PHYSICAL REVIEW A 113, 012427 (2026)

Igor O. Sokolov 1" Gert-Jan Both®,! Art D. Bochevarov®,? Pavel A. Dub®,? Daniel S. Levine,> Christopher T. Brown A

™

Quantum-enhanced neural exchange-correlation functionals

Shaheen Acheche ®,! Panagiotis K1. Barkoutsos ®,' and Vincent E. Elfving ®'

1Pasqal, 24 av. Emile Baudot, 91120 Palaiseau, France
2Schrédinger Inc., 1540 Broadway, 24th Floor, New York, New York 10036, USA
3Schr(')'dinger Inc., 9868 Scranton Rd., Suite 3200, San Diego, California 92121, USA
4Schr6dinger Inc., 1 Main St., 11th Floor, Cambridge, Massachusetts 02142, USA

(Received 12 September 2024; revised 22 August 2025; accepted 8 December 2025; published 20 January 2026)

Kohn-Sham density functional theory (KS-DFT) provides the exact ground-state energy and electron density
of a molecule, contingent on the as-yet-unknown universal exchange-correlation (XC) functional. Recent re-
search has demonstrated that neural networks can efficiently learn to represent approximations to that functional,
offering accurate generalizations to molecules not present during the training process. With the latest advance-
ments in quantum-enhanced machine learning (ML), evidence is growing that quantum neural network (QNN)
models may offer advantages in ML applications. In this work, we explore the use of QNNs for representing
XC functionals, enhancing and comparing them to classical ML techniques. We present QNNs based on
differentiable quantum circuits as quantum (hybrid) models for XC in KS-DFT, implemented across various
architectures. We assess their performance on one-dimensional (1D) and 3D systems. To that end, we expand
existing differentiable KS-DFT frameworks and propose strategies for efficient training of such functionals,
highlighting the importance of fractional orbital occupation for accurate results. We prove that, under specific
assumptions, noise-induced errors do not accumulate across SCF iterations, and we confirm this result through
numerical experiments. Our best QNN-based XC functional yields energy profiles of the H, and planar Hy
molecules that deviate by no more than 1 mHa from the reference DMRG and FCI/6-31G results, respectively.
Moreover, they reach chemical precision on a system, H,H,, not present in the training dataset, using only a few
variational parameters. This work lays the foundation for the integration of quantum models in KS-DFT, thereby
opening new avenues for expressing XC functionals in a differentiable way and facilitating computations of

various properties.

DOLI: 10.1103/m511-fys2

I. INTRODUCTION

Density functional theory (DFT) has emerged as a major
direction of research in modern quantum chemistry, enabling
an efficient prediction of the electronic structure and prop-
erties of molecules and materials [1-3]. It has become the
dominant method for solving the Schrodinger equation in
physics-based atomistic simulations [4,5]. DFT’s effective-
ness largely stems from the ability to express the ground-state
density of interacting electrons via a system of noninteracting
electrons, the so-called Kohn-Sham system. However, DFT
can yield exact ground-state energy and electron density only
if the exact exchange-correlation (XC) functional is provided.
Despite the widespread applicability of the technique, the
development of accurate and versatile DFT XC functionals
remains a challenge [6-8]. Consequently, DFT faces problems
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such as underestimation of reaction barriers, band gaps [9],
and poor handling of degenerate states potentially due to de-
localization and static correlation errors [4,10]. The universal
functional capable of solving the aforementioned problems
and capturing the diverse electronic properties of molecules,
solids, and surfaces remains unknown. In its pursuit, hundreds
of approximate XC functionals have been devised [11,12].
Many of these XC functionals are tailored to certain types
of chemical systems and properties thereof and often require
prior knowledge of the targeted data to ensure the success of
the method [13—15]. An additional challenge when construct-
ing such functionals lies in achieving a good balance between
accuracy and computational efficiency [16,17].

A number of studies [18-27] propose the use of compelling
capabilities of machine learning (ML) techniques as a solution
for the efficient design of XC functionals that can be used
for generic DFT calculations. ML algorithms, ranging from
deep neural networks to sophisticated regression models, have
demonstrated their potential to unlock hidden patterns in vast
datasets of chemical systems, allowing for the estimation of a
universal XC functional. This combination of quantum chem-
istry and artificial intelligence heralds a promising era for XC
functional design with many demonstrations for different sys-
tems [28,29] indicating the increase of the reach of the DFT
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https://orcid.org/0000-0002-0022-5686
https://orcid.org/0000-0002-5233-5203
https://orcid.org/0000-0002-0376-8432
https://orcid.org/0000-0001-9750-6603
https://orcid.org/0000-0002-6257-7548
https://orcid.org/0009-0004-9987-8223
https://orcid.org/0000-0001-9428-913X
https://orcid.org/0000-0002-5105-5664
https://ror.org/00htggt94
https://ror.org/05a3z6914
https://ror.org/05a3z6914
https://ror.org/05a3z6914
https://crossmark.crossref.org/dialog/?doi=10.1103/m51l-fys2&domain=pdf&date_stamp=2026-01-20
https://doi.org/10.1103/m51l-fys2
https://creativecommons.org/licenses/by/4.0/

IGOR O. SOKOLOV et al.

PHYSICAL REVIEW A 113, 012427 (2026)

methods. The majority of these ML-based techniques employ
differentiable programming as a widely used paradigm in
deep learning (DL), which involves optimizing parameters us-
ing gradient-based methods during the training process [30].
In particular, existing chemistry codes are being refactored to
incorporate automatic differentiation [31,32]. Training neural
XC functionals within a differentiable DFT procedure was
shown to provide superior generalization capabilities in one
dimension (1D) [25,33] compared to the previous approach
[34]. Extensions to 3D with variation of model inputs (e.g.,
density and its gradients), locality [28,32], and novel genetic
approaches [35] followed, to name just a few. Nevertheless, a
universal neural XC functional has not been trained yet [30].
In an effort to meet this challenge, we propose a novel method
for learning representations of XC functionals.

Recently, a novel DL framework within the broader scope
of quantum machine learning (QML) has been introduced
[36]. This framework utilizes differentiable quantum circuits
(DQCs), capitalizing on the unique methodologies inherent in
quantum computation. This category of circuits facilitates the
construction of quantum neural networks (QNNs), enabling
efficient function representation [37] and derivative compu-
tation through analytic differentiation rules [38—40]. Various
QNN models, which utilize different data encoding methods
and distinct quantum circuit designs, have emerged. [41] A
relevant quantum advantage in QML has been shown for situ-
ations where purely quantum data (quantum state) are used as
the model input [42] and when the quantum model is learning
from quantum experiments [43]. Given the predominance of
classical data in ML, the appeal of QNNs lies in their high
effective dimension and rich expressivity [37], which are de-
termined by the unitary mappings of data to quantum states
[44]. However, caution is warranted, as commonly used met-
rics for analyzing QNNs—such as expressivity and entangling
capability—may not directly correlate with a model’s ability
to perform well on a specific classical dataset. Despite sharing
many issues with classical neural networks, such as problems
with barren plateaus [45], as well as unique issues such as the
absence of efficient backpropagation [46], advances have been
made in addressing these through specific techniques [47,48]
and efficient output extraction methods [49,50]. Moreover,
systematic design principles for QNN architectures that are
simultaneously trainable and provably nonclassically simula-
ble have been proposed [51].

Many studies have explored the combination of DFT with
variational quantum algorithms through auxiliary Hamiltoni-
ans [52], embedding schemes [53], or reduced density matrix
methods [54], among others. However, to the best of our
knowledge, the direct application of QML for the functional
representation of XC has not been explored. Recent develop-
ments have further reinforced the connection between DFT
and QML. Gaitan and Nori [55] established a mapping be-
tween qubit systems and fermionic lattice models, providing
a foundation for employing ground-state and time-dependent
DFT to study properties of large-scale quantum systems, in-
cluding the determination of spectral gaps. On the other hand,
Baker and Poulin [56] caution against overly optimistic ex-
pectations for QML, demonstrating that no QML algorithm
can discover the universal functional in polynomial time un-
less QMA-complete problems reduce to the complexity class

BQP. Within the probably approximately correct framework
of machine learning, QML can at best provide a polynomial
reduction in oracle queries (training points) when learning the
XC functional. We take an optimistic perspective, analogous
to the situation in classical ML where theoretical arguments
once predicted that training deep-learning models (e.g., due
to numerous local minima) would not succeed. Nonetheless,
the remarkable success of large language models has demon-
strated that practical performance can exceed pessimistic
theoretical limitations. Therefore, in this work, we investi-
gate the synergy between QML and DFT for designing XC
functionals [57]. As suggested in Ref. [58], our methodol-
ogy incorporates quantum models as part of larger classical
ML pipelines. The goal is to use techniques arising from the
QML domain to process empirical data from DFT (or general
quantum chemistry) calculations within the supervised ML
approach to create more robust and versatile XC functionals
that can be applied to a wider range of problems in the quan-
tum chemistry domain.

Our main contributions are as follows:

(1) Expanding Kohn-Sham density functional theory (KS-
DFT) frameworks for quantum XC functional training and
implementing in an open-source package QEX [59] written
in JAX [60].

(2) Demonstrating the importance of fractional occupation
in 3D KS-DFT for improving accuracy.

(3) Introducing QNNs models for XC representation,
showcasing efficiency in 1D and 3D systems.

(4) Showcasing that quantum models are at least on par
with classical models in terms of accuracy and parameter
efficiency on the tested molecular systems.

(5) Providing error bounds for the KS-DFT self-consistent
loop under reasonable assumptions in noisy settings, e.g.,
when using noisy QNN-based XC functionals.

This work is organized as follows: In Sec. II, we give the
theoretical background of QML for KS-DFT and define our
models for XC functionals. In Sec. III, we provide details
of our framework implementation. In Sec. IV, we present
our empirical study of the proposed architectures, analyze the
effect of quantum and classical layers within the same back-
bone architecture, and discuss the required quantum resources
and error bounds when considering typical hardware noise.
Finally, in Sec. V, we discuss our conclusions and give an
outlook on the development of useful quantum-enhanced XC
functionals.

II. THEORY

In this section, we introduce the KS-DFT approach, which
serves as the foundation for training and evaluating our quan-
tum machine-learned XC functionals. We then delve into the
utilization of quantum ML for training XC functionals. Subse-
quently, we discuss how neural XC functionals are embedded
in KS-DFT and explore their architectural details.

A. Kohn-Sham density functional theory

Contemporary KS-DFT implementations [2] achieve the
electronic ground state through a solution of the KS equations,

Hn](0)$i(r) = €igi(r), (D
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to self-consistency with respect to the electronic density n(r).
The Hamiltonian operator is given by H[n](r) = —V?/2 +
vks[n](r) as a function of the electron density n(r). The
latter is defined as the sum of probability densities over
all Ny occupied orbitals, n(r) = ZN““ |i(r)|?, where ¢;
is a one-electron KS orbital with corresponding energy e;.
The KS potential is given by vgs[n](r) = v(r) + vgy[n](r) +
vxc[n](r), which contains the external ionic Coulomb poten-
tials v(r), the Hartree potential vy [1](r), and the XC potential
vxc[n](r). The XC potential is the functional derivative of
the XC energy, Exc, with respect to the electron density, i.e.,
vxcl[n](r) = §Exc[n]/dn(r). The XC energy Exc is defined as

Exc[n] = f dr exc[n](r)n(r), 2

where exc[n](r) is the XC energy per electron. Finally, the
total energy is obtained as the sum, E[n] = Tg[n] + V[n] +
Eyln] 4+ Excl[nl], of the noninteracting kinetic energy Ts[n],
the external potential energy V [n], the Hartree energy Ey[n],
and the XC energy Exc[n].

In practice, given a finite basis set {&}" it 1’
tion of NV, basis functions, ¢;(r) = Z i1 Di . (1), is optimized
to produce suitable orbitals ¢. This involves the solution of
Roothan’s equation defined as

a linear combina-

Flnlp; = €Sp;, 3)

where p; = (p, ..., pi")7, S;j = [ dr&(r)é(r) is the over-
lap matrix and F[n] is the Fock matrix as a functional
of the electron density profile n, with elements F;; =
fdr Sl(r)H (r)é (r). Equation (3) is then solved, e.g., nu-
merically by an elgendecomp051t10n of the Fock matrix to
obtain the orbital coefficients {p;} that correspond to some
density profile n. Self-consistency is achieved when the elec-
tron density no longer changes within a specified tolerance
over consecutive Ngs KS iterations [i.e., solutions of Eq. (3)].
The resulting energy E can then be compared to validated
experimental data, with the quality of the result dependent on
the choice of the (neural) functional used to represent Exc[n].
If the exact XC functional was known, then Hohenberg-
Kohn theorems [61] guarantee that the self-consistent solution
yields the exact ground-state energy and density.

B. Embedding of neural XC functionals within KS-DFT

In Fig. 1, we summarize the approaches to incorporate
our neural XC models of different localities in KS-DFT.
In particular, within the established Kohn-Sham framework
(see Fig. 2), neural XC models are integrated using Eq. (2).
These models are represented by differentiable functions
fo 1 (n, ) —> €exc(r) with parameters denoted by 8. Con-
sequently, the machine-learned XC energy can be expressed
in general as Exc[n] = E>9<c n] = f drfy(n,r)n(r), where
E)e(C [n] approximates the exact Exc[n]. In practice, an integra-
tion grid is used to compute the integral on a finite educated
choice of Ngiqg grid points. The XC energy is integrated as

Ngrid

> wifs(n, rn(r), )

i=1

Excln] ~ Egaln] =

(a) Electron density of a molecule Locality of functionals

Global

Hydrogen molecule

Locallty is increased by adding
neighbouring density values to the input

Integration grid in 1D
l (b) Global/local XC functionals

é Global (L = Ngiia)  Global (with local output)  L-Local (e. g E=41) \
(=) (e
n DTET n [ n |:|
1 == l o |- |
Fy[n] fo(ni)
€§<c
Exc O[T 11
\_ Global output / \_ Localoutput / \ = Local output /
o %

(c) Global/local XClenergy embedding

Global Local (e.g., L=1)
Nigria
Exc = Fy[n] Exc = Z w; fo(ni)ns| | KSOFT

i=1

O(1) evaluations versus O(Ngia) ~ O(Natoms)

FIG. 1. (a) Electron density of a molecule is expressed on an
integration grid. (b) The neural XC functional takes L neighboring
values of density as input. (c) The output of such functional can be
interpreted as local or total XC energy, with respective embeddings
in KS-DFT [Eqgs. (4) and (5)]. With the global approach, only O(1)
calls to the functional is necessary to obtain XC energy instead of
O(N grid)-

gnd

where the grid weights {w;}, %" are computed for each grid

type and chemical system. The values {r;};* g““ denote the
Cartesian coordinates associated with grid pomts We call this
scheme the local energy embedding since local XC energy
density exc(r) is required [see Fig. 3(a)].

Another approach is to represent the total XC directly with
a neural functional Fy[n], bypassing the integration as

Exclnl ~ EgZln] = Fyln], (5)

where Fy[n] learns implicitly the relation between the XC

energy and the grid during training through {n;},* g”" input den-
sity values. Both equations, Egs. (4) and (5), prov1de distinct
ways of embedding neural networks as XC functionals in
KS-DFT frameworks. We call this approach the global energy
embedding since the model requires the whole density profile
to infer the total XC energy [see Fig. 3(a)]. Note that despite
avoiding grid integration in the global energy embedding, both
techniques require the computation of the local XC potential
vxc[n](r) at every grid point.

Neural XC functionals are also characterized by various
degrees of locality that represents the number of density points
provided as inputs [34]. Locality was shown to greatly impact
the ability to learn accurate XC functionals [25].
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Differentiable quantum-enhanced DFT framework

(@) Generate molecular dataset

Perform accurate electronic
structure calculation

{Eref ,ref }  CPU/QPU

(b) Train an XC functionalﬁwithin a ML framework

/ Differentiable DFT

N\

Neural XC functional

Jo

(1D or 3D) ]
.., o +5 i) | [Classu:al {Quantum]
7 CPU QPU
v Y En  _  Fan

VoL

[ Compute loss and gradient ]‘_,

\ CPU/QPU ﬁ(@) CPU /

(c) Choose the best functional|based on the validation set
\ 4

Obtain (quantum-enhanced) functional

f9* CPU/QPU

(d) Accurately predict|molecular properties
A

Evaluate on unseen molecules

o000 ‘Ob .- CPU/QPU
E n
e

Bond distance Integration grid

FIG. 2. Differentiable chemistry framework for training
quantum-enhanced XC functionals. (a) The molecular dataset
consists of reference energies E.; and densities n.; generated
by an accurate ab initio method. (b) A differentiable (Q)NN f;
outputs the XC energy. The corresponding potential is obtained
via (automatic) differentiation. The Fock equations in KS-DFT are
iteratively solved to obtain new orbitals until self-consistency. Each
KS iteration contributes to the loss £, resulting in regularization
[25]. Trainable parameters 0 are updated by a classical optimizer. (c)
The converged parameters 6* define the trained functional fy+, which
is subsequently used to evaluate the properties of any molecule in
stage (d). Brown arrows in (b) indicate the gradient flow through
the procedure. CPU and QPU denote classical (i.e., central and
graphical) and quantum processing units.

In particular, L-local (L € [[1, Ngriq]]) models are repre-
sented by the functions

9 RE - R, () — gy (6)

where the model function has access only to some L neigh-
boring density points (kernel size) at a time and is applied
in succession on, e.g., [Ngig/L] points [34]. In the limit
where L = 1, the 1-local model is represented by the functions

f3° i nj — €§ ;. Local models are embedded in DFT via
Eq. (4).
Global models are defined as a functional of the whole

density,
Fglobal RNg”d N R { } und — E)H(Cﬁ (7)

where the functional represents the whole integrated XC en-
ergy and is embedded in DFT via Eq. (5). Alternatively, global
models can also be embedded in DFT via Eq. (4) as

FO RN s BV () (e, ®

where local XC energy density depends on the whole electron
density. Next, we present the concrete realization of our XC
models in classical and quantum settings.

C. Architectures of neural XC functionals

In this section, we propose a blueprint of basic model archi-
tectures that can couple classical and quantum layers. Neural
XC functionals are typically represented as compositions of
differentiable functions, implemented through stacks of neural
network (NN) layers.

fon, ) = (fol o fu o

with parameters 6 = (O, .. .,

.0 fgll)(nv r)’ (9)
61) and N, layers.

1. Classical architectures

The most general neural network is a multilayer perceptron
(MLP) which can approximate any function given enough
layers [62]. Since we are exploring the most general quantum
models, MLPs are suitable candidates for comparative studies.

For our purpose, we implement MLPs with N; inputs, N;
layers, and N, neurons per layer. We introduce two MLP
variants: Local MLP (LMLP) uses local density information
at Ngrig points to map:

LM — e (10)
while global MLP is a functional of the whole density, map-
ping:

FOMIP ()t — B (11)

Finally, another notable neural network is the global Kohn-
Sham regularizer (GKSR) model, which combines local and
global convolutional layers. GKSR incorporates inductive bi-
ases such as a self-interaction gate and a negativity transform,
addressing common issues like self-interaction errors and im-
posing the negativity condition on the XC energy [25]. In
our implementation, the GKSR model is represented by the
function:

GKSR i 0 Ngia
R I A P (12)

In the following section, we discuss how XC functionals
can be represented as quantum circuits.

2. Quantum architectures

A widely adopted strategy for QML models involves the
utilization of a QNN, typically constructed using differen-
tiable quantum circuits [36]. In this work, our quantum XC
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(@) Differentiable KS-DFT (b) /"Neural XC functionals Quantum NN (QNN) Entangler \
Input Nyl
Molecular description Compositions of differentiable functions R Layers Output §£¥
N 1 — I
Atomic coordinates  Energy and density fo(n) = (f9\’ Of‘“ 200 fo,) () = ——
ref 5 Dref ata embedded via gate parameters —de—
E, D bedded p
/ { O =Ry(6(m)) Ny layers Obsenable/ (3 = -0 Ru(0:)R.(05))
e Initial density guess (c) Classical XC functionals (d) Quantum (hybrid) XC functionals
n B .
|\ Neural XC functional Using L neighbouring density values Quantum NN: embedding data via gate parameters
: Local MLP (L=1 Local ONN (L=1
CPU lP J n; \?ca\
- QNN ko
Compute Coulomb Kohn-Sham Density embedd\ng 0
and Hartree potentials self-consistent Ny layers K n fo(ni) /
Local Global
v, VH ) cycle Fo(in}®) f n) Using all density values Quantum-inspired QNN: embedding data via amplitudes
(AN 2]
Al . —
: e Global MLP (L= Ngsa) R\ Input ~ Global QIQNN (L=1)
Grid inte gratlon Output
9 global
Construct Fock operator /Energy embeddma [ T oo QIGNN Exo
and solve KS equations [*¥] Local L=1 B
ocam(leuig,, ) Dn >
Exc = Z w; fo(ni)n fo(n)
i=1 Hybrids: chain of differentiable models
Global e Global KSR (L= Nyia) ) Globa\ QICNN (L=2)
Exc = fo(n) Output
H : QNN/MLP global
XC potential Fxc
vxe = 0Exc/on(r)
B:: ONN/MLPL

E, n l Converged energy and density

n To. Ton, J)

FIG. 3. (a) Method for training quantum-enhanced neural XC functionals within KS-DFT. Data describing a single molecule is passed to
KS-DFT. An initial electron density n estimate is made and potentials v, vy and vxc are computed to construct the Fock operator. Neural XC

functional fj is represented by a quantum and/or classical model, which takes L density values as inputs (i.e., L = 1 fully local and L =

N, grid

global). The XC functional can be embedded in DFT locally (outputs the values on every grid point) or globally (outputs the total XC energy).
Then, the KS equation and the orbital coefficients p are updated. The new density is computed and if the change is small enough, the procedure
is stopped (self-consistency) and the trained XC functional is obtained. Otherwise, the new orbitals are kept for the next iteration. The loss
function is computed and differentiated with respect to the model parameters. The red dashed arrows show the gradient flow. (b) Building
blocks of neural XC functionals are defined as compositions of differentiable functions, which can be represented by QNNS. (c) Architectures
of classical and (d) quantum (hybrid) XC functionals. Models differ by how many inputs can be taken at a time. The QiCNN architecture
allows one to chain classical and quantum models. Orange indicates that the global energy embedding [see (a)] is used, and blue indicates
quantum operations. Note that MLPs can be replaced by any classical architecture.

functionals are based on such QNNs, which consist of three
blocks: a feature map Uy, an ansatz U,, and a measurement
of an operator O. Typically, a N,-qubit quantum computer
is initialized at some initial state |0). Here we consider the
zero computational basis state on all qubits. A feature map
is used to embed the data (e.g., electron density n) in the
Hilbert space, Ur(n)|0) in a differentiable manner for the com-

Und

putation of XC potential vxc. The discretized density {n;},*
values are embedded in the feature map as gate parameters
Then, an ansatz circuit U,(6,) is used to act on the embedded
data with local qubit operations and entangling gates that
mediate interactions to represent the most general action on
the data. Finally, the output of the model is extracted via
projective measurements (shots) of an arbitrary cost operator
¢ = Zf\i] 6:0;, where 6, are fixed or trainable parameters as-
sociated with Pauli operators O € {I, X, Y, Z}®N:. We assume
the parameters 6, are nontrainable, unless specified otherwise.
The cost operator is chosen to be the total magnetization,
composed of local observables, ¢ = Ziﬁl Z, which was
shown to exhibit, at worst, polynomially vanishing gradients
if the depth scales as O(log(,)), thereby mitigating cost-
function-induced barren plateaus [63]. The representation

of such model is given by a function
() = (01U (n, 0)CU (n, 0)[0), (13)

where U (n, 0) = ]_[évél(]_[g’izl Uﬂl’d(é‘é’d)U}(n)) is the general
representation of the model with N, ansatz layers and N, total
repetition of ansatz and feature map, which implements the
data reuploading strategy [64]. The repetitions of layers are
akin to the number of layers of classical NNs and augment
the expressivity of the model. Given enough layers, classical
and quantum models can, in principle, approximate a given
function [62,64,65]. In Appendix C, we give details of typical
building blocks of QNNss.

To parallel the local MLP, we formulate a fully local QNN
designed to take a single density point 7;, from density vector
n, as input and yield the expectation of an observable:

f N ey = O (0, 0)CU (ni, 0)]0), (14)
defined through Eq. (6) and integrated into DFT via Eq. (4).
We explore local QNNs with both product [Eq. (16)] and
Chebyshev [Eq. (17)] feature maps, named local PrQNN
and local ChQNN, respectively. The ansatz adheres exactly
to the structure specified in Eq. (C3). Note that for thls
model it is possible to consider the L-local case, fe
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{n}t — EXC = (0|U"(n, 6)CU (n, )|0), where a collection
of L nelghborlng densities is embedded in a single feature
map. However, as shown in Ref. [25], only global functional
(e.g., L = Ngiq) is capable of best approximating exact XC
functionals. Hence, in the next section, we develop model
architectures that embed the whole density.

3. Feature maps for quantum models

The choice of feature map is crucial for the expressiveness
of quantum XC functionals. We consider encoding data in
circuit parameters and amplitudes using general angle embed-
dings as specific cases of feature maps:

N,

q

— ®e—a<ﬂ(nk)Gk (15)

k=1

Ur(n)

where G are generators (possibly multiqubit operators) and
¢ :R — R is a data transformation function. We explore
three established strategies for embedding data in quantum
circuits. The choice of those strategies can be encouraged by
viewing the feature maps selected for this work as Fourier se-
ries, which allows for a deeper understanding of their structure
and behavior. According to Schuld et al. [44], such feature
maps admit a Fourier series representation with a (potentially)
exponential number of modes in the number of encoding gates
or layers. This means that QNNs have an expressive power
that may grow exponentially. It remains an open question
whether the greater expressivity of QNNs provides a tangible
advantage in representing XC functionals, even when such
models cannot be reliably approximated classically for large
N, [66]. However, despite decades of research towards a uni-
versal XC functional, no single functional has proven accurate
across all molecular systems. In this context, such new model
types could offer an intriguing alternative.

Product features map. We explore the 1-local product fea-
tures map that embeds the data value n; in the rotation angles
of R, gates of all qubits:

U e(0) = ®e a6y

Similarly to L-local models discussed earlier, an L-local prod-
uct feature map can encode multiple data points within a
single feature map. Nevertheless, this approach was not em-
ployed in the present work.

1-local Chebyshev feature map. A Chebyshev feature map
utilizes a polynomial basis [44]:

N,

q

® —i-k-arccos(ny )V, . (17)

k=1

1
Uply(m) =

However, normalization of the density to a unit vecteor,
i.e., n <— n/||n||, is necessary. It suppresses electron count
information and thus renders this approach unsuitable for
density-based models.

Amplitude feature map. Finally, the amplitude feature
map maps the density vector to a quantum state as |n) =
Uf(Ng“")(n)|O) However, this method presents two important
drawbacks: The density is also normalized to a unit vector

which suppresses the information of the number of electrons
and, in general, an efficient implementation algorithm for the

unitary U (Ng“d)(n) does not exist for arbitrary vectors n [67].

4. Quantum-classical hybrid architectures

We propose to leverage advantages of classical NNs and
combine them with quantum models. Notably, the number of
elements Ngiq in the electron density n scales linearly with
the number of atoms [68]. Even for small diatomic molecules,
there are hundreds of grid points for the smallest grid density
available with the best integration grids [68]. This poses an
issue with the feature maps based on angle encoding since the
number of qubits N, required to embed the entire density n
equals its size Ngiq, posing severe requirements for potential
implementation on near-term quantum computers. Hence, we
devise a model, global QNN (GQNN), that is composed of
two layers:

TN ) = (fy o f) ), (18)

where f¢ and f7 represent the classical and quantum layers
with associated parameters 6, and 6,, respectively. In princi-
ple, any differentiable classical layer can be used to map the
outputs of fe‘i to XC energy. Here the quantum layer consists
of L-local QNNs defined as

it — exci = OIU(n, )CU(n, 0)|0),  (19)

with a product feature map and an alternate ladder ansatz. We
first partition the input n in Nj, = [Ngriq//L] batches and then
apply f; to each batch. This results in N, outputs that become
the inputs of a classical function f,. defined as

15 Aexcadity = Exc. (20)
where, for simplicity, the classical layer is the standard MLP
with N, input neurons and one output neuron (potentially

with additional MLP layers). In general, any classical model
architecture can be used to represent the classical layer.

5. Quantum-inspired architectures

Another possibility for designing XC functionals is to use
simulated quantum models as quantum-inspired (Qi) solution.
We introduce the global QiNN, which incorporates density
through amplitude embedding [Eq. (15)] and utilizes the stan-
dard ansatz outlined in earlier sections. It is represented by the
function

FEN: (In)) — Efe @1

where amplitude embedding feature map is used.

Finally, we propose global quantum-inspired convolutional
NN architecture that implements the composition of quantum
layers with angle embedding as

GUCNN () — (¢ o fi Moo étll)(”)» (22)

where the product feature map [Eq. (16)] is throughout all the
layers. We do not employ Chebyshev embedding [Eq. (17)]
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due to detrimental normalization of the data required, which
suppresses the information about the number of electrons
in our architectures. Similarly to the hybrid architecture
(GQNN), we consider quantum layers that consist of L-local
QNNs, defined in Eq. (19), with a product feature map and
alternate ladder ansatz defined in Appendix C. The input is
partitioned in n in N, = [Ngiq//L] batches and then feq is
applied to each batch. This is repeated N; times until the
output is a single scalar, which represents Exc. If not (i.e.,
odd number of inputs), then the output of quantum layers is
combined with an MLP as in Eq. (20) to output Exc. Note that,
although all models in this work are simulated, we classify
this subset (QiINN and QiCNN) as quantum inspired because
the amplitude encoding used in the global QiNN (i.e., n) =

leyi] n;|j), where n is assumed to be normalized) typically
requires an exponential number of gates [67,69], rendering it
impractical on current NISQ devices. The QiCNN model is
implemented as a sequence of QNNs in which the inputs to
each layer are the expectation values from the previous layer,
making the model more susceptible to error accumulation,
unsuited for current noisy architectures.

III. METHODS

In this section, we discuss the implementation of our ap-
proach in differentiable chemistry frameworks and strategies
for efficient training of neural XC functionals.

A. Implementation within differentiable chemistry frameworks

To evaluate the capabilities of quantum computers for ma-
chine learning XC functionals, we based our implementation
on two differentiable frameworks.

Li et al. proposed an important method to facilitate the
generalization of neural XC functionals: using the KS iterative
procedure as a regularizer [25]. The novel idea is to compute
the energy loss at every KS iteration and the electron density
loss at the last KS iteration and then to differentiate through
Nks iterations [solutions of Eq. (1)] which would enable the
model to converge faster to the reference, i.e., in fewer KS
iterations, while regularizing its parameters. To allow this
feature, a fully differentiable chemistry code in 1D in JAX
[60] was developed [25] with the aim of demonstrating the
regularization capacity of the framework [25]. Since it reduces
the number of dimensions (to 1D) and hence simplifies the
problem, this is an ideal setup for investigation of the capacity
of QNN-based models to represent XC functionals. We adopt
this exact framework with minimal changes to hyperparam-
eters for all our preliminary results in 1D (i.e., only linear
molecules).

However, realistic chemistry simulations require a full 3D
treatment of molecular systems. To address this demand,
Kasim et al. proposed a 3D differentiable chemistry frame-
work implemented entirely in PyTorch [70], which enabled
accurate training of functionals for various diatomic systems
[28]. However, both specialized frameworks of Li ef al. and
Kasim er al. are not used by computational chemists on a
regular basis. Therefore, in this work, one of our goals is
to contribute to an existing effort that focuses on making
a popular chemistry framework, PySCF [71], differentiable.

This differentiable framework is known as PySCF with auto-
matic differentiation (PySCFAD) [31]. It is similar to Li’s 1D
framework, as it is also based on JAX, but offers the capability
for an accurate treatment of chemical systems in 3D, making
it suitable for a wide range of chemical simulations. Working
within the scope of the PySCFAD framework, we replaced
the calls to the standard XC functionals in differentiable SCF
calculations used in KS-DFT (see Sec. II) by (quantum) NNs.
This entails that we introduce necessary modifications to the
already well-tested KS-DFT implementation.

To facilitate the training of neural XC functionals within
KS-DFT in 3D, the spin components of the electron density
can be constrained to be equal, i.e., n4(r) = ny(r) and n(r) =
ny(r) + ny (r), which defines the so-called spin-restricted case
of KS-DFT (RKS-DFT).

In addition, standard RKS-DFT implementations fail to
consistently represent the ground-state density, preventing
the training of accurate XC models. Although the exact in-
teracting ground-state wave function cannot, in general, be
represented by a single-determinant wave function of a non-
interacting KS system with binary orbital occupations (0 or
1), this is not a problem for the density itself. Still, RKS-
DFT can fail numerically for open-shell systems (typically
strongly correlated systems near dissociation), because the
usual expression for the density as a sum over occupied
orbitals becomes ill defined: KS valence orbitals may be
(near-)degenerate, which can lead in practice to convergence
issues in (R)KS-DFT. This, in turn, necessitates fractional oc-
cupation of the KS system, which can no longer be described
by a single Slater determinant but instead must be treated as
an ensemble. To address this limitation, especially evident
in the challenging strongly correlated regime, we adopt the
algorithm of Chai [72]. Other approaches can be employed
with an increased computational cost [73]. Our choice was
dictated by the simplicity of its integration in existing codes,
with detailed proofs given in Ref. [72] and our implementation
in Appendix A.

In summary, we extended two chemistry codes to incorpo-
rate QNN-based functionals within KS-DFT:

(1) For 1D cases, we utilized the KS-DFT implementation
by Li et al. [25].

(2) For 3D cases, we employed the differentiable KS-DFT
implementation from PySCFAD [31], to which we added the
fractional occupation (FO) method developed by Chai [72].

The 1D framework simplifies the training of neural func-
tionals by limiting spatial degrees of freedom, although it
restricts the study to linear systems. This setup provides an
ideal environment to explore quantum models in a simplified
context. Conversely, the 3D framework permits the evaluation
of similar systems within a comprehensive representation,
allowing for a realistic analysis. To provide a quick overview,
Figs. 2 and 3(a) summarize our framework in the following
steps:

(1) Generate dataset. Electronic structure calculations are
performed via the best available level of theory (e.g., full
configuration interaction (FCI) [74] and DMRG) within a
basis set (e.g., 6-31G* or larger) to create a dataset consisting
of a set of energies and densities {(EL;, n!;)}"™', with ni
evaluated on a selected grid of size Ngig, for Ny molecular
geometries.
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(2) Train models. At every epoch, Ngs iterations are per-
formed, each calling a neural functional f that outputs the
XC energy Exc via local [Eq. (4)] or global embeddings
[Eq. (5)]. The corresponding vks potential is obtained via (au-
tomatic) differentiation. Then, the Fock equations are solved
to obtain new orbitals. This whole procedure continues until
self-consistency. Each KS iteration contributes to the loss
L, resulting in regularization [25]. At each epoch, trainable
parameters 0 are updated by a classical optimizer.

(3) Select the best model. The converged parameters 6*
define the trained functional fy+ and are selected at one out of
Nepochs €pochs that provide the lowest loss on the validation
set (i.e., selected geometries that are not present in the train
and test sets).

(4) Predict properties. The selected XC functional fy+ can
be used to evaluate molecular properties. The neural func-
tional can be completely agnostic to the input size (Ngiq) by
design and hence used for any molecular system.

Our implementation is available on GitHub as part of the
QEX software package [59]. In the next section, we describe
each step of the framework in detail.

B. Training neural XC functionals

In this work, we adopt the standard supervised ML ap-
proach. We generate the training (reference) dataset D =
{((EL;, nl ;)Y using an accurate ab initio method for Niny
different molecules (also including different geometries of
the same molecules). For the 1D implementation, we use the
original training and test datasets by Li ef al. [25] composed
of hydrogen atom-based systems, e.g., Hy, HyH», and Hy. The
data are obtained with DMRG simulations, where Ngjg = 513
is fixed for all the systems. For the 3D implementation, we use
the PySCF software package and the coupled cluster singles
and doubles (CCSD) [75] method to generate our data for Hj,
which is equivalent to FCI (an exact solution within a basis
set) in this case. When more than two electrons are present,
we suggest using the singles and doubles coupled cluster
method with perturbative triples (CCSD[T]), which is viewed
as the “gold standard” in computational chemistry for weakly
correlated systems [75]. In the presence of strong correlation,
the aforementioned CC methods often fail to converge to
the correct solution [76]. Consequently, we employ FCI in
challenging cases, such as the square Hy system, for which
it remains feasible given the small system sizes considered in
this work. A Gaussian-type orbital basis set, 6-31G, is used in
all calculations. For an integration grid, we use SG-3 with a
Becke scheme to combine multiatomic grids, such that for a
given molecule at all geometries we obtain the same number
of grid points [68]. The grid density is set to minimum to
reduce the number of neural XC functional inputs, which
simplifies the complexity of the problem. This entails Ngiq =
1192 for H; and Ngiq = 2384 for planar Hy in the 3D setting.
Given that we train models that allow only for a fixed number
of inputs (Ngiq), grids have to be adapted (e.g., by pruning)
to have the same number of grid points for all molecules in
the dataset [68]. However, this is only a limitation imposed by
simple prototypical (quantum) models that are investigated in
this work. See Appendix B for additional clarifications about
integration grids.

To train our models, we use the loss function given by

Ninot | Nerid

Zw, nigs,;(0) —

i \2 i
‘C(e)_ ref,j) /N(‘
mol =1

density lossC,

Nmol

Nks
IZ[ZWE(@) ref)/] (23)

mol

energy lossCg

where the expectation is taken on Ny, molecules of the train-
ing set, 1, weights the contribution of every energy at each
KS iteration, and w; represents the integration grid weight.
We use the weighting scheme introduced by Li et al. [25]:
ne = 0.9V K H (k — 10), where H is the Heaviside function
to tune the contribution of every loss term. This composite loss
function includes two primary components: the density loss
L, and the energy loss Lg. These components are essential
for guiding the neural network to accurately produce elec-
tron densities and total energies, respectively. Specifically, the
density loss assesses the accuracy of the Kohn-Sham electron
density produced by the DFT pipeline compared to the refer-
ence electron density. Meanwhile, energy loss measures the
precision of the Kohn-Sham energies generated by the neural
network against the reference energies at each iteration k. The
energy loss is weighted by n; to emphasize the importance of
later iterations.

All derivatives of the loss function are computed via JAX
automatic differentiation in this work. On quantum hardware,
exact differentiation schemes such as parameter-shift rule [39]
or its generalized version [40] can be used (see Appendix D).
The loss function is then minimized to obtain the optimal
model parameters,

Oopt = argmin, L£(6),

that define the optimal XC correlation functional. In the
following scenario, we outline the use of a gradient-based
method for training, although it should be noted that our
approach is also compatible with gradient-free techniques,
which would, however, prevent regularization as in Ref. [25].

At each converged SCF calculation, the gradient of loss £
is performed via the automatic differentiation (or potentially
parameter-shift rule on a quantum device). The gradient is
then provided to the classical optimizer (Adam [77] or L-
BFGS-B [78]). The learning rate for the Adam optimizer can
be decreased from 1072 to 10* as the training progresses
to fine-tune the results. Otherwise, L-BFGS-B and Adam are
used with the standard hyperparameters.

IV. RESULTS AND DISCUSSION

In this section, we present the outcomes of numerical ex-
periments and comment on their performance in 1D and 3D
settings. First, we evaluate all our models on H, using the
1D KS-DFT framework based on the implementation of Li
et al. [25]. Next, we extend our approach to the 3D framework
based on PySCFAD [31] and test the extrapolation capacity of
our better models on the H, molecule. We assess the effect of
the fractional orbital occupation on H, and evaluate our best
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FIG. 4. Results of training neural XC functionals on different geometries of hydrogen molecule in 1D KS-DFT framework [25]. The gray
area highlights results within chemical precision (<1.6 mHa) and vertical dashed lines mark the training data. Local models improve upon
the LDA shape but still produce a poor qualitative agreement with the reference. Best results are obtained for global models when the whole
density is considered as model input. The XC models are defined in Sec. II C. All neural functionals are trained on eight training data points
(circles) and the final model parameters are selected according to the lowest loss on the validation results. The reference (Ref) results are

generated using DMRG by Li et al. [25].

model on planar Hy. We evaluate the generalization capabil-
ity on the HyH, system, which was not part of the training
dataset, in a 1D setting. Finally, we estimate the number of
measurements required in a quantum hardware implementa-
tion. All calculations are performed on a classical computer
using Qadence [79].

For all our results, we define the density error in terms of
the mean-squared error (MSE) and include the local-density
approximation (LDA) functional to contrast with our ML-
based functionals. In addition, we analyze the results in terms
of the nonparallelity error (NPE) [80], defined as the abso-
lute difference between the largest and smallest energy errors
AE over the whole energy profile. The average |AE| mea-
sures the overall closeness to the true dissociation profile,
whereas the NPE measures nonparallelism after removing
any constant shift. In reaction rate calculations, the absolute
energy scale is irrelevant; only the relative shape of the en-
ergy profile matters, e.g., see Ref. [81]. For example, one
could have average |AE| = 1 Ha (constant shift) but NPE <
1 mHa, indicating that the correct chemical behavior (e.g.,
reaction rates) is preserved, enabling accurate predictions.
Regarding the MSE on the density, in Ref. [82] it was shown
that, in typical cases, density errors do not significantly af-
fect the total energy, except in specific scenarios. Therefore,
in practical applications, NPE is often the most important
metric.

The hyperparameter search is performed for all proposed
models and the best parameter combination (e.g., number of
qubits N,, layers N; and depth Ny) is selected.

A. Local versus global functionals

In Fig. 4, we evaluate all our models within the 1D frame-
work. This figure compares the prediction of 1D potential
energy surfaces achieved by different models, characterizing
the H-H bond dissociation in the H, molecule. We start with
MLP, which is the prototypical expressive model that we use
to evaluate the approaches of local and global embeddings. To
that end, in all our MLP models, we used two hidden layers
with 513 neurons, which matches the number of grid points,
to achieve enough expressivity. The local MLP model has a
single input and output neuron to infer the local XC energy
based on corresponding density. Local MLP improves on the
LDA DFT results in terms of overall energy error, but it is
not sufficient to improve on the density. The restriction local
information is limiting the capacity of the model to improve.
Hence, we observe the best trade-off of energy-density error
that this model is capable of.

In order to evaluate if local quantum models can im-
prove on the local MLP, we propose the local ChQNN and
PrQNN. These models employ the Chebyshev and product
feature maps (see Appendix C), respectively. We use N, = 4
qubits, N; = 1 (no data reuploading) and N; = 8 layers for
our ansatz. The results in terms of NPE of the energy are
very similar to those of the local MLP model. The energy
and density profiles of local quantum and classical models
are qualitatively similar, as expected due to locality of both
models. It is therefore necessary to verify if including more
information in the quantum models brings benefits in terms of
lower energy error |AE| and MSE of the density profile.
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consider the whole density to infer the XC energy via the T3 é—; v x O X
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FIG. 5. Results of training neural XC functionals on different
geometries of H, in our 3D RKS-DFT framework based on PySC-
FAD. The same global QiCNN [Eq. (22)] is trained with and without
fractional orbital occupation (FO). Despite the limited training data
(three points), the model accurately extrapolates to distant geome-
tries, demonstrating the strong regularization capacity of our 3D
framework. The reference (Ref) results are generated using the
FCI/6-31G level of theory.

and apply the same model onto Ngq/L different batches. The
results are combined via a single-layer MLP with 171 input
neurons, one bias parameter, and one output for the global
embedding. This allows us to embed chunks of data into a
limited quantum model with a restricted number of qubits. By
combining such outputs, we obtain a fully global functional.
The model has only ~300 trainable parameters, which is
orders of magnitude smaller than for the global MLP, since
both are composed of most general quantum/classical layers.
Note that comparing it with the KSR model is not reasonable
because the latter possesses numerous inductive biases such
as the self-interaction gate and the softly imposed negativity
of XC energy.

We also evaluated the amplitude embedding as a feature
map, using a DQC with N, = 9 qubits, N; = 1, N; = 10. We
name this model global QiNN since, in general, it is hard
to embed the classical data (electron density) exactly in a
polynomial number of one-/two-qubit gates [83]. The number
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FIG. 6. Extrapolation of global QNN [Eq. (18)] on planar Hy
within the 3D framework with a fractional occupation approach
[72]. Global QNN achieves chemical precision in energy, surpassing
the LDA results by orders of magnitude. In the top panel, LDA
and global QNN results are shifted to match the reference data at
extremities to compare the shapes of the dissociation profiles. Shifts

can be inferred from the |AE| panel. The reference (Ref) results are
generated with the FCI/6-31G level of theory.

of qubits was chosen to fit all the elements of n exactly in a
state vector. In Table I, the results for global QiNN are in good
agreement with the reference: within chemical precision and
overall density error that significantly improved upon LDA.
Notably, the outcome is similar to global QNN, which is
simple to implement on near-term devices. The global QiNN
architecture, despite producing satisfactory results, does not
produce a significant advantage over quantum-classical hybrid
QNN. It can, however, serve for theoretical studies since only
quantum layers are employed, which dissociates it completely
from classical models.

Another approach is to chain quantum layers with angle
embeddings, as implemented in the global QiICNN model. In
that case, the DQC output becomes the input of the next DQC
layer. We use three different DQCs that all employ N, =6
qubits and N; = 1 and N; = 8 ansatz layers. The third DQC
layer feeds into an MLP layer with 19 neurons (remaining
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TABLE II. Extrapolation results for global QNN evaluated on
H, within 3D KS-DFT framework, both with and without fractional
orbital occupation (FO) (Fig. 5).

Global QiCNN No FO  Global QiCNN FO

N, /N /N 4/14/1 4/14/1
No. parameters 653 653
H, Av.|AE|[Ha] (5+13) x 1072 (1£2)x107?
NPE [Ha] 6.5 x 107! 1.3 x 107!
Av. MSE(n) (1.1+1.3) x 1073 (1.54+3.7) x 10~*

outputs of DQC at the third layer) to combine the results into
the total XC energy. The results for the energy are within
chemical precision. Concerning the density, the errors are
significantly lower, at least by an order of magnitude, than
LDA.

Overall, among the hybrid quantum models presented, the
simplest, global QNN with a single quantum and classical
layer, yields the best performance.

D. Extension from 1D to 3D KS-DFT framework

To demonstrate the ability to efficiently train quantum XC
models in our 3D framework, we evaluate our most complex
neural functional, global QiCNN, in such a setting. Similarly
to the 1D version, the model consists of three chained quan-
tum layers, each with N, = 4 qubits and N; = 1 and N; = 14
ansatz layers. The final quantum layer connects to MLP with
149 neurons to output the total XC energy. As depicted in
Fig. 5, global QiCNN suffers from energy oscillations and
is unable to extrapolate correctly. This is the ideal situation
to demonstrate the ability of FO methods to alleviate such
problems, which are apparent in 3D due to increased complex-
ity. To that end, we show that even with three data points (of
which two are almost at the same bond distance) the complex
model can be regularized in order to fit better the dissociation
curve, e.g., lower NPE (see Table II). Despite not being within
chemical precision along the whole energy profile, the density
error is improved by orders of magnitude in comparison to the
LDA result. This is achieved with a FO algorithm [72] that is
discussed in Appendix A. The FO approach relaxes the con-
straint of the integer orbital occupation in PySCF’s restricted
KS-DFT implementation and allows us to approximate the
true fractional ones. In addition, the neural XC functional is
optimized through training, thereby compensating for errors
arising from the approximation of orbital occupations. As
reported in Table II, the use of the FO approach results in an
approximately fivefold reduction in both the average energy
error and its variance, without any extra model parameters.
Note that the FO method is not limited to use only with quan-
tum models; it can also be applied more broadly for training
classical neural XC functionals.

As the ultimate test of our 3D framework, demonstrating
the capability to accurately learn from challenging molec-
ular systems, we trained our best hybrid architecture, the
global QNN, on planar Hy. This is a typical small system
exhibiting strong correlation, commonly used to benchmark
ab initio methods [76,84]. Here global QNN consists of one
quantum layer with N, =4 qubits, N; =1, N; = 14, and

TABLE III. Extrapolation results for global QNN evaluated on
H, within the 3D KS-DFT framework (Fig. 6).

Global QNN
N,/Nq4/N, 4/14/1
No. parameters 764
H, Av. |AE| [Ha] (B3+2)x 107
NPE [Ha] 6 x 10~*
Av. MSE(n) (53£1.2)x 107

followed by MLP with 596 neurons that outputs Exc. In
Fig. 6, we note that the LDA approximation greatly overes-
timates the energy barrier at § = 90°. This quantum-classical
hybrid model, given its limited expressivity, provides the best
achievable fit of the training data and extrapolates smoothly
to various geometries. In Table III, we note that the model
achieves chemical precision over the whole energy profile
(NPE ~10~*). Concerning density errors, they are of the order
of 1073, similarly to the H, density errors (Table II) that are
obtained within the same 3D framework. Hence, we demon-
strated that provided accurate reference data, it is possible
to train quantum-enhanced functionals to learn from strongly
correlated systems. In the future, it would be interesting to
evaluate if such models can generalize correctly from small to
other larger strongly correlated systems such as stretched N,.

E. Zero-shot generalization of XC functionals

In Fig. 4, we demonstrated that quantum-enhanced XC
models can learn to extrapolate correctly to different geome-
tries of a single molecule by consistently achieving chemical
precision within the 1D framework. To evaluate their capacity
to generalize to different molecular systems, we select our
best-performing quantum-enhanced functional and test it on a
molecular system that was not included in the training dataset.

Our results highlight global QNN as the simplest hybrid
model, comprising a single quantum and classical layer, ca-
pable of achieving chemical precision for H,. For its training,
the dataset only contained the hydrogen molecule at different
geometries. Such a dataset does not allow the model to implic-
itly learn the XC energy dependency on the variable number
of electrons N, in the input density (i.e., N, = ZE{' w;n;)
when evaluating on a different system such as HyH, (separate
hydrogen molecules). Hence, we enrich our train dataset with
molecules such as linear Hy at different bond distances, as
done in Ref. [25]. We train global QNN using the following
bond distances: For Hp, R € (0.48, 1.28, 3.04, 3.84) bohr and
for Hy, R € (1.28,2.08, 3.36, 4.48) bohr.

In Fig. 7, we note that chemical precision is achieved only
for small values of R < 2 bohr and momentarily at R = 5.3
bohr, with the overall energy closely aligned with the ref-
erence, resulting in lower energy error compared to LDA.
MSE on the density consistently remains lower than the LDA
result. The XC model yields suboptimal qualitative predic-
tions, evidenced by the energy minimum at approximately
3.5 bohr (stable configuration). Considering the utilization
of only basic classical and quantum layers and a few data
points, these results demonstrate the capacity of our models to
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FIG. 7. Generalization of global QNN (Eq. (18)) to unseen H,H,
system trained on H, and Hy molecules within the 1D framework.
The model achieves chemical precision over some regions of the dis-
sociation profile without being explicitly trained on it. The reference
(Ref) results are generated using DMRG by Li et al. [25].

generalize. In fact, as stated in Table IV, our model has
only 316 trainable parameters compared to the state-of-the-
art global KSR model, which has ~6 times more. Hence,
addressing the shortcomings would require improving the
architecture of our model (e.g., using molecular symmetries)
and expanding the training dataset, which is beyond the scope
of this study.

To summarize, we visualize all our results for the energy
error of quantum (-enhanced) models in Fig. 8. Overall, the
use of quantum layers can reduce the number of trainable
parameters necessary to achieve a given precision in energy.

F. Performance evaluation of QNNs and MLPs in an identical
backbone architecture

In the previous sections, we examined several QNN ar-
chitectures. Among them, the hybrid GQNN demonstrated
the best performance for the single-molecule case (Fig. 4)
and exhibited promising zero-shot generalization capabilities
on the HyH, system (Fig. 7). However, the extent to which

TABLE 1V. Zero-shot generalization results for global QNN
evaluated on H,H,, trained on H, and H, within the 1D KS-DFT
framework (Fig. 7).

Global QNN
N, /Ng/N; 6/8/1
No. parameters 316
H.H, Av. |AE| [Ha] (4.9+1.4) x 102
NPE [Ha] 3.9 x 1072
Av. MSE(n) (54+2)x 1073
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FIG. 8. Dependence of the average energy error on the size of
classical and quantum (hybrid) models. Quantum models are consis-
tently more compact (<103 parameters) than classical models (e.g.,
GKSR with 1568 parameters) given a fixed energy error, while being
still capable of achieving chemical precision.

QNN contribute performance gains over analogous classical
architectures within the same backbone remains unclear.

To address this, we substitute the quantum layers in the
GQNN architecture with standard MLPs, naming that model
convolutional MLP (CMLP), shown in Fig. 9. For both clas-
sical and quantum models, we preserve the overall model
structure and maintain a similar parameter count to make the
best possible comparison. In particular, the GQNN (CMLP)

Model architecture

Global QNN (GQNN) / Conv. MLP (CMLP)

S Output
Input E_> QNN/MLP ) global
= F - .p| Linear
electron’ A < XC
densityEﬂ> - ayer
[ [onnmer

n

QONNs are replaced by MLPs (L=2)

FIG. 9. Architecture of the GQNN and CMLP models. To assess
the impact of quantum layers relative to classical ones, we replace
the QNNs in the GQNN backbone with MLPs (CMLP).
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TABLE V. Interpolation: Comparison of GQNN and CMLP (Fig. 9) in fitting the dissociation profile of the hydrogen molecule. The results
are obtained within the 1D framework using the same set of molecular geometries as in Fig. 4. The best result for each metric is highlighted in
bold. Abbreviations: Act., activation function; Par., number of parameters.

Model N:IN,IN;|Act. Par. AE [Ha] Av. MSE(n) NPE [Ha]

GQNN 3/6/8 316 (4.0 £4.0) x 10~ (7.2 4+2.4) x 1077 1.40 x 1073
CMLP 2/2/1/tanh 521 1.7+ 1.1)x 1073 (1.34£1.0)x 1075 3.38 x 1073
CMLP 2/2/1/s0ft 521 (5.9 +£6.0) x 1073 (9.1 £4.6) x 10°¢ 2.48 x 1072
CMLP 19/19/1/tanh 428 (1.6 £1.9) x 1073 (54£1.0)x 10°¢ 5.57 x 1073
CMLP 19/19/1/soft 428 (7.4 4+34.8) x 102 (2.04 1.4) x 107 2.01 x 10°

CMLP 3/6/4/tanh 329 (1.6+£1.2) x 1073 (5.5+£2.4)x 1077 3.49 x 1073
CMLP 3/6/4/s0ft 329 (9.5+£11.5) x 10~ (14+£0.8) x 1077 479 x 1073
CMLP 4/4/1/tanh 193 (7.54+6.5) x 1073 (8246.4)x 1075 2.14 x 1072
CMLP 4/4/1/soft 193 (1.6+£1.7) x 1073 (7.8+£1.8) x 10°¢ 7.96 x 1073

model is composed of a QNN (MLP) module that accepts
N, (N;) inputs, applied on Nggiga/N; (Ngria/N;) times on the
Ngrig input density. Those outputs are combined via a linear
layer with a bias, producing the total XC energy. The quantum
model has N, qubits in both the input layer (Product feature
map, see Sec. Il C3) and each of the N; hidden layers. MLP
uses N; neurons in the input layer with N, neurons in the
hidden layers.

We compare GQNN and CMLP for the interpolation and
the generalization tasks. The results are assembled in Table V
for the interpolation of energies across various bond distances
of the hydrogen molecule, and in Table VI for generalization
to a different molecular system, H,H,, after training on H,
and Hy. We use the same datasets and hyperparameters as in
previous experiments shown in Figs. 4 and 7, respectively.

The performance of CMLP-based XC functional strongly
depends on the choice of activation functions. We employ
the hyperbolic tangent (tanh) and softplus (soft) activation
functions to ensure infinite differentiability—necessary for
computing molecular properties—and to provide smooth out-
put suitable for correct XC potential representation [28]. To
control the expressivity of the XC functional, we tune the
number of inputs per block—denoted N, for GQNN and N;
for CMLP—as well as the number of layers N; within each
QNN or MLP module (see Fig. 9).

In Tables V and VI, we observe that the number of train-
able parameters does not directly correlate with improved

model performance in terms of energy prediction AE, aver-
age density error MSE(n), or NPE. For example, the CMLP
configuration (2/2/1/tanh), which has 521 parameters—nearly
twice as many as the GQNN (316 parameters)—does not out-
perform the GQNN in either interpolation or generalization
tasks. One possible explanation is the limited locality L of
the MLP blocks in the CMLP model (see Fig. 9), analogous
to small filter sizes in convolutional neural networks. The
overall CMLP model remains global, as it ultimately pro-
cesses the entire input density through repeated application
of local blocks. In the configuration CMLP 2/2/1 (see Table
V), the model processes only L = 2 inputs at a time, which
may restrict its ability to capture nonlocal density correlations.
Increasing the locality to L = 19 in a shallow configuration
(CMLP 19/19/1) does not yield notable improvements in MSE
on density or NPE. Interestingly, even with a modest locality
of L = 4 (CMLP 4/4/1), the results remain of the same order
of magnitude as for the L = 19 model. Increasing the number
of layers to 4 (CMLP 3/6/4/soft) produces the best density
accuracy among the CMLP variants. Nonetheless, as shown
in Table V, the GQNN still achieves the lowest energy error
AE and NPE overall. Most importantly, in the generalization
setting (Table VI), GQNN outperforms all CMLP configura-
tions across all metrics except for average energy error.
These results suggest that quantum-enhanced XC mod-
els can perform comparably to classical neural networks in
the ideal noiseless setting, with marginal benefits on small

TABLE VI. Generalization: Comparison of GQNN and CMLP (Fig. 9) for zero-shot generalization. Results are evaluated within the 1D
framework on H,H,, trained on H, and Hy, exactly as in Fig. 7. The best result for each metric is highlighted in bold. Abbreviations: Act.,
activation function; Par., number of parameters.

Model N;INyIN;|Act. Par. AE [Ha] Av. MSE(n) NPE [Ha]

GQNN 3/6/8 316 (49+1.4)x 1072 (5+2) %1073 3.90 x 102
CMLP 2/2/1/tanh 521 (3.8+£2.8) x 1072 (4.7+£3.8)x 1074 8.00 x 1072
CMLP 2/2/1/soft 521 (45+42)x 1072 (8.0+4.3)x 1074 1.32 x 107!
CMLP 19/19/1/tanh 428 (5.1 £3.0) x 1072 (1.7£1.1) x 1074 8.69 x 1072
CMLP 19/19/1/soft 428 (5.7£3.5) x 1072 (6.8£5.4)x 1074 1.05 x 107!
CMLP 3/6/4/tanh 329 (3.34+2.5)x 1072 (4.9+4.8)x 107 7.19 x 1072
CMLP 3/6/4/soft 329 28+14)x1072 (1.0£0.5) x 10~ 4.62 x 1072
CMLP 4/4/1/tanh 193 (3.5+£2.7)x 1072 (52£5.0)x 1074 7.75 x 1072
CMLP 4/4/1/soft 193 (3.5+1.9) x 1072 (1.6 +1.0) x 107 5.78 x 1072
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molecular systems, such as reduced NPE. To assess their
performance under realistic conditions, we next examine the
impact of gate noise and measurement (shot) noise on our
results.

G. Error bounds on energy and density

Ensuring the stability of SCF cycles is essential for both
successful training and reliable inference with neural XC
functionals. For QNN-based functionals on quantum hard-
ware, measurement noise and other hardware errors perturb
the energy functional and thus the SCF convergence. Next, we
develop a theoretical framework to characterize and analyze
the propagation of such errors throughout the SCF procedure.

We denote by n(r) € X an electronic density in a suitable
Banach space X'. We recall from Sec. II that the total energy
is defined as E[n] = Ts[n] + V[n] 4+ Egx[n] + Exc[n]. Here
Exc[n] is the (unknown) universal exchange-correlation func-
tional. Let n* be the ground-state density minimizing the total
energy, and let E* = E[n*] be its exact energy. In practice, the
KS equations are solved by a fixed-point iteration. Following
the convergence analysis in Refs. [85-87], we consider an
SCF iteration as amap 7 : X — X such that

n* ) = T, (24)

The exact solution n* satisfies n* = 7 [n*]. Under typical con-
ditions (e.g., sufficient spectral gap or use of level-shifting
approach [88]), local convergence can be reached. Now sup-
pose we replace Exc by Exc, obtaining an approximate total
energy E[n] = Ts[n] + V[n] + Eg[n] + Exc[n]. The iteration
map becomes 7. We denote by 7 its convergent fixed point:
7w = T[n], and E = E[n] the final approximate ground-state
energy. To guarantee convergence, we impose the following
assumptions on the components of our framework and define
=11 T

Assumption 1 (Local Contractivity). There is a neighbor-
hood U of n* in X, and a constant 0 < k < 1, such that
|71 — Tlnalll < « |lny —na|| for all ny,n, € U. More-
over, T[U]CU.

This ensures that n* is the unique fixed point in U and that
{n®} remains in U under iteration. (See also Refs. [85,89] for
the role of contractivity in SCF).

Assumption 2 (Uniform XC Error). Fix ¢ >0 and K > 0
such that, for all n € U,

|Excln] — Excln| < ¢, (25)
OExC y — 2Exe il < ke, 26)
én én

That is, the approximate functional and its functional deriva-
tive (XC potential) differ from the exact ones by at most ¢ and
K ¢, respectively, uniformly over U.

Assumption 3 (Approximate Iteration in U). The modified
map 7T also keeps iterates in U, i.e., T[U] C U, and has a
unique fixed point 7 € U.

Under these assumptions, we want to show the final SCF
solution 7 remains O(¢) close to n*, and the energies differ by
O(¢g). We propose the following theorem:

Theorem 1 (Iterative SCF Stability). Let {n®} be the SCF
sequence defined by n* D — Tn®], for k=0,1,2,...,

with initial guess ) € U. Assume 1-3. Then for each integer
k>0,

ace
In® =l S =t + T A =5, @D

for some constant & > 0. Consequently, as k — oo, the limit
71 = limy_, oo n'P satisfies

[7—n"|| <Ce, (28)
with a constant C = %-. Furthermore, the total energy differ-

pr

ence |E — E*| is also O(¢):
|E —E*| < Ce,

where C' =1+ iWT‘f( for some constant M > 0.

The proof, provided in Appendix G, applies the contraction
mapping argument in combination with uniform bounds on
the functional derivatives. The constant « depends on the
specific SCF implementation (e.g., QEX [59]), « reflects the
quality of the XC potential modeled by the neural XC func-
tional, and M quantifies the proximity of the final converged
density in our implementation to the true electron density
within the chosen basis set. Under the stated assumptions, we
ensure that the SCF error is bounded at every iteration, which
in turn guarantees stability of the entire SCF loop under noisy
conditions.

In practice, these theoretical assumptions cannot always be
met, for instance in cases of vanishing gap situation, often
arise and need use of damping schemes [87]. If « is close to
1, then the factor (1 — «)~! in C becomes large, so a small
uniform error in neural XC functional might still yield a non-
trivial final difference. This is consistent with the well-known
difficulty of SCF in small-gap or gapless systems [85]. Often,
advanced mixing or level-shifting schemes can be used to ar-
tificially increase «-contractivity [86]. Hence, our theoretical
assumptions can be met through the following mechanisms:

(1) Algorithmic stabilization. To help guarantee Assump-
tion 1, if the iteration is not strictly contractive, then con-
vergence can be promoted by standard acceleration schemes,
such as density mixing (DIIS [90] and EDIIS [91]), precondi-
tioning [92], and level shifting [93], among others.

(2) Regularity and bounded error of the functional. To help
guarantee Assumption 2, when the XC functional is repre-
sented by a classical MLP or by a QNN, uniform bounds
can be established for the total energy. In the QNN case,
the Fourier representation of variational circuits [44] ensures
smoothness and local Lipschitz continuity of the learned func-
tional, thereby controlling error propagation in the SCF cycle;
see Appendix H, Lemma H1, for the proof.

(3) Physically motivated initialization. To help guarantee
Assumption 3, the SCF cycle can be initialized with a non-
interacting electron density at n® that yields a physically
reasonable starting point, as implemented for example in
PYSCF [71]. Such initialization increases the likelihood that
the Kohn-Sham map 7 begins in a locally contractive regime,
although this is not universally guaranteed [87]. In addition,
during the training of neural XC functional, the learning rate
can be tuned to prevent the model from driving the SCF
procedure outside the contractive region.

These arguments are supported by concrete realizations
in Refs. [25,28], where classical neural XC functionals were
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FIG. 10. Dependence of the converged loss [see Eq. (23)] on
the noise level o when training the global KSR model. The noise
is sampled from a normal distribution N(0, o) with standard de-
viation o denoting the noise level. The results are obtained within
the 1D framework using the same set of molecular geometries and
hyperparameters as in Fig. 4. The fit is performed using the last three
points (o € {0.1, 1, 10} Ha), and all data points correspond to the
mean converged loss over four different random initializations of the
model parameters.

successfully trained and, more recently, by the neural XC
functional Skala [94], which competes with standard func-
tionals. In addition, Refs. [95,96] provide rigorous studies
of stochastic SCF and its convergence, which, although not
directly focused on our machine-learning task, are comple-
mentary to this work and motivate further investigation of the
convergence behavior with respect to € when scaling to larger
systems.

The validation of the theory lies in its verification within a
concrete implementation. To this end, we quantify the effect
of typical noise sources on the training capacity of our models.
For this purpose, we select the most sophisticated classical
model used in this work (global KSR) without modifying
its hyperparameters from Ref. [25]. Noise is modeled by
sampling from a Gaussian distribution A/(0, o?), where the
standard deviation o specifies the noise level and mimics
typical shot noise in QNNs. The sampled noise is added to
the output of the global KSR model. In this setting, Fig. 10
reports the actual errors (loss) produced by our KS-DFT im-
plementation using global KSR. This experiment isolates the
effect of noise and directly tests whether the expected linear
scaling is recovered in a full SCF implementation. We observe
that our KS-DFT framework is robust up to significant levels
of Gaussian noise (6 = 0.1 Ha) in the KSR model and, for
o > 0.1 Ha, the (converged) energy and density squared error
[see Eq. (23)] scale with O(c2%) as expected. Hence, the total
error ¢ scales approximately linearly with o, consistent with
Theorem 1. The slight deviation from exact quadratic scaling
in the fit can be attributed to the instability in training at very
large noise levels (o = 10 Ha). This shows that the global
KSR model, is expressive enough to compensate for the added
noise and still converge to a similar loss in magnitude up to
o = 0.1 Ha.

For an XC functional trained in a noisy setting, an im-
portant question is whether it can generalize to unseen data
and maintain a similar error. We test this hypothesis in Table

TABLE VII. Performance of global KSR within our differen-
tiable 1D KS-DFT framework for fitting the dissociation profile of
the hydrogen molecule, with additive noise drawn from a normal
distribution A/(0, o'2). The results are obtained using the same hy-
perparameters and molecular geometries as in Table 1.

o [Ha] AE [Ha] Av. MSE(n) NPE [Ha]
0 (10£1.0)x 107 (24£24)x10°  4.0x 1073
1073 (14£1.8)x 102 (7.5£55) x 10 2.60 x 103
102 (284+07)x 1073 (7.5+£9.7) x 10  3.85 x 1073
10~ (15£1.0)x 102 (27£2.1)x 107  3.17 x 102
10° (52£3.1)x 102 (8.6£6.0)x 107 1.15x 107!
10! (4.94+02)x 10°  (6.3+4.0)x 1073 532 x 10°

VII, where the model interpolates the dissociation curve of
hydrogen and is evaluated on unseen data points. All reported
metrics remain stable for o < 107!, e.g., NPE is of order of
1073 as in the noiseless o = 0 case, indicating that the noise
does not impair the model’s generalization capacity. Instead,
it appears to act as a regularizer, mitigating overfitting, as also
observed for QNNs in Ref. [97].

To isolate the effect of quantum noise on the quality of the
XC functional, we consider a purely quantum model, Prod-
uct QNN, without any classical postprocessing. We choose a
simple configuration with N, = 3 qubits and N; = 3 layers,
using the local XC embedding from Eq. (4), identical to that
employed in the global KSR model above and commonly
used in KS-DFT implementations. Thus, the only change
from the previous experiment in Table VII is the model ar-
chitecture. We focus on a standard noise mechanism—the
combination of amplitude damping and phase damping—
described in detail in Appendix F. Shot noise and gate noise
are studied separately: (i) For gate noise, we fiX Ngpors = 00
and vary the noise probability p € {1073, 1072, 107!}, error
rates achievable on current quantum computers based on su-
perconducting qubits [98]. (ii) For shot noise, we set p =0
and vary Ny, € {10, 10%, 10%, 10°}. Table VIII summarizes
the results. For all gate-noise experiments, energy and density
errors remain of the same order of magnitude regardless of
p, as the baseline model already exhibits relatively large but
constant errors of order 10~2 Ha. In contrast, reducing Nghots

TABLE VIII. Performance of local PrQNN in our differentiable
1D KS-DFT framework for fitting the dissociation profile of the hy-
drogen molecule, with gate (amplitude and phase damping channels)
and measurement noise. The results are obtained using the same
hyperparameters and molecular geometries as in Table 1.

P Nuos AE [Ha] Av. MSE(n) NPE [Ha]
0 0o (1.6£1.6)x 1072 (1.5£1.5)x 107* 5.35 x 102
107 oo (1.7£15 %1072 (23+£24)x 10~ 527 x 102
102 oo (1.6£1.6)x 102 (1.5£1.5)x 107* 535 x 1072
107" oo (1.7£15) %102 (1.5+£1.4)x 107 527 x 1072
0 100 (1.6+1.6)x 102 (1.541.5) x 107* 5.36 x 1072
0 10 (1.6+£1.6)x 1072 (1.5£1.5) x 107* 5.42 x 102
0 102 (5.5+11.9) x 1072 (1.6£4.1) x 10 3.92 x 10!
0 100 (13+£1.7)x 107" (4.0£6.3)x 1073 5.02 x 10!
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below 10* significantly degrades generalization performance,
with errors increasing by roughly an order of magnitude. As
shown in Appendix E, the typical statistical error scales as
e = O(ngét/sz), which is clearly observed for Ny = 102,
yielding NPE ~10~!. This demonstrates that within the differ-
entiable KS-DFT framework, at least Nqhors > 10* are required
to match the noiseless performance in case of local PrQNN,
and achieving chemical precision of 1 mHa would likely re-
quire Nyyos &~ 10 with other, more expressive, models. Next,
we discuss in detail the resource estimates for hardware im-
plementation based on these estimates.

H. Resource estimations for quantum hardware implementation

A robust evaluation of a competitive quantum model ide-
ally involves assessing its time-to-solution, generalization
capacity, parameter efficiency, and expressive power. In this
context, the resources required for evaluating quantum XC
models align with those conventionally utilized for DQC-
based QNNs [36]. We focus on the time-to-solution, which
is contingent on the total number of measurements (shots)
required for an accurate output evaluation of quantum models.
To that end, we examine the number of shots N+ = needed
for the gradients VyExc, and vxc[n](r) = §Exc[n]/én(r) and
energy Exc evaluations during the training phase.

Assumptions. To reasonably assess the resource require-
ments, it is important to note that, to achieve a desired
precision ¢ on the total energy, the required number of epochs
Nepochs and the number of model parameters Nparam are likely
to depend on the problem size, i.e., the number of atoms
Naoms- Larger and more diverse datasets may require a more
expressive XC model—thus a greater number of parameters—
as well as adjustments to the batch size and, consequently,
an increase in the number of epochs. In such situations, with
large Nparam (i.€., large depth), the barren plateau problem may
arise, necessitating the use of barren-plateau-resistant archi-
tectures [99] and appropriate mitigation techniques [100]. For
the sake of providing an approximate estimate, we assume
that Nepochs and Npaam do not depend on the problem size.
The exact scaling would depend on the chosen model and
other hyperparameters of the framework. Since neural XC
functionals in our approach can be designed to be independent
of the problem size, they do not need to change as Nyioms
increases, although they may no longer achieve accuracy
& without architectural adjustment. Thus, our estimates do
not guarantee achieving accuracy & but instead provide an
approximate minimal shot budget under the aforementioned
assumptions.

Energy evaluation. For a single evaluation of the XC func-
tional, the cost operator ¢ = Zfﬁl Z, in the loss function is
diagonal by design. It allows for the simultaneous measure-
ment of all its terms (due to mutual commutation), thereby
mitigating associated errors on noisy quantum processors.
This drastically reduces the number of shots in comparison
to common ab intio variational approaches [101,102] that
require the cost operator to be the electronic Hamiltonian of
given system, which typically has many noncommuting terms
to be measured [i.e., O(N*) terms, where N is the system
size]. In Appendix E, we establish that Ny, = O(£72) mea-
surements per expectation value are required to achieve an

accuracy ¢ on the XC energy Exc when using total magne-
tization cost operator.

Gradient evaluation. To evaluate VyExc or vxc by us-
ing the parameter-shift rule [39], two expectation values
need to be computed at each epoch during the training (see
Appendix D). In practical terms, considering that we have
Nepochs during training, we require Ngpos Of order OE™?) per
expectation value to achieve the desired accuracy €. Conse-
quently, the total number of shots during training performed
for VyExc, taking into account Npym training parameters,
amounts t0 2NshotsNparamNVepochs- Similarly for vxc, the gradi-
ent §Exc[n]/én(r) is evaluated at Ngyiq points at Nks iterations,
resulting in 2Nghots Vks NeridNVepochs shots.

Global embedding. In addition, Exc needs to be inferred
at every KS iteration. In our experience, the number of KS
iterations can be set at Ngs € [15 — 100] depending on the
size and complexity (strongly correlated regime) of the sys-
tem. See Ref. [103], where large-scale KS-DFT calculations
required up to 30 KS iterations. Therefore, the total cost in
terms of measurements in our framework is given by

NIOLg = (2Nparam + 2]vgrid]\/KS + NKS )NshotsNepochs .

shots

For the scaling approximation, we consider the number of
trainable parameters Npgam and the number of grid points
Ngiq to be significantly larger than Nks. In the following, we
consider Nks constant. Hence, the overall cost in terms of
measurements is generally expected to scale as

Ntol,g ~ O((Nparam + Ngrid )NﬁholsNepochs )

shots

This scaling is valid for the global energy embedding
[Eq. (5)], where a singular energy evaluation suffices
(Excln] =~ Fy[n)).

Local embedding. In a local embedding scenario, the XC
energy Exc is approximated through Nggi¢ model evaluations,
where the total error is the weighted sum of individual errors,
leading to number of shots much greater than with the global
energy embeddiﬂg, NgridNKSN%holsNepochs > NKSN%hotsNepochs-
The total number of shots required is

Nmt'l = (2Nparam + 2IvgridNKS + NgridNKS )NshotsNepochs‘

shots

Hence, the overall total measurement scaling for local embed-
ding can be estimated as

Ntm’l ~ O((Nparam + Ngrid )NsholsNepochs)-

shots

In addition, the grid size Ngig scales linearly with the
number of atoms Ngrig ~ O(Naoms) [104]. Thus, under our
assumptions, the total cost for training with local or global en-
ergy embedding scales linearly with the system size in terms
of shots due to the need to evaluate the local XC potential
on the grid. The aforementioned costs are summarized in
Table IX.

Concrete estimations. To estimate the shot budget required
for an actual implementation on quantum hardware, we as-
sume the typical values used in this work: Nepochs = 103,
Ngs = 10, Ngig = 10, and Nyyam = 10* (e.g., global QNN).
For the Ng,os shots per energy evaluation, Sec. IV G shows,
for a QNN-based functional, that deterioration from the noise-
less result occurs as soon as Ngos < 10%, consistent with
the derivations in Appendix E. Based on these estimates,
achieving ¢ < 1 mHa (chemical precision) is expected to
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TABLE IX. Scaling of the number of measurements for the train-
ing with the proposed local [Eq. (4)] and global [Eq. (5)] energy
embeddings in quantum-enhanced KS-DFT. We assume that Nks

remains constant [103], and define Nﬁﬂgm = Ngria + Nparam-

Local Global
EXC O(NgristhotsNepochs ) O(NsholsNepochs )
v 0 EXC @) (NparamNshotsNepochs ) (@) (NparamNshotsNepochs )
Uxc O(NgristhotsNepochs ) @ (NgristholsNepochs )
Total @ (Nl;garxi'gmNshmsNepochs) (@) (N}%;igmNsholsNepochs )

require at least Ny ~ 10*-10%, since the error scales as
&= O(NS;(I){SZ). With the global embedding, the total number
of shots is Nj.¢. Hence, per epoch, we require ~108-10'°
shots, and, for the entire training, N;y-¢ & 10'1-10'3 shots.

The above assumes sequential measurements; however,
only the epochs and KS iterations are inherently sequential.
The gradients VyExc and vxc can be fully parallelized on
quantum hardware (i.e., we set Npgam = 1 and Ngig = 1),
reducing the shot requirement to

tot,g
N, shots NksN, ShotsNepochs ,

which yields 108-10'° shots for the entire training. On quan-
tum hardware, the overall time required for training quantum
models depends on the single-shot rate, highly dependent on
the hardware type. This consideration ultimately determines
the computational resources needed to attain a practical ad-
vantage (e.g., lower inference time) over classical XC models.
Assuming an optimistic measurement time on a superconduct-
ing device of 1 ms per shot (e.g., &1 kHz shot rate reported in
Ref. [105]) and 10® total shots, complete training could, in
principle, be done in about one day. Additional measurement
schemes, such as neural network estimators [106], could be
employed to reduce variance, which would otherwise prevent
achieving chemical precision.

Given the imperative to consistently achieve chemical
precision for meaningful outcomes (e.g., accurate energy bar-
riers), global embedding of the quantum XC functional [see
Eq. (5)] emerges as the most promising near-term approach
(i.e., especially in situations with small grid size, Ngi¢ <
Nshots and Ngrig << Nepochs)- In our experiments, as our loss
function is defined against energies, the fact that the global
energy embedding does not scale with grid size significantly
reduces the energy error of our models in comparison to the
local embedding, leading to the best outcomes.

V. CONCLUSIONS AND OUTLOOK

In this work, we developed various (Q)NN-based archi-
tectures and evaluated their capabilities to represent XC
functionals within KS-DFT. To that end, we extended exist-
ing differentiable KS-DFT codes based on JAX and PySCF
frameworks, in both 1D and 3D settings, to accommodate
quantum models. Next, we defined four classes of models
capable of incorporating an arbitrary number of quantum
and/or classical layers. As in other works, [25,28] we classi-
fied the models by their locality (i.e., the fraction of density

points considered as the input). To integrate these archi-
tectures into KS-DFT, we introduced a global embedding
strategy, well suited for quantum architectures due to its
minimal measurement requirements on quantum hardware.
In terms of scalability, both local and global approaches are
influenced by the system size due to the need to compute the
local XC potential. However, a significant advantage of our
model is that the global energy embedding does not scale with
the grid size. This feature substantially improved the accuracy
of our model, yielding the best results in our experiments.
Finally, we performed numerical simulations of the entire
training process on a classical computer.

The results of our experiments demonstrate the promising
capabilities of QNN in efficiently modeling the XC energy
functionals. In our proof-of-concept evaluation, we showed
that quantum models can achieve performance comparable
to classical models with a similar number of parameters
(Sec. IV F), offering small improvements in generalization.
Moreover, the potentially greater expressivity of QNNs com-
pared to classical models [37] (e.g., exponential number of
Fourier frequencies [44] as discussed in Sec. IIC3) may
not be strictly necessary for approximating the exact XC
functional. Hence, the metrics typically adopted in analyzing
quantum ML models (such as expressivity and entangling
capability) may not be directly related to the ability of those
models to perform well on a specific classical dataset. This
observation motivates further investigations on larger datasets
and more complex instances of quantum models, a nontriv-
ial task given the inherent challenges of simulating quantum
mechanics on classical computers.

Only fully global (quantum-enhanced) models, where the
whole density is considered, produced the best results. In
particular, global QNN provided the simplest, yet sufficiently
expressive, architecture to model with chemical precision the
small molecular systems considered in this work, both in
1D (H,) and 3D (planar Hy), even in the presence of strong
correlation. With a mere 316 trainable parameters, global
QNN produced similar results to the state-of-the-art global
KSR model, which requires 10 times more parameters. The
same modest model demonstrated satisfactory generalization
capability on the H,-H, system (two separate dihydrogen
molecules), despite being trained solely on H, and Hy4. This
offers a promising perspective on the potential of QNN for
generalization within this framework.

Moreover, we incorporated a fractional orbital occupation
approach into our framework, which can be also employed
to train purely classical models. This FO approach was in-
strumental in enhancing the accuracy of our models in 3D.
By employing the FO method, we reduced both the average
energy error and its variance by approximately sixfold. In that
way, we effectively mitigated energy oscillations and substan-
tially improved the extrapolation accuracy of global QiCNN.

To ensure the stability of our framework in realistic noisy
conditions present in current quantum hardware—specifically,
the SCF loop, which is the core subroutine of KS-DFT—we
developed a theoretical framework in Sec. IV G that estab-
lishes error bounds and specifies the conditions the model
and implementation must satisfy to guarantee well-controlled
errors. We verified this theory in a concrete implementa-
tion under various noise settings, including typical hardware
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noise, and recovered the predicted linear scaling. Further-
more, we provided resource estimates indicating the number
of measurements required for a hardware implementation,
demonstrating the feasibility of our approach when observ-
ables are measured in parallel.

Additionally, in our QML approach, a quantum-enhanced
neural functional can be initially trained and subsequently
fine-tuned with additional data as needed. Once trained, this
functional can be directly applied to any system to infer
its properties. This stands in contrast to variational quan-
tum eigensolver [101] and imaginary time [102] approaches,
which necessitate full optimization for each system. The latter
methods evolve the quantum state using the exact electronic
Hamiltonian. In contrast, QML methods depend on the quality
of the training data to ensure qualitatively correct predictions.

As an outlook, in this study, we provided an ini-
tial evaluation of proposed techniques on quantum and
quantum-inspired neural architectures and molecules. In fu-
ture works, it would be necessary to expand our training
dataset substantially to understand the practical efficiency of
quantum-enhanced models. Efforts to construct such datasets
are currently ongoing [32]. The capability of our models to
generalize to significantly larger systems is a critical aspect
to investigate. Specifically, can these models effectively learn
from small, strongly correlated systems and subsequently gen-
eralize accurately to larger systems?

Additionally, the FO approach [72] employed in this study
has been evaluated solely on dimers. It remains to be verified
whether a single value of the temperature parameter y, as
detailed in Appendix A, is adequate for training on larger
datasets. Alternatively, parameter-free FO approaches, such as
the quadratically convergent method can be employed instead
[73]. In this work, we opted for the simplest-to-implement
method.

An essential direction for future work is to establish
rigorous criteria under which QNNs provide genuine ad-
vantages over classical models, moving beyond general
expressivity arguments. While recent advances in ML-based
XC design [25,28,94] have yielded promising results, the
quest for a universal functional remains unresolved. To
systematically explore this challenge, we have released
QEX [59], a flexible framework that supports arbitrary
classical-quantum hybrids. Our approach is inherently com-
patible with barren plateau mitigation techniques (e.g.,
engineered dissipation [100]) and with architectures natu-
rally resilient to trainability issues (e.g., QCNNs [42] and
permutation-equivariant models [99]). Looking ahead, in-
spired by quantum-enhanced DFT approaches that leverage
QPU-prepared ground states [107,108], we propose using
QNNs as representation learners that extract task-relevant
features from approximate ground-state wave functions. Anal-
ogously to QCNNs on quantum data [42], such models could
provide inductive biases tailored to electronic-structure tasks.
This perspective positions QNNs not merely as end-to-end
regressors for the XC functional but as modules within a
hybrid pipeline for learning more expressive and accurate
approximations.

The advent of early fault-tolerant quantum computing
(FTQC) architectures is expected to significantly broaden the
range of feasible quantum algorithms for chemistry. While

fully fledged protocols such as quantum phase estimation
(QPE) will ultimately become the method of choice as de-
vices mature, recent studies already show that logical-qubit
architectures can outperform variational methods on near-
term problems [109]. Such approaches are fully compatible
with our framework and may serve as a natural stepping
stone prior to large-scale QPE. In the broader landscape, we
anticipate that FTQC-based methods and DFT will coexist
as complementary paradigms, with hybrid strategies likely to
play a central role in the foreseeable future.

Overall, our findings emphasize the promising potential of
QNN-based XC functionals within DFT. With this contribu-
tion, we provided an initial blueprint that would serve as a
stepping stone towards the development of more optimized
frameworks and quantum-enhanced neural architectures that
can tackle even more challenging chemical problems with
greater accuracy and efficiency.
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APPENDIX A: INCORPORATING FRACTIONAL
OCCUPATION IN RKS-DFT

Chai’s algorithm for fractional occupation is based on
the argument that the distribution of occupation numbers is
independent of the specific many-body system and adheres
to a universal form described by the Fermi-Dirac distribu-
tion [72]. Hence, the density can be expressed as n(r) =
Zfil gi| Vi (r)|?, where the occupation number g; is the Fermi-
Dirac function g; = {1 + exp[(e; — u)/y1}~", which obeys
the following two conditions, Zfil gi=N,and 0 < g < 1,
where ¢€; is the orbital energy of the ith orbital ¥;(r) and
w is the chemical potential chosen to maintain a constant
number of electrons N. To account for this modification, the
expression for the energy is then given by

Eln) =T i, vl = LSt + f n(e)u(r)dr

+ Ep[n] + Ejc[n]. (A1)
with y-dependent XC energy given by E;C[n] = Exc[n] +
E,[n], where E,[n] represents the difference between
the noninteracting kinetic free energy at zero tempera-
ture and that at temperature y. The entropy contribution
is given by — - S{[{gi}] = ¥ 272, [8: In(g) + (1 — gi) In(1 —
g:)]. Given a suitable electronic temperature y, the chemical
potential 1 is fixed by > oo, {1 +expl(e; — n)/¥1} "' =N to
conserve the number of particles. In essence, only the entropy
contribution needs to be added to an existing RKS-DFT im-
plementation and E;;C [n] is learned by the neural XC. This
approach does not impact the overall computational scaling.
The trade-off for improved density representability is the in-
clusion of a single free parameter, the temperature y, which
may require initial tuning for consistency across systems, a
subject that warrants further investigation.
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FIG. 11. Electron density of a hydrogen molecule (R = 3.84 bohr) at first six KS iterations using global QNN within the 1D KS-DFT
framework. At every KS iteration, the electron density is improved, eventually reaching the reference one. The reference (Ref) result is

generated using DMRG by Li et al. [25].

APPENDIX B: INTEGRATION GRIDS AND NEURAL
XC FUNCTIONALS

A neural XC model needs to implicitly learn a function

fo that is adapted to the {w;}; grid grid points, distributed
according to a fixed grid type. There are multiple choices of
grid types and densities (number of grid points Ngig), with
a finer grid mesh yielding more accurate results at a higher
computational cost. Ideally, a neural XC model needs to be
trained/constrained to be invariant to finer mesh grids of the
same type. See Fig. 11, where a trained global QNN model is
used to compute the electron density throughout KS iterations
on a fixed grid of 513 points. This adds to the challenge
of making generalizable neural XC functionals where grid
(hence the number of model inputs) needs to be adapted and
neural XC functional made consistent with the changes. For
instance, a potential solution is to design a grid invariant
embedding or add constraints in the loss to make the NN fj
invariant to grid density changes. Another approach would be
to use also the coordinates {r;},* Ng”d as inputs of the model f
to explicitly include the mformatlon about the distribution of
grid points in the Cartesian space. However, this approach
would quadruple the number of inputs, so it is not currently
considered for simplicity. In our work, we minimize grid
variations by using a single grid type (e.g., of Lebedev type
[110]) and the same number of grid points for all molecules
whenever possible (our models have a fixed number of Ngiq
inputs) in order to facilitate the training.

APPENDIX C: BUILDING BLOCKS OF QUANTUM
NEURAL NETWORKS

In this Appendix, we present typical DQCs that are used in
this work.

Quantum circuit ansatz

As an ansatz U, layer, we employ the popular hardware-
efficient ansatz introduced in the context of VQE for
chemistry [101]. The heuristic ansatz structure is not specif-
ically tailored to the problem; thus, it represents the most
general quantum model, closely resembling a classical MLP.
It is composed of selected single qubit rotations [i.e., R;(6) =
e~ 297] that are placed on all available qubits with distinct

angles 6,,

q
Usqe(6) = [ [ e 20P e 2% 207, (@)

which enables the representation of the most general rotation
on a Bloch sphere. The entanglement block consists of an
arbitrary pattern of (parameterized) multiqubit gates that in-
troduce interactions between qubits. For example, considering
the two-qubit case, a unitary is given by

Ua = [] CNOTG. j). (C2)
(i,j)eS

where  CNOT(, j) = e~ +G=200=%)  and S repre-
sents an ordered set of pairs of qubit indices. We

will employ an “alternate ladder” set Sy =S US;
with  §; =(0,1),2,3),...,(N,—1,N,)) and 8 =
((1,2),3,4),...,(Ng —2,N, — 1)) unless specified

otherwise. Note that a parametrized entanglement layer
can also be defined as Une”(Oent) =[], hes R '

ent
[ 1 jyes CNOT(, ])efieemz CNOT(, j), where Rlzé
represents the parametrized ZZ gate between qubits. This
allows the model to cancel the interaction (Oem = 0) between
qubits if necessary. The final quantum state |) prepared by
repetitive applications of the feature map and ansatz is given

by

ent) =

N; Ny
v 0)=]] (]_[ ULLULA( 95”’)U}(n))|0>, (C3)

=0 \d=0

and subsequently used in Eq. (13) as fy(n)=
(¥ (n, 0)|C|yr(n, 0)). Throughout this work, all the quantum
layers will be evaluated in this manner. Next, we discuss how
classical data can be embedded in quantum circuits Uy (n).

APPENDIX D: DIFFERENTIATION
OF QUANTUM MODELS

Gradient evaluation is an essential component for training
NNs in general. Since (quantum) NNs can be thought of as
a function fj, there are various approaches for differentia-
tion. The standard approach in classical ML is the automatic
differentiation that exploits the chain rule and stores the in-
termediate values of subfunctions (layers) of ML models to
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evaluate the gradients of f,. This approach has an advanta-
geous scaling that enables training large classical models and,
hence, is always used for the differentiation of classical layers
in this work. In the context of quantum computing, there has
been a need to develop an efficient approach, beyond finite
differences, for gradient evaluation. Schuld et al. showed that
due to the trigonometric relations within the unitaries asso-
ciated with single qubit rotations, Usy, = e~ 290 (that include
single-qubit Pauli generators O), it is possible to derive a
simple and exact derivative formula which highly resembles
finite differences, the so-called parameter-shift rule (PSR)
[39]:

Josr2(n) — fo_z2(n)
5 )

The generalized PSR rule [40] is needed for general multi-
qubit generators.

Vofo(n) =

(D)

APPENDIX E: NUMBER OF MEASUREMENTS

To determine the measurement budget to reach an accuracy
& with QNNs presented in this work, we follow the standard
frequentist approach [111,112]. The output of QNNs is ob-
tained by measuring the total magnetization cost operator,

which can be expressed as the sum of the expectation values of
Pauli-Z operators over all N; qubits, M = ngl (Z;). Assume
each term Z; is measured m; times; The statistical error on
each term, ¢;, is given by 81.2 = % Since (Z) e[—-1,1],
its variance is upper bounded by 1, Var[(Z;)] < 1. To achieve
a total error &, we can distribute the per-term errors such that
&2 = ]%82. Then, the total number of measurements Nipors

q
across all qubits becomes

Ny Ny N2
4

N, ~
! Var[(Z;)] 1
Nows =D mi =) ———= <) N, = ED
i=1

i=1 i i=1

Since all the operators are diagonal, they can be measured si-
multaneously, resulting in a total shot cost of Ngyors = O@72).

APPENDIX F: NOISE CHANNELS

In Appendix E, we discussed the error arising from finite
sampling. In modeling realistic quantum devices, additional
noise processes are commonly represented by completely pos-
itive trace-preserving (CPTP) maps acting on a qubit’s density
matrix p = |W)(W|. Any CPTP map can be expressed in terms
of a set of Kraus operators {K;} satisfying > I%:I?,- =I. Two
common single-qubit noise channels are dephasing and am-
plitude damping, which we focused on in our experiment in
Table VIII implemented in QEX [59].

Dephasing (phase-damping) channel. The dephasing chan-
nel describes the decay of quantum coherences without
altering computational-basis populations. A Kraus represen-

tation is
Ky=1-pl, K =.pZ, (F1)

where 0 < p < 1 is the dephasing probability and Z is the
Pauli-Z operator. The channel acts as

Eaepn(p) = KopK + K pR]. (F2)

Amplitude-damping channel. The amplitude-damping
channel models energy relaxation from |1) to |0), as in spon-
taneous emission. A standard Kraus representation is

. (1 0 . (0 P
KZ—(o m) K3—<o 0)’ )

where p is the probability of decay during the noise process.
The map is defined as

Eamp(p) = KapK] + KypK]. (F4)

In Sec. IV G, we analyze the performance of a typical QNN
in our framework by applying these noise channels and tuning
their strength via the parameter p.

APPENDIX G: PROOFS OF ERROR BOUNDS

Proof. We prove Theorem 1 under Assumptions 1-3, as
stated in Sec. IV G. We aim to show that, under an error ¢, the
exact self-consistent density n* obtained from the exact SCF
map 7 (with the exact XC functional) differs from the approx-
imate self-consistent density 7 obtained from the approximate
SCF map T by at most O(e).

Step 1: We define iteration errors. Let ¢; = || n® — n*|,
with || - || = || - ||2. Then by definition of T,

n®D — = Tn®] - Tn*).
We split and add 7 [n®]:
n D = (T = THn®] + (T ™) = T
Hence,
e = | — 0| < I(T = Dn®y
+ 1 Tn®1 = TIn*1l|
< N7 ®) = Tn®Y + I T 0] = T

Term (b)

(G1)

Term (a)

Step 2: We bound Term (b) by contractivity. By Assump-
tion 1, for ny, n, € U,

17 Tm] = Tlnall < « lIng — nal.
Since n® and n* lie in U, we get
I71n®] = TIn 1l <« [|2Y = n*|| = K e

Step 3: We bound Term (a) by uniform XC error. From
Sec. IV G, we recall that 7 and 7T differ only in the XC
potential part, and by Assumption 2, that potential difference
is at most K ¢. To convince yourself, see the KS equations in
Sec. II, where Hamiltonian operator Hn] = —V?2 /2 + vgsln]
ultimately defines the SCF map 7 through XC potential vxc.
In the local region U, changing the potential by at most K ¢
changes the resulting density by at most some constant factor
a ¢. Hence we have

ITTn] — Tinlll <ae forallneU. (G2)
Thus, for n® e U,

17100 = TP < ae.
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Step 4: We combine the previous statements into Eq. (G1):

ersr = [n* —n¥)|
< NT ™1 = T®Y + 1 T %] = Tt
<ae+«ke. (G3)

Step 5: The density n® remains in U by Assumption 3, we
solve the recurrence by rewriting

et S ke tae,

as
k-1
X . x 1 — «*
e < Kk eo+otsg K =« eo—i-oeel .
—K
j=0

Set n® as the initial guess, so ey = ||n®) — n*||. This proves
the finite-k bound (27). Taking k — oo, we get

oo = || —n*|| < (G4
Hence the approximate self-consistent density 7 is within
O(¢) of the true electron density n*. _

__ Step 6: Energy difference is also O(¢). Finally, define E =
E[7] and E* = E[n*]. Write

E - E* = (E[7] - E[) + (E[@ — E[n*]).  (GY)

Since EXC differs from Exc by at most ¢ in value, E differs
from E by at most ¢ at the same density 7. Meanwhile, we
assume that |E[1] — E[n*]| < M || — n*|| for some Lipschitz
constant M > 0 near n* since according to Eq. (G4), 71 and n*
are order ¢ close in the region U by Assumption 3. Hence,

e=Cs,

~ - o
|E—E*|<e+Mln—n"| <8+M1

where C' =1+ i”_—‘f( This completes the proof. |
Thus, the final approximate energy is O(g)-close to the

true energy, demonstrating that, under our assumptions, catas-

trophic error accumulation in the SCF loop is avoided.

APPENDIX H: LIPSCHITZ CONTINUITY OF QNNS

In this Appendix, we establish the Lipschitz continuity of
QNNs employed in this work, following the derivations and
notation from Ref. [39] for clarity. Recall the definition of
quantum models, Eq. (13), here denoted as

fa(n) = (OIU"(n, 0)C U (n, 0)|0),

which forms the basis of all our N;-qubit models. We pro-
pose the following Lemma to support our arguments from
Sec. IVG.

Lemma HI (QNN Lipschitz continuity). Let QNN be rep-
resented by f,(n) = (0| UT(n,0)CU(n, 0) | 0) with

Un) = WEDS(w D . . wOsmw D,

N,
Smy=e", C=>"2,
i=1

where W* = W () are x-independent unitaries (representing
ansatz), S(n) is the feature map with Hermitian operator H
with eigenvalues {Am}izl, d =2 and L = N is the number
of layers. Then fj is globally Lipschitz in x, defined according
to Ref. [39] as

fn) = Z e (Mdidng,

k. jeld]-

JLo

Consequently,

sup |f5(m)| <Ny > |Ax— Aj| < oo,
xeR k. jeld]t

where we use multi-index j = {ji, ..., j.} € [d]*, [d]* de-
notes any set of L integers between 1 and d, and N, is the
number of qubits. Hence, f, is globally Lipschitz on R (for
any density n) with a 6-independent constant.

Proof. We follow the Ref. [39] and recall that:

f(l’l) — Z ei(A"_Af)"ak,j,

k. jeldl*

where
1 2 L+1
ag,j = Z (W*)gk)l (W*)§l;2 cee (W/*)ELZL )Ci,i’
i

wOwo

(L+1)
XWep e Wi Wi

Since ||C'|| =N, Wk are unitary, and sup, |fo(n)| < N,
consequently the elements |a j| < el = N,. We can then
write the derivative of our model,

fimy= 3" i — Ape g ;.

k. jeldl-

So sup, |f9’(n)| < Zk,je[djb [Ax — Ajllax j| <
Ny D g jetar 1Ak — AJ:| <0 since the spectrum is ﬁnite?. The
mean-value theorem implies the stated Lipschitz continuity
of fy(n). |
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