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Lindblad master equation for twisted photons in a turbulent atmosphere
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We revisit a Lindblad master equation for the propagation of photons carrying orbital angular momentum
through a turbulent atmosphere. This equation is here independently derived from the stochastic Hamiltonian
formulation of paraxial optics, accounts for the Kolmogorov power spectrum of turbulence, and relies on an
exact ensemble average over refractive index fluctuations. We show that, in contrast to previous representations,
our present formulation admits efficient numerical solutions on suitably truncated Hilbert spaces, which we
exploit in a study of the crosstalk of a single twisted photon propagating through the atmosphere.
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I. INTRODUCTION

The great potential of structured light modes in diverse
applications ranging from microscopy [1] to high-dimensional
quantum cryptography [2] primarily stems from the
theoretically unbounded orthonormal basis furnished by the
associated beam solutions of the paraxial wave equation in
vacuum [3]. Within the zoology of structured light beams
[4], Laguerre-Gaussian (LG) modes occupy a special role,
since they carry an orbital angular momentum (OAM) I/ (I =
0, 1, £2, ...) per photon imprinted in their (twisted) helical
phase profiles exp(il¢), with ¢ the azimuthal angle in the
plane transverse to the optical axis [3]. Unfortunately, in free
space the phase and intensity profiles of twisted light modes—
in fact, of any modes except singular modes [5] or eigenmodes
[6,7] of turbulence—are severely distorted by fluctuations
of the refractive index of air, resulting in turbulence-induced
power loss, intermodal crosstalk, and the deterioration of
the nonclassical properties of light [8—12], rendering the
realization of high-dimensional optical communication
protocols in free-space channels highly challenging [13-17].

The propagation of a scalar monochromatic optical wave
with an arbitrary transverse spatial profile across a turbulent
medium is governed by the stochastic parabolic equa-
tion (SPE) [18]. Despite substantial progress in understanding
the SPE’s properties under a broad range of turbulence con-
ditions [19], its analytical solutions are known in only a few
simple cases [18,20,21], while in general the SPE is solved
numerically. For instance, the density matrix of the propagated
twisted photon(s) can be obtained indirectly from the SPE
via the split-step method based on discrete phase screens
representing a three-dimensional random medium [22-24],
including dynamically evolving media [5,25]. By properly
specifying the initial field, one can describe the transmission
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of classical and quantum beams alike, be they, e.g., twisted
[26], squeezed [27], or entangled [28]. However, obtaining
ensemble averages relies on many random realizations of the
phase screens, which is computationally expensive. In addi-
tion, the generation of phase screens that faithfully represent
atmospheric turbulence is a nontrivial task which constitutes a
research area of its own [23-25]. Finally, the distance between
neighboring screens is not strictly determined, but is deduced
from empirical conditions that intensity fluctuations be suffi-
ciently small [28,29] or that positions of turbulence-induced
vortices can be tracked [26]. These empirical conditions lead
to distinct prescriptions for interscreen intervals for identical
turbulence conditions.

The split-step method’s trade-offs can be avoided by
directly deriving the dynamics of the ensemble-averaged
density matrix; in this vein, an infinitesimal propagation equa-
tion (IPE) describing the evolution of the quantum state of
single or entangled twisted photons in atmospheric turbulence
was derived from the SPE [30]. The IPE was obtained in
the LG [30,31] and plane-wave [32] basis, but both resulting
forms suffer from certain limitations. While, in the LG basis,
the IPE can only be solved under severe basis truncation in
Ref. [30], rendering in general unreliable solutions [33], in
the plane-wave basis it can be solved under the quadratic
approximation of the phase structure function [34] and for
small numbers of populated LG modes, with |/| < 5 and ra-
dial index p = 0 determining the modal structure along the
transverse radius. Within this framework, the authors of Ref.
[31] studied a Lindbladian representation of the IPE in the
LG basis, with a discrete set of Lindblad operators provided
in terms of a generating function, and explored the dynamics
of the twisted photon’s density operator on a truncated space
1, p< 4

In the present contribution, we streamline the derivation of
the Lindblad master equation, employing methods from the
theory of open quantum systems, and cast the equation in a
form that is numerically superior to the one presented in Refs.
[31,32] and grants additional structural insight concealed in
Refs. [31,32].

Note that the theory of wave propagation through disor-
dered media is closely related to the theory of open quantum
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systems [35], where one is concerned with the effective
dynamics of a subsystem embedded into an environment.
An effective description is obtained by performing a partial
trace over the environment, which can be understood as a
statistical average over the environment state. In close anal-
ogy, in the study of disordered systems, one resorts to a
statistical treatment and seeks to assess ensemble-averaged
quantities with the average taken over different realizations of
the disorder. This link has been explored in multiple works,
demonstrating how exact [36,37] or perturbative [38] mas-
ter equations governing the disorder-averaged time evolution
of disordered systems can be derived. We exploit this link
to derive a Lindblad master equation for the evolution of a
photon carrying OAM in atmospheric turbulence. It should
be further mentioned that the Hamiltonian for twisted pho-
tons in turbulence bears close similarity to the Hamiltonian
for plane-wave photons [39,40], while our ensemble-averaged
Lindblad master equation is related to the quantum Boltzmann
equation for the photon distribution function (PDF) in the
atmosphere [39,40].

Our presentation proceeds in the following section with
a formulation of the SPE, followed by a derivation of the
Hamiltonian describing an infinite set of quantized harmonic
oscillators associated with LG modes in the atmosphere. The
latter is approximated by a nonabsorbing turbulent medium
that is characterized by the Kolmogorov power spectrum.
In Sec. III, we provide a Lindblad master equation for the
density operator of the oscillators by performing an exact
average over the refractive index fluctuations, following the
procedure outlined in Ref. [38]. We then study the evolution
of turbulence-induced crosstalk among LG modes in Sec. IV,
and conclude our work in Sec. V.

II. QUANTIZATION IN INHOMOGENEOUS
DIELECTRICS AND THE HAMILTONIAN

A. Stochastic parabolic equation

We set out our derivation of the Hamiltonian with a formu-
lation of the SPE [18], which governs the propagation, in the
atmosphere, of the spatial envelope v (r) of the monochro-
matic field with wave number ky and frequency w, ¢(r) =
I/f(l‘)ei(koz_wt),

9 1
—ig V(p.2) = (2—kom + kodn(p, z))w(p, 2, (D

with p = (x, y) a vector in the transverse plane, én(p, z) the
zero-mean refractive index fluctuations, and A | = 92 / ax? +
02/3y* the transverse Laplace operator responsible for wave
diffraction. Equation (1) governs a scalar field amplitude,
reflecting negligibly small depolarization effects in the at-
mosphere [18], and is equivalent to the two-dimensional
Schrodinger equation, with the spatial coordinate z play-
ing the role of time. This promotion of z renders dn(p, z)
a stochastic process, placing the problem into the realm
of stochastic Hamiltonians. Note also that Eq. (1) ignores
quadratic terms O(8n(p, z)*) ~ 107% [21] and assumes a flat
gradient of the envelope ¢(r), such that |812¢| K koo, | K
|k§¢|, where henceforth we adopt the notation (9, 9y, 9;) :=
(0/0x,d/0dy, 3/dz). In addition, fluctuations are assumed to

be delta correlated along the propagation axis, which amounts
to the Markov approximation [41],

sn(py, 2)8n(py, 22) = 8(z1 — 22)BL (o1, p2),  (2)

with the overbar indicating the ensemble average over the
refractive index fluctuations, and

BL(p1. p) = 27 / Pq De(gDe® @), (3)

the transverse correlation function [18] given by the
Fourier transform of the Kolmogorov power spectrum of
turbulence [18],

dg(q) =0.033 C2q /3, 4)

with C? the turbulence structure constant and ¢ the transverse
momentum.

B. Hamiltonian

A Hamiltonian formulation of paraxial optics can be
obtained by postulating a Lagrangian consistent with the
paraxial wave equation [42]. The scalar character of Eq. (1)
simplifies the derivation of the Hamiltonian within the frame-
work of elementary QED, by fixing the photon’s polarization
and focusing on the scalar field components. Thus, we
avoid the more involved quantization of vector fields (see
Refs. [43,44]). It is easy to show that a theory consistent
with the SPE requires the incorporation of refractive index
fluctuations into the Lagrangian of Ref. [42], resulting in the
following Lagrangian:

1
L =iy o,y + kodn(p, )Yy — 2_I<08ifai‘/’*8j1ps (5)

with the sum convention in force, i, j = x,y, and a single
canonically conjugate pair of variables, (¥ (p, z), I[1(p, 2)),
with canonical momentum

3(3:v)
We recover Eq. (1) by applying the Euler-Lagrange equa-
tion to Eq. (5). The Hamiltonian density is straightforwardly
obtained by Legendre transformation, to give

iy, I =0. (6)

1
H(p,2) = 2—kO(Vﬂﬂ*)(Vﬂﬂ) = kodn(p, )Yy, (7)

which yields, upon transverse integration, the total Hamilto-
nian

1
H(z) = /dzp [— 2—]%1#*Aﬂ/f — kodn(p, Z)Wl/f}, ®)

where partial integration of the first term on the right-hand
side of Eq. (7) was used to arrive at the equality, with surface
terms dropped on account of the wave function’s decay. Field
quantization follows the standard procedure [45], with the
promotion of scalar fields to operators, ¥ (p, z) — ¥ (p, 2),
Vv*(p,z) = ¥ (p, 2), postulation of the canonical commuta-
tion relations

[V (0, 2), ¥ (0, 2)] = [¥(p,2), ¥(p,2)] =0,
[ (p.2). ¥ (0. 201 =8(p— p).
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and the Heisenberg equation of motion

i,V (p,2) = [¥(p, 2), H()). )

The term —A /(2ky) in Eq. (8) corresponds to the kinetic
term p? /(2ko); we can readily solve for the evolution due to
this term by using the transverse momentum basis,

big.2) = / P (. )", (10)

o, 2) = / Pq (g, e, (1)

1
(2m)?
which diagonalizes Hy := —(2ko)~' [d?p YA 14, to find
the solution to the equation i9,%(q,z)=[¥(q,z), Hol
given by

U(g, 2) = W(g, 0)e =07/, (12)

In the interaction picture with respect to Hy, we thus find

A = —e"’“[ / d*p kodn(p, z)xﬁﬂe"ﬁﬂz

k o
= —(27;))4 /dzp/dzq/dzq/ e_lp4q+lzq2/(2k0)

x U (g, 0)8n(p, )W (g, 0)eir? 4"/ (13)

We deal with the propagation of light quanta populating
LG modes. It is therefore convenient to introduce the photonic
annihilation and creation operators of LG modes,

1 o
4= G / dqii5,(q. 00,0, (14

where ii,, ; (g, z) is the Fourier transform of the LG mode func-
tion u,;(p, z), as defined in the Supplemental Material [46],
and the creation operators are given by the Hermitian conju-
gates of @, ;. Throughout, tildes denote Fourier-transformed
quantities. Using the identity [54]

oiPa—24*/(ko) _ Z f‘;l(qv 0)up1(p, 2), (15)

p.l

we can rewrite Eq. (13) in a concise form,

H@) =) gup@)ajag, (16)
a.p

where we dropped, for the remainder of this paper, the su-
perscript “int” of the Hamiltonian, and the coupling constants
read

8up(2) = —ko/dszn(p,z)uf;(p, Dug(p, 2), (17)

with @ = (py, l,) a compound index. Equation (16) describes
the linear coupling, due to refractive index fluctuations, be-
tween quantized harmonic oscillators associated with LG
modes « and 8.

Vacuum propagation effects, such as diffraction and the
accumulation of a Gouy phase arising due to transverse spatial
confinement [55], are accounted for by 1-70.

III. MASTER EQUATION

A. Ensemble average

The open quantum systems theory derivation of a master
equation in the weak-coupling limit, which is certainly jus-
tified in our present scenario since én < 1, typically begins
with a separation of the total system into a system of interest
S and a reservoir R. The second-order master equation for the
system’s reduced density operator pg then takes the form [35]

Z
0:p5(2) = — / dz TR[H (), [AE). pse@N. (18)
20

However, a separation between system and reservoir is ill
defined in the present case since all LG modes should be
treated equally in a description of light propagating through
the atmosphere. Indeed, one can show that the splitting of
the quantized oscillators into system and reservoir followed
by the standard Born approximation, where the reservoir
modes are assumed to be in a vacuum steady state, amounts
to complete neglect of intermodal crosstalk, or a coupling of
the initially excited LG mode(s) to other LG modes—the very
effect we intend to study. We therefore stress that, instead
of pursuing a standard open quantum systems approach, we
consider the system of LG modes to be closed and rely on
the master equation derived in Ref. [37] to obtain an exact
master equation for the ensemble-averaged density operator
p, in the spirit of Refs. [37,38,56]. Crucially, considering a
closed rather than an open system introduces a conceptual
subtlety: unlike open systems, where decoherence arises from
the partial trace of an entangled system-environment state,
decoherence here arises from the averaging of stochastically
evolving coherences over a disordered potential landscape
[36,38].

Consider the stochastic Hamiltonian (16), written as
H(z) =Y, s 8ap(2)Xup with operators X, :=ajag intro-
duced for brevity, and its induced dynamics given by the von
Neumann equation

dp(2) = —i[H (), p(2)]. (19)

Using variational calculus, Budini derived an exact time-
convolutionless master equation [37] for the ensemble-
averaged density operator p associated with a broad class of
stochastic Hamiltonians encompassing (16). For the Hamilto-
nian under consideration, the equation reads

Z
9:p(2) = — / dz' g g(2)gup (2)
0

x (X}, 16z, D Xap Gz, D), p@L, (20)
with propagator

21
G(z1,22) = Zexp <—i/ dZ'ﬂ(Z’)) 2D

22
and Z the spatial equivalent of the time-ordering operator.
While the formal result Eq. (20) is generally hard to solve, the
Markov approximation (2) implies that the correlator satisfies
8op(D)8arp (2') X 8(z — 7'), thus collapsing the spatial integral
and rendering the master equation tractable, as the propaga-
tor reduces to G(z, z) = 1 and the average on the right-hand
side of (20) is readily performed. Using g, = g and the
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Symmetry g4p(2)8u'p(2') = gu'p(2)8ap(Z'), WE can rearrange
terms to arrive at

_ PR, L ov o
0;0(z) = Z Vaﬂﬂ’a’(z)[xaﬁpngﬁ' - 5{ ;fﬁrxaﬁv ,O}i|,
a'ﬂ’a/'ﬂ/
(22)
with the intermodal coupling (crosstalk) tensor
Yapa'p (2) = 8up(2)8up (2). (23)

Note that, so far, we have not imposed any restriction on
the photonic initial state, nor on the power spectrum of the
turbulent medium, such that Eq. (22) is fully general.

Equation (22) is one of the central results of this paper,
whose consequences will be examined once we have pre-
sented an analytical expression for the relaxation tensor, in
the following section.

Structurally, Eq. (22) exhibits the form of a Gorini-
Kossakowski-Lindblad-Sudarshan (GKLS) generator [35],
except for the z dependence of the relaxation tensor and a
potential violation of positive semidefiniteness of the Kos-
sakowski matrix corresponding to yygap. We will show in
Sec. III B that the generator is approximately independent of z
for practically relevant propagation distances z < zg that are
much shorter than the Rayleigh length zg, which corresponds
to the distance at which the beam’s area has doubled due to
diffraction. Moreover, we comment on positive semidefinite-
ness for arbitrary z in Sec. III C.

B. Relaxation tensor
1. General formula

We now seek to deduce a closed-form expression for
the relaxation tensor, formally defined in Eq. (23). The key
difficulty of the master-equation-based approach lies in the
analytical evaluation of the correlation function g,ggus . In
Ref. [31], the latter average is inferred via a generating func-
tion. However, as discussed below, the closed-form expression
for the tensor y,gqp, Obtained in the present contribution,
holds numerical advantages over Ref. [31].

Introducing Uyg(p, z) = uj(p, 2)ug(p, z) and its Fourier-
transformed counterpart Uy p(q, z) = F?P{Uqyp(p, 2)}, we sub-
stitute Egs. (17) and (2) into Eq. (23), to find

Yapa'p = kg/dzpl /d2p2 Uaﬁ(pl, Z)Ua’ﬂ’(pZa Z)
X By (p) — ps)
= 27k} [ d*q k(gD Uup (@, DUap(—q,2), (24)

where the last equality follows from Eq. (3). The analytical
evaluation of the integral (24) is cumbersome; hence, we defer
it to the Supplemental Material [46], where the derivation and
explicit expressions are provided.

2. Remarks on approximations

Before discussing the structure of the solution, we briefly
comment on the employed and avoided approximations of our
approach.

(i) We evaluate the correlation function using the Kol-
mogorov power spectrum [see Eq. (4)]. Therefrom, the phase
structure function can be deduced as [18]

5/3
Dy(18p]) 6.88(%) , (25)
with ry the Fried parameter that defines the transverse coher-
ence length of turbulence. The characteristic 5/3-power-law
scaling of Dy (|8 p|) often complicates or even prevents analyt-
ical considerations. To overcome this difficulty, the quadratic
approximation (5/3 — 2) is commonly applied [9,34,57,58].
However, this approximation can produce artifacts [59], e.g.,
an underestimation of the entanglement decay in turbulence
[60]. Our present approach does not rely on the quadratic
approximation.

(i1) As discussed in the Supplemental Material [46], our
adoption of the Kolmogorov power spectrum leads to di-
verging integrals in the special case I, = Ig [= lg = I see
Eq. (30)]. However, we prove that this is not problematic
because diverging contributions to the master equation cancel
exactly—a feature encountered in earlier studies of dynamics
under the exact Kolmogorov power spectrum [30,31]. The
strategy to deal with diverging integrals is thus to regularize
the singularity of the Kolmogorov spectrum by ad interim
adopting the modified von Karman spectrum, i.e. in (4),
g " — 1/(¢* + ¢3)""/®, ensuring convergence of Eq. (30)
for the special case I, = Iz and allowing us to solve the inte-
gral in Eq. (24). The solution thus obtained is expanded in a
series in g, where singularities [which, as we show, mutually
cancel on the right-hand side of Eq. (22)] can be dropped;
finally, we let go — O to return to the Kolmogorov spectrum
o g~ '1/3, thus retaining only the zeroth-order term in the g
expansion of the solution to Eq. (24). It must be stressed
that this procedure is fully rigorous, without any informal or
heuristic arguments; the interim adoption of the modified von
Karman power spectrum is merely a trick.

3. Analysis of y.pw p (2) at different z

Let us now present a closed-form solution for the relax-
ation tensor defined in Eq. (24), which is another central result
of this work [46]:

Vaparp (2) = Cakgo /0 (2)e™ Wure# OT yporgr,  (26)
where
o(z) = 2/w(2), 27)

is expressed through the beam radius,

w(z) = wov/ 1 + (z/zr)?, (28)

with wy the initial beam’s radius and zz the Rayleigh length;
@apap (2) 1s a phase given by differences of the Gouy phases
&(z) associated with LG modes «, 8, «’, and g/,

Vapap (2) = 88(2) — E4(2) + &5 (2) — 0 (2), (29)

and I'ygp s a complicated tensor which, however, exhibits
no dependence on turbulence and beam parameters [46].

We further find [46] that Eq. (26) obeys a strict selection
rule: Yy gap(2) vanishes unless

ly —lg =1lg — Iy, (30)
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i.e., the difference of involved OAM pairs is an additional
invariant in turbulence, beyond the well-known invariance of
OAM itself [26,61]. This becomes apparent by returning to the
master equation (22) and noting that Eq. (30) leads to a pairing
of operators creating and annihilating the same number of
OAM quanta. The conservation of the OAM difference can be
ascribed to the isotropy of the Gaussian random field §n(p, z)
in the transverse plane. As we show in Sec. IV, the associ-
ated selection rule (30) substantially simplifies the numerical
simulation of the master equation.

The structure of the relaxation tensor gives rise to an-
other important insight: Note that Eq. (26) factorizes into
a product of beam or turbulence parameters, with a simple
z-dependent function o(2)7/°, on the one side, and a tensor
Luparp, On the other side. The benefit of this factorization
is evident, as the evaluation of I'yg.p—even if computa-
tionally demanding—needs to be performed once, with the
result stored and recycled for different choices of the beam
and turbulence parameters. We stress that the importance of
our work lies not with the master equation (22) which, as
we show in Secs. III D and III E, is equivalent to the classical
parabolic equation [21] and the IPE expressed in the LG basis
[31], but with the convenient factorization and reusability of
the relaxation tensor, which greatly accelerates the numerical
solution of the master equation. In addition, our closed-form
expression for the relaxation tensor allows us to deduce a
number of its fundamental properties, as discussed below.

Considering the regimes distinguished by the ratio of the
propagation distance z and the Rayleigh length zz, we can
further simplify the structure of Eq. (26). For z < zg, we can
set w(z) X wo, Paparp (2) * 0, 0(z) ~ 2/wi, to find that the
relaxation tensor, and hence also the generator of the evolution
in Eq. (22), become independent of the propagation dis-
tance. Together with the semidefiniteness in the single-photon
subspace (see Sec. III C), this establishes the GKLS form.
Similarly, for z >> zz, we have §,,(z) ~ w7 (2p+ |I| +1)/2,
such that the only z dependence resides with o (z) o (zg /z)z,
which is independent of indices «, 8, ', 8'. Then, it follows
that the decay rates are increasing with the propagation dis-
tance as 0 (2) /% o (z/zz)>/?. To summarize, we deduce

Vaparp(2) 2 27w *CHG Taparp

1
for z < 2z

(1 + (z/2r)*)/ 0 Yupa's @
for z ~ zg
(z/zg)>/3 e Papa'p (0
for z > zz.

€29

The scaling o (z/zz)>? for z > zz can be intuitively un-
derstood as a result of the interplay between the size of the
beam and the turbulent eddies. In fact, this power law can be
rigorously deduced by examining Eq. (24), expressing the re-
laxation tensor y,gq g in terms of the mode functions u, (p, 7)
and the Kolmogorov power spectrum.

4. Derivation of the power law (z/zg)>"?

To deduce this power law, we negd to elucidate how the
Fourier-transformed mode product, U,g(q, z), depends on z.

We start with the case o« = f and then generalize the result

for o # B.

Using the LG modes’ definition [46], we can write Uy, =
Wity = |ug|? as

lta (0, DI = w2 @)W [p/w()][, (32)
with the reduced mode
e o/ w(2))|*
—(C )2<2—‘)2)M{L’H'[2p2/w2<z>]}Zexp[—sz/wz(z)]
7 \w2(z) ? (33)’

where details can be found in Ref. [46]. Note that the 7z depen-
dence of |u')? is entirely contained in its argument. Then it
follows from Eq. (32) that

d2
/dzlolua(;mZ)l2 =/ £ |“ffd[/0/w(1)]|2

w?(z)

d*p
= / Lo o)’ (34
wy

where p’ := pwo/w(z), and the last equality of Eq. (34) ex-
presses the total power conservation law of the mode « in the
transverse plane at any propagation distance z. Consequently,
for the Fourier transform of U, it holds that

~ dzp 2 _ip.
Uaa(q,z):/ — U [p/w(2)]| e P
w?(z)
dzp, e 2 _ip.q
=/—2‘Mad(l°//wo)’ ST (35)
w,
0
where ¢’ := qw(z)/wy. The last equation means that U, (g, 2)

depends on z only through its momentum argument,

Uaa(q7 Z) = Uaa[qw(z)/w0]~
It is easy to show that for z>> zg, this is a property
not only of U,,, but more generally of U,g, such that

U (q, D)Uap(—4, 2) = U [qu(2)/wolUnp[—qw(z)/wo)-
Hence, Eq. (24) can be represented in the form

Vaparp (2) = 270KZ / d*q ok (lq))

X Uy [qu(2)/wolUnp[—qw(z)/wol.  (36)

Finally, recalling from Eq. (4) that ®x(|q|) o |g|~'"/* and
changing the integration variable ¢ — ¢’, we obtain

wo \ 132
wiarp (2) = 27k [ —— /d2’¢ !
Vaparp (2) o(w(z)) ¢ ()
X Ua’ﬂ’(q/)Uaﬁ(_q/)
N
:m@(-) / g Ox(1q'N)

ZR
X 0&’/3’(q/)0aﬁ(_q/)
z 5/3 ‘
=<—> Vapap (0)e ™ Puta't (%), (37)
ZR

We have thus recovered the scaling (z/zz)>/® that we found
previously by direct analysis of the solution (26), and showed
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that the scaling 5/3 is due to an interplay of the characteristic
scaling 11/3 of the Kolmogorov spectrum and the beam’s
(transverse) area increasing as o (z/zR)z.

5. Incorporation of C2(z)

So far, the structure constant C,f has been assumed con-
stant along the channel [see Eq. (4)]. However, including
a z-dependent structure constant, C,%(z), only amounts to
the replacement C,% — Cf(z) in the expression (26) for
the relaxation tensor, which does not significantly increase
computational complexity. This feature of the relaxation ten-
sor, which stems from its factorization into spatially and
turbulence-dependent terms, on the one hand, and the tensor
dependent on modal indices, on the other hand, highlights
another advantage of our method over existing approaches
[21], where a spatially varying structure constant typically
introduces substantial additional complexity.

C. Complete positivity of the generator

Let us briefly comment upon the complete positivity of
the generator of Eq. (22) when restricted to the single-photon
sector in the representation given in Eq. (48) below: given the
canonical form thereof in terms of continuously parametrized
jump operators and the power spectrum assuming the role of
(positive) decay rates, complete positivity is implied [62].

Together with the z independence of the tensor yupgap
established in the previous section, we conclude that the gen-
erator is of GKLS form in the regime 7 < zz.

In contrast, for z ~ zz and z > zg, the z dependence of
the decay rates [see Eq. (31)] immediately implies that the
generator is not of GKLS form. Nevertheless, as the decay
rates remain positive for all z, the resulting dynamical map is
completely positive divisible [63] in the regimes z ~ zz and
> 2R

D. Equivalence to Ishimaru’s parabolic equation

With the density operator at hand, we can assess arbitrary
correlation functions of the propagated field. Of particular

J

interest is the mutual coherence function (MCF), defined
as [21]

L(py, 02, 2) = Y (py, DY*(0,, 2). (38)

In the single-photon sector, the MCF can be equivalently
expressed as the quantum-mechanical expectation value:
L(py, p2,2) = T[p()Y (py, DV (py, 2)], With

V(0,2) =) a(p, )y (39)

It then follows that

F(p]a 1027 Z)Zp(plﬂ p27z)7 (40)

with p(py, 02, 2) = (p;| P(2) |p,) the density operator ex-
pressed in the transverse position basis. Under the same
assumptions that were used to derive the SPE, i.e., the refrac-
tive index fluctuations represent a Gaussian random field that
is delta correlated along the propagation axis (see Sec. 11 A),
the MCF obeys the equation [21,64]

i
0.I'(py, py,2) = i(AL,l — AL )T(py, 02, 2)
)

+ KBy (py — p,) — B (0)IT(py. py. 2).
(41)

with A |, the Laplace operator with respect to the transverse
coordinate p; ;.

Equation (40) and the analogous use of the Markov ap-
proximation suggest a close relation between the master equa-
tion (22) and Eq. (41). Indeed, equivalence holds, as we now
show: We first derive an equation of motion for p,,. Using
the single-photon identities (1|4} aspa’,ap|v) = 8.a8pvDpars
(lalagal,ap plv) = 8uudupPpv, and (u|palasalap|v) =
8paOup Pua>» With |u) and |v) the one-photon Fock states of
modes p and v, respectively, we arrive at

azp;w = y;wzﬁvpaﬂ - %Vuaaﬁﬁﬁu - %p,uayaﬁﬁv’ 42)

with sum convention in force. Returning to the Schrédinger
picture, where the master equation exhibits a free propagation
part Hy and explicitly writing out the definitions of Voo’
(24), and the operators Ua,g, we find

0.0 = il B p1 ) + 2085 [ g [ P [ o deiqe o0 [baﬂu:;(p, 0)ute (. Oty (o', O (o', 0)

l / / - l = * * / /
- 5”2(/” 0)ua(p, O)utg (p", 0)ug (0", 0)ppy — 5 Puatty (p, O)up (p, 0)utg (0, O)uar (07, 0)}- (43)

We recognize that uy(p, O)ﬁaﬁMZ(pﬂ 0)=(plplp) =
p(p, p'), and use the completeness relation of the LG ba-
sis to perform the sum over o (B, respectively) in the
third and fourth term of Eq. (43), subsequently applying

Eq. (3). Together with ug(p, 054, = [ d*0'p(p, pu,(p', 0)
and pqu(p',0) = [d*pp(p, Py (p, 0), we arrive at [65]

3. (ul o lv) = —i (ul [Ho, p11v)

+ k5 (1] p(p, PBE(p — p') — Br(0)]|v).
(44)

[
Equivalence of Eq. (44) to Eq. (41) follows from

I - / l - /
—i[Ho, p(p, p)] = Z_kO(AL.l — A1 2)p(p, p), (45)
implying

i
9.p(p, p)==—(A1L1 —AL2)p(p, p)
2o

+ k(B (p — p') — By (0)1p(p, p/).  (46)
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TABLE I. Relevant quantities appearing in the master equation of Ref. [32], and their definitions in the present contribution. Note that Ref.
[32] adheres to a different convention with respect to the Fourier transform and to the definition of the power spectrum.

Variable or function

Definition in Ref. [32]

Our definition

2ma q
[ 0.033 27)°C? |27ra|~ 13 27)° P
1(a) 033 27 )°C; [27al Q)Y Pk (lq)
Gp.(as Z) fdzp ’4;4()0, Z)ei2rm~p ]'-ZD{MM}l—q = ﬁp,(_qv Z)
W (a, z) [d*d G (d +a,z2)G, (@, z) [d*d i@, (—(q+4q) )i, (—¢. 2)
P %fdza la|*G;,(a. 2)G,(a, 2) 5 [ d*q laP, (g, )i (q, 2) = (ulHolv)

Consequently, in the single-photon sector, our master equa-
tion is no more “quantum” than the classical parabolic
equation. Further, it follows that the numerical approach de-
veloped in this contribution is likewise applicable to find
numerical solutions for the MCF.

E. Equivalence to Roux’s Lindblad equation for a single photon

We have alluded to the equivalence of the IPE expressed in
Lindblad form [31,32] with our master equation (22). Since
we chose a different route to derive a master equation, relying
on a stochastic Hamiltonian, this equivalence is not immedi-
ately evident from Eq. (22); to contrast the two approaches,
we briefly sketch the derivation in Ref. [32].

Roux expands arbitrary basis states in the transverse mo-
mentum basis; for ease of comparison, we here choose the LG
basis, such that mode o = (py, ;) can be written in notation
of Ref. [32] as

la) = /an Gy(a, 2)la), 47)

with a related to the 2D momentum vector via 2ma = gq.
The momentum space wave functions G, obey the stochastic
parabolic equation (in the Fourier domain) for infinitesimal
propagation, allowing Roux to derive an equation for elements
of the infinitesimal evolution operator dU with p(z 4+ dz) =
dU p(z)dU", and, following this, an equation for p(z + dz)
that is turned into a first-order differential equation. Further
steps in the derivation include the Markov approximation and
an ensemble average over refractive index fluctuations. The
final single-photon Lindblad equation reads [32]

0.Pren(2) = I[P, DD + K2 / Pa (@)
X |:W;wz (a, Z)ﬁaﬁ (Z)Wg‘,(“s 2)

1
— EWJa(a, 2)Wap(a, 2)ppy(2)

- %Ib/m(z)wallg (a, Z)Wﬂv(av Z)]a (48)
where (1t|p|v) = P, and P is a free kinetic term. The sum-
mation convention is in force in Eq. (48), and the definitions
of ®(a), Wyp(a, z), and P are given in Table 1.

Upon substitution of Eq. (24) in the single-photon mas-
ter equation written for components of the density operator,
Eq. (42), we already find some structural resemblance of the

dissipators:
Py = 2ky / d’q ¢K(|q|>[l7w<—q, DPapUpi(q. 2)

1. .
- 5 ;w(_q9 Z)Uaﬂ(qv Z)/_)ﬂv

1 - -
- szthaﬂ(_q’ Z)Uﬂv(qa Z):| . (49)

It remains to establish the relation between U,, and W,
in (48) and (49), respectively. Let us denote the transverse
Fourier transform by F2P{-}, and the convolution by . From
the convolution theorem for Fourier transforms, it follows that

U(q, 2) = FP{ul (p, Dy (p, 2)}
= FPluu (o, DY+ FPluy(p, 2}, (50)

with F 2D{-}|,q indicating the Fourier transform evaluated at
—¢q, and, therefore,

U;w(q, Z) = /dzq/ ﬁ;(_(q - q/)s Z)ﬁv(q/7 Z)

- / g T(~(g +q). Diin(~q'.2)
= W;L\)(av Z)v (51)

where the last equality follows from comparison with Table I.
The Hermiticity WJV = Wv*ﬂ [32] further implies

Un(—q.2) =W, (@, z). (52)

Substituting Egs. (50) and (52) and Roux’s definition of the
power spectrum (see Table I) in the single-photon master
equation Eq. (49), we recover the dissipator of Eq. (48). This
completes the proof of the equivalence between the two mas-
ter equations. A few remarks are in order:

(1) The “kinetic term” P in Ref. [32] corresponds to our
free Hamiltonian Hy. Transforming from the interaction to the
Schrodinger picture, we can recover the “kinetic term” in our
master equation (49).

(ii) The equivalence of the master equations in the single
excitation subspace is expected, given that we used a Hamil-
tonian which is by construction compatible with the stochastic
parabolic equation and imposed the Markov approximation—
in complete analogy to Ref. [32]—in order to arrive at the
second-order master equation (22).

(iii) The equivalence proved in this section together with
the result of Sec. IIID implies that the single-photon IPE
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is just a different representation of the classical parabolic
equation [21].

(iv) Although formal equivalence holds between Egs. (48)
and (42), it must be stressed that the former equation and its
generalizations [34] are not well adapted for numerical sim-
ulations. For instance, in the study of entanglement evolution
in Ref. [34], the propagation of maximally entangled twisted
biphotons was considered in the plane-wave basis, followed
by a projection onto the LG basis using generating functions.
Evaluation of projections amounts to multifold integrals that
can be taken only under the quadratic approximation to the
turbulence phase structure function. Furthermore, although
this elaborate procedure does not include any basis truncation,
performing projections onto LG modes with p > Oand |/| > 5
becomes rather challenging.

The authors of Ref. [31] improved the numerical capacity
of the Lindbladian representation of the IPE for the study
of LG modes by deriving a generating function for a dis-
crete set of Lindblad operators in the LG basis, though the
Hilbert space accessible via this approach remains limited
(p, || < 4), and truncation-based losses pose a non-negligible
issue [31].

In contrast, below we report numerical solutions on a trun-
cated Hilbert space but in Kolmogorov turbulence and for
p <9and|/| < 26.

F. Relation to a quantum Kinetic description
of light propagation

To study turbulence-induced scintillation, the authors of
Ref. [40] derived a Boltzmann-Langevin equation for the PDF,
defined in close analogy to the Wigner function,

~ 1 P
fodny =53 e b pbip (53)
-

with b,i the bosonic creation operator of a photon with wave
vector k and V the normalization volume. While the kinetic
equation is more general than the master equation, includ-
ing source fluctuations and going beyond the monochromatic
limit, we briefly show that, under suitable approximations, a
close structural similarity with Eq. (22) can be unveiled. The
kinetic equation is derived from the following Hamiltonian:

H =" hobibe — Y hoxnybyby.p. (54)
k kK

with ny = f dV exp(ik'r)én(r)/V the Fourier transform of
én(r) under the conventions of Ref. [40]. The first term of
Eq. (54) is the free Hamiltonian, whereas the relation of the
second term in (54) to the second term of our Hamiltonian (8)
becomes apparent by imposing the paraxial approximation,
wr = wo = cky, and returning to real space, where the second
term of (54) can be written as

 fiwg / d’r $n(r)b}by. (55)

From Eq. (54), the kinetic equation for the PDF is derived,

B + k- Vo) f =K — 0l f), (56)

with ¢ = Vywy, K the Langevin source describing fluctua-

tions around the ensemble-averaged kinetic evolution (K = 0
in the ensemble-averaged picture), and

0lf) / Pq Q@ k1) — frk+q.01  (57)

where ®(g) is the (e.g. Kolmogorov) power spectrum of
refractive index fluctuations, and the addition of a three-
dimensional wave vector k and a two-dimensional transverse
wave vector ¢ is to be understood as a zero padding of the lat-
ter. Upon promoting the propagation distance to the evolution
variable, z = ct, and invoking the paraxial approximation to
write ¢ =~ ce, in Eq. (56), where e, is the unit vector in the z

direction, one finds that the mean PDF, f, obeys

D.f(r,k) =2mk; / d*q Q(Qf(r k+q) — f@r. b)),
(58)

with D, a total derivative with respect to z. To illustrate
structural similarities, consider the master equation in the
plane-wave basis, Eq. (46). Using Eq. (3), we can write
Eq. (46) as

3.p = —ilHo, p] + 27k] / d*q ©x(q)

x [e1?p(p. p)e ™" —pp. P, (59)

which exhibits the form of a collisional decoherence master
equation [66]. Moving to Fourier space, the dissipative part of
Eq. (59) assumes the form

2ﬂk§/dzq Sk (@lo(g; — 9.9, — @) — p(q,,9,)].  (60)

Restricting p(q,, ¢,, z) to the diagonal, 7(q, z) = p(q, q, 2),
and exploiting the isotropy ®x(q) = Px(—¢q), we thus find,
in close resemblance to Eq. (58), the collision integral

0.0(q. 2) = 27K / g Sk (@)AG +q) —g. D). 6])

where the first and second terms on the right-hand side de-
scribe, respectively, gain and loss of the population of the
spatial mode with transverse momentum ¢ due to scattering
on the refractive index inhomogeneities.

IV. APPLICATION: EVOLUTION OF CROSSTALK

A. Dimension of the truncated Hilbert space

To demonstrate the numerical feasibility of our single-
photon master equation, we now determine the turbulence-
induced crosstalk among LG modes. As we are mainly
interested in the spatial evolution of the density operator’s
populations, we can take advantage of the selection rule stated
by Eq. (30), implying that the Liouville subspace spanned by
dyadics |p1, 1) (p2, |, with suitably truncated radial and az-
imuthal index range p; 2 = 0, ..., pmax and [ = —lpax, --., Inaxs
is invariant under evolution due to Eq. (22). Consequently, we
can focus on this subspace whose dimension scales as

dim(Liouville space) = (Pmax + 1)*Qlnax + 1).  (62)
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Note the linear scaling in Iy, in (62), which is rather fa-
vorable for numerical simulations, since the primary effect
of atmospheric turbulence is to induce errors in the beam’s
phase front, causing OAM crosstalk, or spreading of the OAM
distribution. The quadratic scaling in pn,x is less benign, but
still tractable. In this contribution, we consider the regime of
weak scintillations, allowing for numerically tractable choices
of pmax and I.x. However, it should be noted that our method
is not fundamentally limited to this regime; under the caveat of
a sufficiently large Hilbert space, it is also possible to explore
the regime of pronounced scintillations.

For weak scintillation, it is reasonable to assume that
crosstalk among the radial modes is dominated by that among
modes with the same radial index but distinct azimuthal
indices, justifying a basis choice with ppax < Inax. In the
following, we report our results on crosstalk for py.x =9,
Imax = 26.

B. Comparison to single-phase-screen models

The regime of weak scintillations is characterized by Rytov
variance 01% < 1 [67]. In this case the effect of turbulence is
well captured by a single phase screen distorting the field’s
wavefront without altering its amplitude [8]. Based on this
model, a number of maps were proposed to describe the effect
of a screen on twisted photons [8,68,69]. Let us first compare
the crosstalk predicted by our master equation to the crosstalk
generated by the turbulence map A derived in Ref. [68], relat-
ing the input density matrix to the ensemble-averaged output
density matrix summed over the radial index:

61,.05(2) = Zﬁp,lu,p,lﬁ(z)' (63)
)

Specifically, for the initially populated LG j, mode, the out-
put populations summed over the radial index are obtained
according to

511(2) = A o104, (0), (64)

with elements of the map given by [60]
1 00 2w
0,40,0,lp _ *
A = —/ rdr/ duv Ro,lo(”)RO,lo(")
’ 27 Jo 0

x e 131220l gy <—%D¢ [2r sin(z?/Z)]), (65)

where Ry, denotes the radial part of the input LG mode,
and D, the phase structure function (25). The integral in
Eq. (65) can be solved numerically. Note that the phase struc-
ture function (25) depends on the Fried parameter, which in
turn depends on the propagation distance. As examples, we
consider the propagation of LGy, modes with [y € {0, 3, 5}
through turbulence. Throughout, we set the beam waist to
wo = 0.07 m and wavelength to A = 1064 nm, which corre-
sponds to the Rayleigh length zz = 14.5 km. We further use a
typical value C? = 1 x 10~ m~2/3 for the turbulence struc-
ture constant [21] and consider propagation distances up to
z = 700 m, which corresponds to Rytov variance o7 < 0.16
and turbulence strength wg/ry < 1.13. Since we are within
the regime z < zg, the relaxation tensor is z independent [see

Eq. (31)], such that for all considered examples, the master
equation can be efficiently solved numerically.

The resulting crosstalk histograms generated from solu-
tions of our master equation for z = 250 m (this corresponds
to o = 0.024 and ry ~ 0.12 m) and from Eq. (64), with
the same ry for the map (65), are shown in Figs. 1(a)-1(c),
displaying good quantitative agreement. We note that the bars
derived from the master equation slightly deviate from those
based on the map (64), which is an artifact of the basis trun-
cation in the radial index p of the former method.

Both, the master equation (22) and the turbulence map
(64), predict a symmetric distribution of crosstalk about the
initially excited mode, LGq 4, [see Figs. 1(a)-1(c)]. Due to
averaging over the radial index, the symmetric structures in
Figs. 1(a)-1(c) conceal the crosstalk among the radial modes.
The master equation (22) directly provides this information,
which we present in Figs. 1(d)-1(f) for the propagation dis-
tances z = 0, 200, 500 m of the injected LGy, mode with
lp = 5. The OAM crosstalk for distinct radial modes re-
veals asymmetric distributions for each value of p, with
the sum over p resulting in the symmetric features as in
Figs. 1(a)-1(c).

The general behavior of crosstalk for different radial modes
can be understood by considering the case p = 0. At dis-
tances z 2 200 m, the histograms feature double peaks [see
Figs. 1(e) and 1(f)]. Such crosstalk distributions were pre-
dicted previously using the multiple phase screens technique
[28,70] and observed experimentally [71]. These structures
can be explained as follows [28]: while the fragile phase
profile of LG modes is severely distorted in turbulence, their
intensity profiles are affected to a lesser degree in the con-
sidered propagation regime. Furthermore, for |/| > O the LG
modes (0, /) and (0, —7) exhibit the same single-ring intensity
profiles. Thus, their spatial overlap is significant, resulting
in strong coupling by the Hamiltonian Eq. (16). In contrast,
the fundamental mode LGy, characterized by a Gaussian
intensity profile in the transverse plane, overlaps weakly with
the LG 5 mode, so that the corresponding crosstalk amplitude
is suppressed. Overall, this leads to the double-peak distribu-
tions in Fig. 1.

To benchmark our results for OAM crosstalk at p = 0, we
compare them with the crosstalk distribution from Ref. [69],
expressed analytically in the quadratic approximation by the
formula

_ Fz(l{) 62|AI|
Po.0 @) = e AT (1 2
64
X2F1|:K,K;|Al|+1;mi|, (66)

with « = (|I| + [lp] + [AL])/2+ 1, |Al] = |l = h], € =0.89
wo(kagz)”S, I'(x) the Gamma function, and »F(a, b;c;z)
the hypergeometric function. The comparison is de-
picted in Figs. 1(g)-1(i) for propagation distances z =
300, 500, 700 m, displaying good quantitative agreement. At
the same time, the master equation based on the Kolmogorov
model, and the formula (66) based on the quadratic approxi-
mation, exhibit slight albeit systematic deviations, which were
previously observed in benchmark simulations of Eq. (66)
using the multiple phase screens method [69].
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FIG. 1. Crosstalk histograms for fixed structure constant C2 = 1 x 107" m~%/3, beam waist wy = 0.07 m, and wavelength A = 1064
nm. The propagation distance varies throughout (a)—(i) and is displayed in the upper-left corner of each subfigure; note that the y scale varies
greatly through (a)—(i), reflecting the rapidly decaying survival probability of the initially excited mode. The initial state of each (single-photon)
simulation is stated below. (a)—(c) Crosstalk histograms obtained using the turbulence map [68] and the master equation (22) for three different
initial LG modes (0, y), with [y = 0 in (a), [y = 3 in (b), and [, = 5 in (¢). (d)—(f) Evolution of crosstalk for initial mode (0,5) at intermediate
propagation distances; slices correspond to projections onto the p = 0, ..., 4 subspace. (g)—(i) Crosstalk histograms in p = 0 for initial mode
(0,5) produced by the master equation and a map [69] derived under the quadratic approximation (abbreviated as “Q.A. Map”).

V. CONCLUSION We expect that expanding the truncated Hilbert space,

. . . . which will be the subject of future work, will enable the

We ’derlved a Lmdb,l ad master equation for. the twisted study of moderate to strong scintillation regimes and render
photon’s averaged density operator, by performing an exact . Thagter equation a competitive alternative to the well-
ensemble average over refractive index fluctuations described  oqtablished multiple phase screens approach [22-24], thereby
by the Kolmogorov power spectrum. This master equation can  eyading the need for numerically expensive ensemble average
be efficiently solved numerically due to the closed-form  ang sophisticated techniques of phase-screen generation. Al-

expression of the relaxation tensor. We proved the equiva-  though we have focused on the density operator’s diagonal
lence of our master equation with the master equation of elements in our present contribution, it is evident that the
Ref. [32], and presented some simulation results for the evo-  true potential of a master equation based approach lies in the

lution of crosstalk in atmospheric turbulence, which agree access to the full density operator, paving the way to the study
quantitatively with known results in the weak scintillation of “classical” quantities such as the mutual coherence func-
regime [68,69]. tion, and “quantum” applications, such as the propagation of
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an entangled photon pair through a turbulent channel. Future
work will be dedicated to these applications.
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