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In this work, we show that a counterfactual account of Liiders’ rule—which we argue is naturally implied
by the mathematical structure of the rule itself—rules out underlying-state models of quantum mechanics (a
type of hidden-variable model, typically used in the contextuality and nonlocality literature, where quantum
states are treated as probability measures over “better-defined states”). This incompatibility arises because the
counterfactual update requires ontological models to update their states according to conditional probability,
which in turn establishes an equivalence between compatibility and the existence of such models.
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Introduction. One of the most debated fundamental prob-
lems in modern physics is whether the quantum formalism’s
description of nature is complete, or if it could be sup-
plemented with additional, or “hidden”, variables [1-7].
While hidden-variable models have been constructed which
(partially or fully) reproduce the predictions of quantum
mechanics [5,7-9], various impossibility theorems, notably
Bell’s [10,11] and Kochen and Specker’s [4], have shown that
such attempts inevitably violate certain consistency conditions
which we would arguably want from a successful description
of reality [4,10,12—14]. These theorems differ in the con-
ditions they impose, but a common feature is their indirect
dependence on incompatible observables [4,11,15,16].

In this paper, we explore the quantum state update rule
(Liiders’ rule [17]) to establish an equivalence between the
pairwise compatibility of all observables in a scenario and the
existence of a specific type of deterministic hidden-variable
model for that scenario. The models we consider (called
deterministic “underlying-state models” hereafter) are those
in which underlying states determine the values of quantum
observables, while quantum states act as statistical mixtures of
(i.e., probability measures over) these “better defined states”
[3]. These are the models typically considered in the contextu-
ality and nonlocality literature [3,4,18-20]. In Refs. [21,22],
we argue that the result remains valid when the assumption
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of determinism is dropped, meaning it applies to all on-
tological models [19], as well as all other hidden-variable
models satisfying factorizability (i.e., the union of statistical
independence and no superluminal interaction [23]), such as
are typically used to test Bell nonlocality [11,20]. Since we
consider Liiders’ rule, our analysis does not apply—at least
not straightforwardly—to hidden-variable reformulations of
quantum mechanics that (directly [24]) exclude the collapse
postulate, such as de Broglie-Bohm pilot wave theory [25].

Fine [26,27] and Malley [14,28] have previously argued
that incompatibility is sufficient to rule out underlying states.
Our work differs from theirs in the consistency conditions we
pose: conditional probability (our main assumption) is a theo-
rem in Malley’s work [14], while their consistency conditions
follow from ours.

This paper is structured as follows: To begin with, we de-
fend a counterfactual account of Liiders’ rule: instead of being
updated by propositions in the simple past (“a measurement
of A was made, and the value o was obtained”), we argue
that quantum states are theoretically updated to ensure the
validity of propositions in the first conditional (“if a measure-
ment is made of A, the result will be found to be «”) [29].
This approach aligns with multiple perspectives on quantum
mechanics [30-34]. By this account, we argue Liiders’ rule
should translate into underlying-state models as conditional
probability, because considerations about interactions with
measuring apparatuses are automatically removed in the coun-
terfactual description. Using Bayes’ rule and Kolmogorov’s
extension theorem [35], we then show that a set of quantum
observables admits a state-updating underlying-state model
(where states update via conditional probability) if and only if
that set consists of pairwise compatible observables. A single
pair of incompatible observables is sufficient to rule out a sce-
nario being representable by a state-updating hidden-variable
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model. Building on this result, we analyze ontological and
metaphysical views typically associated with the absence of
hidden variables in quantum mechanics.

Quantum state update. We first argue that Liiders’ rule
updates states based on counterfactual propositions about sub-
sequent measurements, rather than factual statements about a
past observation. Note that this is an account of the theoretical
quantum update mechanism taken as an axiom in standard
quantum mechanics. It should not be misunderstood as a
particular interpretation of any physical process that occurs
when quantum systems are measured in actual experiments.

Let A be an observable in a finite-dimensional quantum
system G and let o be one of its eigenvalues. Consider the
counterfactual proposition “if a measurement is made of A, the
result will be found to be «” [29], denoted [A = «] hereafter.
Let [TA =) = X{a}(A) be the corresponding projection [in
which xq) is the indicator function of {a} and x4 (A) is given
by the functional calculus [36]], and let [1(A = a)(H) be the
subspace of A onto which IT(A = «) projects, i.e.,

A =a)(H) = {TTA =)y : ¥ € H), (1)

in which H denotes the finite-dimensional Hilbert space asso-
ciated with &.

Pure states that lie within the subspace [1(A = o)(H) en-
sure the proposition is true, in that they assign probability
1 to [A = «]. This probability is strictly smaller than 1 for
any other pure state. More broadly, a state p (i.e., a density
operator) assigns probability 1 to [A = «] if and only if it is a
convex combination of pure states lying in the corresponding
subspace.

The orthocomplement of 1A = a)(H), namely, the set

A =a)H)" ={¢ €M : Yy rudmmn(@1¥) =0}, ()

is the subspace corresponding the proposition [A # «], which
asserts that “if a measurement is made of A, the result will be
found to be different from «”. This is because a pure state
satisfies Py[A # o] = 1 if and only if ¥ € 1A = &)(S)*, in
which, for any state p,

P[A = o] = tr(pII(A = @)), (3)

and P3[A #a] =1 — P[A = «].

These two subspaces have trivial intersection (i.e., their
intersection is the zero vector), and their direct sum is the
entire Hilbert space [36]. This means that, for any vector
¥ € H, there exists a unique pair ¥, € IT(A = a)(H), Y-q €
ITI(A = a)(H)", such that

V=V + V-a- “4)

Furthermore, v, is the unique element of [1(A = «)(H) that
minimizes the distance from v, in that

I — Yoll = min{ll¢ — ¥ : ¢ € HA =a)(H)},  (5)

and analogously for v/—,. The vector v, is said to be the
orthogonal projection of ¢ on II(A = «)(#). It follows by
construction that

Vo = A = 0)y. (6)

Projecting a pure state v onto IT(A = &)(#) is the optimal
way of reconstructing ¥ to ensure the validity of the propo-

sition [A = «], i.e., to ensure—at the theoretical level—that,
if a measurement is made of A, the result will be found to
be «. This is because, among all pure states (which we can
consider as unidimensional subspaces) that assign probability
1to [A = «], the subspace spanned by IT(A = )y is the clos-
est to i, as the very notion of orthogonal projection implies.
Hence, [1(A = o)y is the state in [T(A = a)() that best
approximates v in a mathematically precise sense. As shown
in the Supplemental Material [37], this reasoning naturally
extends to the update of density operators.
We denote by Tj;_,; : So — Sop the mapping given by

i) = A=V @)
el IT1A = )y
for each { € Sy, where Sy consists of all pure states of the

system.
Order-dependent predictions and incompatibility. We de-
note the distribution of an observable B in the state 7j1_,(¥)

by Py [B = |A = «]. That is, for each 8 € o (B) we have
PylB = BIA = al = Pr,_ y)[B =Bl (8)

Let A and B be (not necessarily compatible) observables,
and let ¢ be a pure state. For each « € 0(A) and B € o (B),
let us define

Py[A=a,B=p1=Py[A=alP)[B=plA=a] 9
= (YA = )1(B = HIA = a)|y)
(10)

[note that {MNA = a)[1IB = IA =) : (a, B) € o(A) X
o(B)} is a positive-operator-value measure]. Py [A=a,B=
A1 can be thought of as the (theoretically constructed) prob-
ability of obtaining values o and B by measuring A and B
in sequence. Compatibility is equivalent to order-independent
predictions of sequential measurements:

Lemma 1 (Compatibility). Let & be a finite-dimensional
quantum system. Two observables A and B of & are compat-
ible if and only if, for any pure state ¥ and values « € o (4),
B €o(B),

Py[A=a,B=B1=Py[B=pB,A=al (11)

The proof can be found in the Supplemental Material [37].
Note that, due to Eq. (9), Eq. (11) is formally equivalent to
Bayes’ rule.

State-updating deterministic underlying-state models. De-
terministic underlying-state models, as often used in the
contextuality and nonlocality literature [18,19,38], are defined
as follows:

Associated with a finite-dimensional system & is a measur-
able space A = (A, A) [35]; the elements of the underlying
set A are called “hidden variables,” “hidden states,” or “un-
derlying states.” Each underlying state determines the value
of all physical quantities of the system, thus observables must
be represented by real-valued (measurable) functions on A.
The function f; representing an observable A assigns, to each
underlying state A, the value f;(A) that A assumes when
the system is in the underlying state A [4]. To use Bell’s
terminology, underlying states are the “better defined states”
over which states of & are averages [3]. Each state ¢ of
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G therefore defines a probability measure (1, on A. Given
any measurable set 2 C A, 1y (£2) is the probability that the
system is in an underlying state lying in €2 [4].

Underlying states assign truth-values to propositions. The
proposition [A = «] (“If a measurement is made of A, the re-
sult will be found to be «”’) is rendered true by A if & = f;(X)
(i.e., if  is the value possessed by A in the underlying state
)), and false otherwise [16,29,39]. This is because, whenever
a physical quantity A possesses a definite value, a measure-
ment of A must reveal, up to operational constraints such as
limited accuracy of instruments, this value to the observer: if
a quantity holds a value «, the apparatus’s reported value must
be as close to « as the accuracy of the instrument permits. This
has two important consequences:

First, the (theoretically constructed) probability Py, [A = «a]
that a measurement of a quantity A returns the value « is
the probability that, at that moment, the system lies in an
underlying state that assigns this value to A. This means

PylA = o] = uy (QA = )), (12)

where Q(A = «) consists of all underlying states in which

~

[A = a] holds, i.e.,

QA=) = f'{a])
={reA:fi(L)=al (13)

Second, Bayesian inference (i.e., conditional probability)
is the optimal way of reconstructing a state to ensure that a
proposition [A = «] holds. If the system is described by a state
My, the proposition [A = a]—which, under the assumption
that underlying states exist, is equivalent to “the physical
quantity A has a value, and that value is o”—conditions Hy
on the set of underlying states for which this claim is true,
namely, the set Q(A = «). Hence, the updated probability
measure 7j4_,(iy ) that reconstructs ¥ to ensure that A =«]
holds is given by

fy (- N QA = o))
1y (A = a))
= uy QA = a)). (14)

Td=a) (Hy ) () =

For this to be consistent with the state update mechanism
of &, the probability measure representing 7};_,,(}) must be

the measure wy, conditioned on f A_l({a}), ie.,

Ty ) = Tpimay (K )- (15)

To summarize, let S be a finite-dimensional quantum sys-
tem, and let Og be a nonempty subset of O. A state-updating
deterministic underlying-state model for Og consists of a
measurable space A = (A, A), a mapping WV assigning pure
states of G to probability measures on A, and a mapping P
assigning observables in Og to measurable functions on A,
such that, for each observable A Oy, value o € G(A), and
pure state ¥, Egs. (12) and (15) are satisfied. This means that
the distribution of A with respect to (w.r.t.) ¥ is that of the
random variable f; = ®(A) in the probability space defined
by wy = W(¥) [Eq. (12)], and that Liiders’ rule translates to
A as a conditional probability, as encapsulated by the follow-

ing commutative diagram:

g
7/1 ? oo

ITM:o] }'[A:a] (16)
T

4
lima) (V) — pr )

(as before, 7/4_,, denotes the mapping that conditions each
probability measure u : A — [0, 1]) on Q(A = ). When Oy
contains all observables of G, we say that I = (A, ©, V) is
a model for the system G.

We define an underlying-state model for a set of observ-
ables Og, and not only for the entire system &, for practical
reasons. The subscript S stands for “scenario” and is mo-
tivated by the concept of a “measurement scenario,” which
appears in operational approaches to quantum foundations
[19,20,40].

Incompatibility obstructs state-updating underlying-state
models. We now show that incompatibility obstructs the
existence of state-updating underlying-state models. If a deter-
ministic state-updating underlying-state model exists for a set
of observables Og, then for any pair of observables A, B € Os,
any pure state ¢ and any values @ € 6(A), B € o(B),

Py[A=a,B=p]1= Py[A = a]P,[B=B|A = a]

_ Pyl =0) N 2B =p))
Py[A=a]

=y (QUA=a)NQB = p))
= Py[B = BIPy[A = a|B = B]
=Py[B=B,A=al (17)

When this is true, according to Lemma 1, A and B are compat-
ible. This proves that a state-updating underlying-state model
exists for Og only if Oy is a set of pairwise compatible
observables. On the other hand, the most general version of
the Kolmogorov extension theorem (see Theorem 2.4.3 of
Ref. [35]) ensures that state-updating underlying-state models
can be constructed for any set of pairwise compatible observ-
ables (see the Supplemental Material [37] for details). This
leads to the following result:

Proposition 1 (Compatibility and underlying states). Let
G be a finite-dimensional quantum system, and let Og be a
nonempty set of observables in G. The following claims are
equivalent:

(a) Os admits a state-updating deterministic underlying-
state model.

(b) The observables in Oy are pairwise compatible.

As shown in Ref. [21], a variant of Proposition 1 also
applies to stochastic underlying-state models, whose un-
derlying states assign probabilities—rather than values—to
observables. It means that, arguably, incompatibility obstructs
stochastic underlying-state models as well (or at least those
for which state update corresponds to conditional probability
a la Bayes’ rule). We explore the consequences of this result
in Ref. [22]. Finally, recall that, regarding contextuality and
nonlocality, there is no loss of generality in working with
deterministic models [18,20,26].
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Discussion. Under the counterfactual account of Liiders’
rule, Proposition 1 provides a straightforward method for rul-
ing out (deterministic) underlying-state models of quantum
mechanics. The proof, similar to those in Refs. [14,28], is
independent of specific states and observables, as well as
space-time considerations; it establishes a direct connection
between compatibility and underlying states, demonstrating
that incompatibility is sufficient to obstruct such models.

State-updating underlying-state models are inherently
Kochen-Specker noncontextual [18,41] and Bell-local
[10,20]. This means that, if A = (A, ...,A,) is pairwise
compatible, then, for any & = (a1, ..., 0,) € ]_[7’:1 U(Ai)
and any state i,

PylA =al = puy (N QA = ), (18)

in which

PiA=al =[] PylAi = wlhi =, ..., iy = ;1]

i=1

=<¢ A

[clearly, Py,[Ai =. |A1 =0oy,...,A;_1 = a;_1] denotes the
distribution of A; in the state (T4, =ar1©** © T4, =y W)
Equation (18) follow from straightforward calculations, as
shown, e.g., in Ref. [22] (in which it is also proved that
state-updating models satisfy Fine’s consistency condition
[27]). In particular, according to the counterfactual account of
Liiders’ rule, contextual deterministic underlying-state mod-
els are inconsistent with the canonical postulates of quantum
mechanics (which include the collapse postulate).

The view that Liiders’ rule assigns states to postmea-
surement states is particularly popular in the contemporary
quantum foundations community, largely due to the influ-
ence of quantum information theory [42] and the prevalence
of operational approaches in the field. This view perme-
ates longstanding debates about the assumptions of “ideal

]‘[ﬁ(Ai =Ol,-)l/f> (19)
i=1

measurements,”’ attempts to reconstruct quantum mechanics,
and discussions related to hidden variables [19,38,42—-44].
As shown in Ref. [21], the alternative proposed here—which
agrees with multiple perspectives on quantum mechanics
[30-33,45]—can shed light on important topics in quan-
tum foundations, extending beyond the problem of hidden
variables.

An important consequence of the correspondence between
incompatibility, order-dependent predictions, and constraints
on hidden-variable models we establish is that it makes it
easier to identify classical parallels to our inability to form
underlying-state models. We will show this in detail in a
forthcoming presentation. Our work therefore contributes to
the debate about whether—and, if so, why—phenomena as-
sociated with such models, such as contextuality, can be
considered a signature of nonclassicality [38,46—49].

To conclude, we would like to emphasize that Propo-
sition 1 corroborates the traditional interpretation of the
Kochen-Specker theorem [4,16,29,39,50-52]: quantum me-
chanics seems inconsistent with mechanistic realism, or naive
realism (as Isham and Butterfield [39] and Déring [29] put it),
where all physical quantities of a system are simultaneously
possessed by that system.
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