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Wetting of quantum fluids: A route to free-standing shell-shaped quantum droplets
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We investigate wetting phenomena between self-bound quantum fluids in a three-component Bose mixture
of 23Na, 39K, and 41K atoms. Within a density-functional approach including mean-field interactions and Lee-
Huang-Yang quantum-fluctuation corrections, we consider two binary quantum liquids formed by components
(1, 2) and (2, 3) and study the adsorption of the softer (1, 2) liquid on a stiffer (2, 3) substrate. By tuning the
interspecies scattering length a12, we show that the surface tension of the (1, 2) liquid can be strongly varied,
driving a transition from partial wetting to complete wetting of the (2, 3) phase. The contact angle extracted
from cylindrical-cap geometries decreases continuously with increasing a12 and vanishes near the critical value
ac

12 = −42a0. In the complete-wetting regime, a finite amount of (1, 2) liquid wraps around a spherical (2, 3)
droplet, producing a self-bound core-shell droplet without external confinement, whose component-1 density has
a shell-like, hollow projection. We further show that such shell-shaped quantum droplets can sustain quantized
vortical excitations. These results identify wetting as a route to engineering free-standing shell-shaped quantum
liquids and suggest possibilities for studying capillarity, topology, and superfluidity in multicomponent quantum
droplets.
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I. INTRODUCTION

Quantum droplets, first predicted theoretically by Petrov in
2015 [1] and subsequently observed experimentally in dipolar
gases [2–5] and in homonuclear [6,7] and heteronuclear [8,9]
binary mixtures of bosonic atoms, have progressively gained
attention due to their unique properties [10].

These self-bound states are stabilized by quantum fluc-
tuations, typically described by the Lee-Huang-Yang (LHY)
correction [11], which counteracts the mean-field attraction
that would otherwise lead to collapse. They have super-
fluid properties and are characterized by ultralow equilibrium
densities and finite (albeit extremely small) surface tension
and therefore exhibit liquidlike properties while maintaining
quantum coherence [12,13].

The physics of quantum droplets has been mainly in-
vestigated in single- and two-component dipolar gases and
two-component Bose mixtures [10]. Recently, the possibil-
ity of realizing self-bound states in three-component Bose
systems was proposed. Motivated by recent theoretical work
on the formation of “Borromean” atomic clusters in three-
component ultracold bosons [14], a new type of shell-shaped
Bose-Einstein condensate with a self-bound character was
proposed [15], made of a three-component 23Na − 39K − 41K
Bose mixture (species 1, 2, and 3 in the following), where
mixtures (1, 2) and (2, 3) both form self-bound droplets. In
the proposed system an outer shell of liquid (1, 2) envelops
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a spherical core made of the (2, 3) liquid, and this structure
was claimed to be stable without the need for any trapping
potential. As shown in Refs. [16,17], however, it turns out
that the structures described in Ref. [15] are not actually the
ground-state solutions to the system but rather metastable
states corresponding to local energy minima. The lowest-
energy states for the configurations studied in Ref. [15] are
instead “quantum dimer” configurations where two droplets
[made of the (1, 2) fluid and (2, 3) fluid] are bound together by
the shared component 2 [16].

One such dimer structure [17] is shown in Fig. 1, where
the total density of the system is shown, in the plane passing
through the centers of the droplets.

The (1, 2) droplet on the right in Fig. 1 is made of N1 =
3.5 × 104 atoms and N2 = 5.9 × 104 atoms, while the (2, 3)
droplet is made of N2 = 5.4 × 104 atoms and N3 = 2.5 × 104

atoms. In the interior of each droplet, the equilibrium density
ratio ρ j/ρi is locked at the value

√
gii/g j j , as expected from

the theory of binary Bose mixtures [1,15] (see also Sec. III).
The interaction strengths gi j are those reported in Sec. II.

It appears that fluid (1, 2) (droplet on the right), rather than
uniformly “wetting” the inner spherical core of liquid (2, 3)
[which would result in the formation of a shell-shaped (1, 2)
droplet], prefers instead a nonwetting configuration where it
minimizes the contact with the (2, 3) fluid surface (droplet
on the left). Note that the stiffer and denser droplet made of
(2, 3) species maintains its spherical shape, at variance with
the softer droplet made of (1, 2) species, whose contact surface
is deformed to adapt to the (2, 3) surface.

Building on such apparent “nonwetting” behavior of the
(1, 2) fluid adsorbed on a rather undisturbed (2, 3) core, we ex-
plore here the possibility of changing, via fine tuning of the a12

scattering length, the interaction between the two subsystems:
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FIG. 1. Total-density map corresponding to the dimer structure.
Here a12 = −50a0. The density values are in units of 104 µm−3.
Droplet (2, 3) is on the left, and droplet (1, 2) is on the right.

Values of a12 closer to the value expected for the mean-field
collapse of the (1, 2) system would result in less dense and
softer (i.e., with a lower surface tension) (1, 2) fluid, making
it possible to reach a condition where a wetting transition of
fluid (1, 2) on a (2, 3) effective substrate occurs.

We show below that this scenario can, indeed, be realized
and identify a critical value ac

12 for such a transition to occur.
We characterize this wetting transition in detail and find, as a
consequence of it, that a shell-shaped self-bound (1, 2) droplet
(i.e., stable in vacuum, without resorting to any confining
potential) can develop, wrapping a spherical core made of the
stiffer (2, 3) liquid.

Experimentally, shell-shaped Bose-Einstein condensates
have been realized in a microgravity environment and using
suitable “bubble” traps, thus avoiding the gravitational sag
that prevents a closed-shell geometry on Earth [18]. A com-
plementary realization uses dual-species condensates in the
immiscible regime, trapped by a spherical harmonic potential:
In a repulsive Na-Rb binary mixture, the sodium component
forms a closed outer shell while the rubidium component
occupies the inner core [19]. Collective excitations have been
used to probe the hollowing transition in such dual-species
shell condensates [20].

In general, complex microgravity-dependent magnetic
traps are required because gravity and trapping imperfections
distort the equilibrium geometry; self-bound droplets, instead,
fall freely as a whole, so different components are less prone
to relative gravitational sag, and the droplets maintain the
hollow shell structure and shape in free space, allowing re-
searchers to study them without distortions.

The trapped-shell systems described above differ from the
self-bound wetting-induced droplet described in the follow-
ing: In the former, the shell structure is imposed by an external
potential or by harmonic confinement plus interspecies repul-
sion [21,22], whereas in the present work the shell structure
arises naturally from interfacial wetting between two self-
bound quantum liquids and persists without an external trap.

Producing stable shell-shaped droplets would create a new
kind of freestanding hollow quantum liquid where curved

geometry, topology, surface tension, and quantum-fluctuation
stabilization would all become experimentally accessible in
one system. These droplets enable, for instance, the explo-
ration of quantum effects in nontrivial topologies, such as
curved-space physics [23,24]. One example is provided in
the following, where vortex structures in a shell-shaped, self-
bound droplet will be studied.

The remainder of this paper is organized as follows: In
Sec. II, the theoretical model and the numerical methods used
for the calculations are presented. Section III describes the
obtained results. Finally, Sec. IV contains a summary and
outlook for future research directions.

II. METHOD

The system under study here is the same as in Refs. [15,17],
i.e.. a three-component 23Na − 39K − 41K Bose mixture at
zero temperature and in the absence of three-body recombi-
nation effects. An inhomogeneous mixture made of the above
species is described within the density-functional theory ap-
proach in the mean-field plus LHY framework, where the total
energy functional is given by

E =
3∑

i=1

∫
dr

h̄2

2mi
|∇ψi(r)|2 + 1

2

3∑
i, j=1

gi j

∫
dr ρi(r)ρ j (r)

+
∫

dr ELHY(ρ1(r), ρ2(r), ρ3(r)). (1)

Here ρi(r) = |ψi(r)|2 represent the number densities of
each component (i = 1 for 23Na, i = 2 for 39K, and i = 3
for 41K). The coupling constants between species i and j
are gi j = 2π h̄2ai j/mi j , with scattering length ai j and reduced
mass mi j = mimj/(mi + mj ). The number densities ρi are
normalized such that

∫
V ρi(r) dr = Ni (i = 1, 2, 3), where Ni

is the total number of atoms in the ith component.
Components 1 and 3 interact via strong repulsive po-

tential and are therefore immiscible, while the binary
mixtures (1, 2) and (2, 3) separately form self-bound bi-
nary droplets. As shown in Ref. [15], this is achieved with
(a11, a22, a33, a23, a13) = (52, 30, 63,−200, 213)a0 (a0 is the
Bohr radius), while a12 (which is tunable via a Feshbach
resonance) will be considered in the following to be variable
at will and will determine the binding properties between the
two fluids, (1, 2) and (2, 3). We will consider here the value
a23 = −200a0. This is particularly appropriate in the present
context because such a large value, as shown in the following,
provides a stiff (2, 3) system, with a relatively high surface
tension. As a result, a “substrate” made by fluid (2, 3) will
prove to be rather undeformable upon adsorption of (1, 2) fluid
samples.

The term accounting for quantum fluctuations is

ELHY =
∫

d3k
2(2π )3

[∑
i

(Eik − εik − giiρi )

+
∑

i j

2mi jg2
i jρiρ j

h̄2k2

⎤
⎦, (2)
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where εik = h̄2k2/2mi and Eik is the ith Bogoliubov excitation
energy [14]. The three dispersion relations Eik (i = 1, 2, 3)
are the roots of the following equation [14]:

x3 + bx2 + cx + d = 0, (3)

where

b = −
∑

i

ω2
i , (4)

c =
∑
i< j

[
(ωiω j )

2 − 4g2
i jρiρ jεikε jk

]
, (5)

d = −(ω1ω2ω3)2 − 16ε1kε2kε3kg12g23g13ρ1ρ2ρ3

+
∑

i< j,l �=(i, j)

4εikε jkρiρ jg
2
i jω

2
l . (6)

Here h̄ωi =
√

ε2
ik + 2giiρiεik (i = 1, 2, 3) are the Bogoliubov

spectra for the individual components.
Minimization of the action associated with Eq. (1) leads to

the following Euler-Lagrange equations (i, j = 1, 2, 3):

ih̄
∂ψi(�r, t )

∂t
=

⎛
⎝− h̄2∇2

2mi
+

∑
j

gi jρ j + ∂ELHY

∂ρi

⎞
⎠ψi(�r, t ).

(7)

The numerical solutions of Eqs. (7) provide the real-time
evolution of the system in three-dimensional (3D) space.
When stationary states are sought. the left-hand side of Eq. (7)
is replaced by µiψi(�r), where µi is the chemical potential of
the ith species. The evolution in imaginary time (via, e.g., the
steepest descent algorithm) allows one to obtain stationary-
state solutions starting from suitable initial wave functions.
The chemical potentials µi are determined iteratively so that
the target values of Ni are achieved.

The wave functions {ψi} are mapped on an equally spaced
3D Cartesian grid, and the Laplacian operator in Eq. (7) is
represented by a 13-point finite-difference stencil [25]. The
size of the computational cell is large enough that the densities
at the boundaries are negligible. Periodic boundary conditions
(PBCs) are imposed along the three spatial directions. The
effect of possible spurious interactions between periodically
repeated images will be discussed in Sec. III B.

III. WETTING OF (23Na, 39K) ON (39K, 41K)

A. Wetting geometry and physical setting

In the following, the numbers of atoms are chosen to ap-
proximately satisfy the equilibrium ratio [1] in the interior of
the (1, 2) and (2, 3) self-bound systems [made, respectively, of
(N1, N (1)

2 ) and (N (2)
2 , N3) atoms], i.e., N1/N (1)

2 ∼ √
g22/g11 ∼

0.583 and N (2)
2 /N3 ∼ √

g33/g22 ∼ 0.707.
Note that, for the choice of the parameters made here, the

mean-field collapse for the uniform mixture is expected to
occur when g12 = −√

g11g22, corresponding to a12 ∼ −39a0.
More negative values of a12 will result in the formation of a
quantum liquid system.

A wetting transition [26] is a surface phase transition where
a liquid changes from partial wetting (where its equilibrium
shape is a hemispherical cap adsorbed on a planar solid sub-
strate) to complete wetting (where it spreads to fully cover

the surface with a thin liquid film), usually triggered by tem-
perature changes, causing the contact angle θ formed by the
droplet with the substrate to drop to zero. The contact angle
θ is the angle formed at the junction of a liquid, solid, and
gas, serving as a key quantitative measure of this wettabil-
ity. One usually distinguishes three regimes: θ = 0 (complete
wetting), 0 < θ < 90◦ (partial wetting), and θ > 90◦ (drying).

In the partial-wetting regime, the contact angle is deter-
mined by balancing the forces acting along the contact line
and depends on the interfacial tensions σi j between each pair
of coexisting phases through Young’s equation,

cos(θ ) = σSV − σSL

σLV
. (8)

The subscripts L, V , and S identify the liquid, vapor, and solid,
respectively.

Young’s law is not fundamentally a “classical-liquid law.”
It is an equilibrium capillarity condition and, as such, has
been used to characterize adsorption properties of the pro-
totypical quantum liquid, i.e., 4He, on heavy alkali metallic
surfaces [27,28].

Wetting phenomena have also been studied directly in
Bose-condensed mixtures. In particular, Gross-Pitaevskii-
based analyses have shown that binary condensates may
display rich wetting phase diagrams, including first-order wet-
ting, critical wetting, and prewetting transitions [29,30]. More
recently, the interface-potential approach was used to char-
acterize the effective interaction between interfaces and the
associated line tension in Bose-Einstein-condensate mixtures
near a hard wall [31,32]. These works provide the natural
capillarity framework for the present study, although here the
role of the substrate is played not by an external wall, but by
another self-bound quantum liquid.

In the following, the softer (1, 2) quantum liquid plays the
role of the adsorbed fluid [subscript L in Eq. (8)], while the
much stiffer (2, 3) quantum liquid acts as an effective substrate
[subscript S in Eq. (8)]. Since the calculations are done at
T = 0, the vapor V phase will be vacuum. This terminology
is meant in the capillary sense: The (2, 3) phase is not a solid,
but its surface is only weakly deformed by the adsorption of
the softer phase, as verified below.

B. Surface tension of the adsorbed (1, 2) liquid

In order to compute the surface tension σ12 (corresponding
in our model to σLV ) we consider a planar interface between
the (1, 2) liquid and vacuum as a function of the interspecies
interaction strength represented by a12. In order to compute it,
a slab geometry is used here, where a rectangular simulation
box contains a liquid slab in the middle, of surface area LxLy

with vacuum regions on both sides along the z direction.
Periodic boundary conditions are applied in all directions, so
the slab geometry results in two planar liquid-vapor interfaces.

The surface tension is calculated as

σ12 = 1

2

(
E − Nεb

LxLy

)
, (9)

where E is the calculated total energy of the slab, N = N1 +
N2, LxLy is the surface area of each of the two planar surfaces
delimiting the slab, and εb is the energy of a uniform phase
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TABLE I. Surface tension of the (1, 2) liquid as a function of the
scattering length a12. The surface tension of the (2, 3) liquid is also
shown.

a12 (in units of a0) σ12 (µK/µm2)

−40.5 8
−42 26
−44 80
−46 187
−48 346
−50 563
−52 825
−54 1123
−56 1452

a23 (in units of a0) σ23 (µK/µm2)

−200 1868

with densities ρ1 and ρ2:

εb = [
1
2 g1ρ

2
1 + 1

2 g2ρ
2
2 + g12ρ1ρ2

+ ELHY(ρ1, ρ2)
]/

(ρ1 + ρ2). (10)

The calculated surface tension values are shown in Table I.
Note that relatively small changes in the scattering length
a12 correspond to order of magnitude changes in the surface
tension σ12. We will exploit such sensitivity to control the
wetting properties of fluid (1, 2), as described in the following.
The surface tension σ23 of the (2, 3) surface is also shown,
which is much stronger than the reported values for the (1, 2)
system.

Figure 2 shows representative plots of the slab density
profiles along the direction perpendicular to the surface for
different values of a12. The two densities, ρ1 and ρ2 (corre-
sponding to the 23Na and 39K species, respectively), are shown
separately in Fig. 2. Note that the surface region becomes
more diffuse as the scattering length approaches the threshold
for droplet formation, with a corresponding lower surface
tension.

We have checked, by doubling the width of the empty
space separating the slab from its repeated images, that the rel-
ative changes in the calculated values of the surface tensions
σ12 are negligible, ranging from 10−3 when a12 = −42a0 to
10−8 when a12 = −44a0 and to 10−12 when a12 = −46a0.
The effect on the calculated value for the surface tension σ23

FIG. 2. Density profiles of the (1, 2) slab for three different val-
ues of a12 (for clarity, only one half is shown). The solid (dashed)
lines shows the density of species 2 (1).

FIG. 3. Density map in a plane perpendicular to the surface
plane, showing the adsorbed (1, 2) cylindrical droplet on top of a
slab (delimited by planar surfaces) made of the (2, 3) fluid. Here
a12 = −44a0.

is even smaller due to the narrower profile of the fluid-vacuum
interface, showing that interactions between periodic images
have no tangible effect on the present results.

C. Contact angle and wetting transition

In order to study the wetting properties of the (1, 2) fluid,
we adopt a geometry resembling the usual setup for wetting
studies, i.e., a finite droplet of “liquid” adsorbed on a planar
“solid” substrate. As stated previously, the role of the substrate
is played here by the (2, 3) fluid due to its greater stiffness,
and it is therefore in the form of a slab: The droplet will be
adsorbed on the upper surface of the slab.

The (1, 2) droplet used here has the form of a cylindrical
cap, i.e., a two-dimensional (2D) geometry where the droplet
is translationally invariant along one direction due to the use
of periodic boundary conditions. The equilibrium configura-
tion of the droplet-substrate system is found by propagating
Eq. (7) in imaginary time until convergence is achieved.

Figure 3 shows the equilibrium shape of a cylindrical (1, 2)
droplet adsorbed on the (2, 3) substrate, obtained with a12 =
−44a0. Note that (1) the final cross section of the adsorbed cap
is very close to a circular sector and (2) the substrate remains
essentially unperturbed upon adsorption of the droplet and
maintains an almost undeformed planar shape.

Cylindrical droplets like those used here are often em-
ployed in numerical simulations of wetting phenomena. Being
an essentially 2D simulation, the computational cost is largely
reduced with respect to a fully 3D simulation of a finite
spherical cap, therefore allowing for a deeper systematic study
and also removing contact-line curvature dependencies which
might be relevant for small droplets, with a cylindrical cap
being the limit of a spherical one with infinitely large radius.

Representative configurations are shown in Fig. 4 for dif-
ferent values of a12. For clarity, only the central portion of the
system containing the (1, 2) droplet is shown. It appears that
the contact angle diminishes as a12 approaches the collapse
value. At a12 = −42a0 fluid (1, 2) has completely wetted the
(2, 3) substrate (θ = 0).
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FIG. 4. Density maps of ρ1 + ρ2 for the equilibrium configura-
tions of the cylindrical cap made of fluid (1, 2) on top of a planar slab
of fluid (2, 3) for different values of the scattering length a12. From
left to right and top to bottom, a12/a0 = −50, −45, −43, −42.

From these geometries, a reliable estimate for the contact
angle θ can be obtained. The latter is defined by cos(θ ) =
(y3 − y0)/R, where R is the radius of the cylindrical sector
used to fit the calculated densities and y0 (<0) is the position
of the center of the circle: Both R and y0 are obtained from the
fit. The position of the contact plane y3 (>0) is naturally de-
fined here as the position of the Gibbs dividing surface of the
density ρ3, which represents the substrate. In order to fit the
circular profile of the (1, 2) droplet, we make a least-squares
fit to the points where the density component ρ1 equals ρc

1/2,
with ρc

1 being the maximum density value of the droplet.
The extraction of the contact angle in the way described

above involves a degree of arbitrariness because both the con-
tact plane and the liquid-vacuum contour have to be defined
within diffuse liquid-vacuum interfaces. We have checked,
however, that the resulting values of θ are not significantly
affected by this choice. In particular, this check is important
for the rather diffuse (1, 2)-vacuum interface (see Fig. 2). If
instead of using the contour ρ1 = ρc

1/2 we use the value ρ1 =
ρc

1/4 while keeping the contact plane fixed at the Gibbs divid-
ing surface of the sharper ρ3 interface, the calculated contact
angle changes by ∼1%–3% (depending upon the value of a12),
showing that the location of the wetting transition is rather
insensitive to the particular contour chosen for the fit.

The computed contact angle values as a function of a12 are
shown in Fig. 5, showing that a wetting transition occurs at
a12 = −42a0.

We note that a similar behavior is found for the contact
angle of a prototypical quantum fluid, liquid 4He, adsorbed
on a solid surface: Calculations of the expected contact angle
of a spherical 4He cap as a function of the coupling constant
describing the surface-liquid attraction indeed show a similar
behavior for θ [33].

The values of θ close to the wetting transition suggest a
power-law behavior in that region. We thus made a fit of the
contact angle values in the partial-wetting region (i.e., where

FIG. 5. Calculated values of the contact angles (in degrees) as a
function of a12. The solid line shows the numerical fit described in
the text. The vertical arrow shows the threshold value below which
self-bound states of mixture (1, 2) develop.

0◦ < θ < 90◦) using the expression θ = A(ac
12 − a12)γ , with

the results A = 72.12, ac
12 = −42.00, and γ = 0.329. Note

that the exponent is very close to 1/3.
To our knowledge, this cube-root behavior is not a standard

prediction of the existing wetting theory for classical liquids
or for 4He or Bose mixtures. The published Gross-Pitaevskii-
based studies identify first-order wetting, critical wetting, and
prewetting, but they do not report a universal 1/3 exponent for
the contact angle near the threshold.

We do not interpret this exponent as universal; rather, it
appears to reflect the microscopic dependence of the LHY-
stabilized liquid-vacuum and liquid-liquid interfacial tensions
on the scattering length. Therefore, the observed cube-root
law is most naturally interpreted as a nonuniversal signature
of the microscopic quantum-liquid energetics of the two-
component self-bound system.

We can use the computed contact angle values to extract the
interfacial energy per unit area of the (2, 3) surface interacting
with the (1, 2) fluid, σSL = σSV − σLV cos(θ ). This is shown
in Fig. 6. A direct calculation of the interfacial tension σSL

is complicated by the fact that in the partial-wetting regime
a planar contact between the two liquids is not stable, the
system forming instead a cap with a finite contact angle. Thus,
the interfacial tension shown in Fig. 6 should be regarded
as the interfacial energy (per unit surface) inferred from the
Young construction. Its smooth dependence on a12 provides
a consistency check of the capillary description, while a fully
constrained planar-interface calculation is left for future work.

D. Core-shell droplets in the complete-wetting regime

From the findings reported in Fig. 5 we now verify that,
in the wetting regime where a12 ∼ −42a0, a finite amount of
the (1, 2) fluid interacting with a spherical drop made of the
(2, 3) fluid will wrap around such a spherical core, realizing
a shell-shaped self-bound droplet made of the (1, 2) species.
One such equilibrium structure is shown in Fig. 7, where
the 2D column-density image of species 1 is displayed (to
simulate a species-selective in situ image of component 1 that
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FIG. 6. Interface tension σSL , where S = (2, 3) and L = (1, 2), as
obtained using the calculated values for the contact angles in Young’s
relation. The units are the same as in Table I.

could be performed in an experiment). The displayed config-
uration was obtained with a mixture of N1 = 6 × 104 atoms,
N2 = 8.7 × 104 atoms, and N3 = 1 × 104 atoms, contained in
a cubic simulation cell with sides of 13 µm with a spatial mesh
of 1923 points. A hollow, shell-shaped structure would show,
in such an image, a ringlike projection with a central deple-
tion, whereas a spherical droplet would appear as a filled disk
with a centrally peaked density. This is indeed what appears
in the top panel of Fig. 7, where the column-density image
of species 1 displays the expected ring structure, whereas the
bottom panel, showing instead the column-density image of
species 3, appears as a filled disk.

In order to avoid any bias during the imaginary-time prop-
agation towards the minimum-energy configuration, we tried
two different initial configurations, (1) a uniform spherical
mixture of the three species and (2) two adjacent (1, 2) and
(2, 3) droplets (dimerlike configuration), and invariably ended
with the same lowest-energy state, i.e., the one shown in
Fig. 7.

E. Vortical excitations in the 23Na - 39K hollow shell

Due to its superfluid nature, the droplet in Fig. 7 can host
quantized vortical excitations when a sufficient amount of
angular momentum is stored in it. In particular, the core-shell
geometry prompts the question of whether the outer self-
bound liquid can sustain quantized circulation. This question
is nontrivial because the coating phase is dilute and diffuse
near the wetting threshold and because the total density is not
hollow, the central region being occupied by the denser (2, 3)
liquid.

The energy cost of a vortex line in a shell-shaped con-
densate scales linearly with its thickness [34]. Moreover, the
lower the density of the host medium is, the lower the energy
required to excite the vortex is. One therefore expects that
the lowest-energy excitation possible in the droplet shown in
Fig. 7 will be a linear, singly quantized vortex in only species
1, with the other species not carrying any angular momentum.

We searched for the lowest-energy vortexlike stationary
state by imprinting a singly quantized phase winding on

FIG. 7. Column density, defined as the 3D atomic density
ρ(x, y, z) integrated along the line of sight of a droplet with a12 =
−42a0. The top panel shows the projected density ρ1, while the
bottom panel shows the projected density ρ3. The projected density
values are in units of 104 µm−2. Only a portion of the cell used in the
actual simulation is shown for clarity.

different components of the wave functions of the core-shell
droplet, ψ j (r) → ψ j (r)eiφ , where φ is the azimuthal an-
gle around the vortex axis (which is taken here along z).
The system is then propagated in imaginary time to find
the minimum-energy configurations. We considered different
possible vortical excitations: a singly quantized vortex only
in species j, with j = 1, 2, 3, and also other (higher-energy)
configurations with vortices in two species, (1, 2), (2, 3), and
(1, 3).

We remark that these configurations should be distin-
guished from vortices in trapped hollow condensates in
two dimensions. In a 2D closed shell the topology favors
vortex-antivortex structures on the surface [35], whereas here
the finite thickness of the self-bound coating and the pres-
ence of a material core allow singly quantized linear vortex
excitations [34].

A useful quantitative characterization is provided by the
vortex excitation energy

�Ev = Ev − E0, (11)

where Ev and E0 are the total energies of the configuration
with and without vortices.
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TABLE II. Calculated frequencies for vortex nucleation in the
droplet in Fig. 7.

Lz/h̄ ω/2π (Hz)

v1 N1 179
v2 N2 unstable
v3 N3 2540
v12 N1 + N2 unstable
v13 N1 + N3 516
v23 N2 + N3 738

These quantities determine the approximate rotation fre-
quency 
c = �Ev/Lz above which the vortex becomes
energetically favored in a rotating frame. For the above con-
figurations with one vortex line in species j, Lz = Nj h̄, while
Lz = (Ni + Nj )h̄ for the configurations hosting a vortex line
in two species, i and j.

We report in Table II the calculated frequencies for dif-
ferent vortex configurations (vi means a single vortex line in
species i, while vi j means a vortex line in species i and one in
species j). Note that configurations v2 and v12 turn out to be
unstable; i.e., during imaginary-time relaxation the imprinted
phase singularity is expelled from the droplet, which eventu-
ally relaxes to the vortex-free configuration with zero angular
momentum shown in Fig. 7.

As expected, the lowest-energy excitation in Table II cor-
responds to a singly quantized vortex line imprinted in only
species 1.

The equilibrium density pattern for the lowest-energy con-
figuration v1 is shown in Fig. 8. The density depletion in ρ1

identifies a singly quantized vortex core localized in the outer
shell. The line avoids penetrating the dense (2, 3) core (not
shown), so that the vortex is predominantly an excitation of
the coating liquid. The corresponding column density (Fig. 9)
shows how the vortex would appear experimentally in species-
selected projection of the density ρ1 along the line of sight.

FIG. 8. Density map ρ1 in the central plane of the shell hosting
a vortex line. The density values are in units of 104 µm−3. Only a
portion of the cell used in the actual simulation is shown for clarity.

FIG. 9. Projected density ρ1 of the shell along the line of sight
for the configuration shown in Fig. 8. The projected density values
are in units of 104 µm−2. Only a portion of the cell used in the actual
simulation is shown for clarity.

The vortex calculations reported above should be regarded
as illustrative. They show that the component-resolved shell
geometry can accommodate quantized circulation in the outer
component within the present mean-field plus LHY model.
A full analysis of dynamical stability, nucleation pathways,
vortex bending, and lifetimes is beyond the scope of this work.

IV. CONCLUSIONS

We studied the wetting properties of two self-bound
quantum liquids realized within a three-component
23Na - 39K - 41K Bose mixture. The two relevant fluids
are the binary droplets formed by components (1, 2) and
(2, 3). For the parameters considered here, the (2, 3) liquid has
a much larger surface tension and behaves as an effectively
rigid substrate for the softer (1, 2) liquid. This separation of
stiffness makes it possible to formulate the problem in close
analogy with conventional capillarity, with vacuum playing
the role of the vapor phase.

By varying the scattering length a12, we showed that the
surface tension of the (1, 2) liquid changes by orders of mag-
nitude with relatively small changes of a12. This provides a
sensitive control knob for the wettability of the (2, 3) sub-
strate. Calculations for cylindrical-cap droplets adsorbed on a
planar (2, 3) slab show that the contact angle decreases as a12

approaches the threshold for self-binding and vanishes at ap-
proximately ac

12 	 −42a0, signaling a transition to complete
wetting. The calculated contact angles are well described by
an empirical power law with an effective exponent close to
1/3. Although this exponent is not expected to be universal,
it suggests a nonanalytic dependence of the interfacial free-
energy balance on the microscopic interaction strengths.

The complete-wetting regime has an immediate conse-
quence for droplets. A finite amount of the (1, 2) liquid
can wrap a spherical (2, 3) core, producing a shell-shaped
self-bound droplet in free space. The resulting structure is
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qualitatively different from shell-shaped condensates pro-
duced by external trapping potentials: Here the shell is
stabilized by the balance of mean-field attraction, quantum-
fluctuation pressure, and interfacial energies. A clear experi-
mental signature could be revealed by measuring the column
density of species 1, which should display a telltale ring-
like projection with the core component remaining centrally
peaked. We showed that the shell can host a singly quantized
vortex, illustrating the possibility of studying superfluid circu-
lation in a curved, multiply connected quantum liquid.

The present results indicate that wetting phenomena in
quantum liquids offer a plausible and controllable route to
designing multicomponent self-bound quantum liquids with
controlled geometry and topology.

Some comments are in order at this point. Strictly
speaking, the self-bound spherical structure obtained in the
complete-wetting regime is not hollow in its total density
since the central region is occupied by the (2, 3) liquid and the
shared component 2 is present both in the core and in the shell.
The term “shell shaped” should therefore be understood in a
component-resolved sense: component 1 and the (1, 2) liquid
associated with it form an outer layer surrounding the (2, 3)
core. A species-selective image of component 1 would display
a ringlike column density with a central depletion, whereas
the total density remains filled. In this sense the system re-
alizes a self-bound core-shell quantum droplet rather than
an empty-cavity hollow droplet. This distinction is impor-
tant for possible applications to curved or multiply connected
quantum fluids since the relevant topology depends on which
component, or which superfluid mode, is being probed.

A natural direction for future work is to search for more
favorable atomic mixtures and interaction regimes in which
complete wetting occurs farther from the self-binding thresh-
old of the adsorbed liquid. In the present realization, the
wetting transition is reached only when the scattering length

a12 is tuned close to the threshold for formation of the (1, 2)
droplet. As a consequence, the wetting liquid has a low equi-
librium density, a small surface tension, and a relatively large
healing length, producing a diffuse shell rather than a sharp,
thin quantum film. While this is sufficient to demonstrate
the wetting mechanism and the formation of a shell-shaped
self-bound state, it is not the most favorable limit for study-
ing curved-space or topological superfluid effects, where a
thinner and denser shell would be preferable. Future stud-
ies should therefore explore other three-component mixtures,
different choices of the two binary liquids, and alternative
Feshbach-tuned interaction paths, with the aim of indepen-
dently controlling the wettability and the intrinsic density or
stiffness of the outer liquid. An ideal system would combine
complete wetting with a sizable equilibrium density and sur-
face tension of the coating phase, allowing the formation of
thinner, more mechanically robust shells with better separated
radial and angular length scales. Such an optimization would
turn the present proof-of-principle mechanism into a more
practical platform for realizing shell-shaped quantum liquids
with controlled curvature and topology.
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