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We uncover features of generalized contextuality by connecting it to the Kirkwood-Dirac (KD) quasiprobabil-

ity distribution. Quantum states can be represented by KD distributions, which take values in the complex unit
disk. Only for “KD-positive” states are the KD distributions joint probability distributions. A KD distribution
can be measured by a series of weak and projective measurements. We design such an experiment and show
that it is contextual iff the underlying state is not KD positive. We analyze this connection with respect to mixed

KD-positive states that cannot be decomposed as convex combinations of pure KD-positive states. Our result is
the construction of a noncontextual experiment that enables an experimenter to verify contextuality.

DOI: 10.1103/mzw5-t326

I. INTRODUCTION

Quantum physics is fundamentally different from classical
physics. However, pinpointing exactly what is nonclassical
is famously difficult. While certain experiments necessitate
quantum theory for a full description, most can be described
with classical models. This begs the question: Where does
the boundary between classical and nonclassical experiments
lie? Investigating this quantum-classical boundary has proven
fruitful for computational [1-5] and metrological [6-10]
applications. Here, we study the boundary from a more foun-
dational perspective.

A trending and rigorous notion of nonclassicality is gen-
eralized contextuality. Although many different approaches
to contextuality exist (Kochen-Specker [11-13], sheaf theo-
retic [14], and Contextuality-by-Default approaches [15-17],
for example), we focus on generalized contextuality [18-26]
which is broadly used and versatile. To determine, within this
notion, if an experiment is classical, one describes it with a
hidden-variable model. In such a model, one considers a set
A of hidden variables. In this framework, a preparation P is
described by a probability distribution up(A), where L € A. A
transformation 7T is described by a transition matrix between
hidden variables, I'7(1'|1). A measurement M is described by
a probability distribution on the outcome set conditioned on
the hidden variable, &,,(k|A), where k is a specific outcome.
The probability of obtaining outcome k given the 3-tuple
(P, T,M)is

P(kIP,T,M)=/ drdr pp()Tr (W [M)Em (KA. (1)
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An experiment is composed of a set of such 3-tuples. The
hidden-variable model can then be tuned to match predictions
of quantum theory or experimental data. This can always be
done [18]. However, the hidden-variable model may have non-
classical features, for example, nonlocality [27]. We capture
nonclassicality using the notion of generalized contextual-
ity [18]. We say that a hidden-variable model is noncontextual
iff it assigns the same probability distribution to experimen-
tally indistinguishable procedures. We say that an experiment
is contextual iff there does not exist a noncontextual hidden-
variable model describing it.

Nevertheless, in this Article, we construct an experiment
(Fig. 1), the contextuality of which can be verified with non-
contextual procedures. Our experiment is based on recently
uncovered features of the Kirkwood-Dirac (KD) quasiprob-
ability distribution. A state p can be represented by a KD
distribution Q(p), as outlined below. For some states, Q(p) is
a proper probability distribution. We show that, iff this is the
case, our experiment admits a noncontextual hidden-variable
model. Intriguingly, certain states p, are described by KD
probability distributions although their pure-state components
cannot be. When such states are used in our experiment, one
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FIG. 1. Noncontextual experiment that signals contextuality. Al-
ice sends the sequence (y;))_, of pure states to Bob without
disclosing the order. Bob effectively receives a mixed state p, =
% ZIJY:I ¥;. Bob performs Procedures 1 to 6 (outlined in the main
text). His experiment is noncontextual. Nonetheless, he can verify

that Alice’s experiment is contextual.
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FIG. 2. Experimental protocols. Upon receiving a state p from Alice, Bob randomly implements one of six protocols (see Fig. 1). The boxes
with P; and IT; represent projective measurements. The boxes labeled by W;E;( ) and W,ﬁ/y ) represent X -type and Y -type weak measurements of
Pj, respectively. The quantum-theoretical predictions for these protocols and their contextual implications are given in the main body of the

Article.

can verify contextuality although the experiment admits a
noncontextual description.

II. KD DISTRIBUTIONS

The KD distributions [28-32] are a family of quasiprob-
ability distributions that have recently found numerous
applications in the field of quantum-information processing.
We consider a Hilbert space of dimension d < oco. The KD
distribution Q maps a quantum state p to a corresponding
quasiprobability distribution based on two nondegenerate ob-
servables A =3 a;P; and B =}, bTl;. Here, {a;} and
{by} are the eigenvalues of A and B, respectively. Furthermore,
P; and Il are the rank-1 projectors onto the corresponding
eigenspaces. The KD distribution of a state p is

Qjr(p) == Tr(I1xP;p). 2

Throughout this work, we assume that P;IT; # 0 for all j
and k. Then, Q is invertible: Knowledge of Q(p) enables an
informationally complete reconstruction of p [30].

In general, the KD distribution is not a proper probability
distribution as its entries may lie in the complex unit disk.
However, for certain quantum states, all the entries of the
KD distribution lie in the interval [0,1], in which case the
KD distribution is a probability distribution. We say that a
quantum state is KD positive iff this is the case. Otherwise,
we call it KD nonpositive. One can quantify how nonpositive
a KD distribution is by its nonpositivity:

N(p)=—1+4)_10;x(p)l >0, 3)

J.k

where p is KD positive iff N'(p) = 0 [30,33]. For example, if
o equals an eigenstate of A or B, then A/ (p) = 0. However, for
pure states, if p has nonzero overlap with sufficiently many of
the eigenstates of A and B, then p is KD nonpositive: N'(p) >
0 [34,35]. It was recently shown, that for almost all choices of
A and B, all KD-positive states are convex mixtures of A’s and
B’s basis states [36]. However, for certain A and B, there exist
mixed states that are KD positive but that cannot be written as
convex combinations of pure KD-positive states [37]. We call
such states “exotic,” and we denote the set containing them by
ERDY - Exotic states will play a central role in what follows.

1. MEASUREMENTS OF Q(p)

The experiment we design relies on the measurement of a
KD distribution. To measure Q(p), one can perform a series
of protocols on p, involving the projective measurement of P;
and I, and the so-called “weak measurement” of P; [38—42].
The weak measurement of an observable A on a quantum state
p is implemented as follows: (i) prepare the ancillary state
|Ye) := cos€]0) + sin €|1), where the experimenter sets €
1; (ii) apply the interaction unitary U =1 ® P; +Z ® le to
entangle p with the ancilla; and (iii) measure the ancilla in
the X or Y basis. A brief calculation, given in Appendix A,
shows that the Kraus operators of the X- and Y-type weak
measurements of P; are

1

N, = ﬁ(cos €l + xsineD;), “)
1

M, ;= E(COS el —iysineD;), (5)

respectively. Here, D; := 2P; — I and x, y € {£1} are the out-
comes of the two weak measurements. When € = 7 /2, then
N, ;j and M, ; are projective. When € « 1, the weak measure-
ments convey little information about the observable.

To measure the KD distribution, we consider the follow-
ing six protocols (Fig. 2) on a system in the initial state p.
Protocols 1 through 3 measure the “weak values” [38—41] of
P;j. Moreover, the addition of carefully tailored Protocols 4
through 6 enables us to uncover additional features of contex-
tuality, as outlined below.

(1) Measure IT; on the system (returning outcome z).

(2) Perform an X -type weak measurement of P; (returning
outcome x) and then measure I (returning outcome z).

(3) Perform a Y -type weak measurement of P; (returning
outcome y) and then measure I1; (returning outcome z).

(4) Either, with probability py, := sin 2¢, measure P; (re-
turning outcome x) or, with probability 1 — py,, return x €
{£1} uniformly at random.

(5) Discard the system and return as output y € {1} uni-
formly at random.

(6) Either apply the quantum channel MPi(p) := D; ,oDj.
with probability pq := sin’€ or apply the identity channel
with probability 1 — p4, and finally measure I1; (returning
outcome 7).
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These six protocols include repetition over all j and k.
We denote the outcome-probability distributions for these
protocols by f;(2), £ (x,2) £ 02, [P0, FO),
and f(6)(z) Here x,y,z € {£1}. The quantum-theoretical
pred1ct10ns for the outcome-probability distributions can be
calculated using Egs. (4) and (5). We introduce the shorthand
Iy =Ty if z = +1and IT; =1 — II; if z = —1. We find that

0@ = Tr(I5 p), 6)

f<2>(x 2) = (3 — x€)Tr (I p) + xe(1 — 2)Tr(P;p)
+ 2xzeRe(Q;4(p)) + O(€”), (7)
[0, = §Te(Ep) + 2yz¢ImQ;4(p) + O™ (3)

Quantum theory allows us to express the outcome-probability
distributions of Protocols 4 through 6 in terms of the outcome-
probability distributions of Protocols 1 through 3:

@) = Zf%, 2). ©)

O = Zf%, 2), (10)

[ = Zfﬁ?(x =) fiRo:0.  dD
y

(Detailed calculations are given in Appendix A.) When z =
+1, then xe(1 — 2)Tr(Pjp) = 0, and the real and imaginary
parts of the KD distribution can be deduced from Egs. (6)—(8).

IV. KD NONPOSITIVITY AS A FAITHFUL
WITNESS OF CONTEXTUALITY

We now establish the connection between KD nonposi-
tivity and contextuality. Equations (9)—(11) can be used to
establish noncontextuality constraints. The probability dis-
tribution for the fifth protocol can be obtained by summing
over the z variable in the probability distribution for the third
protocol [Eq. (10)]. This implies that, within quantum theory,
one cannot distinguish (i) a Y -type weak measurement of P;
followed by a discarding of the system, and (ii) the picking
of an outcome uniformly at random, entirely ignoring the
system. Thus, in any noncontextual hidden-variable model,
these two procedures are represented by the same probability
distribution:

£V =3 (12)

Here, é}” Y(y|A) is the probability distribution representing a
Y-type weak measurement of P; followed by a discarding of
the system. Similarly, Egs. (9) and (11) can be used to derive
three further noncontextuality constraints:

1
) = (1= pu)s + pun @I2),  (13)

DX MM = (1= pa)S(h = X) + palp, (W |1),
xe{£l1}
(14)

D EY G N = (1= pa)8(h — X) + pal'p, (V).
ye{£1}
(15)

Here, ng(x, A1) and S}‘,?’Y(y, M|A) are the probability
distributions representing the X-type and Y-type weak mea-
surements of P;, respectively. Furthermore, S},’/YX (x|1) is
the probability distribution representing the X-type weak
measurement of P; followed by a discarding of the sys-
tem; &p,(x|A) is the probability distribution representing the
measurement P;; and I'p, (A'|A) is the transition matrix rep-
resenting the quantum channel M. Appendix B provides
detailed derivations of these constraints.

Any noncontextual hidden-variable model for the
six protocols must reproduce Egs. (6)-(11) and satisfy
Egs. (12)—(15). For certain states p, such a hidden-variable
model does not exist. In such a case, contextuality may be
witnessed.

In the aforementioned protocols, the KD nonpositivity
N (p) is a faithful witness of contextuality:

Theorem 1. Assume that € < 1 in the six protocols.

(a) If p is such that N'(p) > 3d>e, then these protocols do
not admit a noncontextual hidden-variable model.

(b) If p is KD positive [N (p) = 0], then these protocols
admit a noncontextual hidden-variable model.

The theorem’s first part is a KD rephrasing of the result
proven in Refs. [43-45]. The original result is written in terms
of weak values instead of the KD distribution. In Appendix C,
we provide a proof along similar lines, but in terms of the KD
distribution, and with an exact bound on €. This € bound will
be essential to our construction of a noncontextual experiment
that can verify contextuality.

The second part of the theorem has not appeared in pre-
vious literature and is essential to our results. We prove it
by explicitly constructing a noncontextual hidden-variable
model that has the same predictions as quantum theory
[Egs. (6)—(8)], and also obeys the Noncontextuality Con-
straints [Egs. (12)—(15)]. The set of hidden variables we use
is A={1,2,...,d}, and we represent the preparation of p
by the outcome probability distribution when measuring the
observable B: pu,(A = j) = Tr(pIl;). In our noncontextual
hidden-variable model, the other procedures are represented
by the following probability distributions:

S ifz=+1
S G = { — 8 ifz=—1, (16)
1 1
Ep (6, A12) = 80, 5(1 = pa) + 5 Pag (3 13)
1 Qjx(p)
—xpmbin | 2Re—=L2"2 1), (@17
+ 2)617 AL < eTr(HArp) (17)

wY )»/ _ 1 1 /
P L A[A) = 8AA’§(1 —pa)+ 5Pd¢j()\ [2). (18)

Here, ¢;(A'|A) is an arbitrary stochastic matrix. Straight-
forward analysis shows that these probability distributions
reproduce Predictions (6)—(8). Furthermore, by substituting
Egs. (16)—(18) into the Noncontextuality Constraints (12)—
(15), one can confirm that it is possible to construct &p, (x|2)
and I'p, such that all noncontextuality constraints are satisfied
(see Appendlx D).
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V. EXPERIMENT AND ANALYSIS

We now show our main result. We construct an experiment,
the contextuality of which can be verified using only noncon-
textual procedures. (We propose a spin-1 implementation in
Appendix E.) We consider two experimenters, Alice and Bob.
The result we derive concerns Bob’s perspective only. Alice
is introduced, for pedagogical purposes, as the experimenter
that controls Bob’s environment. Alice and Bob perform the
following experiment:

(1) Alice chooses a sequence of N pure quantum states
(¥; )j.vzl (which may contain duplicates) such that these quan-
tum states form an exotic state when mixed:

1 N
Px = IV ;Iﬂ] (19)

(2) Alice sends the sequence of quantum states to Bob
M > 1 times, each time in a different order. She keeps the
ordering for each sequence she sent secret.

(3) For each state Bob receives, he randomly performs one
of the six protocols.

(4) Bob publicly announces which protocol he chose and
what outcome he obtained for each of the N x M states he
received.

Alice’s experiment involves preparing pure states, sending
them to Bob, and recording the outcome that Bob announces.
Bob’s experiment involves taking input states prepared by
Alice, and conducting one of his six protocols. Figure 1
illustrates these experiments.

Since the order of the sequence changes each time it is
sent, Bob cannot distinguish individual states and thus ef-
fectively receives systems in the exotic state p,. From his
measurements, Bob obtains the outcome-probability distribu-
tions for each measurement procedure [Egs. (6)—(11)] and
determines Q(p,). Since N(p,) =0 (within some experi-
mental error), Bob concludes, via Theorem 1, that there
exists a noncontextual hidden-variable model describing his
experiment.

However, knowledge of Q(p,) allows for the information-
ally complete reconstruction of p, [30]. Thus, Bob knows
that p, is an exotic state. In Appendix F, we show that
Bob can find a § > 0 such that any pure-state decomposition
of p, has at least one state y_ such that N'(y_) > 8. The
outcomes of Bob’s measurements are public, and Alice can
analyze them for the trials where she prepared ¥ _. Bob,
using the value of € he set, then checks if § > 3d%e. If so,
using Theorem 1, Bob deduces that there is no noncontextual
hidden-variable model for Alice’s postselected data. That is,
Bob has verified that Alice must have performed a contextual
experiment.

VI. DISCUSSION

To summarize, we have constructed a noncontextual ex-
periment (Bob’s) in which an experimenter can verify that
another experiment (Alice’s) is contextual. In a sense, it is pos-
sible to verify the existence of a quantum-classical boundary
from its classical side.

The nature of the exotic state p, (a KD-positive state
that cannot be written as a convex combination of pure KD-

positive states) is crucial to our result. We can compare the
above-described scenario to one where Alice instead sends
Bob states that average to the maximally mixed state 7/d.
Again, Bob finds his experiment to be noncontextual. How-
ever, because the maximally mixed state can be written as
a convex combination of KD-positive states (for example,
the eigenstates of A), Bob cannot deduce that Alice would
have verified contextuality, and thus cannot himself verify
contextuality.

As mentioned, Alice may be abstracted away in our setup.
Bob effectively receives a mixed state because of his limited
knowledge. Nevertheless, he may infer that information exists
that could “unmix” the states he has received. Thus, Bob can
verify that a contextual experiment will have happened for any
observer that has access to this information.

Our result has an analog in entanglement theory [46,47].
Consider a bipartite state ocp, spatially split between Char-
lie and Dave. If pcp is not entangled, then there exists a
local hidden-variable model that describes the outcomes of
any measurement conducted by Charlie and Dave [47]. The
converse, however, is not true: For Werner states, the two sub-
systems are entangled and yet admit a local hidden-variable
model [48,49]. Similarly, if Bob’s experiment does not allow
for the verification of quantum theory’s contextuality, then it
admits a noncontextual hidden-variable model. As we have
shown, the converse, however, is not true: Bob’s experiment
can be used to verify contextuality and yet admit a noncontex-
tual hidden-variable model. In our contextuality analysis, the
exotic states take on the same role as the Werner states do in
entanglement theory.

We can also compare the contextuality witness of our
analysis with that of entanglement theory. We witness con-
textuality with KD nonpositivity N'(p). In entanglement
theory, the von Neumann entropy S(oc) = S(pop), where
pc = Trp(pcp), etc., quantifies the entanglement of a pure
state pcp [46,47]. The von Neumann entropy S(poc) is a
concave function in pcp equal to zero for pure separable
bipartite states. For some states, S(poc) exceeds zero even
if pcp can be written as a convex combination of pure
nonentangled states. Therefore, S(p¢) is a poor measure of
mixed-state entanglement. A similar argument applies to the
KD nonpositivity A'(p) with respect to contextuality. N (p)
is a comvex function in p, equal to zero for pure KD-
positive states. For some (exotic) states p,, N(p,) equals
zero even if p, cannot be written as a convex combination
of pure KD-positive states. As discussed above, this means
that A/(p) can be a poor witness of contextuality in our
settings.

In entanglement theory, one can quantify the smallest pure-
state-level entanglement of a mixed state p¢p via the convex
roof of the von Neumann entropy S(pc¢) [47,50,51]. Similarly,
one can quantify the smallest pure-state-level of KD nonposi-
tivity of a mixed state p via the convex roof of N'(p) [52]. As
we have seen above, such a pure-state analysis can be useful
for verifying contextuality.

Finally, our result assumes quantum theory. Bob needs to
reconstruct the state from his data in order to conclude that it
is exotic. To do this, Bob needs to derive Egs. (6)—(8), which
requires quantum theory. Future research may strengthen our
results to apply to general theories, beyond quantum theory.
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APPENDIX A: THE QUANTUM THEORETICAL
DESCRIPTIONS AND PREDICTIONS
OF THE PROTOCOLS

In this Appendix, we describe the protocols in Fig. 2
of the Article in detail. First, we give an exact description
of our weak measurement. We then calculate the quantum-
theoretical predictions of the outcomes of Protocols 1 through
3. Last, we show that the outcome distributions of Protocols 4
through 6 match those obtained by marginalizing the outcome
distributions of Protocols 2 and 3.

1. The weak measurement

We consider a weak measurement involving a qubit pointer
system [40]. The weak measurement works by entangling the
system with an ancillary pointer system and then measuring
the pointer in the X or the Y basis. The weak measurement
thus returns a bit of information x € {1} or y € {£1}. The
strength of the weak measurement is given by the parameter
€, which we take to be small. The details are given in Fig. 3.

In quantum theory, the weak measurement is represented
by Kraus operators. For the X-type weak measurement given

%)

-

[$e) ——
U=1® P+ 7 P}

p

FIG. 3. Weak-Measurement Circuit. This circuit implements the
X-type weak measurement on a system in an arbitrary state p for
the observable P;. The pointer is initialized in the state |) 1=
cos€|0) + sin€|1), where € controls the strength of the weak mea-
surement. The pointer is entangled with the system via the unitary
U=I®P+ZQ® le. The pointer is then measured in the X basis,
giving the outcome x € {£1}. The circuit for the Y -type weak mea-
surement is identical, except that the final measurement on the ancilla
is replaced by a measurement in the Y basis instead of the X basis.
The Y -type weak measurement returns the outcome y € {£1}.

in Fig. 3, the Kraus operators are
1
Nyj = (X =x|Ulye) = 7

where D; := P; — PjJ-. Similarly, one may also calculate the
Kraus operators for the Y-type weak measurement:

(cosel +xsineD;), (Al)

1
My ;= (Y =y|U|¢) = —=(cosel — iysineD;). (A2)

V2

2. Protocols 1, 2, and 3

We now use quantum theory to calculate the outcome dis-
tributions for Protocols 1 through 3 in Fig. 2 of the Article.
We denote the outcome probability distributions by fk(l)(z),

fj(_i) (x, 2), and fi(i) (3, z) for each protocol, respectively.

We start by calculating the outcome probabilities for Pro-
tocol 1. This protocol involves measuring whether the system
is in the kth eigenspace of observable B, and then returning
+1 if this is the case and —1 if this is not the case. Finding
the outcome +1 thus corresponds to applying the projector
[T, and finding the outcome —1 thus corresponds to applying
the projector l'[kL =] — I1;. Recall that, in the Article, we
introduced the notation

Iy z=+1

’ El

The outcome probability distribution for Protocol 1 is thus
@) = Tr(MEp) = ph. (A4)

We now calculate the outcome probability distribution
fﬁ)(x, z) for Protocol 2. The protocol involves performing
an X-type weak measurement and then measuring whether
or not the system is in the kth eigenspace of observable B,
returning +1 if this is the case and —1 if it is not. The first
measurement corresponds to applying the Kraus operators
[see Eq. (A1)], and the second measurement corresponds to
applying the same projectors as for Protocol 1. We find that
fi7@ ) =PP k)

Js

Ny, N
= Tr(N, jpN. )Tr n;”—x’g
‘ N Tr(Nx,j)Onyj)

= Tr(HZNx,jPN;,j)

1 1
= 5 (= pork + Sxpmpt[2Re(ws) — 1]

+ %pdp?”. (AS)
Here, we have defined the probabilities pp, := sin(2¢) and
pa = sin*(¢). Moreover, p’zf is the outcome probability of
measuring whether or not the system is in the kth eigenspace,
and p?"k = Tr(IT; D, pD'j‘f) is the outcome probability of mea-
suring whether or not the system is in the kth eigenspace of
the observable B after applying the D; channel to the state.
We have also introduced the notation

Wik ifz=1
wj,k = Zm#k WimpPy ifz=0 (A6)
e -
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where w; ; is the weak-value matrix [38—41] given by

L TeLPp) _ Quulp)
T T (Mep) | Tr(Tep)

(AT)

The outcome probabilities for Protocol 3 can then be calcu-
lated analogously to those for Protocol 2, except that we need
to use the Kraus operators M, ; defined in Eq. (A2) instead of
N, X.j-

3) z
£iR0.2) = Te(TIEM, ;pM] )

D.
= 31 = pa)pk + ypmplIm(w? ) + 3 pap. ™.
(A8)

Equations (7) and (8) of the Article then follow upon ap-
proximating the right-hand side in Egs. (A5) and (A8) to first
order in € and using Eq. (A7) to write the result in terms of
KD distributions.

3. Protocols 4, 5, and 6

We now show that, according to quantum theory, the
outcome probability distributions for Protocols 4 through 6
can be obtained by marginalizing the outcome distributions
of Protocols 2 and 3. Thus, if quantum theory is correct,
this means that procedures (preparations, transformations,
and measurements) within these protocols are experimentally
indistinguishable. Consequently, we can establish noncon-
textuality constraints for any noncontextual hidden-variable
model of the protocols.

First, we show that summation of the z variable in fj(i) (x,2)

yields f ].(4)(x). Tracing over the z outcome in Protocol 2 cor-
responds to discarding the system after performing the X-type
weak measurement. We thus effectively implement the fol-
lowing positive operator-valued measure (POVM) elements
by tracing over z:

. 1
Nx'yij,j = (l - Pm)z +me]x (A9)

Here we introduce the notation P/ =P; if x=+1 and
P}" = Pt if x = —1. Thus, we find that measuring the weak
value and discarding the system is equivalent to, with prob-
ability 1 — py,, returning +1 uniformly at random, and with
probability p, measuring whether or not the system is in
the jth eigenspace of the operator A and returning the result.
Therefore, the right-hand side of Eq. (A9) exactly corresponds
to the measurement process in Protocol 4:

Y R =Y.

Z

(A10)

We now proceed similarly to show that the summing over

z in ffk)(y, z) yields f©®(y). As before, summing over the z
variable in Protocol 3 corresponds to the measurement pro-
cess of discarding the system after performing a Y-type weak
measurement. The POVM elements of this process are
MM = 31. (A1)

The right-hand side of this equation corresponds to sam-
pling y uniformly at random. This is exactly what is done in

Protocol 5. We thus find that
Y R0 = Om.

Z

(A12)

Next, we show that summing over x in the outcome prob-
ability distribution f{3(x, z) yields the outcome probability

distribution f ](6,3 (2). Consider Protocol 2 without the projective
measurement [T;. Tracing over x corresponds to implement-
ing the quantum channel

pi> D NejpN. ;= (1= pa)p+paD;pD}.  (A13)

Dj is unitary, so this is a well-defined quantum channel. The
right-hand side of Eq. (A13) is exactly the transformation
process we apply in Protocol 6 before measuring IT;. We thus
find that

Y REa=f0. (Al4)
A similar calculation can be used to show that
Yo=Y filx=fw. (A15)

y X

APPENDIX B: NONCONTEXTUALITY CONSTRAINTS
ESTABLISHED BY PROTOCOLS 1 THROUGH 6

Here, we derive the constraints [Eqgs. (12)—(15) of the
Article] any noncontextual hidden-variable model of Proto-
cols 1 through 6 must satisfy. Equation (13) of the Article
was already derived in the Article. Here we will derive
Egs. (12), (14), and (15).

For clarity, in Table I, we give a list of all the procedures
that are used in our six protocols. Any hidden-variable model
describing those protocols must associate probability distri-
butions to all procedures given in this table. The notation we
use for every probability distribution is also outlined in this
table. With a slight abuse of notation, we write & ,Y;’ X(x|2) for
the probability distribution corresponding to discarding the
system after an X -type weak measurement. Therefore,

;’;’X(xM) = / dx’g;fx(x, AA). (B1)
A

We start by deriving Noncontextuality Constraint (12) in
the Article, which follows from Eq. (9) in the Article:

=" e, (B2)

This equation expresses the fact that the Protocols do not
distinguish between (i) the procedure of measuring P; return-
ing x with probability p,, and sampling x uniformly at random
with probability 1 — py,, and (ii) performing the X -type weak
measurement and discarding the system afterward. Any non-
contextual hidden-variable model must therefore assign the
same probability distribution to these procedures:

&p, () = (1= pm)3 + pmép, (x]2). (B3)

Next, we derive Noncontextuality Constraint (14) in the
Article, which follows from the first equality in Eq. (11) in
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TABLE I. List of all procedures. Each row contains a description of the procedure, a pictogram representing the procedure, the correspond-
ing mathematical object in quantum theory, and the corresponding probability distribution in the hidden-variable model.

Description Pictogram

Quantum model Hidden-variable model

Prepare the state P

Measurement of whether
the system is in the jth
eigenspace of the
observable A

/NP

Measurement of whether
the system is in the kth
eigenspace of the
observable B

Weak measurement of P;
using an X-type pointer

Weak measurement of P;
using a Y-type pointer

Quantum Channel MPi

Density Matrix p (L)

Projectors {P;, P =1 — P;} &p,(zI2)

Projectors {1y, [T}- =1 — I} &n, (z|2)

Kraus Operators {N, j}ie(x1) };‘.’X(X, M)

Kraus Operators {M, i }ye(+1)

£ (v 1)

Quantum Channel MPi(p) = D;pD",
where D; = P; — P}-

T, (V'[)

the Article:

Q@ =" £ 2.

X

(B4)

This equation expresses that the Protocols do not distinguish
between (i) the transformation procedure of performing the
X-type weak measurement and forgetting the result, and (ii)
the transformation procedure corresponding to applying the
quantum channel MPi(p) with probability pg and applying
the identity channel with probability 1 — py. Any noncontex-
tual hidden-variable model must therefore assign the same
probability distribution to these procedures:

Y X0 AN = (1= pa)d0.— 1) + pal'n, (X |1).
xe{£1)
(B5)
Last, we derive Noncontextuality Constraint (15) in the
Article, which follows from the second equality in Eq. (11)
in the Article:

fj(,Gk)(z) = Z ;73;{)()), 2).

y

(B6)

This equation implies that the Protocols do not distinguish
between (i) the transformation procedure of performing the
Y-type weak measurement and forgetting the result, and (ii)
the transformation procedure corresponding to applying the
quantum channel M?Pi(p) with probability pq and applying
the identity channel with probability 1 — py. Any noncontex-
tual hidden-variable model must therefore assign the same
probability distribution to these procedures:

D EVYG MR = (1= pa)8(h = X) + pal'p, (V).
ye{£l1}
(B7)

APPENDIX C: KD NONPOSITIVITY IMPLIES
CONTEXTUALITY

In this Appendix, we prove the first item of Theorem 1 in
the Article; we show that KD nonpositivity implies contex-
tuality for sufficiently small weak-measurement strengths €.
This result is very closely related to the result in Refs. [43-45].
These previous works phrased their claims in terms of weak
values and not in terms of KD distributions. Furthermore,
since the previous results follow from a Taylor expansion, they
do not give an explicit bound on how small € must be. We
require such a bound to prove the main result of the Article.

We begin by connecting KD nonpositivity to the existence
of sufficiently negative or complex elements of the KD distri-
bution.

Lemma C1. Let § > 0. If N'(p) > 8, then there exist in-
dices j, k such that either ReQ; x(p) < —3‘37 or |[ImQ; x(p)| >
0y
¥ Proof. We prove the contrapositive statement: if p is such
that for all j, k, ReQ;(p) = —52 and [ImQ;,(p)| < 33,
then N (p) < 8. Using the fact that the KD distribution is
normalized, we may write the nonpositivity as

N(p)= =1+ 10,40 = Y (10,4(p)] — ReQ;1(p)).
j,k j,k
j j ©n

Applying the triangle inequality on the absolute value in
the sum then yields

N(p) <) (IReQ;x(p)| — ReQ;(p) + ImQ;x(p)])-

jik
(C2)
The result then follows upon using that ReQ; «(p) > — 3‘37
and [ImQ;x(p)| < 3. u

Next, we show that if the KD distribution is complex, then
the protocols must be contextual.
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Lemma C2. Suppose that for some state p, there exist j, k
so that ImQ; x(p) # 0, then for € < min{|ImQ;;(p)|, 7w /4},
Protocols 1 through 6 do not admit a noncontextual hidden-
variable model.

Proof. We first consider the case that ImQ; x(p) > 0. Sup-
pose there is a noncontextual hidden-variable model for the
six protocols in Fig. 2. We will show that for sufficiently
small € such a model cannot be consistent with the predictions

J

of quantum theory. We start by upper bounding the predic-
tion of the hidden-variable model for f3(+1, +1). For A € A,
let

L= {}" € Algn, (+1]1)) < &, (+11)} (C3)

be the set of ontic states with a higher “outcome +1” proba-
bility than A. Using the hidden-variable model, we find that

f3(+1,+1)=fdl/d?»’ﬂp(k)é;:'Y(H,/\’I)»)Snk(+1|)»/) (C4)
A A ’

= [ rapa| [ axgy¥ e aimen, e + [
A LJ I,

< f digy () / dNENY (+1, N [En, (+112) + /
\ A

LJ L,

</dmp<x) /dx/sﬁf%l,x’|x>snk<+1|x)+/
A A

In the second line we broke up the integral; in the third
line we used the definition of I, for the first term and that
&m, (+1]1") < 1 for the second term; and on the fourth line
we increased the set integrated over for the first term and we
summed over y in the second term.

We proceed by substituting Noncontextuality Constraints
(12) and (15) from the Article into Eq. (C7). As A ¢ A\ [,
the 6 function in Eq. (15) of the Article vanishes inside the
integral. We obtain

1
f3(+l,+1)é/dkup(k)[zénkﬁllk)
A
+ pa / dx/FDJ,(MA)} (C8)
AV

1
< fA dm,)(k>[55m<+1|x>+pd] (C9)

1

k
= §p+] +pd7

(C10)
where in the second line we used that integrating over any set
of outcomes of a transformation matrix yields a probability
less than 1.

We now turn to the quantum-theoretical prediction for
f3(+1, 4+1). Equation (A8) dictates that it is

D
FEL +1) = 31— po)ply, + pmply Imwj + 5p2

(C11)
> 11 = po)ph, + pmImQ;4(p). (C12)

Comparing Egs. (C10) and (C12), we find that
LA = p)pty + pmImQ;x(p) < 3P4 +pa. (C13)

dX&p Y (+1, A [W)m, (+1 IA’)} (C5)
AL

drEp Y (+1, A/|A):| (C6)
A\L

di'y &Y 0. K1) | (o)
A\ B

Using that pg = sin” € and that Pm = sin 2¢, and rearrang-
ing, we get that

tane >

4 4
—ImQ;(p) 2 —ImQ;,(p), (C14)
T

Py

where in the last line we used that 2 + p’jrl < 7w and that
ImQ;«(p) > 0. For € € [0, /4], tane < 2. Thus, for € €
[0, 7 /4], and under the assumption of a noncontextual hidden-
variable model, consistent with quantum theory, we find the
inequality

€ 2 ImQj(p). (C15)

This inequality is in contradiction with the hypothesis that
€ < min{ImQ; x(p), 7 /4}. We conclude that a noncontextual
hidden-variable model that is consistent with quantum theory
and describes Protocols 1 through 6 cannot exist for such €.

The proof for the case ImQ; x(0) < 0 follows from consid-
ering f3(—1, +1) and following exactly the same steps. W

A similar result holds for the case where the KD distribu-
tion is negative:

Lemma C3. Suppose that for some state p, and some j, k,
ReQ;«(p) < 0; then for € < min{—ReQ;(p), 7w /4}, Proto-
cols 1 through 6 do not admit a noncontextual hidden-variable
model.

Proof. The proof of this lemma is similar to the one
of Lemma C2. We assume a noncontextual hidden-variable
model exists and find a contradiction. We start by upper
bounding f>(—1, +1) using the hidden-variable model. We
define /, as in the proof of Lemma C 2, and through the exact
same steps find that

Aa-lan< [ dwp(x)[ [ axeX 1 xtign, i
A A

+ dx'’y VX (x, x’m}.
fA\lA Xx: Fi

(C16)

062230-8



VERIFICATION OF CONTEXTUALITY BY ...

PHYSICAL REVIEW A 112, 062230 (2025)

Next, we plug Noncontextuality Constraints (13) and (14)
from the Article into Eq. (C16). Using the same steps as we
did for Lemma C 2, we find that

f(=1,+1) < A + pw)P', + pa.

Next, we consider the prediction by quantum theory, given
by Eq. (AS):

AL+ =101
Dk
+%Pdl’+1k
1
= 50

(C17)

Ipmpl (QRew; — 1)
(C18)

— prly, —

— pmReQ; 1 (p) + 2pmph .
(C19)

We now combine Egs. (C17) and (C19) and use that pg =
sin? € and that p,,, = sin 2¢ to get that

— po)rt,

tane > —

" ReQu(p) > (C20)

4
——0jx(p).
+p/fH T N avY
Again, for € € [0, w /4], tane < %6, so we get that the
existence of a noncontextual hidden-variable model implies
that

—ReQ; «(p),

from which the Lemma follows. |
Combining these lemmas, we find the following:
Theorem Cl. Let § € (0, /4]. If N'(p) > 8, then, for all
€ <3 dz’ Protocols 1 through 6 do not admit a noncontextual
hidden-variable model.

(C21)

APPENDIX D: KD POSITIVITY IMPLIES
NONCONTEXTUALITY

In this Appendix, we prove the second item in Theorem 1
of the Article: for sufficiently small €, KD positivity implies
that there exists a noncontextual hidden-variable model. Let

us formally restate what we are proving here:

Lemma D 1. If p is KD positive and € < \/_g’ then there

exists a noncontextual hidden-variable model for Protocols 1
through 6.

We will prove this by explicitly constructing a noncon-
textual hidden-variable model that correctly reproduces the
outcomes of Protocols 1 through 6 as predicted by quantum
mechanics. (An alternative approach would be to apply the
General Probabilistic Theory (GPT) formalism [24-26] to KD
distributions [32] and then prove the existence of a noncontex-
tual hidden-variable model.) We will use the notation set out
in Table I. Any such hidden-variable model must be consistent
with the predictions of quantum theory [Egs. (6)—(8) of the
Article]. We thus get the following “Correctness Constraints*:

D e En I = £ @), (D1)
reA
Dy WEYX (M IMER () =[x, 2),  (D2)
rAEA
D wpWEYY (3, M 1WEN V) = £, 2), (D3)
A A eA

where we have chosen the ontic space A to be finite, turning
the integrals into sums.

To ensure the model is noncontextual, we must ensure the
hidden-variable model satisfies the “Noncontextuality Con-
straints” described in the Article [Egs. (12)—(15)]. They are

1
DX M) = (1= pu)3 + pubp(clh). (D4

MeA
D7 X AV = (1 = pa)du + palp,0/12),  (DS)
xe{xl}
, 1
2ENe N =1, (D6)
MNeA

Z & (1 V1) = (1 = pa)du + pal'p,(W|1). (D7)

ye{£l}

To construct a noncontextual hidden-variable model, we
must choose u,, &m,, ?;R,. ,§I§7x,$,§7Y, and I'p, such that
Egs. (D1)—(D7) are satisfied for all j, k. Furthermore, we must
ensure that the 1, &1, &p, ,S},’;’X,E,%“Y, and I'p, we choose are
probability distributions in the sense that they are normalized
to 1 and take values in [0,1]. We will prove that a noncon-
textual hidden-variable model exists by explicitly providing
Wps n,» Epys ,‘,’;’X » ¥, and I'p, such that these constraints are
satisfied.

Let us start by choosing our ontic space. We will set
A = Zy4. Our intuition will be that the hidden-variable model
simply stores what the outcome of the B; measurement will
be. We thus force &1y, to be outcome deterministic:

ifz=+41

ifz=-1 (D8)

En, (GI0) = {5“ 5

which is clearly a normalized probability distribution. Next,
we set (,, to be the probability distribution from measuring B.
Thus, using the notation introduced in Appendix A, we set

me(A) = ply). (D9)

We can now check Eq. (D1) for z = +1 by plugging in
Egs. (D8) and (D9):

D M FUN) = Y P (D10)
AEA ALy
=p, (D11)
= V), (D12)
which is correct. Furthermore, we may also check Eq. (D1)
forz = —1:
Dy MEn (=1 = Y phy(1=8)  (D13)
AEA AeZy
=1-p, (D14)
= £(=D), (D16)

which is also as required. Next, to check Eq. (D2), we must
provide £3'%. We use the following ansatz:
Ep (A 13) = & [3(1 = pa) + 3xpm(2Rew; 1 — 1)]

+ Lpag;(VI0), (D17)
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where ¢; is a stochastic matrix that we choose such that it is Such a ¢; exists, as we may, for example, set ¢;(A'|A) =
normalized [i.e., ), , ¢;(A’|A) = 1] and that it satisfies

D
D o ph, =p (D18)
A
|

D.., . . .
py; - We must now ensure that this ansatz yields a probability
distribution. We first check normalization:

1 1 1
Z ;g-[\)’/VX(x’ WA = Z <5M,|:§(1 — pa) + Expm(ZRewj,N - 1)j| + Epd¢j()»/|)~))

NeZg,xexl MNeZy,xexl
= Y 81 = pa) + pagp; (W' 1M)]
)\./EZ‘[
=1—pitpa=1. (D19)

Next, we show that if € < */?5, then S,‘,’;’X(x, M|A) € [0, 1].

Lemma D2. If € < é, then é}?’x(x, A'|A) as given in Eq. (D17) lies in [0,1].
Proof. E;’;’X(x, M|A) is clearly real, so it suffices to show that E,\,’;’X(x, A|A) > 0 since normalization then implies that

é;;’x(x, A'|A) < 1. To show this, note that

@ WA = 8 [5(1 = pa) + 3xpm(2Rew; = D] + 3pagp;(X[3)
> 8u[3(1 = pa) + 3xpm(2Rew; 5 — 1)]
> 8M/[% cos?

€ — %sin 2¢]

= Surh(e), (D20)
where we defined h(e) := % cos’e — % sin 2¢. By the Mean Value Theorem, there exists a ¢ € [0, €] such that
K (c)e + h(0) = h(e). (D21)
There exists some phase ¥ such that

1 5 5
W(c) = 3 sin2¢ — cos2¢ = %— sin(2c + ) > —%_. (D22)

Substituting Eq. (D21) into Eq. (D20) and using Eq. (D22) and that 2(0) = % yields

—V5 1
P MR = 8l () + h(0)] = (m[ ;/_e + 5} >0, (D23)

where in the last line we used that € < é This completes the proof. |

We have thus found that the ansatz (D17) is a normalized probability distribution. We proceed to check that it indeed satisfies
Eq. (D2) for z = +1:

Dy EY G N IER (V) = D Pl &K VIS

N M EZy

=) Py kIR

)»EZd

1 1 1
= Z Pﬁl{fhk[z(l — pa) + Expm(ZRewj,k - 1)} + 5Pd¢j(k|)~)}

ALy

1 k 1 k 1 A
= 3= pa)py + Sxpmpl QRewji — )+ 2 pa ) ¢ (kP
)\EZd

1 1 . 1 b,
= 5(1 —pdpy + Expmp+1(2Rewj,k -1+ FPapP
=7 +1), (D24)
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which is correct. Similarly, we may check Eq. (D2) for z = —1:

Dy E @ N IMER (N = D piER e MM — Si)

MM e MNELy

= Y PEX N

KEZJ,A/EZd\{k}

1 o1 N 1 o,
> 50— pops + Sxpmps QRewjy — 1)+ 2 paps
N eZa\{k}

1 1 Y ez P§ Rewjy 1 p,
= = (1 = pop*, + sxpupt, [ 252200 1)+ o pap™t
2 2 2 2

1 X 1 X 1 Dt
= 5(1 — pa)p_; + Expmp_l(zg—l(Rewjk) -+ SPap;
= f3x, 1), (D25)

which is also correct. We thus conclude that our ansatz satisfies Eq. (D2).
We move on to checking the Noncontextuality Constraints involving E,‘,’;’X. We start with Eq. (D4) for x = +1:

1 1 1
Z ng(-i-l, Ar) = Z <8/\A’|:5(1 —pa) + Epm(zRewj,A’ - 1)i| + Epdd)j(k’lk))

MNeA NeZLy

1 1 1
= 5(1 — pa) + Epm(zRewj,x -1+ S Pa

1
=(1- pm)i + pmRew; 5. (D26)

Comparing this with the right-hand side of Eq. (D4) for x = +1, we see that we must set &p,(+1|1) = Rew ;. This yields
probabilities in [0,1] since the fact that p is KD positive implies that the weak values lie in [0,1] by Eq. (A7). Furthermore, we
fix the &p,(+1|A) via normalization: &p,(—1[A) = 1 — Rew ;. We can now also check Eq. (D4) for x = —1:

1 1 1
DoEX L= )] (SM/[EU = Pa) = 5Pm(2Rew;; — 1)} + Epd¢,~<x’|x>>

MNeA Nelqy

1 1 1
= 5(1 — pd) — EPm(zRewj,x -1+ Pa

1
=(1- pm)z — pm(1 —Rew; 1)

1
=1- Pm)z — Pmép,(—1|2), D27)

as required. We thus conclude that Noncontextuality Constraint (D4) is satisfied. We move on to show that Noncontextuality
Constraint (D5) is satisfied. We calculate its left-hand side for this ansatz:

1 1 1
Yo = Z} (m[z(l = Pa) + 5xpm(2Rew; 5 — 1)} + Epdqu(x’m)

xe{*1} xe{£1
= (1 = pa)dur + padp;(X|1). (D28)

Comparing this result to the right-hand side of Eq. (D5), we find that we must set I'p (A'|A) = ¢;(1’|1). By construction,
¢;(X'|1) is a normalized stochastic matrix with all entries in [0,1]. Hence, this assigns [p, (A'|A) to a normalized probability

distribution between 0 and 1. Hence, Eq. (D5) is satisfied as well.
We have thus demonstrated that we have adequate solutions to the equations involving & }Y/V X, We solve the equations involving

}‘,’;’ Y similarly by providing an ansatz,
O A A = 8 [5(1 = pa) + ypmImw; ] + 5 pach; (M [1), (D29)
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where ¢; is chosen as before. Showing that this ansatz is normalized and only takes values in [0,1] is done in exactly the same
way as for é),’;’x, and we omit it here. First, we check Eq. (D3) for z = +1:

Dy ENY 0 N IWER (F1) = Y PhER T s M I8k

AAEAN MNELy

= > PLE Y (n kI

)\.EZd

1 1
=y (pilaxk[z(l —pd)+ypm1mwj,k} + Epm,»(km)

)»GZd

1 X X 1
= 5= pa)py + ypwply Imw;x + = pa ;Zj Pt kln)
€Liq

1 /4 4 1 D i
= 5(1 — pa)Py1 + YPmpyImw; ;. + SPap

= fi 00 +D). (D30)
Hence, Eq. (D3) is satisfied for z = +1. We also check Eq. (D6) for z = —1:
Dy EYY 0 M IER (=) = Y phEYY s MR = Su)

MM e MM ELy

= D PuETe NN

)\EZJ,)»/EZd\{k}

1 v v 1 b,
= Z 5(1—pd)p+1+ypmp+11mwj,w+§pdp+1

N eZg\{k}

1 Yvezaw Pdmwis 1
=50- PPy + ypmpt FEEA I pap”E

)2 2

1 i ‘ 1 D
= 5(1 — PPy + ypmp_18—1(Imw; ;) + SPar-;
=30, =1). (D31)

Hence, Eq. (D6) is also satisfied for z = —1. Last, we will need to check the two Nontextuality Constraints associated with

» Y. We start with Eq. (D6):

1 1
Yoo =), (5/\)\'[5(1 - pd>+ypm1mw_,~,x] + Epd¢_f(x’|x>)

MNeEA Nelq

=> m%(l — pa) + %pdqu(xwx)
NEeZy

1

53

where to go from the first to the second line we used that by Eq. (A7) the fact that p is KD positive implies that Imw; ,» = 0.

Hence, Eq. (D6) is satisfied. Last, we need to check Eq. (D7):

1 1
oY) = Z} (m[z(l —pd)+ypm1mw,-,x} +§pd¢j<x’|x>)

1 1
= (11— Zpy = D32
2( pa) + S Pd (D32)

ye{£1} ye{£l
= (1 — pa)six + padp;j(X'|1)
= (1 = pa)8x + palp, (M |1), (D33)

where we use that we chose ¢; earlier to be ['p,. Hence, we have explicitly demonstrated that if the state is KD positive and € is
sufficiently small, that then there exists a noncontextual hidden-variable model for Protocols 1 through 6.
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APPENDIX E: EXPLICIT EXAMPLE
FOR A SPIN-1 SYSTEM

In this Appendix, we construct an explicit experiment on
a spin-1 system of Hilbert space dimension 3, the lowest
dimension in which exotic states exist [37]. The contextuality
of this experiment may be verified by noncontextual data. Fol-
lowing the example given in Ref. [37], we consider a spin-1
system. We choose the observable A to be the z component
of the spin of the particle, and we choose observable B to
be the component of the spin of the particle along the axis
a=—(2,2,1)7/3. We will denote the spin j € {—1,0, 1}
eigenstate of the z component of spin by the vector |j).

We first consider the experiment from Alice’s perspective.
Reference [37] showed that the state given in the eigenbasis
of A by the density matrix

1 (3 11

- |1 1 (E1)
5\t 1 5

P

is an exotic state for observables A and B. Alice may prepare
this state by, for example, using the sequence of N =15
quantum states containing |—1) four times, |0) four times,
|1) four times, and |+) three times, where only |+) := (|0) +
1) + |2))/+/3 is KD nonpositive. One may easily verify that
the mixing of this sequence indeed prepares p,:

P = 2|+ + =1 (=1 + £]0)(0] + £[1)(1]. (E2)

Concretely, Alice prepares this sequence of 15 quantum
states and chooses a secret permutation of this sequence. She
then sends the states to Bob one by one, in the order of this
permutation. She repeats this process many times, rechoosing
the permutation each time.

We now consider the experiment from Bob’s perspec-
tive. We start by describing how Bob can implement all the
procedures listed in Table I. First, Bob needs to implement
measurements of the observables P; and I;. Since the ob-
servable A is the component of the spin of the particle along
the z axis, the measurement of P; corresponds to checking if
the particle has spin j along the z axis. Similarly, since the
observable B is the component of spin along the 7 axis, the
measurement of IT; corresponds to checking if the particle
has spin k along the # axis.

Bob also has to implement the quantum channel
MPi(p) = Dj,oDjf, where D; := 2P; — . A straightforward
calculation shows that D; is equivalent to a unitary that acts
as identity on every basis state of the eigenbasis of A, except
for the state |j) on which it induces a phase of —1. Bob can
therefore implement MP; by applying this unitary.

Last, Bob has to implement the weak measurements W,ij)
and W}ﬁj_y). Bob can do this by implementing the quantum
circuit given in Fig. 3. Note that Bob needs to pick some
€ as the strength parameter of the weak measurement. He
announces his choice on the public channel.

Using these explicit procedures, Bob can implement all
six protocols. For every state Bob receives from Alice, he
picks a random protocol and uses it on the state. After each
measurement, he announces what protocol he used and his
result on the public channel.

After many repetitions, Bob will be able to reconstruct the

probability distributions f;"(2), f1)(x, 2), ffk)(y,z), ),

O ), and f;?()(z). Using Egs. (7) and (8) of the Article, Bob
can reconstruct the real and imaginary parts of the KD dis-
tribution. Using this KD distribution, Bob can then calculate
the KD nonpositivity A (p,). Since p, was chosen by Alice
to be KD positive, Bob will find A (p,) = 0 to within some
experimental error. This will allow Bob to conclude that there
exists a noncontextual model that is consistent with his data.

Using the KD distribution he reconstructed, Bob may also
reconstruct the quantum state p,, allowing him to conclude
that the state he was given was indeed exotic. Using the
mathematical framework in Appendix F, Bob can use p, to
calculate a § such that every pure-state decomposition of p,
has at least one state ¥_ such that A'(y¥»_) > §. Using the
same logic as in the Article, if Bob finds that § > 3d%e, then
he has verified that Alice has witnessed contextuality.

APPENDIX F: BOUNDING THE NEGATIVITY
OF DECOMPOSITIONS OF EXOTIC STATES

The main result of the Article depends on the claim that
every decomposition of an exotic state into pure states has
at least one pure state with negativity bounded away from
zero. We prove this claim in this Appendix. More precisely,
we prove the following statement:

Lemma F 1 (Every decomposition of an exotic state has a
state with bounded negativity). Let p, € ', be an exotic
state. There exists a § > 0 such that for every decomposition
of p, into pure states, p, = Zi piv;, there exists at least one
pure state ¥_ € (¥;); such that A'(yr_) > 6.

To prove this, we aim to construct a set containing all
the pure states with negativity bounded away from zero. We
do this as follows. We have that conv(Egp’ ) and {p,} are
both closed and compact sets. The hyperplane separation
theorem implies that there exists a Hermitian operator H
and real constants d > ¢ such that (i) Tr(H p,) = d and (ii)
Vp € conv(Egy ). Tr(H p) < c. We now introduce the set

A:={p € D(C?) | pis pure and Tr(H p) > d},

where D(C?) denotes the set of density operators on C¢, and
we prove that this set has the following desirable properties.

Lemma F 2 (Properties of A). The set A has the following
properties:

(i) For every decomposition of an exotic state p, into pure
states, p, = ), pi;, there exists at least one pure state ;
such that ¢; € A.

(i1) There exists a real constant 6 > 0 such that for all p €
A, N(p) = 8.

Proof. Property (i) by contradiction. Suppose that for all i,
Y¥; ¢ A. We then calculate

Te(Hp,) =) piTr(HY) < Y pd=d,  (FD)

where we used the defining property of A in the inequality.
However, from the definition of H, we know that Tr(H p,) =
d. We thus find a contradiction, establishing the result.
Property (ii): A is closed and compact, and N is con-
tinuous. The Extreme Value Theorem then implies that A/
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is bounded on A, and that A attains this bound at some
Pmin € A.

Now suppose that N (omin) = 0. This implies that pp;, is
KD positive. All states in A are pure, so we have that py;, €
Eﬁgi. From the definition of H, this yields

Tr(H pmin) < ¢ < d. (F2)

However, since pmin € A, we have that Tr(H popmin) > d as
well. We thus find a contradiction, forcing us to conclude that
N (Pmin) # 0. We may thus set § = N (omin) > 0 to obtain the
desired result. [ |

The proof of Lemma F 1 then straightforwardly follows
from Lemma F 2.
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