (Dl (D1 *
—1pulP)n)eal. (C9)

Of the overlap integrals appearing in Eq. (C9), many vanish
due to odd symmetry of the integrand. We label the remaining
overlap integrals:

Upi(t) =U / dx |¢o(x, P11 (x, ), (C10a)

An(t) =U f dx ¢o(x, )21 (x, 1)*2, (C10b)
Up(t) =U f dx |¢o(x, 1), (C10c)
Uni(t) = U/dx 1 (x, )[*. (C10d)
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With this notation we can finally write the coupled equa-
tions for the coefficents of the odd and even states as

0
. * 2 % 2
ihieit—co = Eoco + Ay cicy + Uoiler]“co

ot
+ (Uor — Uoo)le1 o, (Clla)
. 3 _ 2 ok 2
lheffatcl = Eyc; + Agicyel + Uoileol ey
+(Uo1 — Uny)leol?er. (Cl1b)

At this stage we convert from the odd-even coefficients to
the up-down coefficients, using Eq. (C4):

L9 . AE .
lheffng_ =Ec, + - + Nlcq, ¢, e-, ¢t t], (Cl2a)

. _ AE
lheffacf =Fc_+ — +Nle_, ¢, cq, ¢, 1], (CI2b)

where £ = (Ey + E;)/2 and AE = Ey — E; and
Re{;\m}]agb

N[a, b,c,d, t] = |:U01 —

Re{A
- [UO, + %}czb + Ref{Ag; Jacd
. Ad  d*d
+ lII’l’l{A()]} T + T — abc

U
+ %[cﬁd + b — ¢*d — a®b]

U
- %[cﬂb —2d + d*d — &bl.

(C13)
As explained in Sec. III B, one can proceed by either ex-
tracting the full time-dependent coupling coefficients such
as Upi(t) from the nonlinear Floquet states, or alternatively
using coefficients averaged over one period: U;;(t) — U; ;=
fOT U;j(t)dt/T. Here we provide additional detail on both
methods.

For the explicit method (without averaging) we proceed as
follows. We identify the nine most prominent harmonics of
the periodic functions in Eq. (C10) and use these to obtain
an analytical approximation that can be used for an adaptive
time-step numerical solution of Eqs. (C12a) and (C12b). The
evolution of the coupling coefficients over one period is shown
for an example in Fig. 17.

Using averaged values for the coefficients in Fig. 17 is
justified when the population oscillations of ¢y and c_ take
place on timescales much larger than a single period. In almost
all cases that we studied we found the more accurate but
much more involved explicit method unnecessary and using
averaged coefficients gave good results. One further analytical
simplification is possible in this case: It can be shown that
Im{Ay} = 0. From Eq. (C10) we can expand

. 2 (1
Im{Aoi} = = / dt f dx[go(x, 1) P1(x, 1) 1 (x, 1)
0 —0
+ o (x, 1) do(x, 1) 1 (x, 1)?

— Bo(x, 1) do(x, 1) i (x, 1)

— Go(x, 1)1 (x, ) 1 (x, 1)1, (C14)

0.002 \ T - T ‘ T

0.001F - # o / Ol

\
\ JEVINRVIpE VIS, Y '*"ﬁ{‘*
('_"?6" e e X X [T e e e e X 3
\

X x !

\ \
x ' [— uoi \ -
—— Re{AOI} N /
% x —— Im{AO1} M ¥
\x/ UOO \Y/
Ull

s 1 s L s 1 s
_0'0020 0.5 1 1.5 2

t/m

-0.001

Uoi, Re{A o}, Im{A}, Uy, Uy,
=)

FIG. 17. Time dependence of two-mode theory coupling coeffi-
cients over one period. (black, solid) Uy, (blue, dashed) Re{Ay,},
(red, dashed) Im{A, }, (green, dottted) Uy, (yellow, dotted) U;;. The
markers of the corresponding color show the quality of approximat-
ing these coefficients by nine harmonics. We find that using average
values of the coefficients usually gives as good tunneling results as
the full form. Note that Im{A¢, } always averages to zero.

where a prime denotes the real part, and a double prime
the imaginary part. The time average can be replaced by

fOT dt/T — [ _Tf;z dt/T due to the periodicity of the Floquet
states. Inspection of Eq. (B1) shows that ¢ ;(¢) = ¢f§,1(—t)’
hence ¢o,1(t)" = ¢o,1(—t)" and ¢,1(¢)" = —¢o,1(—1)". From
these symmetry properties all four terms in Eq. (C14) vanish
when averaged over time.

As stated in Sec. III B, the main advantage of averaging the
coefficients is that we can further proceed with the analysis
of the equations following Ref. [57]. We transform to a de-
scription in terms of the population imbalance z = Ny — N_,
and relative phase ¢ = 6_ — 0, where c+ = /Nie'™* with
Nz, 0+ € R. Note that with this normalization N, + N_ = 1.

The dynamical equations for z and ¢ that can be derived
from Egs. (C12a) and (C12b), using Im{Ay;} = 0, are

d U — U .
fiet—z = |:AE L0 : OO]\/I — z%sin ()

ot

U+ U _ Re{A )
[% gy - R O'}](l_Z2>51n<2¢),
(C15)
0 Ui — Uy Z
fioi—¢ = — | AE
ffat(/’ |: + ) ] —I—ZZCOS((p)
Up+U _ Re{A
_[ 004 U G — { 01}}005(2@
Up+U _ 30
- [% — Ty + ERe{Am}}z. (C16)

These equations are Euler-Lagrange equations for canonical
variables z, ¢ of the Hamiltonian

Hep = A2 + /1 — 22 cos () + B(1 — 2%) cos (2¢),
(C17)
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with parameters

U + Uy 3

A= % + SRefAor} — Uon. (C18a)
Uy — U

o= % — AE, (C18b)
U Uw+U, RelA

p= Yo _ oo +Uni ef 01}' (C180)
2 8 4

As outlined in Sec. III B, the effective Hamiltonian al-
lows us to derive a condition for the shutdown of tunneling
oscillations:

1A = acos[p(t)] + B cos [2¢(1)].

An approximative treatment of this equation was given in
Sec. III B. For some of the cases surveyed in Sec. IV it is
not sufficient, and can instead be analyzed with the following
method. Let f(¢) = acos (¢) + B cos (2¢). The values of f

(C19)

at its extrema are o + 8, —o + 8 and —a?/88 — B. Self-
trapping occurs whenever A exceeds the global maximum of
f or lies below the minimum. Precisely which is the condition
for self-trapping depends on the signs of A, «, 8 and of
|48| — «. These in turn depend on U. To predict U from the
knowledge of the linear Floquet states more accurately than
by using Eq. (19), we found it most convenient to numerically
determine the largest U for which

1 Og — O
SUAo= (—AE + U%) cos [p(t)]

+ U Bo cos [2¢(2)] (C20)

still has a solution for ¢. We denote this value with U g,1. Here
the parameters Ao = A/U, By = /U and O;; = U;;/U are
independent of U.
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