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Bubbles in a box: Eliminating edge nucleation in cold-atom simulators of vacuum decay
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The decay of metastable false-vacuum states via bubble nucleation plays a crucial role in many cosmological
scenarios. Cold-atom analog experiments will soon provide the first empirical probes of this process, with poten-
tially far-reaching implications for early-universe cosmology and high-energy physics. However, an inevitable
difference between these analog systems and the early universe is that the former have a boundary. We show,
using a combination of Euclidean calculations and real-time lattice simulations, that these boundaries generically
cause rapid bubble nucleation on the edge of the experiment, obscuring the bulk nucleation that is relevant
for cosmology. We demonstrate that implementing a high-density trench region at the boundary completely
eliminates this problem and recovers the desired cosmological behavior. Our findings are relevant for ongoing
efforts to probe vacuum decay in the laboratory, providing a practical solution to a key experimental obstacle.

DOI: 10.1103/1rc6-49q1

I. INTRODUCTION

One of the fundamental challenges of cosmology is that
it is an observational science, not an experimental one: One
cannot control the system in question (the universe) and can
only access a single realization of it, drawn from an inherently
stochastic quantum process. Reconstructing the underlying
physical laws from within this one realization, without any
freedom to vary parameters or conduct controlled experi-
ments, is a daunting task. This problem is particularly acute
for the very early universe, for which observational data are
scarce and the underlying physics is poorly understood. These
challenges have driven a surge of interest in simulating early-
universe theories using quantum analog experiments [1-35].
By emulating the behavior of relativistic fields, these analogs
enable controllable and reproducible cosmological experi-
ments, with transformative potential for fundamental physics.

Vacuum decay is an emblematic use case for such analogs.
This process, in which a relativistic scalar field decays from
a metastable false-vacuum state by nucleating bubbles of true
vacuum [36,37], is nonperturbative and inherently quantum,
such that any analytical description or numerical simulation
must resort to assumptions and approximations. Analog
simulations of vacuum decay promise to provide the first
empirical tests of these descriptions, potentially revealing
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interesting new phenomenology (including bubble cluster-
ing [38,39], dynamical precursors [40], and time-dependent
decay rates [41-43]), with implications for inflation [44—48],
baryogenesis [49-51], gravitational waves [52-54], and Higgs
metastability [55-57].

Recent years have seen significant progress toward sim-
ulating vacuum decay using ultracold atomic condensates,
including theoretical developments in modeling these sys-
tems and understanding the regimes in which they behave
relativistically [1-13], as well as experimental realization of
nonrelativistic vacuum decay in inhomogeneous condensates
[14,15]. The ultimate goal is to build a simulator that (i) has a
well-defined relativistic regime and (ii) is as homogeneous as
possible, to recreate the conditions relevant to early-universe
theories. Efforts toward this goal are ongoing at the Cavendish
Laboratory in Cambridge as part of the QSimFP Consor-
tium, using an optical box trap [58,59] to ensure homogeneity
across the bulk of the condensate.

However, any cold-atom experiment will inevitably be in-
homogeneous at its boundary, where the walls of the box force
the atomic density to zero. As we demonstrate below, this is
a potentially serious problem for analog vacuum decay, as
these inhomogeneities generically catalyze rapid bubble nu-
cleation on the boundary of the experiment, obscuring the bulk
nucleation that is of cosmological interest. This accelerated
decay was previously observed numerically in Ref. [11] and
is closely related to the phenomenon of seeded decay from
impurities in the bulk [5,60-62].

In this paper we show that edge nucleation can be elimi-
nated by engineering the trapping potential to create a trench
of high atomic density at the boundary. We demonstrate this
analytically in Sec. II using Euclidean calculations in the
thin-wall regime and verify it beyond this regime in Sec. III

Published by the American Physical Society
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using real-time semiclassical lattice simulations. Our focus is
on quantum nucleation in the Rabi-coupled system described
in, e.g., Refs. [12,13]; a companion paper [63] uses alterna-
tive numerical techniques to investigate thermal nucleation
in three different analog systems. In all cases studied, engi-
neering the potential allows one to completely eliminate edge
nucleation.

II. EDGES IN THE ANALOG FALSE VACUUM

We begin by reviewing the analog system studied in
Refs. [12,13] and the Euclidean description of bulk nucle-
ation in the thin-wall limit [36,37]. We then consider edge
nucleation in this limit, showing that this is exponentially
enhanced in a standard box trap, before demonstrating how
a high-density boundary layer eliminates this problem. Our
treatment here follows Ref. [62], where similar calculations
were used to study the seeding of bubbles by impurities in
the bulk. We give only a brief overview of the analog system,
focusing on the details that are necessary to understand the
edge nucleation problem and its solution. Further details can
be found in Appendix A.

A. Relativistic analog

Our system is a gas of two internal states of a bosonic
isotope, labeled |i) = || ), |1). Atultracold temperatures, each
species forms a condensate described by a many-body wave
function ¥; = /n; exp(ig;), with density n and phase ¢. As
well as nonlinear interactions due to two-body s-wave scatter-
ing, the condensates interact via a Rabi coupling (a coherent
electromagnetic beam with frequency corresponding to the
energy splitting between the two states) whose amplitude is
rapidly modulated. On timescales longer than the modulation
period, this generates an effective potential for the relative
phase ¢ = ¢, — ¢4. Under suitable experimental conditions,
the equation of motion for ¢ becomes that of a relativistic
scalar field

dU

(c;07 = V) + i 0, 1)
with a periodic potential
mcy A
U@)=c¢ ps) (l—cos¢+75m ¢), 2)

as illustrated in Fig. 1. Here ¢, is the sound speed of the
¢ phonons, which corresponds to the speed of light in the
effective relativistic theory, while mg is a mass scale, com-
parable to the atomic mass m. The dimensionless constants
€ and A are associated with the mean amplitude and mod-
ulation amplitude of the Rabi coupling, respectively. The
effective relativistic equation of motion (1) is valid only in the
regime where the density fluctuations én and én; sourced by
the relative phase dynamics are perturbatively small, which
in turn requires U(¢) to be much smaller than the overall
energy density of the system. Since the latter is on the order of
mjcs/h*, we see from Eq. (2) that this requirement is satisfied
when

er? « 1 (relativistic regime). 3)

FIG. 1. Effective self-interaction potential for the relative phase
¢ = ¢, — ¢, [cf. Eq. (2)]. The constant part of the Rabi coupling
generates a cosine potential (purple dashed curve), while the mod-
ulation generates a potential barrier with height proportional to the
square of the modulation amplitude. This amplitude is set by the di-
mensionless parameter A, which is normalized such that the potential
is flat at the points ¢ = 7 (mod 27) when A =1 (red dot-dashed
curve). For A > 1 (blue solid curve) these points become metastable
local potential minima (labeled FV for false vacuum). The global
minima are at ¢ = 0 (mod 27) for all values of A (labeled TV for
true vacuum).

For A > 1, the potential (2) contains metastable local min-
ima at ¢ = (mod 27) that can undergo vacuum decay,
spontaneously nucleating bubbles of true vacuum in which
¢ = 0 (mod 27m). These nucleation events can be described
in terms of a bounce solution ¢y, (7, x) to Eq. (1) in Euclidean
time T = ir. Here the crucial quantity is the Euclidean action
of this solution,

1 (0:¢)° 1
S:/drd%(z( q;b) +—|V¢b|2+U(¢b)—U(¢FV)>,
Cy 2
€]

which sets the nucleation rate I' ~ exp(—S/h). In the limit
where the bubble wall (the region over which ¢ interpolates
between true and false vacua) is much thinner than the ra-
dius of the bubble, the action can be written as S = Aoy, —
VAU, where A and V are the bubble’s (d + 1)-dimensional
Euclidean surface area and volume, oy, is the surface tension
of the bubble wall, and AU = U (¢ry) — U (¢1v) is the excess
energy density in the false vacuum. This thin-wall approxima-
tion is valid when the potential barrier between vacua is large,
A > 1, while staying in the relativistic regime eA?> < 1. This
implies a hierarchy between the critical bubble radius R, the
bubble wall thickness ¢, and the scale associated with density
gradients in the condensate £ (the healing length),

R~M> ¢
C~E/er > &

(thin-wall regime),
(relativistic regime). (@)

These three length scales are illustrated in Fig. 2. In practice, A
will likely be not much larger than unity, as this enhances the
decay rate, increasing the probability of seeing bubbles in a
given experimental run. However, our thin-wall results below
still give useful insights into edge nucleation. We confirm
these insights numerically in Sec. IIL.

023318-2



BUBBLES IN A BOX: ELIMINATING EDGE NUCLEATION ...

PHYSICAL REVIEW A 112, 023318 (2025)

FIG. 2. Edge nucleation in the thin-wall limit. The balance of
surface tensions determines the contact angle 6 between the bubble
wall and the boundary. Here we show a simple bucket trap, with
zero density at the boundary. In this case we find 6 = /2, so edge
nucleation forms half a bubble. For traps with a high-density trench
we instead find & = 7, so it is only possible to form whole bubbles
in the bulk. Also shown are the critical bubble radius R, the bubble
wall thickness ¢ <« R, and the healing length & < ¢, which sets
the scale over which the atomic density heals to its bulk value from
the boundary.

B. Edge nucleation

The discussion above describes bulk nucleation far from
the system’s boundary; we now consider nucleation on the
boundary, assuming a bucket potential of the kind shown in
Fig. 3. The number densities 7, and ny vanish at the boundary
and heal back to their bulk values over a length scale £. The
resulting density profile is sensitive to ¢, due to the associated
energy density (2). There are thus three interfaces, each with
its own surface tension: the false-vacuum-boundary interface,
with tension opy; the true-vacuum-boundary interface, with
tension ory; and the false-vacuum—true-vacuum interface (the
bubble wall), with tension oy,. These are illustrated in Fig. 2.
By resolving forces at the point where these surfaces meet, we
find that the contact angle 6 between the bubble wall and the
boundary obeys

OfFv — OTV
Op ’

cosfh =

(6)

This is a well-known result in fluid mechanics, where it is
known as Young’s law [62,64,65].
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FIG. 3. Trapping potentials used in our simulations, in units of
the chemical potential © = #?/2mé? (solid curves), and correspond-
ing profiles for the mean density n = (n, + n4)/2 (dashed curves).
Both depend only on the radial coordinate r, measured in units of the
healing length. Blue curves show a bucket trap, with a sharp wall at
r ~ 50&. Red curves show a trap with a trench layer, in which the
density reaches double its bulk value.

Since we have a microphysical description of the
system, one can calculate each of the three surface tensions
in Eq. (6) to determine the contact angle analytically. We de-
scribe this calculation in Appendix A. The key finding is that
ory — oy = O(¢), while o, = O(e'/?). Heuristically, this is
because the relevant energy densities are O(¢), but the bubble
wall is thicker than the healing length by a factor of order of
€72 [cf. Eq. (5)]. Since we require € < 1 for a relativistic
analog, Eq. (6) implies 6 >~ 7 /2, i.e., the bubble wall must be
perpendicular to the boundary at the point of contact. For a
planar boundary, this means that edge nucleation forms half a
bubble, as indicated in Fig. 2.

This is potentially a serious problem for analog vacuum
decay, as can be appreciated by considering the Euclidean
action (4). Since the volume and surface area of an edge
bubble are halved compared to a bulk bubble, so is its action:
Sedge = 5 Spuik- (In principle, one should include an additional
term to account for the excess tension at the true-vacuum-—
boundary interface oty — opy, but since this is a factor of
order of €!/? smaller than o, it has negligible effect on the
decay rate.) Edge nucleation is therefore much faster than bulk
nucleation, due to the exponential sensitivity of the decay rate
to the Euclidean action.

An immediate consequence of this is that any corners in the
box trap will cause even faster nucleation by forming an even
smaller fraction of a bulk bubble, e.g., a quarter of a bubble
for a right-angled corner in a two-dimensional (2D) system,
as seen in the results of Ref. [11]. We therefore consider only
circular traps in our simulations in Sec. III. Circular symme-
try is also convenient for numerical reasons, as discussed in
Appendix B.

C. Eliminating edge nucleation

The solution to the problem identified above is to modify
the contact angle 6 by engineering the trapping potential.
This could be implemented in practice using, e.g., a digital
micromirror device to imprint the desired optical potential
[66,67]. In particular, setting & = 7w immediately solves the
edge nucleation problem; bubbles can then graze the bound-
ary but not intersect it. Bulk nucleation of spherical bubbles
then becomes the minimum-action Euclidean solution and
the dominant decay channel, as it is in the early-universe
scenarios we wish to probe.

This can be achieved by creating a trench layer inside
the walls of the box, in which the potential is lower than in
the bulk and the mean density n = (n; + n4)/2 is higher (see
Fig. 3). The Euclidean action (4) is directly proportional to
n due to the self-interaction energy of the condensate, so all
nucleation processes in the trench are exponentially slower
than those in the bulk. We can therefore treat the trench as
being trapped in the false vacuum on the timescales relevant
to bulk nucleation. Crucially, this means that the interface be-
tween a true-vacuum bubble in the bulk and the high-density
false vacuum in the trench consists of both a phase profile (a
bubble wall) and a density profile. As we show in detail in Ap-
pendix A, this means that the associated tension is just the sum
of the bubble wall tension and the false-vacuum-bulk—trench
interface tension, ory = opy + 0. Comparing with Eq. (6),
we see that the contact angle is 6§ =  as desired; the energy
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cost of an interface with the trench repels any bubbles, and
bulk nucleation of spherical bubbles is preferred, solving the
edge nucleation problem.

III. LATTICE SIMULATIONS

The arguments in Sec. II provide evidence for the edge
nucleation problem and for a solution in the form of a trench
potential. Here we verify these predictions using real-time
lattice simulations. There are two reasons for doing this. First,
the analytical predictions rely on a thin-wall approximation,
valid in the limit A >> 1, whereas much of the experimentally
accessible parameter space is in the thick-wall regime A ~ 1.
Second, these predictions rely on the Euclidean instanton
formalism, whereas one of the core goals of the analog-
vacuum-decay program is to test this formalism. In particular,
our goal is to test whether these idealized imaginary-time
predictions are borne out in the real-time evolution of the
system.

We use semiclassical simulations, in which the initial state
contains random draws of the vacuum fluctuations in the
Y, and V4 fields, which are evolved forward in real time
using the classical equations of motion [68]. By running a
large ensemble of such simulations, one can approximate
quantum expectation values of observables with ensemble
averages. This approach underpins many numerical simula-
tions of early-universe phenomena [69-73] and is ubiquitous
in atomic physics and quantum optics, where it is known
as the truncated Wigner approximation [68,74]. In the con-
text of vacuum decay, these simulations complement the
Euclidean formalism by providing an alternative descrip-
tion that is valid to the same semiclassical order, but gives
much richer dynamical information about the system. While
many of the predictions of the Euclidean formalism have
been reproduced using these simulations, they tend to predict
significantly faster nucleation rates [12,68] (though account-
ing for renormalization effects might resolve this discrepancy
[75]). Analog experiments will eventually shed light on the
relationship between these approaches and how well they ap-
proximate the quantum dynamics. For our purposes here, the
lattice simulations are simply a cross-check of the predictions
in Sec. II. We find that the two approaches are in complete
agreement on the question of edge nucleation.

A. Physical parameters

We simulate a quasi-2D system in which the atoms are
tightly vertically confined by a harmonic potential V| (z) =
%ma)izz. This is preferable to a 3D system as it allows
the entire field to be directly imaged (rather than be-
ing reconstructed from line-of-sight-integrated images) and
avoids challenges associated with levitating both atomic
species equally against gravity. Our states ||,) and |1) are the
|F,mp) =|1,0), |1, —1) hyperfine states of K. In a uniform
magnetic field B &~ 57.5 G the two-body interactions between
these states are such that the relativistic equation of mo-
tion (1) is achieved by setting (n, — ny)/(ny +ny) ~ 0.298
[13,63,76].

The nucleation rates for bulk and edge bubbles are both
set by the dimensionless density N£2/A, where N is the total

atom number, A is the 2D volume of the system, and £ is
the healing length. One can tune this parameter while keep-
ing & fixed by varying the transverse trapping frequency as
w; o« N~1/2[12]. We consider two cases: a high-density setup
with N = 4.80 x 10° and @, = 32.9 x 27 kHz and a low-
density setup with N = 2.40 x 10° and w; = 132 x 27 kHz.
In both cases we consider a circular 2D trap with radius
r &~ 50&. We set £ = 1 um, which is typical of quasi-2D cold-
atom experiments [29,77]. For the Rabi coupling we take
€ =4.11 x 1073, corresponding to a mean Rabi frequency
Qo = 18.8 x 2 Hz, and A = 1.1, corresponding to a mod-
ulation amplitude AQ = 9.97 x 10~2v, with v > MHz the
modulation frequency.

We simulate this setup using a Fourier pseudospectral
lattice code with an eighth-order symplectic time-stepping
scheme (see Refs. [12,13] for details). We use a 1024 x 1024
periodic square lattice with spacing §x = 0.190¢ and time
step §t = 0.0362h/m¢cé; this allows a gap of approximately
42.5¢ between the box trap walls and each end of the lattice,
which is large enough that the system is insensitive to the peri-
odicity. We run each simulation up to time r = 11807/ m¢cé,
which is roughly double the sound-crossing time across the
condensate.

We simulate two axisymmetric trapping potentials of the

1
V(r)= —Vmax|:1 + tanh (

form
r—ro—w
2 &

1 r—ro—w r—r
o (575) (2]

)

where Vi = 8417 /mé&? is the height of the potential barrier
(which is large to prevent high-momentum modes escaping)
and rop = 55.0¢ is the approximate radial size of the bulk
region. For Viencn = w = 0 we recover a bucket potential;
we also simulate a potential with a trench of depth Viench =
12 /2mg?* and width w = 9.75¢. These potentials are shown in
Fig. 3, along with the corresponding condensate density pro-
files, which we compute by evolving the equations of motion
for ¥, and v in imaginary time from homogeneous initial
conditions [78].

B. Results

We investigate bubble nucleation in these two potentials by
running ensembles of 512 simulations. Each simulation has
an independent random realization of the vacuum fluctuations
around the background condensate, generated by populating
the energy eigenmodes above the false vacuum (see Ap-
pendix B for details on how we compute these modes for each
trapping potential). We carry out two comparisons between
ensembles to test the predictions of Sec. II.

First, we compare nucleation in the bucket and trench traps
for the high-density parameters described above. We choose
these parameters such that the bulk nucleation timescale is
much longer than the simulation time so that no bubbles
should form in the absence of boundary effects. However,
the bucket trap causes the system to decay well within the
simulation time, as shown in Fig. 4(a). We confirm that, as
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FIG. 4. Time evolution of the volume-averaged cosine of the
relative phase for each ensemble of simulations. This quantity
serves as a vacuum-decay diagnostic, starting near the false-vacuum
value cos ¢py = —1 and transitioning toward the true-vacuum value
cos ¢ty = +1 after bubble nucleation (whether on the edge or in
the bulk). Dashed curves show median values as a function of time,
while shaded regions contain 95.5% probability (£2¢ Gaussian
equivalent).

predicted in Sec. II, every simulation in the bucket-trap en-
semble decays by nucleating one or more edge bubbles, which
meet the boundary at an angle 0 >~ 7 /2 (see Fig. 5). Modi-
fying the trapping potential completely eliminates this decay
channel, with every simulation in the trench-trap ensemble
surviving to the end of the simulation time.

Second, we compare nucleation in the trench trap and in a
periodic system with no trap for the low-density parameters
described above. The periodic simulations are carried out on a
512 x 512 lattice with the same spacing dx such that the peri-
odic volume is approximately equal to that of the trap interior.
We choose the low-density parameters so that the Euclidean
action (4) associated with bulk nucleation is approximately
half of that in the high-density case; we therefore expect bulk

Initial state

Density profile

Bucket

Trench

Postnucleation

nucleation in the low-density setup to occur at a comparable
rate to edge nucleation in the high-density setup. As shown in
Fig. 4(b), this is indeed the case: Both the trench and periodic
ensembles decay at essentially the same rate. This confirms
that the rate is insensitive to the boundary once the trench has
been implemented. We also confirm that every simulation in
this low-density trench ensemble decays via bulk nucleation
(see the bottom row of Fig. 5).

The bubbles that form in the low-density simulations are
noticeably more distorted and aspherical than those in the
high-density simulations; this is an expected consequence of
having higher-amplitude vacuum fluctuations, which renor-
malize the effective potential (2), resulting in a shallower
false-vacuum potential barrier [75] and therefore thicker bub-
ble walls and faster decay rates. In the limit where the
barrier vanishes, the system undergoes global spinodal de-
composition rather than forming localized bubbles. Here we
are still in the regime of well-defined bubble nucleation
events, but nonetheless see significant deviations from the
standard paradigm of extremely rare and highly spherical
thin-wall bubbles [36,37]. This highlights an advantage of
the analog experiments and real-time lattice simulations:
Both allow one to study relativistic bubble nucleation in
regimes where the Euclidean description breaks down. In
fact, practical limitations on experimental coherence times
and numerical runtimes mean that thick-wall bubbles are the
easiest to access with these methods; the long timescales
associated with spherical thin-wall bubbles make them more
challenging to access in 2D simulations and potentially also
in the experiments. Theoretical uncertainties in the nucle-
ation rate [68,75] make it difficult to quantify exactly how
far 2D experiments can reach into the thin-wall regime
within realistic coherence times (typically approximately
1 s [79]). However, this issue can always be circumvented
using a 1D setup, for which the decay rate is parametri-
cally faster [12,13]. Future experiments will therefore be able
to probe relativistic bubble nucleation across these different
regimes, yielding insights into a broad range of cosmological
scenarios.

Time evolution —

1.0

0.5
0)
-~

0.0 E
w0
o
Q

—-0.5

-1.0

FIG. 5. Representative simulation results. The top and bottom rows show bucket and trench potentials, respectively, with white dotted
circles in the bottom row indicating the inner edge of the trench. In the bucket, the false vacuum (blue) decays by nucleating edge bubbles
(red), which meet the boundary at an angle 6 ~ /2. In the trench, edge nucleation is prevented and bulk nucleation dominates instead. The
resulting bubbles are more noticeably aspherical due to the different parameters being simulated, corresponding to a shallower false vacuum.
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C. Experimental considerations

While we have focused on one specific form of the
trench-trap potential in our simulations, the theoretical
understanding developed in Sec. II and Appendix A suggests
that our findings should extend to a very broad family of such
potentials. There are only two essential requirements: First,
the trench should be deep enough that the atomic density
is significantly higher there than in the bulk, and second, it
should be wide enough that the condensate is able to attain
this enhanced density by healing from the bulk value, before
being damped to zero at the edge of the system. Increasing the
density in the trench exponentially suppresses any nucleation
processes that would otherwise occur there and thus also
makes the setup more robust against imperfections such as
noise in the optical potential.

Another consideration is the spatial resolution of the
trench. Previous experiments have demonstrated submicron
resolution of the optical potential imprinted using digital
micromirror devices [66,67], with arbitrary control of the
strength of the potential achieved by averaging many pixels
within this submicron diffraction pattern. Crucially, this res-
olution is smaller than the typical healing length £ ~ 1 um,
which limits the scale over which the condensate density
responds to changes in the potential. Any finer resolution is
therefore unneccesary, as it would have little effect on the
resulting density profile.

It will likely be desirable to make the trench as shallow and
as narrow as possible while still successfully eliminating edge
nucleation, to minimize the fraction of condensed atoms that
are required to populate the trench. The flexible and generic
nature of the trench-trap solution suggests that it should be
possible to achieve this trade-off without excessive fine-tuning
of the potential.

IV. SUMMARY AND OUTLOOK

Cold-atom analog experiments will soon enable empirical
tests of relativistic false-vacuum decay in the laboratory, giv-
ing new insights into the physics of the very early universe.
A key challenge for this program is ensuring the faithfulness
of the early-universe analogy by characterizing and mitigat-
ing any noncosmological behavior. In this paper we have
identified the presence of boundaries in the system as poten-
tially problematic for analog vacuum decay, showing that they
generically lead to rapid decay via nucleation of edge bubbles
that have no cosmological counterpart. However, we have
shown that this problem can be straightforwardly eliminated
by engineering the optical potential used to trap the atoms:
Creating a high-density trench layer prohibits edge nucleation
and allows one to observe the bulk nucleation that is relevant
for cosmology. Identical conclusions are found in a compan-
ion paper [63], which investigates thermal nucleation in a
broader range of analog systems. This trench solution demon-
strates how current experimental capabilities, e.g., the ability
to imprint highly customizable optical traps using digital mi-
cromirror devices [66,67], enable faithful analog simulations
of early-universe theories.

Our results bring us a step closer to simulating vacuum
decay with cold atoms. There remain further experimental
complications that we plan to investigate in future work.

These include characterizing the effects of various noise
sources (including magnetic-field noise and fluctuations in
the optical potential), as well as better understanding the
small-scale behavior of the system, particularly regarding the
damping of instabilities associated with the modulated Rabi
coupling [6]. There are also important open questions re-
garding how the effective potential (2) is renormalized by
small-scale modes and how these corrections differ from the
pure Klein-Gordon case studied in Ref. [75]. Understanding
these issues will afford us greater control over our theoretical
predictions, allowing us to extract the maximum possible in-
sight into cosmological physics from upcoming experiments.
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APPENDIX A: SURFACE TENSION CALCULATIONS

In this appendix we calculate the surface tensions associ-
ated with each of the interfaces shown in Fig. 2, with the goal
of deriving contact angles of 6 >~ 7 /2 and 8 = 7 in the case
of the bucket and trench traps, respectively.
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The cold-atom system is described by the Hamiltonian
density [13]

; rﬂvZ L B2V2 ; ;
V5V Y (VW YY)

. hé
— 7@% + Vi) = Wl =9

8ij +
+i,-=2m ST, (A1)

where V (x) is the trapping potential, y is the chemical poten-
tial, and g;; is the effective 2D two-body interaction between
atomic states |i) and |j); these interactions are more conve-
niently described in terms of the linear combinations

_ 8l TEm 8T8
2 2
_ 8T8 — 281 (A2)
5 :

The Rabi coupling is described by the two terms on the second
line of Eq. (A1); Q2(¢) is the Rabi frequency, set by the (time-
varying) amplitude of the applied radio-frequency field, while
§ is the detuning, i.e., the difference between the frequency of
the applied field and the resonant frequency for the two-state
system.

The relativistic analog is obtained using a Rabi frequency
with a small constant piece [which generates the cosine term
in the potential (2)] and a rapidly modulated piece (which
generates the false-vacuum potential barrier),

Q) =2evk? — A2— Arv + +/2€ Av cos vt,

where € <« 1 and A > 1 are the dimensionless parameters
introduced in Eq. (2), v is the modulation frequency, which
is much larger than all other frequencies in the system, and
nipy is the mean number density per species in the uniform
false-vacuum state. (The equilibrium number density depends
on the energy density of the system and therefore on the value
of the relative phase, hence the distinction in defining 7ipy.)
The detuning is assumed to be small, § = O(e).

On timescales longer than the modulation period 27 /v, the
system is well described by the effective Hamiltonian [13]

(A3)

V2
vy =Yy S

+ V= WYy + Yl — ey Vi — A2

(V2
Hetr ==V, — -

t ¢ hs 1 i
X Uy + VYD — 5 )

1 er? ot
+ E(g— A — T(K - A))Wﬁbﬂpiwi

1 er? P,
T §(g+ ALy A))mwwm
+lg— k(1 — ey [y vy,

Az
W U Y) + 0), (Ad)

where the terms proportional to A? are generated by integrat-
ing out the rapid modulation of the Rabi coupling. This is done
perturbatively in the small parameter € associated with the
mean value of the Rabi coupling; from now on we implicitly
neglect all terms of order €>. We also neglect the subscript
"eff" below, as all of our calculations are performed using this
effective Hamiltonian.

1. Constraint equations for static solutions

We look for static solutions to the equations of motion
generated by the effective Hamiltonian (A4), allowing us to
describe the various interfaces shown in Fig. 2 at rest, as
appropriate at the moment of bubble nucleation. We therefore
set

oH B’H,
oy, = — = 0, ind Yy = =0. (A5)
v ayl
It is convenient to write the atomic fields as
€2 11—z
= 1+2)e + ¢ |,
vy =+vn(l+2) XP<2(1+Z)X 2 ¢>
€7 1+z.
1//¢=\/n(1—z)eXp<—2(l_Z)x— > 1¢), (A6)

where n(x) is the mean number density per species and ¢ (x)
is the relative phase, which admits an effective relativistic
description on large scales. The background population imbal-
ance 7 is treated as a spatially uniform constant, as is the total
phase degree of freedom 0 = (1 + z)¢, + (1 — z)¢y, which
we set to zero everywhere. These choices are self-consistent
for a critical value of z (which we derive below), for which
the relative and total phase fields decouple from each other
[13]. Finally, the field x (x) generates O(¢) perturbations in the
population imbalance (associated with variations in ¢) which
leave n unchanged. We assume that spatial derivatives of x are
suppressed by further powers of € and can thus be neglected;
this is because both x and ¢ vary on length scales that are
parametrically larger than the healing length in the relativistic
regime we are interested in [cf. Eq. (5)]. This assumption, and
the ansatz (A6) more generally, are justified a posteriori by
the self-consistent solutions we find below.

Inserting this ansatz into Eq. (AS), we set the real and
imaginary parts of both equations to zero to obtain a set of
constraint equations that characterize static configurations of
the system. Naively there are four such equations (two from
each complex field | and r4), but eliminating the total phase
removes one of these, leaving three constraints. In the simplest
case of a homogeneous false-vacuum state with n = 7ipy, the
potential V' and all spatial derivatives vanish, leaving a set of
algebraic equations that is solved by fixing the chemical po-
tential, background population imbalance, and Rabi detuning,

(AT)
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(For later convenience, we define po=[2g— (x> +
A?)/k gy and 7o = A/k as the O(e?) parts of the chemical
potential and population imbalance.) Since these three
quantities are all constant, Eq. (A7) fixes their values for
inhomogeneous and non-false-vacuum solutions too. We
therefore insert these values into Eq. (A5) to obtain the
general constraint equations

i 22
—V - (nV¢) = exn| nipy sing + —nsin2¢ |,
4m 2

hz
mvw = ek[iipy(1 + cos ) + n(x — A*sin® @)1,

e v2/n n—ri €K
n \/—_V+MO N FV__(I_Z(z))
2m \/ﬁ Ny 2
x [fipy(1 + cos @) — n(x + A% sin® ¢)].

(A8)

By solving these equations, we can evaluate the Hamilto-
nian density (A4) and thereby calculate the surface tension of
each interface,

o= / dx(H — Hrv), (A9)

c
where the integral is along a curve C that passes through the
interface and is orthogonal to it; we let x denote a coordinate
direction that is locally parallel to this curve. Here H(x) is
the energy density evaluated along C and Hpy is the constant
background energy density associated with the homogeneous
false vacuum. Simple on-shell expressions for these can be
found by substituting the constraint equations (A8) back into
Eq. (A4),
2

H= —Mo— — GKZK(I — Z(z))nz Sil‘lzd), ,TL_lFV = —,u()flpv.

n
ngy
(A10)

‘We outline the surface tension calculation for each of the three
key cases in turn below.

2. Bubble wall tension

For a bubble wall in the bulk, we set V = 0 and solve for
the small density perturbations n — 7iipy and x as functions
of ¢. The constraint equations (A8) then combine to give

¢ =/2[U () — U(grv)], (A1)
where U(¢) is the potential in Eq. (2), with mg =

2m/,/1 — z3 and cé = (kfipy/m)(1 — z3). This agrees exactly
with the usual equation describing the structure of relativistic
bubble walls [36]; this is to be expected, given that we are
working in the relativistic regime of the analog system. Solv-
ing for the wall profile and performing the integral in Eq. (A9),
we find that the bubble wall tension is

(A12)

Rkl
oy = o 4e TV (

1 - 2(2))[()‘-)7
where I(A) is a dimensionless integral depending only on the

barrier height A, which approaches /(1) — X in the thin-wall
limit A >> 1. Solving Eq. (A11) also gives us the characteristic

length scale associated with the bubble wall profile, i.e., its
thickness, which is £ ~ fi/e!/ 2)Lm¢c¢ in the thin-wall regime
A > 1, as well as the corresponding bubble radius R ~ AZ.
The key finding for our purposes is that o, = O(e'/?); as
discussed in Sec. II, this is because the excess energy density
in the bubble wall is O(e¢), but the thickness of the wall is
L= 0("1?).

3. Boundary tension: Bucket trap

For interfaces at the edge of the bucket trap, we treat the
potential as an infinite planar hard wall,

it
0 x>0\ cket).

V =
D=1 ifx<0

(A13)

This approximation allows us to derive closed-form analytical
expressions for the surface tensions; however, we expect our
key findings to be insensitive to this choice, so long as the
potential switches on over a length scale comparable to the
healing length & = 7i//2mu.

First we consider the false-vacuum-boundary interface,
setting ¢ =  everywhere. The first of the constraint equa-
tions (AS8) is then trivially satisfied, the second gives x = 0,
and the third reduces to give

hz 8x2 \/ﬁ n— ﬁFV

m Jn V 4+ wo P (A14)
This equation is identical to that describing a single-
component condensate [79]. Solving this in the interior region
x > 0, subject to the boundary condition n = 0 imposed by
the bucket potential at x = 0, gives half of the well-known
dark-soliton solution to the Gross-Pitaevskii equation [79],
joined continuously to the region of zero density beyond the
wall,

fipy tanh(2Q)(—=%-) if x >0
n(ry = |V () , (A15)
0 if x <O.
The resulting surface tension is then
4v2
OFy = T,U«oﬁva. (A16)

The situation is very similar at the true-vacuum-boundary
interface, except that the bulk number density that the con-
densate heals to away from the wall is enhanced by an O(e¢)
correction to offset the lower potential energy density U (¢).
[One can see this by inserting ¢ = 0 into Eq. (AS8), as the
second equation then gives ny = —2iipy, which generates an
O(e) constant offset in the third equation.] This translates into
an O(¢) difference between the two surface tensions,

_\2 _

i Kii

orv = 0FV<_T—V) = GFV<1 +de—" (1- Z(z))>’ (A7)
ngy Mo

where we have defined the number density in the uniform true
vacuum, siry = fipy[1 + 2exnpy (1 — Z(z))/ﬂo]

Putting Eqs. (A12) and (A17) together, we find that the
contact angle (6) between the bubble wall and the bucket trap
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in the thin-wall limit is given by

(bucket). (A18)

Since £ < ¢ in the relativistic regime, this yields 6 >~ 7 /2, as
claimed in Sec. II.

4. Boundary tension: Trench trap

In the trench case, we instead write the potential as

0 if x>0

(trench), (A19)
—HoV

v = { if x <
where v > 0 is a dimensionless constant that parametrizes the
depth of the trench. Solving Eq. (AS) deep inside the trench
with ¢ = 7 then gives n = (1 + v) 7ipy in the false vacuum.
Near the trench boundary we once again find a solution which
connects part of a dark soliton to a constant density solution
on the other side of the interface,

ngy ifx>0
M =1 4 )iy tanh(2)[(1 + W)2E] if x <0,
(A20)

where x is chosen to ensure continuity at x = 0. Crucially, the
healing of the density occurs entirely inside the trench, i.e., in
the x < O region.

At the true-vacuum—trench interface there is a phase profile
as well as a density profile, as ¢ interpolates between the false
vacuum in the trench and the true vacuum in the bulk. The
energy cost of this phase profile scales with the local number
density [cf. Eq. (A12)], so the lowest-energy configuration is
to have it occur entirely in the x > 0 region, where it becomes
identical to a bulk bubble wall. Meanwhile, Eq. (A20) remains
a valid solution for x < 0, interpolating between the high-
density trench and the edge of the low-density bulk. The total
surface tension at the true-vacuum—trench interface therefore
cleanly separates into a density contribution from the x < 0
region, which is equal to the false-vacuum-—trench tension
orv, and a phase contribution from the x > 0 region, which
is equal to the bubble wall tension o,. We therefore obtain
oTv = Opv + 0y, SO that

cosf® = —1 (trench), (A21)

yielding 6 = 7 as claimed in Sec. II.

Note that in deriving this result we have placed no require-
ments on the depth v or width w of the trench, demonstrating
the flexibility and generality of this approach to preventing
edge nucleation. Our only implicit assumptions are that v is
large enough to ensure that nucleation in the trench is strongly
suppressed and that w is large enough that the condensate can
reach the enhanced density (1 4 v)ary before tapering to zero.
These conditions are met so long as v is not much smaller
than unity and w is at least a few times larger than the healing
length. Our simulations in Sec. [Il use v = 1 and w = 9.75¢.

APPENDIX B: TRAPPED INITIAL CONDITIONS

In this appendix we describe our procedure for generating
initial conditions for our truncated Wigner simulations, which

approximate the initial false-vacuum state of the system. It
is crucial that this is done accurately, as previous work has
shown that misspecifying the initial conditions can dramati-
cally alter the nucleation rate [12].

We consider small quantum fluctuations in the atomic

fields,
¥ () = Vn(r)(1 4 2) + 89, (x),
P () = —[Vn(r)(A — 2) + 8, (x)], (B1)

where the minus sign is due to the m relative phase associ-
ated with the false vacuum. We set the population imbalance
z=(14¢€r?/2)A/k so that the total and relative phase
fields decouple [13] and numerically solve for the circularly
symmetric background number density n(r) by evolving the
equations of motion in imaginary time to find the ground state
[78].

The total and relative fluctuations are given by the unitary
transformation,

o 1+z 4 11—z .
Sy = 1) S,
Vo =,/ > vyt 5 (2
A 1—2z 4 14+z -+
8y =\ — 8, — 0. (B2)

For each sector we carry out a Bogoliubov transformation,

8P (x) =Y [,(0)a; — v,(x)af], (B3)

where i labels normal modes of the system and the mode
functions u; and v; are chosen such that they diagonalize the
Hamiltonian (A4),

A= /dx”;’:[ ~ Ey+ Z(hweiiag’iae’i + Ry b a, ),
i

(B4)

where we have expanded up to quadratic order in the fluc-
tuations 8. (The constant background energy E, can be
ignored, as it does not influence the mode functions.) Neglect-
ing higher-order terms here corresponds to approximating
the modes as noninteracting, leading to Gaussian fluctuation
statistics. The operators @™ and & are then the standard cre-
ation and annihilation operators for each mode and are treated
as independent and identically distributed classical random
variables drawn from a complex uniform-phase Gaussian dis-
tribution with zero mean and variance 1/2, following the usual
truncated Wigner prescription.

Combining Egs. (B3) and (B4), we find the Bogoliubov
equations that determine the mode functions for each fluctua-
tion sector, which are of the form

ha),-u,- = Au,- - BU,‘,
—ha)ivi = Avi — Bui, (BS)

where A and B are linear differential operators. The solutions
to this system are normalized according to

fdx(uiu; - viv;'f) = 8,‘]' (B6)

to ensure the ladder operators obey the usual commutation
relations.
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FIG. 6. First few eigenmodes for relative phase fluctuations in
the trench potential. We show u,,,(x) with arbitrary normalization,
for illustrative purposes; the corresponding v,,,(x) are qualitatively
very similar. Blue and red correspond to positive and negative values,
respectively.

The coupled system (B5) is somewhat awkward to solve
directly. Instead, it is convenient to take the odd and even
combinations

houy ;= Liu,
ha),»u,,,- = £,M+,,', (B7)

where we define uy; = u; £ v; and £y = A £+ B. Chaining
these equations together yields

(hoYuy; = Lo L uy;,
(hwi)u_; =L Liu_;, (BS)

each of which is a self-contained eigenvalue problem that is
amenable to solution via standard numerical methods. Our
procedure is therefore as follows: (i) Find the eigenvalues
(hw;)* and eigenfunctions u ; of the operator £, L_; (ii) for
each u, ;, apply the operator £_ and divide by %wj; to find the
corresponding u_ ;; and (iii) take odd and even combinations
and enforce the normalization (B6) to find the mode functions
u; and v;.

Since we are working on the lattice, step (i) above involves
approximating the operators £ as matrices acting on vectors
that specify uy at each lattice site. Naively, for a 2D lattice
with N? sites, this means diagonalizing a matrix of size N? x
N? and storing the resulting N eigenvectors. This is infeasible
for N = 1024. Instead, we exploit the circular symmetry of
the system and work in polar coordinates (r, #). The mode
functions can then be written as

Ui (X) = Upu(x) = Umn(r)eimea

Vi(X) = Uy (X) = Vi (r)e™, (B9)

10" 5
10° 4
= 3
S
Q
1071 4 e
1 = Theory (relativistic)
{ === Theory (analog system)
Lattice data
1072 ————— ——————t
107! 10° 10

¢k

FIG. 7. Initial power spectrum of the relative phase field in our
simulations (shaded region, which shows £1o around the estimated
spectrum), as estimated from the bulk region of our high-density
trench ensemble at time zero. We find excellent agreement with the
expected spectrum for a periodic analog system (blue dashed curve),
including the UV cutoff at k ~ 8.25/& and the slight excess UV
power compared to the corresponding relativistic theory (red solid
curve).

where m = 0, =1, £2, ... (not to be confused with the atomic
mass) labels modes of different angular momenta and n =
0, 1,2, ... (notto be confused with the number density) labels
energy levels for each m. The problem then reduces to solving
a radial eigenvalue equation for each m, each described in
terms of an N x N matrix. We generate these matrices using
a pseudospectral representation for the differential operators
L and use the same pseudospectral scheme to interpolate the
resulting radial mode functions on the Cartesian lattice used
in the simulations. This procedure is carried out separately for
each of the two trapping potentials described in Sec. III; Fig. 6
shows the first few modes in the trench case.

We perform two tests to confirm that the resulting Bogoli-
ubov modes accurately describe the vacuum fluctuations of
the system. First, we carry out a truncated Wigner simulation
with very small initial fluctuation amplitudes, corresponding
to N&2/A = 10%. Interactions between modes should be neg-
ligible in this regime, so each mode simply oscillates at its
natural frequency

A (1) 2 Ay (0)e 1O . (B10)

We extract the mode amplitudes from the simulation and find
that they each obey (B10) with relative accuracy of 1073
or better over many oscillation periods. This confirms that
the modes diagonalize the Hamiltonian to high accuracy in
the linear regime and that the energy eigenvalues fiw,,, are
accurate.
Our second test is to compute the initial power spectrum of
the relative phase field,
_ dx ik-(x'—x) /
Py k) = / Ve (p(x)p(x)). (B11)
We do this by averaging over the 512 simulations in our
high-density trench ensemble, focusing on a square subregion
of side length approximately equal to 80¢ that is contained
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entirely within the bulk, and using a Slepian window to sup-
press spectral leakage. As shown in Fig. 7, we find excellent
agreement with the expected spectrum. This demonstrates that

our numerical framework accurately reproduces the fluctua-
tion statistics of the corresponding periodic system in the bulk
region of the trap.
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