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Estimation of multivariate traces of states given partial classical information
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Bargmann invariants of order n, defined as multivariate traces of quantum states Tr[p;p; ... p,], are useful
in applications ranging from quantum metrology to certification of nonclassicality. A standard quantum circuit
used to estimate Bargmann invariants is the cycle test. In this work, we propose generalizations of the cycle
test applicable to a situation where n systems are given and unknown, and classical information on m systems
(m < n) is available, allowing estimation of invariants of order n + m. Our main result is a generalization of

results on fourth-order invariants appearing in “double” weak values from Chiribella ez al. [Phys. Rev. Res. 6,
043043 (2024)]. The use of classical information on some of the states enables circuits on fewer qubits and with
fewer gates, decreasing the experimental requirements for their estimation and enabling multiple applications

we briefly review.

DOI: 10.1103/mrpz-xq28

I. INTRODUCTION

Bargmann invariants [1-6] are multivariate traces of quan-
tum states. These are defined as

An(Q)ZTT(PIPZ"'Pn), (1)
where n is defined to be the order of the invariant and g =
(p1,---,pn) € D(H)" is a tuple of quantum states, where

D(H) denotes the set of density matrices associated to the
Hilbert space H. The values A,(@) are invariant under the
transformation

(01, P25 - s o) > Up U UpUT, ... Up,UT) ()

for any unitary U : H — H. This follows from the fact that
the trace is cyclic and UU" = U'U = 1, which implies

TrUpUUpUT - Up,UT) =Tr(Up; - paU")
=Tr(UUp; - py)
=Tr(p1 -+ pn)-

The investigation of generic multivariate traces of matrices
for understanding quantum mechanical properties of physical
systems goes back to the very beginning of quantum theory,
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e.g., in n-point correlation functions for quantum statistical
mechanics [7]. These multivariate traces of quantum states
have multiple applications, motivating the development of
efficient ways for measuring them. In photonics, their phases'
are known as collective photonic phases [8,9] and have been
measured for invariants of up to fourth order [10-13]. They
are essential for the complete characterization of multiphoton
indistinguishability [14,15], as required by linear-optical pho-
tonic quantum computation [8,16].

Already the simplest Bargmann invariants have their utility.
Second-order invariants Tr[p;p0,], also known as two-state
overlaps, have been shown to provide sufficient information
for witnessing various nonclassical resources of quantum
states such as quantum coherence [17-20], nonstabilizerness
[21,22], preparation contextuality [20,23], Kochen-Specker
contextuality [19], indistinguishability [18,24,25], and Hilbert
space dimension [18,23]. Two-state overlaps can be semi-
device-independently self-tested [26] and be used for cer-
tifying properties of distributed quantum computers [27],
symmetry of quantum channels [28], and for performing ef-
ficient fidelity-based certification of almost all quantum states
[29].

There are various applications requiring Bargmann in-
variants of order n > 2. Third-order invariants describe
weak values [30-32] and standard Kirkwood-Dirac (KD)
quasiprobability representations [33-38]. Some experimen-
tally relevant situations actually require the estimation of
invariants of order n > 3. For example, consider four pure
states {|¢1) (#i]}i, such that (¢1]¢3) = ($2]¢4) = 0. Insucha

'If we write A, (@) = Ae®, with A € Ry, the value ¢, is called
the phase of the invariant.
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case, all third-order invariants Az(¢;, ¢;, @) are equal to zero
yet the fourth-order invariant may be non-null. This implies
that this invariant is not a function of the other third-order
invariants. Moreover, as pointed out in Ref. [16], in gen-
eral when states are not pure one must estimate multivariate
traces of states of large orders in order to completely char-
acterize the relational information classes (i.e., completely
solve the unitary invariance problem). Other situations where
one must estimate higher-order invariants of (in general)
mixed quantum states are for spectrum estimation {Tr[p*]};
[34,39-44], entanglement spectroscopy [45], quantifying
entanglement and nonstabilizerness [46,47], characterizing
topological order, quantum phase transitions and emergent
irreversibility [48,49], performing quantum error mitigation
[50,51], Gibbs state preparation [52], and virtual cooling
[53]. Measurements of fifth-order invariants Tr[p; 02 030405]
enable the characterization of the degree of incompatibility
between observables [54], and of information scrambling and
quantum chaos via out-of-time-ordered correlators (OTOCs)
[34,55-57]. Invariants of even higher order appear in the
description of sequential weak measurements [58] and of
the Pancharatnam phase [59,60] acquired after a sequence of
projective measurements [61-63]. It is well known that the
Pancharatnam phase is connected to geometric phases, also
known as Berry phases [2-6,64—60].

Having clarified the many applications provided by esti-
mating nth order Bargmann invariants for which n > 3, we
note that state-of-the-art quantum circuits aimed at measuring
A, (0) require the application of at least n Fredkin gates on at
least n qubits [16,67]. This protocol for estimating Bargmann
invariants is known as the cycle fest protocol. A detailed
comparison between estimating A, (@) using the cycle test and
other approaches can be found in Ref. [34]. The current imple-
mentations of the cycle test quantum circuits assume no prior
information of the tuple g. The states in ¢ can be unknown
inputs, and the estimation works even when no prior classical
description—e.g., their complete tomographic information, or
a classical description of a state preparation circuit—is avail-
able. In other words, the quantum circuits from Refs. [16,67]
work even if the input states are provided by another party.
This raises the question: How can prior classical information
improve the estimation of invariants using the cycle test?

Recently, Chiribella et al. [68] showed, using a variation
of the swap test, that it is possible to estimate the quantity
Tr[01Ap,B], where A and B are two known observables. This
implies that choosing A and B to be related to quantum states,
the same circuits can estimate fourth-order invariants. This
significantly simplifies tests of such higher-order Bargmann
invariants provided that one has the ability to perform some
degree of classical postprocessing on the observed data, and
provided classical information on a subset of the quantum
states is available.

In this work, we advance the results of Ref. [68]. We
demonstrate how their circuits can be straightforwardly gen-
eralized to estimate Bargmann invariants (1) of any order by
replacing the swap test with its generalized version, the cycle
test [16]. We refer to our scheme as a measurement-enhanced
cycle test, and therefore to the scheme from Ref. [68] as a
measurement-enhanced swap test. Our results reveal intrigu-
ing trade-offs between the ability to estimate higher-order
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FIG. 1. Main result. Quantum circuits for estimating
multivariate ~ traces—expressed  as A,@) =Tr(oy -+ - pn)

= Tr[cYC,(p1 ® - - ® p,)], where CYC, is a unitary—such as
the cycle test [16] typically assume that all input states are
either fully unknown (e.g., black-box preparations) or need to
be physically prepared on demand. We show that if classical
descriptions of m < [n/2] of these states are available, one can trade
the cost of preparing those m states for the cost of measurement
and classical postprocessing. This substitution relaxes the circuit
requirements for estimating such invariants. The figure shows the
case of n =5and m = 2.

Bargmann invariants, the quantum memory required, the need
for controlled unitaries (such as Fredkin gates), and the avail-
ability of prior classical information about observables. Using
our scheme, it is possible to act unitarily on n’ systems to
estimate Bargmann invariants of order n = n' +m (m < n’),
provided that we have a classical description of the m quantum
states in order to implement the measurements Ay = {px, 1 —
or} for each state p, whose classical description is given, as
illustrated in Fig. 1.

The results of Chiribella et al. [68] demonstrate that the
swap test can be employed to estimate Tr[ ;A p, B]. Motivated
by this, a natural question is whether variations of the de-
structive swap test [69]—without auxiliary qubits or Fredkin
gates—can also be a useful alternative to estimate such multi-
variate traces in some regimes. Here, we focus on the simplest
case of third-order invariants for single-qubit states. We show
that it is possible to estimate third-order invariants using cir-
cuit variations of a destructive swap test. Nevertheless, we
argue that this approach is impractical. While we present a
scheme for estimating these invariants given classical state
information of one of the three states, the excessive number of
required measurements and postprocessing renders it useless
compared to standard methods or simply performing state
tomography.

Although measurement-enhanced versions of destructive
tests may not be useful, we are motivated by the goal of
estimating invariants destructively. We therefore discuss how
to implement destructive cycle tests, which avoid the need for
auxiliary qubits to estimate Bargmann invariants, and present
a quantum circuit implementation of a destructive 3-cycle test
for estimating any third-order Bargmann invariant.

The remainder of this work is structured as follows. Sec-
tion II presents background on standard tests for estimating
Bargmann invariants. It begins with well-known schemes for
estimating second-order invariants in Sec. Il A, followed by
higher-order invariants in Sec. II B. Section II C presents the
results by Chiribella er al. [68], which we later generalize in
Sec. III. We dub our generalized protocol the measurement-
enhanced cycle test, encompassing the standard cycle test
scheme, the swap test scheme, and the protocol from Ref. [68]
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FIG. 2. Circuit implementing a swap test. The inputs are two
quantum states and an auxiliary qubit system (also known as a
control system) that is put in a coherent state |+)(+| ® o1 ® p,.
A controlled swap (also known as a Fredkin gate) between the
auxiliary qubit and the two states is performed. an Hadamard gate
is applied to the auxiliary qubit that is then measured in the Z
basis {|0), [1)}. The two-state overlap is recovered via the relation
p(0) = (1 + Trlp1p21)/2-

as specific instances. Section IV investigates whether im-
provements are possible by considering variations of the
so-called destructive swap test. In Sec. IV A we show how to
use the destructive swap test to estimate third-order invariants,
and in Sec. IVB we describe how to implement destructive
cycle tests and present a quantum circuit for estimating third-
order invariants. Finally, Sec. V concludes with a discussion
of our results, applications, and future directions.

II. BACKGROUND
A. Quantum circuits for measuring two-state overlaps

Starting with quantum circuits used to estimate Tr[po ], we
first review the swap test [70,71]. Let us denote by SWAP :
HROH —> H®H the swap unitary operation such that
SWAP(|u) ® |v)) = |v) ® |u), for every |u), |v) € H. Given a
basis {|i)}; for H, we can write the swap unitary as

SWAP = ) 1i)(jI ® L),

ij

from which it is elementary to show that for general density
matrices pi, p» € D(H) it holds that

Tr[o102] = Tr[SWAP(01 ® p2)]. 3

It is then possible to use this relation to propose a quantum
circuit for estimating the two-state overlap, known as the swap
test [71]. This test performs an Hadamard test [72] where
the unitary U = SWAP. When necessary, to specify that we
swap systems H, and H,, we will also write SWAP, ;. The
swap test was recently rediscovered by employing machine
learning techniques [73,74] and is illustrated in Fig. 2. For a
generalization of this test to multiqudit systems H = (C¢)®"
or to infinite dimensional systems, we refer the reader to
Refs. [75-77].

As can be seen in Fig. 2, to estimate the two-state overlap
using the swap test, we perform measurements in the auxiliary
qubit, leaving the other systems unmeasured. Therefore, the
product state p; ® p; is then projected onto another quantum
state without being destroyed in the process. Contrastingly,
the destructive swap test [17,28,69] requires no auxiliary
qubit, and uses the fact that the swap operator can be expanded
in the Bell basis. Therefore, the destructive swap test estimates

P1 —

A
P2 NV

[

FIG. 3. Circuit implementing a destructive swap test. The input
state is p; ® p. One then performs a Bell measurement, which is
implemented by a cnot followed by an Hadamard on the first sys-
tem, and local Z measurements. Assuming each system is a single
qubit, the two-state overlap is recovered via the relation p(1, 1) =
(1 — Tr[p102]1)/2. For generic multiqubit systems see Ref. [28].

Tr[p1 p2] by making a Bell measurement on the bipartite sys-
tem. The quantum circuit implementation is shown in Fig. 3.

For both tests shown in Figs. 2 and 3, we can imagine
that a form of delegated quantum computation is happening,
where we do not have complete information of the quantum
states that are sent to us by another party. We can perform
the quantum computation for this party and return to them the
value Tr[p; p,] we infer without ever knowing the actual states
they prepared.

B. Quantum circuits for measuring Bargmann invariants

It is possible to generalize the argument made for the swap
test in order to estimate higher-order Bargmann invariants
with different implementations of an Hadamard test. We fol-
low Refs. [16,67]. We start noticing that for every n-tuple of
quantum states o € D(H)", we can write (1) as

An(g) = Tr[CYCn(IOI ® P2 [ )On)]v (4)

where CYC, is a unitary associated to the action of a cyclic
permutation of n elements
a1, apy ar). (5)

CYC,
(a1, a2, a3, ...,a,_1,a,) = (az,as, ..

When n =2 we have that CYC, = SWAP, and we recover
Eq. (3). For n > 3, we know that A,(g) € C [63]. We can
estimate A,(o) using an Hadamard test for which U = CYC,.
This type of test is known as the cycle test [16].

Different instances of the cycle test [16] consider different
decompositions of CYC, into different elementary gates. A
possible choice is via the sequence of swap unitaries,

CYC,, = SWAP,,_1 , - - - SWAP, 3SWAP] 5. (6)

This leads to the circuit implementation of the cycle test
shown in Fig. 4. Note that when n = 2 this reduces to the swap
test from Fig. 4.

Depending on how the n-cycle unitary operator CYC, is
decomposed into swaps (or other unitary gates), each such
decomposition yields a different quantum circuit capable of
estimating Bargmann invariants. One way of improving the
depth of the quantum circuit just described is by using en-
tangled states as auxiliary systems, instead of a single-qubit
control system as in Fig. 4. We refer to Refs. [16,67] for
details.

So far, all the quantum circuits considered for estimating
Bargmann invariants allow for the possibility that all the quan-
tum states in g are provided by another party. In this way, it is
natural that the circuits to estimate Bargmann invariants of n

062435-3



SIMONOV, WAGNER, AND GALVAO

PHYSICAL REVIEW A 112, 062435 (2025)

0 —{H}— P i H A
p1 :’""""‘; — N
p 71: E B . i s=1:
Pn E _______ i,: p(0) = 1 +Im2[An(Q)]

FIG. 4. Circuit implementing a cycle test. We show an instance
of an Hadamard test, where the unitary CYC, is the unitary repre-
sentation of a cyclic permutation C, of n symbols. We initialize a
quantum memory of n + 1 systems in a product state. The first wire
in the circuit represents a single qubit system. The remaining wires
represent systems of dimension d > 2. After the controlled cycle
operation, a gate P* = diag(1, i*) is applied to the auxiliary qubit,
later measured with the computational basis. When s = 0, measuring
the auxiliary qubit yields the real part of the Bargmann invariant,
while when s = 1, it yields the imaginary part.

unknown quantum states require n systems to be available as
a quantum memory to be used in the quantum computation.

However, as recently shown in Ref. [68], it is possible to
estimate third- and fourth-order Bargmann invariants using
just the swap test circuit from Fig. 2. They do not explicitly
consider this specific use, as they focus on the estimation of
weak values [30,32,78]. Yet, it is trivial to see that their proto-
col can be used for this purpose. Intriguingly, this allows one
to use a quantum circuit with two systems (and an additional
single-qubit auxiliary system) to estimate Bargmann invari-
ants of order up to four. This gain is not only in the accessible
memory, but also in the number of necessary Fredkin gates
required as a standard cycle test to estimate a fourth-order
invariant would need three Fredkin gates. The key insight here
is that these circuits require classical information on two of the
four states. In what follows, we briefly review the results from
Ref. [68].

C. The measurement protocol by Chiribella et al.

The relevant quantum circuit is shown in Fig. 5. From it,
Ref. [68] shows how to estimate Tr[p;Ap,B], where A and
B are positive operator-valued measures (POVMs) [79]. Sup-
pose we have access to a tripartite system He ®@ Hs, @ Hs, =
C?’®H ®H, where M is an arbitrary finite-dimensional
Hilbert space. The system Hc = C? is our control (or aux-
iliary) qubit. The algorithm proceeds as follows:

(1) Prepare a tripartite product state |+)(+| ® p1 ® p2,
where |[+) = 1/4/2(10) + |1)) € C2, while p;, p» € D(H) are
generic.

(2) Apply the controlled SWAP gate, that we denote as
CSWAP.?

(3) Measure system Hg, witha POVM A = {P;};.

(4) Measure system Hg, with a POVM B = {Qy}«.

2This is also known as the Fredkin gate.

R

1

+)

p1 —¥— A

A

B
s A
FIG. 5. Quantum circuit considered by Chiribella er al. [68].
The input state is |+){+| ® p; ® p,. The first wire represents a
single-qubit system, while the remaining wires represent generic
single-qudit systems. We apply a Fredkin gate between all three
systems and perform local measurements. The auxiliary qubit is
measured with the POVM R from Eq. (7). The other systems are
measured with generic POVMs A and B. We dub this a measurement-
enhanced swap test since the measurements of AandB allow for
the estimation of Tr[p;Ap,B], otherwise inaccessible to the standard

swap test—hence the “enhancement” in the order of the accessible
multivariate trace.

(5) Measure the auxiliary qubit system H ¢ with a POVM
{R.}3_, given by
Ry = 31+){(+1,
Ry =31+ (+il, Ry =31-i(=il, (7N

where |£) = 1/+/2(]0) £ [1)) and |&;) = 1/+/2(]0) £ i|1)).
From this protocol, one obtains the following joint distri-
bution:

p(j, k, clpi, p2)
= Ti[(P; ® Or ® R.) cSWAP(p ® p2 ® |-+) (+])cSWAP'].

As shown by Ref. [68], sampling from this distribution allows
us to learn the real and imaginary part of the complex values

q(j, klp1, p2) :=Tr[P;p1 Ok p2].

To see this, let us consider for simplicity the case where B =
1. In this case, the joint distribution simplifies to

PG clpr, p2) = §(Tr[Pjp1] + Tr[P; ps]
+ 20(1 — c)(=1)°Re[Tr[P; o1 p2]]
— 20(c = 2)(=1)Im[Tr[P; p1 021D,  (8)

where 0(¢) is the Heaviside step function (Ref. 68, Eq. (10),
Appendix A) and ¢ € {0, 1, 2, 3}. Writing explicitly all cases
c=0,1,2,3, weend up with p(j, c|p1, p2) equal to

$(Tr[P; p1] + Tr[P;p2] 4+ 2Re[Te[Pipi po]1),  if e =0,
§(Tr[Pip1] + Tr[P;p2] — 2Re[Tr[Pipip2]]),  ifc =1,
§(TrPip1] + Tr[Pip2] = 2Im[Tr[Pipi p2]]),  if ¢ =2,
§(Tt[P;p1] + Tr[Pipo] + 2 Im[Te[Pjpy p2]1),  if ¢ = 3.

We will generalize these results later in Sec. I11.

Note that in this case estimating this quantity has differ-
ent demands in terms of prior knowledge of its constituents.
While the quantum states p;, o, € D(H) can be completely
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FIG. 6. Circuit implementing a measurement-enhanced cycle
test. The number of unknown d-dimensional quantum states is n’
and the number of known states is m < n’. The order of the esti-
mated multivariate trace is n = n’ + m. Up to the measurements, the
circuit is the same as the one we show in Fig. 4. We perform the
POVM measurement R on the auxiliary qubit [see Eq. (7)] and local
measurements to m < n’ systems using the POVMs Ay, ..., A,,.

unknown by who implements the quantum circuit, the oper-
ators P;, Oy must be known. We shall refer to this quantum
algorithm as a measurement-enhanced swap test, as it allows
us to estimate more than just two-state overlaps (hence the
“enhancement”) given that we can perform the measurements
A and B. Specifically, we can see that if A = {p3, 1L — p3} and
B =1, we have that the resulting construction shown above
for p(j, c|p1, p2) becomes

p(p3,0) = L(Tt[p1p3] + Tr[p2p3] + 2Re[ Tt p1 p20311),

where we have let P;=p3, c¢=0, and p(p3,0)=
p(p3,0lp1, p2). Hence, we conclude that we can learn
from this estimation the real part of the third-order Bargmann
invariant. Letting ¢ > 2 allows us to infer the imaginary
part of the third-order invariant. In what follows, we will
generalize the protocol introduced by Ref. [68] and then
discuss how one can use it to measure multivariate traces of
states.

III. MEASUREMENT-ENHANCED CYCLE TEST

Fix n € N to be any integer greater than or equal to 2. Our
goal is to estimate a Bargmann invariant Tr[p; - - - p,,] of order
n. The number of unknown d-dimensional quantum states
entering the quantum circuit is n’ < n, and we denote them
as the tuple ¢ = (p1, ..., py), while the number of quantum
states for which we have classical tomographic information is
0 < m < 7 such that ' + m = n, and we denote this as the
tuple @ = (P, - .., Om)- We illustrate this setting in Fig. 6.

As we have done previously, we will next introduce how to
estimate multivariate traces of states and observables using a
generalization of the protocol introduced by Chiribella et al.
and then show how the estimation of Bargmann invariants
is a particular instance. In what follows, the d-dimensional
quantum systems have any finite dimension, and only the
auxiliary system is taken to be a single-qubit system.

We start by considering a generalization of the quantum
circuit from Fig. 5. Instead of the cSWAP considered in Fig. 5,
we let the controlled unitary to be cCYC,, i.e., a controlled
operation of the unitary CYC, (see Fig. 6). We show one
possible implementation of such a controlled unitary in Fig. 4,
letting

szl®pz®®pn’€7)(7{®®’}-[)

be the n'-separable state [with p; € D(H) for every i =
1,...,n'], which is the input system on our circuit. While
o is a separable state, each individual system state p; can be
separable or entangled, depending on # and on how the state
was prepared. For instance, if we have H ~ C? ® C?, some of
the states p; may be two-qubit entangled states.

The first operation performed is as follows:

[-4H){(+] ® 0 > cCYCy (|+) (+] ® 0)ecYC),  (9)
where

cCYC,y = |0)(0] ® 1 4 |1){1| @ SWAP,,y_1 ...SWAPy,.
(10)

This leaves the entire system in the state
1 1
7100®e+ Z Il ®cvcr(e)

+ %(I())(ll ® ;palaz)(all ® - @ lai){an] + HC)

where a = (ay, a», ..., a,) is a multi-index label which we
— _ 1.2 n s
use as Za = Zal,az ay Moreover, Pa = palpuz o 'pa”r 18

the product statistics’,ménd we have written each state p; in
terms of some—not necessarily known—convex combination
of pure quantum states p; = Zai Py, lai){a;|. We have also

used

CYCI‘L’(|a17 a2a ) an’)) = |a2’ L) an’9a1>'

If we stop here, measuring the auxiliary qubit in the X
(Y) basis performs the cycle test operation for estimating
the real (imaginary) part of a n’'th-order Bargmann invariant
[16,34]. Now let us assume that not only the control qubit
is measured on the X basis, but also that the first m < n’
systems, for some fixed value m, are measured with respect
to POVMs Ay = {P; };,, ...,Ay = {P},};,. This yields a joint

062435-5



SIMONOV, WAGNER, AND GALVAO PHYSICAL REVIEW A 112, 062435 (2025)

probability distribution

m

. . 1
p(]l s Jms :l:) = Z(HT j/pl +l—[TI' J/IOH-I izpa a2| |a1><a3|Pj2|a2>"'<am+1|ij|am>

i=1 i=1

X Amy2|@my1) - - Aawlay-1){a1lay) = C-C-)

-

(H“mﬂ+nﬁM%@iZmWWWMWW%%WWO
i=1 i=1 a

X (@m1|Pj, |am) . .. (a3|Pj,|az) (az| P Ial)iCC>

m

HTr Pipi] + [ ] Tr [Pipis1] £ 2Re [ Tr (ou -+ omi20ms1 Py omPi s omt -+ Pryp2Piio1) ]
i=1 i=1

unmeasured measured

We note that, from our convention, the first n’ systems are measured, while the remaining ones are left unmeasured (see Fig. 6).
To simplify the notation we write j = (ji, j2, ..., jm), and we also denote

Owim(G. @) :=Tr (o - -+ Pws1 P, o -+ Pjy p1)- (11)

Note that the above is not a Bargmann invariant, since each P;, is not necessarily a quantum state, but a generic POVM element
(hence the different notation of using [J instead of A).3

Instead of performing an X measurement of the auxiliary qubit, we can perform random measurements with respect to both
X and Y bases on the auxiliary (control) qubit, using the four outcome POVM R from Eq. (7). In this case, the joint probability
distribution becomes

p(.c) = (HTr Pipi] + [ [ Tr [Pipisa] + 2001 — o)(—=1)Re[Dy (o )1 — 260 (c — 2)(= 1 Im[Oy 4 e)])

i=1 i=1

where we have used 6(¢) to denote the Heaviside step function, and ¢ € {0, 1,2, 3} denotes the outcomes from the POVM
measurement R = {R.}. of the auxiliary qubit. Writing explicitly all cases for ¢ = 1, 2, 3,4, we end up with the following
equation:

s (T Te[Pyoi] + T, Tr [Ppisi ] +2 Re[Own(o 0)1),  ife =0,
s(TT, T [Pypi] + 1‘[, 1Tr[ i 0iv1] — 2 Re[OwymGo @),  ifc=1,
pG.oy=y, ) , (12)
s(TT T [Pipi] + T T [Pipist ] — 2 Im[Oyiw(h @)]),  ifc =2,
%(Hz 1 TI‘[ j,»pi] + nzmzl Tr [leloi+l] +2 Im[Dn’+m(j’ Q) ), if c =3.

The above generalizes the construction considered in Ref. [68] that was reviewed in Sec. II C. Specifically, we recover Eq. (8)
by making m = 1 and j; = j.
If we have m observables A,, with the corresponding POVM decompositions

An=_x;,Pj,. (13)
J

we can define a random variable X that takes values

Xjpejme 1= 2xj, -+ xj, (=D[0(1 —¢) —i6(c —2)] (14)

3Note that for any j and any @ we have that there exists a value ¢ € R and some Bargmann invariant A, such that J,(j,0) = ¢ - A,. In
other words, [, (j, 0) is always just a scaling of some Bargmann invariant as given by Eq. (1). See also the discussion from Ref. [34] on the
differences between extended Kirkwood-Dirac quasiprobability distributions and Bargmann invariants.
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with respect to the probability distribution p(j, ¢). Note that the values x;, are given by Eq. (13). The expectation value of X

returns the value of [,/ ,,,(j, @) since

EXlI= > 2[[xi (=116 ) = iBi(c — 2)IpG, ©) (15)
Jlseeorgmsc =1
= Y oox, Re[d,G @)1 + dm[0, (. @)1 (16)
Jlseees Jm
= Z xj - x,U03, Q). (17)
jl ----- jm

Above, we have used that n = n’ 4+ m. The terms having
products of traces Tr[P; p;] cancel out going from Eq. (15)
to Eq. (16) due to the sum in ¢, since we get a sum of con-
tributions (—1)° + (—=D' +i[(-1)> + (=1} ]=1—-1+i—
i = 0. This means that Eq. (17) guarantees we can estimate a
quantity U, 4,,(j, 0) given by Eq. (11) by sampling from the
distribution generated by performing controlled swaps on n’
systems and measuring observables {4;}/"; onm < n’ of these
systems. We remark that (see, for instance, Refs. [34,67,68])
estimating such traces is exponentially better (in sample com-
plexity) than performing quantum state tomography of all
unknown quantum states »’'.

We now conclude by applying our test to the estima-
tion of Bargmann invariants. We do so by restricting the
POVMs to be such that A; = {{p;, 1 — ;}. In this case, select-
ing the specific case where the labels satisfy (P;,, ..., P;,) =
(91, ..., 0m) =0, we end up with

Apim(@.0) =Trlpy - Pms2Pms1 PP -+ Prp1l.  (18)

This means that any nth order Bargmann invariant can be
estimated by using a cyclic shift on n’ < n quantum states
(hence, n’ — 1 controlled swaps) and measurements on m < n’
systems where n = n’ 4+ m. Alternatively, at least [n/2] sys-
tems and one auxiliary qubit, and hence [n/2] — 1 controlled
swaps, are necessary to estimate nth-order Bargmann invari-
ants using our sampling protocol and the decomposition of
CYC, as by Eq. (6). Hence, the sampling protocol requires
only half of systems and controlled swaps compared with the
original cycle test protocol of Refs. [16,34].

To illustrate the measurement-enhanced protocol in prac-
tice, we now evaluate the actual probabilities p(j,c) in
Eq. (12). This allows us to verify numerically that the lin-
ear combinations of the probabilities indeed reproduce the
corresponding Bargmann invariants A,. As a representative
example, we consider n = 5 single-qubit pure states p; =

[V} (Wi |, where
|¥e) = cos (9—")|0) + /% sin (%>|1> (19)
k ) ) s

with the angles chosen as shown in Table I: and assume
o = (p1, p2, p3) and @ = (p4, ps). Direct calculation of the
corresponding fifth-order Bargmann invariant gives

As(@,0) = Tr[p3psp2p4p1]
= 0.003626 + 0.000 676i. (20)

Within the protocol, the two measurement settings correspond
to Ay = {ps, 1 — ps} and Ay = {ps, 1 — ps}, with coefficients

xj, = xj, = {1, 0}. The relevant joint outcome is therefore j =
(p4, ps), yielding the probabilities

(= (ps, p5), ¢ =0) := po = 0.029 111, (21)
p( = (ps, p5),c = 1) := p1 = 0.027298,  (22)
PG = (ps, ps), ¢ =2) := pr = 0.028 035, (23)
p( = (p4, ps),c = 3) := p3 = 0.028 373. 24)

From Eq. (17), taking into account that

~ _ )2=DT00 —c)—if(c—2)] if j= (s, ps),
1710 otherwise,
(25)
we obtain
E[X] = 2(po — p1) + 2i(p3 — p2)

= 0.003 626 + 0.000 676i

= As5(@. 0). (26)
Thus, the probabilities (12) reproduce the fifth-order

Bargmann invariant, confirming that the measurement-
enhanced protocol faithfully implements the theoretical con-
struction.

We can also recall a result from Ref. [16] which allows
us to make a simple robustness claim regarding experimental
imperfections of the implemented measurements. We may
ask whether imperfect implementations of the states via the
POVMs {P},} lead to errors in the estimation of the Bargmann
invariants. One conceivable error is that, when implementing
the POVMs, instead of the ideal P;, = /5; we actually imple-
ment P;Xp = 7;. Suppose the experimental operators (assumed
to be valid quantum states) are e-close to the ideal ones in
trace norm, i.e., ||p; — o3|y < & for all i. In this case, by
Lemma 2 of Ref. [16, Supplemental Material] we obtain the
stability bound

|An’+m(75v p) - An/+m(3’ p)l < me.

TABLE 1. Parametrized states via Eq. (19).

Pk P1 P2 P3 P4 Ps
O 1.10 1.70 0.80 1.35 2.20
bk 0.30 —0.90 1.20 2.40 —-2.10
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IV. DESTRUCTIVE TESTS FOR ESTIMATING
BARGMANN INVARIANTS

So far, we have considered the situation where we have
generalized the cycle test to include classical information of
observables and investigated how this allows us to access
information of higher-order multivariate traces. It is natural to
ask whether the destructive swap test can also be generalized
to estimate invariants (1) of order larger than n = 2—provided
we have access to prior classical tomographic information of
some of the states—or even whether one can find a version of
a destructive cycle test, similar to the swap test.

In what follows, we investigate how one can use the
destructive swap test to estimate third-order invariants in
Sec. IV A and then introduce a destructive swap test which
allows to destructively estimate Bargmann invariants of any
order in Sec. IV B.

A. Third-order invariants from a variation of the destructive
swap test

While in the last section the states in p were taken to be
generic quantum states on a finite-dimensional Hilbert space,
i.e., p € D(CY)", in this section we restrict to the case where
d =2, i.e., every state in the tuple is a single-qubit quantum
state.

We start by discussing how a third-order Bargmann in-
variant can be estimated under certain assumptions on prior
knowledge on the corresponding states using instances of a
deterministic swap test. First, we notice that every third-order
Bargmann invariant is quantum realizable by single-qubit pure
quantum states [63]. Therefore, without loss of generality, we
consider |1/1), [¥2), |¥3) € C? to be pure single-qubit states,
where |Y1) and |y) are not necessarily known. The corre-
sponding third-order Bargmann invariant is given by

As(Wr, V2, ¥3) = (W) (W l9s) (Bslvn),  (27)

where we use the notation v; := |v;) (| for pure states in the
argument of Bargmann invariants.

On the other hand, taking into account the unitary
invariance of Bargmann invariants [17], for any triplet
[¥1), [¥2), [3) € C? we can always find some unitary U such
that U|y;3) = |0) using the available tomographic classical
information of [+3). In this case,

As(Y1, ¥, ¥3) = (WU U 2) (92| UF10) 01U |91)
= (Y |pu) (Pu10) (O1Yy)
= A3(Yy, ¢u, 0),

where |Yy) = U|Yy), and |¢py) = U|yn). Therefore, given
access to tomographic classical information of |v3), estima-
tion of a generic Bargmann invariant (27) is equivalent to
estimation of the Bargmann invariant on the triplet U |y),
Ulyn), and |0).

Notice that the projector |0) (0] can be decomposed into op-
erators %(IL + Z), where Z is the Z-Pauli operator. Therefore,
we can write

As(Y1, ¥, U3) = 2 MW, du) + x Wu, ¢u)),
where x (Vy, ¢u) = (Yulou)dulZ|Yy). Since Ar(Yy, dy)

can be estimated via the destructive swap test discussed in

X/Y/Z
) T
V4
[a) —{ U [~

FIG. 7. Circuit implementing a modified destructive swap test
for the estimation of third-order Bargmann invariants. The input
state is |Y1) ® |¥,). One then applies a unitary operator U defined
as U |1/73) = |0), followed by a combination of cnot and Hadamard
gates similarly to the destructive swap test. Finally, the second qubit
undergoes a Z measurement, while the first qubit is measured in
the X, Y, or Z basis. Assuming each system is a single qubit, the
third-order Bargmann invariant is given by Eq. (34).

Sec. IT A, the core challenge lies in estimation of x (Y, ¢y ).
This can be achieved using the quantum circuit shown in
Fig. 7, where, in contrast to estimation of the second-order
Bargmann invariant, only the second qubit is measured in
computational basis, while the first qubit is measured in the
X and Y basis in order to obtain its real and imaginary parts,
respectively. In order to prove this, we take into account that,
decomposing the states as [yy) = al0) +a'|1) and |¢y) =
bl0) + b'[1), with |a|> + |a'|*> =1 and |b> + |V|> =1, we
can write

XWu. ¢u) = lal’|bl* — |a' PP/ * + 2ilm[ab*a*V].  (28)
On the other hand, the circuit in Fig. 7 produces a state
1
—(0)((ab + d'b)|0) + (ab’ + a'b)|1)) + |1
7 |0) 10) 1) + (1)
x ((ab — d'b")|0) + (ab' — a'b)|1))) (29)

W) =

before performance of local measurements. Then, a straight-
forward calculation shows that a measurement of the first
qubit in the X basis and the second qubit in the computational
basis yields the probabilities

p(+,0) = |al?|b%, (30)
p(—,0) = |d |V, 31)

while measuring the first qubit in the ¥ basis provides
p(Ei, D) = [al’|b'* + |d'|*|b)> F Im[ab*a*b],  (32)

where p(£, 0) and p(%;, 1) are the corresponding probabil-
ities of finding the qubits in states |+) ® |0) and |£;) ® |1),
respectively. Therefore, we conclude that

xWu, ¢u) = p(+,0) — p(—,0) — i(p(+i, 1) — p(—i, 1)),
(33)
In turn, measuring both qubits in the computational basis re-
covers the destructive swap test discussed in Sec. II A. There-
fore, taking into account the unitary invariance of Bargmann

invariants, we conclude that the third-order Bargmann invari-
ant can be estimated by

As(Y1, ¥, U3) = (1 = 2p(1, 1) + p(+, 0)

— p(=,0) —i(p(+:, 1) — p(=i, 1)).
(34)
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A quantum circuit capable of estimating Az (¢, ¥, J_g) via
Eq. (34) is shown in Fig. 7.

B. Destructive cycle test

We observe that a destructive cycle test can be introduced
to estimate Bargmann invariants and to explore potential
measurement-enhanced variants. Although the analysis of the
destructive swap test suggests that such enhancements may
offer limited benefit, destructive cycle tests—extending the
swap test case from Fig. 3—may still be of independent
interest. Motivated by this, we now show that, in principle,
a generic destructive cycle test can be described in a con-
ceptually straightforward manner. Due to Eq. (4), nth-order
Bargmann invariants for a tuple of states ¢ = (py, ..., p,) can
be seen as expectation values of the n-cycle unitary operator
CYC, with respectto the state o = p; @ - - - ® Py,

Ap(p1s ey ) = <CYCn)Q~ (35)

Therefore, a destructive cycle test can be constructed using
diagonalization of the unitary operator CYC, with respect to
an entangled basis.

Let us consider the case of qubit states py, ..., p, € D(C?)
and the corresponding total Hilbert space H = (C*)®". The
former can be spanned by computational basis states that
form a set S, = {|X)}xeo,1y»» Where x € {0, 1}" is a string of
bits. Then, H can be decomposed [80] into n + 1 orthogonal
subspaces

H =P Hiw- (36)

where ’Hf{k\;v are spanned by sets S¥ C S, of (}) states |xy)
corresponding to bit strings x; of fixed Hamming weight %,
i.e., bit strings with k 1’s. For example, for n = 3, this decom-
position is given by

S5 = {/000)},

SV = {|001), |010), |100)},
S& = {|110), |101), |011)},

S‘” {1111},

The operator CYC, preserves the Hamming weight of com-
putational basis states, hence, it acts invariantly on each
subset S and corresponding subspace of decomposition
in Eq. (36), so that CYC,I(Hf_R,) - ”Hf_f\fv Moreover, each
subset S can be further decomposed into c; cyclic orbits
{O(k ’")}f,; o Wwith respect to the action of CYC,. These are
equivalence classes S,/ ~cyc under an equivalence relation
which, for any |x1), |X;) € S, is defined as follows:

IX1) ~oye [X2) € 3j €{0,....,n— 1}, [X;) = CYC), [x2).

Therefore, each cyclic orbit can be defined as

plkm) |

Oy(lk’m) — [|X)]~cyc = {CYC/|X>}j -0

(37

where ™ is the size of the cyclic orbit O%™ i.e., the mini-

(ko)
mal period such that cYC,  |x) = |x). Therefore, each H(k)

can be further decomposed into %™ -dimensional invariant
subspaces spanned by the corresponding cyclic orbits.

For the sake of illustration, while in the case n =
3 the cyclic orbits O%™ coincide with entire sub-
sets 83(]‘), the case n =4 provides a nontrivial de-
composition of S{. In particular, the subset Sy~ =
{|0011), |0101), |0110), |1001), |1010), |1100)} can be split
into two cyclic orbits,

O%Y = {|0011), [0110), |1100), [1001)},
0P = {]1010), [0101)},

of periods rf’o) =4and rf’l) = 2, respectively.*

The n-cycle operator CYC, can be diagonalized in the basis
obtained by using the quantum Fourier transform unitary on
each cyclic orbit, hence defining the vectors

r’(lk.nﬂ_]
W) == X ) ),
im0

) is an ri&mith root
k.
r; m) _

kmyyyrf™ =1k
where {|x;"")}7_, = O%m and a)
i S0 = 2 with € = 0, .
ciated to the size of the corresponding cyclic orbit O%™.

Then, by construction, these states are eigenstates of the CYC,,
with the corresponding eigenvalues wy,

of unity w, 1, asso-

cYG, ‘w(k m)) (k m) ’1//(1( m)> ,

for all €. The complete set of vectors {|1//( '”))} ¢.k.m provided
by all cyclic orbits describes an orthonormal eigenbasis of
H = (C*)®" with respect to CYC,. Therefore, from Eq. (35),
nth order Bargmann invariant can be estimated by preparing n
qubits in the product state ¢ = p; ® - - - ® p,, and performing
the measurements with respect to this eigenbasis:

Anprs s o) = Y ol Teloluny )™l (38)
L.k.m

We refer to this method of estimating Bargmann invariants
as the destructive cycle test . For concreteness, let us restrict
our attention to the case n = 3. The operator CYC3 is diagonal
in the orthonormal basis composed of two product states

[Wi%) = 1000y, [yi}) =1111),

and six W-like states with complex phases

1
WY — —_(1001) + [010) + [100)),
[¥30) = —5(1001) +[010) +1100)

W) = 110y + J101) + 011)),
V3

“Note that the split into (952’0) and (’)5‘2’1) does not arise from the
Hamming weight, because the Hamming weight depends only on
the number of 1’s in the string (and is therefore independent of
the order of bits). Instead, the split is induced by the action of the
cyclic permutation: the cyclic action preserves Hamming weight but
can partition a fixed-weight set into several distinct cyclic orbits of
different lengths.
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\%(wz |001) + @ |010) 4 [100)),

) = %(a)2|110)+0)|101)+|011>),

lyih) = %(w|001)+w2|010)+

lvi3) = L(w [110) + w?|101) + |011))
V3
where w = e is a cube root of unity, and the index m is
omitted since, for n = 3, each subset S,gk) has a unique cyclic
orbit. Therefore,

(R

1100)),

2mi/3

cve; = Z M) + () + 12) + (1 + 12),

where l'[gkz = |1ﬁ(k))(1p(k)| This means that As(pq, 02, 03)
can be estimated by preparing three qubits in the product
quantum state 0 = p; ® o ® p3 and performing a projective
measurement in this basis, collecting the corresponding prob-
abilities,

As(pr. p2 p3) = 1= (1= w) ()" + p?)
_( )( (1) (2))’ (39)

where p(k) Trl(p1 ® P2 ® p3)1'[§kz]. Similarly to the de-
structive swap test, due to the cyclic property of trace,
measurement in the eigenbasis of CYC; can be substituted
by local measurements in computational basis using unitary
transformations defined via |w(k) )y = U;’? |000),

=p%(0,0, 0),
(40)

P =Tr[U) (01 ® p2 ® p3)U51000)(000]]:

which can be realized via quantum circuits given in Fig. 8.
Therefore, the third-order Bargmann invariant can be esti-
mated in a destructive three-cycle test by collecting proba-
bilities ﬁg‘)(o, 0, 0) of obtaining the outcomes O in all local
measurements in computational basis in circuit (k) with the
choice of phase ¢ in the corresponding phase gates.

To the best of our knowledge, a destructive cycle test had
not been introduced before. Nonetheless, Ref. [81] had previ-
ously observed that (CYC3), can be written as the average of
two measurements, arriving at a conclusion that is similar in
spirit to ours.

V. DISCUSSION AND OUTLOOK

In this work, we have generalized the quantum circuits pro-
posed by Chiribella et al. [68] to estimate multivariate traces
of quantum states, introducing a measurement-enhanced cy-
cle test. By leveraging prior classical information about
observables, our protocol reduces the quantum resources re-
quired to estimate Bargmann invariants of order n, cutting
the number of qubits and Fredkin gates by up to half com-
pared to the standard cycle test. This trade-off—exchanging
classical descriptions of m states for reduced quantum hard-
ware demands—makes our protocol particularly suitable for

(a)

Pw™ HRy(0) HA&A

N B B

p2 O PwHHH

P3 D

(b)

p1 +— P(w™') H Ry(0)
e —[X b P ) HH [~
s —{X]—& [~

FIG. 8. Circuits for implementing a destructive three-cycle test.
The input state is p; ® p, ® p3. The circuits start with application
of a Pauli X gate that depends on the circuit index (k) : in circuit
(a), it is applied to the first qubit, while circuit (b) applies it to the
second and third qubits. They are followed by two cnot gates, a
controlled phase gate and a controlled Hadamard gate. The circuits
are concluded by application of a phase gate and a Y -rotation gate
on angle 6 on the first qubit, where 6 = —2arccos(l/«/§), so that
Ry(0) = %(]1 +i\f2Y). The phase gate is defined as P(w™*) =
|0Y(0] + w™*[1){1], corresponding to estimation of probabilities pfz“
in (40), and @ = ¢**"/3, Finally, all qubit get locally measured in the
computational basis, providing the necessary statistics for Eq. (39).

near-term quantum devices [82], where qubit counts and gate
fidelities are limiting factors.

The ability to estimate higher-order invariants with lim-
ited quantum resources opens new opportunities for practical
applications. For instance, in extended KD quasiprobability
distributions [33-36] the defining bases are often classically
known. Our protocol allows for the efficient estimation of
extended KD distributions even when only a small quantum
processor is available. As another example, in the context of
sequential weak values [58,83,84] one estimates high-order
multivariate traces of states where two states—namely, the
pre- and postselected states—are assumed to be classically
known. Yet another example might be that of estimating
geometric phases. It is conceivable that one’s goal is to es-
timate the geometric phase with respect to a closed path of
n = n' 4+ m points in projective space, where n’ of these are
unknown vector states while m are classically known by the
experimenter. Our protocol allows, in such situations, for the
estimation of all the relevant Bargmann invariant phases.

The usefulness of enhancing generic Hadamard tests—
not only cycle tests—by also measuring subsystems that are
usually left unmeasured was also recently investigated in
Ref. [85]. Although the authors do not focus on the problem
of multivariate trace estimation, their analysis shows that the
Hadamard test can be powered by local (or global) classical

062435-10



ESTIMATION OF MULTIVARIATE TRACES OF STATES ...

PHYSICAL REVIEW A 112, 062435 (2025)

shadows of the quantum system usually left unmeasured to
extract additional useful information.

We have also shown how to estimate third-order invariants
of pure states using multiple instances of the destructive swap
test. However, we find limited practical relevance for this
approach, as the required number of circuit implementations
is comparable to performing full state tomography on the two
unknown, given qubit states. This represents evidence that
variations of the destructive swap test—unlike its nondestruc-
tive counterpart, the standard swap test—may not efficiently
leverage the trade-off between classical prior information
and quantum resources for estimating higher-order invariants.
Still, we have described how to implement destructive cycle
tests and presented a quantum circuit implementation for esti-
mating third-order invariants.

Future work could explore experimental implementations
on existing hardware (e.g., superconducting or photonic plat-
forms) and extend the protocol for the destructive swap test to
mixed states of arbitrary dimension.

Another interesting direction concerns protocols exploiting
controlled causal order of measurements, for example, in a
experimentally implementable setup known as the quantum
switch [86,87], which has found various applications in quan-
tum theory [88—104]. In this setup, quantities like out-of-time
correlators [105] and incompatibility of quantum observables
[54] can be efficiently estimated. Specifically, it might be in-
teresting to combine the constructions employed here with the
recently proposed algorithm from Ref. [106], which uses the
quantum switch to estimate Bargmann invariants. A concrete

possibility would be to further refine the simulations of the
quantum switch (described there), which are related to the
Hadamard test, by incorporating additional measurements to
either enhance the simulation or address existing issues with
that proposal (such as the estimation of even-order invariants).
These advances would further solidify the role of Bargmann
invariants as versatile tools for the certification of quantum
resources in a basis-independent collective way leveraging
indefinite causality.
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