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Equilibration of objective observables in a dynamical model of quantum measurements
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The challenge of understanding quantum measurement persists as a fundamental issue in modern physics.
Particularly, the abrupt and energy-nonconserving collapse of the wave function appears to contradict classical
thermodynamic laws. The contradiction can be resolved by considering measurement itself to be an entropy-
increasing process, driven by the second law of thermodynamics. One such resolution explains the apparently
irreversible emergence of objective outcomes in an isolated, unitarily evolving quantum system via the theory of
closed-system equilibration. Working within this framework, we construct the set of “objectifying observables”
that best encode the measurement statistics of a system in an objective manner and establish a measurement error
bound to quantify the probability an observer will obtain an incorrect measurement outcome. Using this error
bound, we show that the objectifying observables readily equilibrate on average under the set of Hamiltonians
which preserve the outcome statistics on the measured system. Using a random matrix model for this set, we
numerically determine the measurement error bound, finding that the error only approaches zero with increasing
environment size when the environment is coarse grained into so-called observer systems. This indicates the
necessity of coarse graining an environment for the emergence of objective, classical measurement outcomes.
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I. INTRODUCTION

The measurement of a quantum system is a key part of
any experiment in quantum physics. While the process is
well modelled mathematically, the physical interpretation of
this model stands as one of the most enduring challenges
of modern physics [1]. Additionally, the laws of thermody-
namics, fundamental in our understanding of energy, entropy,
and temperature, are seemingly violated [2] by the abrupt and
energy-nonconserving collapse of the wave function [3-6].

In this work we develop a model of the measurement pro-
cess that offers a potential resolution to these issues, building
on the work in Ref. [7]. The model hypothesizes that quantum
measurements emerge as a direct consequence of the second
law, i.e., via an entropy-increasing transition. This would in-
dicate that measurements are fundamentally thermodynamic
processes. The idea can be combined with the well-established
frameworks of decoherence and quantum Darwinism [8,9],
which investigate how some of the key features of a quan-
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tum measurement occur, to allow one to apply the tools of
modern quantum statistical mechanics to model the irre-
versible emergence of classical measurement outcomes.

In proposing this model we confront an important open
question, sometimes called the “big” measurement prob-
lem [1]: When should a process be modelled as unitary
evolution, i.e., dynamically, and when should it be mod-
elled as a measurement, i.e., instantaneous collapse? In the
paradigm we describe here, the system being measured in-
teracts with its surrounding environment, all processes are
unitary, and it is the effect of the equilibration of observables,
also known as equilibration on average [10], that gener-
ates seemingly irreversible measurements, just as classical
statistical mechanics explains how seemingly irreversible phe-
nomena arise from reversible dynamics. A key result within
this paradigm is that an exact, ideal projective measurement is
impossible [7] (indeed, the infinite thermodynamic costs as-
sociated with them were already studied in detail in Ref. [2]).
However, as the environment grows in size, its encoding of
the measurement statistics of the system (i.e., the ensemble
of environmental states conditioned on the system pointer
states) asymptotically approaches complete distinguishability,
and hence the measurements can be treated as ideal in the
sense of Ref. [2]. Further, by coarse graining environmental
subsystems into “observer systems,” the approach to complete
distinguishability is exponential with respect to the number of
constituents of the observer system.

Published by the American Physical Society
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In Ref. [7], the structure of the equilibrium state was
investigated, specifically the extent to which a system’s
environment unambiguously encodes the measurement out-
come. There it was shown that equilibration can lead to
an approximate form of a state structure called spectrum
broadcast structure (SBS), as described in detail in Sec. IT A.
SBS implies that certain criteria of classical objectivity
hold [11,12], as well as a strong form of quantum Dar-
winism [13]. It has been well studied in a number of
examples [14-19]. It remains, however, to be understood
which environment observables actually reveal these out-
comes and whether these observables equilibrate, which must
be addressed if this paradigm can lead to a consistent model of
measurement.

Naturally, the idea that quantum measurements are linked
to irreversibility and an increase in entropy has been discussed
before. But despite it having been studied by many well-
known names in the history of quantum theory [20-23], the
role of this entropy increase (i.e., tendency towards equilib-
rium) in driving the measurement process remains unclear.
Even a well-known recent review of the measurement prob-
lem [1] does not discuss entropy or statistical mechanics in
relation the problem of irreversibility. Progress has, however,
been made in quantify the thermodynamic costs of quantum
measurements [2,24-28], studying the feasibility of extracting
information from decohering environments [29], and the en-
tropy production in objective collapse models [30,31]. Here,
on the other hand, we adopt the perspective that it is in fact the
tendency towards equilibrium itself that is responsible for the
irreversibility of quantum measurements [7] and the quantum-
to-classical transition. Given this, we study the extent to which
this is compatible with the theory of the equilibration of iso-
lated systems.

In particular, adopting objectivity [32] as a marker of clas-
sicality, we construct a set of observables that best recover
the extent to which the statistics of the measured system
(in the measurement basis) is encoded into its environment,
calling them the objectifying observables. In order to quantify
how effective these observables are at extracting measurement
outcomes at equilibrium, we then construct a measurement
error bound. This error quantifies the probability that an ob-
server system will not accurately reproduce the measurement
outcome. It can be concluded that any dynamics leading
to a vanishing error bound for multiple observers are mea-
surements, in the sense that they satisfy the requirements of
objectivity, stability and irreversibility. Here we also require
that the dynamics only minimally disturbs the system itself in
its pointer basis.

Both the objectifying observables and the error bound that
we construct are independent of the form of the system-
environment dynamics. The equilibration of an observable,
however, depends on the dynamics, and we investigate this
for the structure of system-environment interactions consid-
ered in Refs. [7,33,34]. We then use numerical simulations
of a random matrix model [35] to investigate the conditions
under which the measurement error is minimal. In particular,
we consider chaotic conditional interactions modelled by a
Gaussian random matrix ensemble [36].

We find that the observables which most readily encode the
measurement statistics of the system also readily equilibrate

for large environment dimensions. Importantly, we also find
that for the chaotic conditional interactions that we study,
the distinguishability of measurement outcomes can only be
approached via the coarse graining of the environment into
large observer systems.

We begin by reviewing the notion of objectivity (in a strict
sense defined in the following section) and the equilibration of
isolated quantum systems, i.e., equilibration on average—it is
the combination of these two concepts that drives this work.
We then define the set of observables that most readily encode
the statistics of the system and derive an error bound on an
observer’s ability to extract measurement information through
an equilibration process. Following this, we investigate the
size of the error bound, averaging over random dynamics
described by a broadcasting Hamiltonian. Finally, we consider
different initial states and the impact they have on the error,
and we discuss the ramifications of the results.

II. OBJECTIVITY VIA DYNAMICAL EQUILIBRATION
OF CLOSED SYSTEMS

A. Objectivity of measurement outcomes

Any reasonable model of a quantum measurement must
reproduce its key features: irreversibility, and the stability
and objectivity of outcomes. Objectivity of measurement out-
comes was defined in the context of quantum Darwinism (QD)
as information that is independently accessible to multiple
observers, without perturbing the system under considera-
tion [9]. Classical mechanics satisfies this definition, whereas
in quantum mechanics, properties of a system are not ob-
jective until after a measurement has occurred. A model
of quantum measurement must therefore be able to explain
how nonobjective quantum states can irreversibly produce
objective measurement outcomes. In the conventional pic-
ture of quantum measurement as a “wave-function collapse,”
postmeasurement objectivity is imposed as a postulate. The
theory of QD was developed to understand how our objective
classical world emerges from nonobjective quantum systems,
without imposing this assumption “from above,” and has
been investigated in many physical scenarios, both theoreti-
cally [37-39] and experimentally [40—44]. In this paradigm,
the coupling between the system and the observer systems
is uncontrolled and time independent. This contrasts with,
models such as the von Neumann model, which considers a
“premeasurement” [24], namely a coherently controlled in-
teraction over a finite length of time that couples the system
of interest to a single degree of freedom of a detector. The
observer systems described above subsumes such a detector—
the measurement apparatus is any complex system coupled
to the system of interest in a way that is conditional in the
measurement basis.

Following the QD formalism, the notion of objectivity was
formalized into a state structure, namely SBS [11,12], defined
in Eq. (1) below. This state structure is equivalent to “strong
quantum Darwinism,” combined with “strong independence”
of environmental subsystems (meaning there are no corre-
lations between them, except for shared information about
the system) [13]. Following the introduction of SBS states,
there has been much research into their appearance in known
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FIG. 1. Conceptual illustration. We model a measurement as an
isolated system-environment interaction. The system being mea-
sured, S, interacts unitarily with an environment (blue background).
The environment is composed of many subenvironments (orange
spheres), and observer systems are collections of subenvironments
(white envelopes). We imagine a scenario in which each observer
has access to an observer system.

physical models such as Brownian motion [14—16], spin-spin
models [17,18], and a boson-spin model [19]. Beyond these
physical models, both dynamics with self-evolution [45] and
the relationship between entanglement and objectivity [46]
have been studied, as well as the connection between ob-
jectivity and thermodynamic constraints [47,48]. The generic
emergence of objectivity was investigated by averaging over
dynamics to see typical behaviors [33] and recent work even
proposed a Bell-like inequality to witness nonobjectivity [49].

As illustrated in Fig. 1, we consider some system of interest
S interacting with an “environment,” where this environment
consists of Ny quantum systems, which we call “subenviron-
ments.” We collect these subenvironments into Ny groups,
which we call “observer systems,” and for simplicity, we will
assume that each observer system contains n subenvironments
(though our results can be readily generalized to the case
where each observer system contains different numbers of
subenvironments). For example, the environment could in-
clude a physical measurement device such as a single-photon
detector, along with its surroundings in a laboratory. The
observer systems would then be distinct fractions of this.

Let us denote the initial state of S by pso and the
measurement basis by {|i)g}i=1,2. 4, With ds denoting the di-
mensionality of the Hilbert space of the system S (note that
we have assumed a nondegenerate observable for simplicity).
The probability associated with the measurement outcome i is
then p; = (i|ps.0li)s. Demanding that, at some later time, the
observer systems objectively (as defined in Ref. [11]) encode
the state of S in the measurement basis implies that their
combined state at that time has SBS:

ds No )
=Y piliXils X) o, ()
i=1 k=1

where for all observer systems k, the conditional states

are completely distinguishable: ,0(') D=0, v i#j [32].

This is equivalent to F(,o,((’), p,(c’)) =0, where F(p,0)=

(tr\//po /P )? is the fidelity, which in turn implies the exis-

tence of a protocol which can perfectly distinguish states ,0(')
and ,0(’) (see, e.g., Ref. [50]).

In this paradigm, observers are each associated with an
observer system, and the dlstmgulshablllty of the conditional
states of the kth observer system {,ok }i=1,2...ds corresponds to
the kth observer’s ability to distinguish, correctly and with
certainty, between the possible system states {|i)g}i=12...4;-

A question that naturally follows this idea of objectivity is,
given a general multipartite state, with a defined system that
has been measured, how far away is it from being an objective
SBS state? There are many ways to answer this question:
One could use the trace distance as a distance metric between
states, as in Refs. [34,45]. However, as the set of SBS states is
not convex, minimizing the trace distance to the closest SBS
state is not efficient. An alternative idea, discussed and used in
Refs. [34,49,51], is to calculate a probability of success, i.e.,
asking what the probability is that an observer, attempting to
extract the measurement outcome from an observer system,
would obtain the correct result. This is essentially a state
discrimination problem [52] and we outline this approach in
Sec. III.

B. Objectivity through equilibration

We investigate a model of measurements where the
emergence of an objective postmeasurement state occurs
spontaneously through unitary dynamics, as the result of
closed-system equilibration [10]. In this notion of equilibra-
tion, one does not demand that a state tends inexorably to
an equilibrium state but rather that the statistics of certain
observables or subsystems are on average represented by the
equilibrium state, which can be calculated via the infinite-time
average [53]:

—iim L [ pdr = SR 2
peq_rlfoﬁfo Pt =3 PO @)

where P, is the projector onto the eigenspace correspond-
ing to the nth eigenvalue of the Hamiltonian, and p(¢) =
U (t)p(0)UT(t) is the time evolution of the initial system-plus-
environment state p(0). The equilibrium state maximizes the
von Neumann entropy given the constants of motion [10,54].
Specifically, we say that an observable equilibrates on average
when, for “most” times ¢, a measurement of the observ-
able will follow statistics close to those of the equilibrium
state peq [55]. Hence, the state o(¢) becomes very “close”
to the equilibrium state p.q with respect to equilibrating ob-
servables. These observables tend to be highly noncommuting
with the Hamiltonian [56], and thus they are not strictly con-
stants of motion.

Bounds on the proximity of the actual state to the equilib-
rium state, from the perspective of the observable in question,
are well known [53,55,57]; one such bound states that for an
arbitrary observable O and a Hamiltonian with nondegenerate
energy gaps [53,55,57],

I|0|I2
(ltr[p(1)0] — tr[peq O11%) oo ; (3)
der
where we use the notation (-), = limy_, o fOT -dt/T to de-

note the infinite-time average, | - || is the standard operator
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norm (the largest singular value of the operator) and d.y is the
effective dimension (sometimes called the inverse participa-
tion ratio). The effective dimension depends on the probability
for each energy eigenstate of the Hamiltonian H = ) _ A,,P, to
be occupied by the initial state [54] and is defined as

3
dgl(p) =) (tr [Pp(0)]), @)

n=1

where © is the dimensionality of the total Hilbert space. When
the Hamiltonian is nondegenerate or the initial state is pure,
the effective dimension is simply the inverse purity of the
equilibrium state degs = 1/ tr(,oezq) [54]. Heuristically, it tells
us how much of the total Hilbert space is explored by the state
during the time evolution.

This bound indicates that for ||O||> << def, the observable
will equilibrate. A similar bound also exists for the equilibra-
tion on average of subsystems [58], which can be proven using
the observable bound. Note that the assumption of nondegen-
erate energy gaps can be relaxed [57].

As noted above, we model a quantum measurement as a
dynamical and entropy-increasing transition to equilibrium. In
Ref. [7], the conditions under which an equilibrium state is ob-
jective were studied, i.e., when peq = p°B5. It was shown that
this exact relation is impossible and can only be approached
asymptotically as the size of the environment increases. This
leaves open the question, however, of which degrees of free-
dom (i.e., which observables) in the environment will encode
the measurement statistics. We address this in Sec. III.

III. MEASUREMENT VIA OBJECTIFYING OBSERVABLES

Let us now consider some arbitrary equilibrium state peq,
calculated according to Eq. (2) for some time-independent
Hamiltonian. Fixing a pointer (i.e., measurement) basis on the
system {|i)s};, one can separate this state into diagonal and
off-diagonal parts:

ds
e = Y aqiliils ® p + vse, ©)

i=1

where the state p® is a density matrix on @2, Hx, which
is the environment Hilbert space consisting of Ny observer
systems. Our goal is to quantify how well observers can dis-
tinguish between system states {|i)s};. To do this, we can use
convex optimization to find the optimal projectors for each
observer system to distinguish between the possible outcomes
of the measured system S [34,51]. In particular, we can define
a set of projectors {I1%}; via an optimization procedure. By
considering the maximum probability of success for each ob-
server system k to reproduce the statistics of S (in the pointer
basis), we can define a quantity P as [49]:

ds
Pi = max > qitr (o T1}), (6)
Ky

where p,?) = trk’;ék(p(i)) is the state of the kth observer system
conditioned on the system § being in the state |7), and {IT, };
are a complete set of projectors on Hy. In the following, we
will use {I1 j{ }i to denote the particular set of optimal projectors

satisfying the maximization in Eq. (6). We will use these
optimal projectors to construct the objectifying observables,
as well as an SBS state close to the given equilibrium state peq.

The probability of error for each observer attempting to
ascertain the outcome of the measurement of S will be quanti-
fied. Given a fictional scenario in which a system-environment
equilibrates to an equilibrium state that is a perfect SBS state,
the error is zero for all k because one can always find optimal
projectors that perfectly distinguish between the conditional
states of each observer system. This means that all observers
can correctly reproduce the statistics of the measured system
and moreover that they all agree with each other.

In reality, there are two sources of error to consider. For the
first part, we know that equilibration is not an exact process.
The statistics of an equilibrating observable may be close to
those described by peq for most times but there is still a finite
difference between them at any given ¢, and for certain ¢ this
difference may even be large (e.g., fluctuations from equilib-
rium). So even if the equilibrium state is a perfect SBS state,
one has to account for this difference. This is addressed using
time-averaged equilibrium bounds [53,58]. Second, we know
from Ref. [7] that the equilibrium state cannot be an exact SBS
state and for large distances between the equilibrium state and
an SBS state, the probability for each observer to correctly
encode the statistics of the system will be low.

Operationally speaking, we only need to consider how
well an observable can distinguish between the time-evolving
state p(¢) and an SBS state that is close to the equilibrium
state, which we denote pf’fs. In Appendix A, we show how
to construct such an equilibrium-proximate SBS state. The
observable equilibration bound from Ref. [53] then provides
a way to quantify the operational error arising from the differ-
ence between p(¢) and pes(;as.

The optimal projectors {I1:}; defined via Eq. (6) then allow
us to define an observable for each observer system k. These
observables optimally distinguish between the states of S. In
particular, for each observer system k, we define the objecti-
fying observable Oy:

ds dg
O =) cixOfp =) cixlls ® T} ® Lo (7
i=1

i=1

Here O} = 15 ® T} ® Ly is an operator defined such that
the optimal projector IT} is applied to the kth observer system,
and the identity is applied to to all other observer systems
and the measured system S. These projectors 0}; are weighted
by some values c;, which would correspond to observable
outcomes when observing an actual physical system.

To quantify the extent to which the objectifying observ-
ables encode measurement outcomes in an objective manner,
we make use of a measurement-dependent distinguishabil-
ity of states. Specifically, the distinguishability between two
states, p; and p,, when one has access to a specific measure-
ment M, is defined as [53]:

1
Du(pr, p2) = 5 3 Itr(Mip) = tr Mip)l. - (8)

Here M is a positive operator-valued measure (POVM), which
is determined by a set of positive operators {M;}, one for
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each outcome i, such that ), M; = 1. The distinguishability
Dy (p1, p2) then determines the probability of success in dis-
tinguishing p; from p, using the measurement M [53]. Note
that this definition of distinguishability depends only on the
{M;}, and not on any observed values associated with each
outcome. This means that the observable values c; x in Eq. (7)
play no role in the derivation of the following error bound.

We assume that each observer has access to the objecti-
fying observable Oy defined in Eq. (7). For each observer
system k, we can look at the distinguishability between p(¢)
and ,offs according to Oy. Let & denote the time average of
this distinguishability over the course of the evolution. This
quantity, which we call the measurement error, satisfies the
following bound:

& = (Do, (P(1). peg")) o,
< 5obj + 5eq, 9

where the two terms correspond to a lack of objectivity of the
equilibrium state and a lack of equilibration, respectively,

€ = D VTG F (0, p”) + AP, (10)
i#]

d
Eoqg = —2

i

The terms {g;}; and p,ﬁi) = tryu(p") are defined from the
general equilibrium state in Eq. (5) and we recall that pSBS

is an SBS state close to peq, defined in Appendix A. The term

AP := P{SE%C}C - P{Sl}[‘,-“}“ is the difference between the probability
k k

of success when optimizing over all POVM elements {E;}
versus optimizing over projectors (PVM elements) {I1:}. We
point out that in the case when the fidelity between two states
is zero, the optimal measurement is a projective measure-
ment [59]. Therefore if F(,o,i”, ,o,i’)) =0 for all i # j, then
necessarily AP = 0. Additionally, in the case when there are
only two states in such a state discrimination problem, i.e.,
when ds = 2, the optimal POVM is again a projective mea-
surement. As such, AP is identically zero in the numerical
cases we will consider below. The effective dimension [de-
fined in Eq. (4)] satisfies 1 < degr < dsdg where dg denotes
the dimension of the system being measured and dg the total
environment dimension. See Appendix B for the proof of this
bound and more details on the term AP.

The inequality in (9) quantifies the extent to which an
arbitrary evolution can be understood as a measurement in
the following sense. We are given some initial state, its uni-
tary evolution, and the choice of measurement basis, which
combine to uniquely determine the decomposition in Eq. (5).
Then, for some partitioning of the environment, the inequality
bounds from above how close (on average) the evolving state
of the system is to the equilibrium-proximate SBS state ,oesc?s,
with respect to a set of optimal observables on that partition.
This “best-case scenario” can then be understood as an upper
bound on how well the measurement information has been
objectively encoded into the environment due to the process
of equilibration or, in short, whether the situation corresponds
to a measurement (in the chosen basis) at equilibrium. As the
inequality in (9) shows, this bound is the sum of two effects:
(a) the failure of the equilibrium state to distinguish between

(1)

different measurement outcomes and (b) the failure of the
state to equilibrate on average in the first place.

To phrase it a different way, Eq. (9) demonstrates the con-
ditions under which the objectifying observables equilibrate
and unambiguously encode the state of the system (in the
measurement basis). First, the smaller the term & is, the
more the environment itself is able to encode the informa-
tion at equilibrium, with F (o, p\”’) & 0 Vi, j, k with i # j
and AP =~ 0 implying that the information is encoded un-
equivocally. (These assumptions should hold for reasonable
models of measurement where the number of outcomes is far
smaller than the total Hilbert space dimension.) Second, the
system S must equilibrate on average under the dynamics, i.e.,
4«;1(17 ~ 0 (see Eq. (16) in Ref. [53]), with &4 quantifying how
far from equilibrium the system is.

Note, however, that even when the average error Epj + Eeq
is negligible, the objectifying observables only accurately
encode the measurement statistics of the initial state {p; =
(ilps.oli)s}i=1.2..a, when the equilibrium state itself encodes
those statistics, i.e., when ¢; & p; Vi. Exact equality, ¢; = p;
Vi, implies the Hamiltonian commutes with the observable
being measured on the system of interest, i.e., that H =
> 1idils ® Hy for some {H"}iz1 _as-

In the Introduction we stated as a hypothesis that quan-
tum measurements are driven by the tendency of systems to
increase in entropy as they seek equilibrium. Encoding this
as a process bringing the system-environment complex to an
equilibrium state satisfying the property of objectivity, the
inequality in (9) quantifies the extent to which this hypothesis
is satisfied in a given scenario. Thus, for a thermodynami-
cally driven, purely unitary measurement, the right-hand side
of the inequality in (9) should be small—the observables
that optimally extract measurement information about the
system from the environment should equilibrate well in the
equilibration-on-average sense. Thus we can test the hypoth-
esis by considering the behavior of this upper bound in a
scenario which we expect to behave like a measurement, as
we do in the following section.

IV. EQUILIBRATION OF OBJECTIFYING OBSERVABLES
UNDER A BROADCASTING HAMILTONIAN

In the previous section, we defined the measurement error
as the lack of objectivity associated with an objectifying ob-
servable, averaged over the entire dynamics, and we derived
an upper bound to this error. Here we wish to test the hy-
pothesis that as the observer system dimension dj increases,
we can expect, in general, for our error bound to decrease.
This would then suggest that in the thermodynamic limit of
large environment size (and hence the classical limit), the
probability of error (or “nonobjectivity”’) would be negligible.
This naturally motivates a study of the measurement error,
averaged over random interaction Hamiltonians. In the spirit
of this, we consider the broadcasting Hamiltonian investigated
in Refs. [7,33,34], to wit:

H=Y liils® Y H", (12)

i=1 =1
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FIG. 2. Schematic illustrating two system-environment configurations. In both cases, we model a system S being measured via a unitary
interaction with its surrounding environment. The environment is composed of many subenvironments (orange spheres). The observer systems
(indicated by shaded boxes) are collections of one or more subenvironments. Objectifying observables, corresponding to {I1.}; are associated
with each observer system. The black lines connecting the system to the subenvironments indicate interactions via the broadcasting Hamiltonian
[Eq. (12)]. In (a), we consider observer systems of single high-dimensional qudit subenvironments, where each qudit has dimension d (here
d = 16). In (b) we consider observer systems of n qubit subenvironments (n = 4 in this illustration and so the total dimension of each observer

system is 2* = 16).

where each conditional Hamiltonian Hl(i) is drawn from the
Gaussian Unitary Ensemble (GUE) [35,60] and acts on a sin-
gle subenvironment, indexed by /. We use this random matrix
model to represent a generic, chaotic evolution of the observer
system (see, e.g., Ref. [36] for an extensive discussion of
quantum chaos and random matrix models), thus limiting
the extent to which specific features of chosen conditional
Hamiltonians restrict our analysis and allowing us to capture
generic features of the dynamics. The form of the Hamiltonian
in Eq. (12) follows from the requirements that the interaction
preserves the pointer basis (see Sec. IIl), i.e., that g; = p; Vi,
and from the strong independence condition [12].

Level repulsion in Gaussian random matrix models en-
sures that there is vanishing probability for eigenvalues to
coincide, and we can therefore take each conditional Hamil-
tonian to be nondegenerate. Thus we can write each one
as H = Y% EDIED)(ED|, where |E() is the eigenstate
correspondmg to the unique eigenvalue E” and d; denotes the
dimensionality of the subenvironment /.

In Ref. [7], it was shown that for an arbitrary, uncorrelated
initial state p(0) = pso ®;V:EI P10, the equilibrium state, ac-
cording to evolution via Eq. (12), will be of the form

ds Ng
peq = Y_ piliils ) 5, (13)
i=1 k=1

where p; = (i|ps.0li)s and where we have used a tilde to
denote a state of a subenvironment rather than an observer sys-
tem. Note that despite its appearance, peq in Eq. (13) is not an

SBS state, as the distinguishability condition, i.e., ,0(’) V=0
for all i # j and all /, is not met Each subenv1r0nment [, has

a different equilibrium state pl , conditional on the system’s

state, indexed by i:

d
0= S el EED B 09

n/=1

The state i)l(’) is in general mixed, and only depends on the
initial state ;o and on the conditional Hamiltonian of the /th
subenvironment corresponding to the outcome i. Note that if
the subenvironments were initially correlated, then this would
not be the case.

Now, as illustrated in Fig. 2, we identify subenvironments
with observer systems, either one-to-one [,o(’) 1(1) for some
k, ] or by grouping subenv1ronments together into a coarse-
grained [61] observer system: ,ok =, p(’) where the tensor
product is taken over all / associated with that particular k.
This allows us to compare the effect of increasing dimen-
sionality in both cases. As we shall see later, the choice
of identification (i.e., coarse-grained or one-to-one) has a
demonstrable effect on the objectivity of the equilibrium state.

The average of the measurement error & over the GUE is
bounded by the average of the objectivity and equilibration
error terms in Eq. (9) since all terms are positive, i.e.,

(&)U < (Eobj)GUE + (Eeq) GUE- (15)

We numerically approx1mate this by drawing each conditional
Hamiltonian H from the GUE and averaging over many
instances. In the following sections, we will study the two
terms (Eobj)cue and (Eqq)gue for different initial states of the
environment: pure, maximally mixed, and finite-temperature.
When both terms approach zero, the average error likewise
approaches zero. Our analysis will answer two questions:
Do systems in general equilibrate under chaotic conditional
dynamics, and is the equilibrium state objective according to
the objectifying observables?
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First, we wish to investigate when (&eq)cuE is minimized.
As noted above, the conditional Hamiltonians are nonde-
generate, and, moreover, the probability of any energy gap
occurring more than once is zero, as is the case for any
reasonable chaotic many-body Hamiltonian [58]. We begin by
simplifying degr = 1/ tr(,oezq). Using Eq. (13), we can write the
effective dimension in terms of the eigenstates {|E,§;)>},',1 of
the conditional Hamiltonians and the initial subenvironment
states 0j o:

—1
ds Neg 4

desr = Zp,HZE@!pzo}E@ . (16)

i=1 1= lnl 1
We define
X! = (E|po| EVY (17)

ny

as a random variable for simplicity of notation. If we assume
the system S is initially in an equal superposition (which is,
in a sense, the hardest case to distinguish), then we have that
pi = dis for all i. Then (Eeq)GuE reduces to

{ ds Np d
<geq>GUE:Z< ZHZX,;

‘,> . (18)
i=1 =1 l‘l[=1 GUE

Next, we analyze the average over the GUE of &, where
the latter was defined in Eq. (10). This term quantifies the
(lack of) objectivity of the equilibrium state. When it is zero,
Peq is an SBS state and therefore objective. As above, we
assume that p; = dls for all i. Averaged over the GUE, all the
fidelity terms in Eq. (10) are the same, and so may be replaced
by any specific term in the summation, e.g.,i = 0 and j = 1,
without loss of generality. Noting that the total number of
terms in the summation is dg(ds — 1), we then have

(Eavdaue = (ds — D(F (o, P;E”))GUE + (AP)gue- (19)

The probability that F(p.”, ka ) = 0 for any random draw
from the GUE is zero, as there exists no Hamiltonian for
which the equilibrium state has this property exactly [7]. As
noted above F'( ,o]?), ,ok’ )) only asymptotically approaches zero
when larger and larger observer systems of the environment
(so-called macrofractions) are considered.

We study the behavior of the upper bound in Eq. (15)
as the observer systems dimensions d; increase. Specifically,
we investigate whether both terms (Eopj)oue and (Eeq)Gue
approach zero in the limit of very large dj. Due to the strong
independence-preserving structure of the broadcasting Hamil-
tonian (i.e., no interactions between subenvironments), we
only need to simulate a single subenvironment, and the result
can then be used to calculate the error for composite observer
systems. We consider two distinct scenarios, illustrated in
Fig. 2. In Fig. 2(a), we consider an observer system composed
of a single qudit with dimension d. In Fig. 2(b), we consider
an observer system composed of n-qubit subenvironments
and thus with total dimension d; = 2". Both scenarios are
investigated in the simulations in the following sections.

We consider pure, maximally mixed and thermal initial
states. We restrict ourselves to measuring a qubit system dy =
2, initially in an equal superposition in the measurement basis,

such that pso = [Vs.0)(¥sol, where [Ys0) = I(IO) +11)
and {|0), |1)} is the measurement basis. In this case, the only
distinguishability condition to consider in Eq. (10) is the
function F (,o,EO), ,okl)) and AP = 0 as the optimal measure-
ment when distinguishing between two states is a projective
measurement [59]. For each simulation round, we generate
conditional Hamiltonians from the GUE, in which the matrix
elements are complex normal random numbers (u = 0 and
o = 1). This is done with the PYTHON package TeNPy [62].
We then use the QUTIP package [63] to numerically calculate
Peq and from this deg and F (pk ,p,ﬁl)) For higher system
dimensions (ds > 2), we would expect the behavior we ob-
serve to be broadly similar, since it is primarily driven by the
discrepancy between the number of measurement outcomes
to be distinguished and the dimensionality of the space into
which they are to be encoded, with the latter always being
much larger than the former when the environment is reason-
ably large. The term AP will no longer be identically zero
but we expect that as F(p,i’), ,ok’)) — 0, AP — 0 as well. In

the limit of F(,o,((’), ,o,i’)) = 0, we know that AP =0, yet it
remains to be seen exactly how the behavior of AP changes as
the fidelity term approaches zero. This is related to the wider
problem of optimizing over projective measurements versus
POVM'’s, which has been studied in detail in the context of
SBS states in Ref. [64].

A. Pure initial observer states

First, we consider an environment of uncorrelated pure
states, such that p; o = [¥;)(yy| for each subenvironment /,
i.e., a temperature-zero environment. We analyze both terms
in our error bound separately, beginning with &, for pure
initial states. The random variable defined in Eq. (17) can
then be simplified to X! = [(E{”|;)|*. For our simulations,
we can choose any initial pure state, since both (Eqyj)gug and
(€eq)cuE are averaged over the GUE and so are invariant under
unitary transformation—see Appendixes C1 and D 1. Thus,
without loss of generality, we choose p; o = |0)(0].

Figure 3(a) shows histograms (each with 10000 random
samples) of &4 for a qubit system, coupled to a single qudit
observer system with dimension d; [i.e., the scenario de-
scribed in Fig. 2(a)]. Figure 3(b) shows the corresponding
set of histograms for a qubit system coupled to an observer
system of n initially uncorrelated qubits of total dimension d,
i.e., with initial state ),_, [0)(0|; [the scenario described in
Fig. 2(b)].

It is expected that our system will typically approach
equilibrium (corresponding to a small (€q)cue) as the total
dimension of the observer system grows. Here we corroborate
that hypothesis, indicated by the histograms in Figs. 3(a)
and 3(b) tending towards zero as dj increases. There are,
however, certain complications: There is a dependence on
the Hilbert space structure of the observer system and the
corresponding dynamics. Figure 3(c) plots the averages of
each histogram from Figs. 3(a) and 3(b) on the same plot.
It shows that a single-qudit observer system equilibrates
better (on average) in this setting than a many-qubit ob-
server system of the same dimension. We also see from
Fig. 3(d) that the variance of &4 for a single-qudit ob-

032205-7



ENGINEER, RIVLIN, WOLLMANN, MALIK, AND LOCK

PHYSICAL REVIEW A 113, 032205 (2026)

@)
10000 A di =
de=4
dk =8
di =16
9 di =32
s di = 64
3 50001 d = 128
5 dy = 256
s di = 512
di = 1024
0+ .
0.0 0.4
(©
0.30 T3
| —— Single qudit
] Many qubits
w
3 \
—~ 0.154
g
\J
0001 : >
0 500 1000

Dimension of observer system

Frequency

(d) .
1.50 220
® Single qudit
w Many qubits
=}
=2
g 0.75
W
5
>
0.00 -1 *—o o ° °
0 500 1000

Dimension of observer system

FIG. 3. Numerical simulation of &£, defined in Eq. (11), when sampled over the GUE. Each sample in histograms (a) and (b) considers
an initially pure and uncorrelated system-environment state, evolving according to conditional Hamiltonians drawn from the GUE. There
are 10000 samples for each considered observer system dimension d;. (a) A single qudit observer system of dimension d; [the scenario in
Fig. 2(a)]. (b) A coarse-grained observer system of n qubits with total dimension d; = 2" [the scenario in Fig. 2(b)]. In (c) we plot the average
over the GUE of each histogram in single qudit and many-qubit observer system cases as a function of d;. In (d) we plot the variance over the

GUE.

server decreases considerably faster with dimension than in
the case of the equivalent many-qubit observer system. Each
qubit in the many-qubit case interacts individually with the
central system in a starlike structure, resulting in very different
dynamics to the single-qudit case. This result highlights the
dependence of the effective dimension on the form of the
interaction.

We now examine the objectivity term in the error bound.
Figure 4(a) shows histograms (10000 samples each) of &g;
for single-qudit observer systems of increasing dimension
[the scenario in Fig. 2(a)]. We can see that even for a
high-dimensional observer system (d; = 128), the mean
fidelity remains greater than 0.6. This result may be counter-
intuitive, as the overlap between two randomly drawn states
decreases with the increase of the Hilbert space dimension
(see, e.g., Sec. 7.6 of Ref. [65]). However, this comparison
is not quite correct, as we are not simply comparing the
overlaps of random states but rather the result of applying two
randomly drawn pinching maps (defined in Appendix C 1 and
equivalent to taking the infinite-time average) to p; 0 = |0)(0].
The pinching map in each case depends on eigenvectors of
randomly drawn Hamiltonians. We show in Appendix C 1,
that in the limit of d; — oo, the fidelity between conditional
states, averaged over the GUE, approaches 0.62. This has
an important implication for the emergence of objectivity.
Specifically, it implies that extracting measurement statistics

from a single, chaotic high-dimensional qudit observer system
generically results in a non-negligible error.

It was shown in Ref. [7] that coarse graining subenviron-
ments into multipartite observer systems reduces this error.
However, our result indicates that in the scenario considered,
this coarse graining is not just beneficial but in fact necessary
for the emergence of objectivity via equilibration on average.
Indeed, in Fig. 4(b) we consider the result of coarse graining n
qubits into one observer system [the scenario in Fig. 2(b)]. We
see that (Eqpj)Gue exponentially approaches zero with respect
to the number of qubits (plotted here on a logarithmic scale).

B. Maximally mixed initial states

At the opposite end of the spectrum, we consider initial
subenvironment states that are maximally mixed, i.e., at in-
finite temperature. Let us briefly relax the assumption that
the system S is a qubit and assume instead that it is in an
equally weighted superposition of basis states with an ar-
bitrary dimension. We find that this choice of initial state
maximizes the effective dimension, i.e., deg = ds - (d;)VE; see
Appendix D 2. Thus the equilibration error decreases as either
d; or Ng increase, and as either tends to infinity then &4 =
Jds(4 leE / 2)*1 — 0. Indeed, no matter which Hamiltonian
is drawn from the GUE, the state of each subenvironment is
maximally mixed throughout the evolution and so pl(’) =010
for all 7, /. In this sense, the dynamics decoheres the system
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FIG. 4. Numerical simulation of &;, defined in Eq. (10), via sampling over the GUE. (a) shows histograms for a single qudit observer
system [the scenario in Fig. 2(a)]. Each sample considers an initially pure and uncorrelated system-environment, evolving according to
conditional Hamiltonians drawn from the GUE. There are 10000 samples for each considered dimension dy. In (b) we show (Eg)cue for
a coarse-grained observer system consisting of n qubits [the scenario in Fig. 2(b)]. We present the average fidelity on a log scale. Here we
show the necessity of coarse graining in order to approach zero fidelity in the large observer system limit.

being measured, but the initial state p; o is already in local
equilibrium and so no information is being exchanged be-
tween the system being measured and the environment during
the dynamics. (Thus no information is exchanged with the
observer systems, too.) Consequently, this initial state leads to
a trivial Eqpj, as F (p,ii), p,i’ )y =1 for any choice of grouping
into an observer system k. Therefore, for a system initially
in an equal superposition in the measurement basis such that
pi = 1/ds for all i, the error bound reduces to

1 [ ds
5k<(ds—1)+z /leE,

for any choice of k. Noting that the right-hand side is always
greater than unity, we see that in this case the bound does
not constrain the error in any way and so is not of any use.
This is to be expected, since the entire environment, and in
particular any observer system, contains no information about
the measurement outcome.

C. Finite-temperature initial states

So far, we have considered two opposing examples of
initial states: pure and maximally mixed, i.e., zero and infinite-
temperature, respectively. For completeness, in this section,
we study the intermediate scenario, i.e., subenvironments ini-
tially at temperatures 0 < 7' < o0.

A thermal state is defined as

0 e PHn

pr=— (20)
where Z = tr(e #Hn) is the partition function, 8 = 1/kgT is
the inverse temperature (we set Boltzmann’s constant kg =
1 in all simulations), and Hy, is some Hamiltonian. Here
we consider an initial state p(0) = ps ®;V:E I ,T)lth, where we
again take the system S to be a qubit, initially in an equal
superposition in the measurement basis, and where ,b,th is a
thermal state of the /th subenvironment. Here we only con-
sider the case where each of the observer systems k consist

of a single subenvironment, i.e., a single qudit of dimen-
sion d; = d; [this is the scenario in Fig. 2(a)]. We show
in Appendix D3 that the error bound, when averaged over
the GUE, is invariant under unitary transformations of Hy,.
Therefore, our choice of eigenstates in Hy, will not affect
our simulation results. We assume Hy, has equally spaced
eigenvalues and note that in this case, a different choice of
eigenvalues is equivalent to an overall rescaling and therefore
to a different temperature. We make use of a built-in QuTiP
function (qutip.enr_thermal_dm) to generate our thermal
initial states in the excitation-restricted number space at in-
verse temperature 8 = 1/kgT [63]. For details on our choice
of Hy,, see Appendix D 4.

In Fig. 5(a), we show the obtained values of the equili-
bration term (£q)gue for increasing initial subenvironment
temperature. We see that in general, as the temperature of
the initial environment state increases (£qq)gue decreases.
However, the effect of temperature becomes less impactful as
the observer system dimension increases. These observations
accord with the intuition that the a higher temperature will
lead to a failure to encode information well rather than failure
to equilibrate.

In Fig. 5(b), we analyze (£qj)gue for the same scenario
and see that (Eqpj)gue increases, tending to 1, as we increase
the temperature of the initial environment. This indicates that
higher temperature environments are less able to exchange
information with the system S, as expected. Loosely speak-
ing, mixed-state environments are noisy and so less able to
acquire and store information about the system of interest.
This was previously investigated in the context of quantum
Darwinism [66,67] and further seen for spectrum broadcast
structure states in Ref. [34]. Crucially, however, Fig. 5(b)
highlights the interplay between temperature and dimension-
ality, showing that increasing dimensionality protects against
the noise-inducing effect of temperature over all temperature
ranges.

Our results suggest that the broadcasting of information
via closed-system equilibration may overcome the noisiness
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FIG. 5. (a) (€eq)cu for a single-qudit observer system with dimension dj [the scenario in Fig. 2(a)], that is initially thermal at temperature
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samples over the GUE.

of finite-temperature environments as the dimensionality of
the system becomes macroscopic, an essential prerequisite for
the former to be a realistic model of the measurement process.
We note, however, that this analysis is limited by the small
size of our largest system relative to a realistic many-body
quantum system, which precludes us from making a definitive
statement about the macroscopic limit.

V. DISCUSSION AND CONCLUSIONS

When an observer measures a quantum system of interest,
information about a particular observable is extracted. This
is modelled mathematically as the observer applying an ob-
servable operator to the system being measured and obtaining
a measurement outcome that corresponds to an eigenstate of
the observable. In a dynamical measurement model, when
the system is measured, information in its pointer basis is
exchanged with the environment via their interaction.

Building on previous work [7], we assert the hypothesis
that this process is unitary, and correspond to a sponta-
neous, uncontrolled, irreversible process of equilibration. This
proposal, dubbed the measurement-equilibration hypothesis
(MEH), stands in contrast to the conventional von Neumann
model of a measurement-type interaction between a system
and a detector. The MEH thus frames quantum measure-
ments as an inherently thermodynamic (or more precisely,
statistical mechanical) phenomenon that directly results from
the universe’s tendency towards entropy maximization. Not
only does the large environment explain the emergence of
irreversibility, it also explains the emergence of objectivity,
since one or multiple observer systems can access informa-
tion about the measured system in this scenario, and they
will agree on the outcome of a particular measurement. We
note that in Ref. [24] a different definition of objectivity is
discussed in the context of measurements. Here we focus
on the definition of objectivity as presented in the quantum
Darwinism literature [9].

In this work, we provided tangible process towards quanti-
fying specific parts of the MEH. We do so by defining the set

of objectifying observables, which optimally encode measure-
ment statistics from the system being measured. For example,
in a Stern-Gerlach experiment, the objectifying observables
would be the position of the particles, with the spontaneous,
uncontrolled equilibration happening when the particles in-
teract with the photographic plate at the screen. From this
position observable, we learn the measurement outcome (the
spin) of the particle. Applying this to the equilibrium state,
we solve the question of how macroscopic, equilibrating ob-
servables can encode the measurement outcome—a question
whose answer is vital for the tenability of the MEH.

We then constructed an error bound on the measurement
with respect to the objectifying observables. We use numerical
methods to find that this error decreases as the environment
dimension increases and, importantly, when the environment
is coarse grained. These results indicate the objectifying ob-
servables readily equilibrate for large Hilbert spaces of the
environment.

Coarse graining has been shown to play a role in the emer-
gence of objectivity in a noisy photonic environment [11],
for example, as well as in thermodynamic investigations of
the measurement process [7]. Interestingly, our numerical
studies highlight that the emergence of objectivity necessarily
requires coarse graining of observers into observer systems in
some cases. Without coarse graining, the error bound remains
high, even when the dimension of the environment is large.
This is well motivated by a realistic view of how a detector
interacts with a quantum system—it reflects the fact that not
every quantum degree of freedom of the detector needs to
encode information about the system for the detector as a
whole to be able to record the measurement outcome.

We have shown that under dynamics described by the
conditional Hamiltonian structure (i.e., broadcasting Hamil-
tonians), the objectifying observables generically encode the
measurement statistics and equilibrate. However, we have not
shown that all observables that equilibrate encode the mea-
surement statistics. This is intuitive, as we would not expect
every degree of freedom to perfectly record measurement
outcomes. For example, in a Stern-Gerlach experiment, both
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the particle position and momentum equilibrate at the end of
the experiment, but only one of those two observables, the
position, encodes the spin state of the system [24].

Here we also emphasize that the method used to construct
the objectifying observables is independent of dynamics,
meaning our method applies beyond the conditional Hamil-
tonians considered in this work. However, because of this
independence, one can construct example dynamics that result
in observables that are maximally incapable of reproducing
the measurement statistics of the system. Hence, it is im-
portant to note that the observables are not unconditionally
objectifying and their ability to objectify depends heavily on
the dynamics.

Of course, the class of measurements considered here was
somewhat restrictive. Extensions of this work to more general
classes of POVMs and to sequential (potentially noncom-
muting) measurements are ongoing. Generally speaking, the
properties of the MEH equilibration process will depend on
the structure of the interaction Hamiltonian, particularly its
system factor, but we do not anticipate the main results pre-
sented here to be drastically different when applied to the case
of POVMs.

Our work rests on the application of closed-system equi-
libration to a framework which assumes that the situation
postmeasurement can be associated with a quantum state,
arrived at through some overall unitary evolution, and without
necessarily selecting a given outcome. Closed-system equili-
bration is a well-established phenomenon (see Ref. [10] and
references therein), but the assumption of unitary evolution
without selecting a given outcome, while widespread and con-
sistent with experiment [68], is not universally adopted. It may
be contrasted, for example, with the hypothesis of objective
wavefunction collapse, where it is proposed that the dynamics
have an inherently stochastic component [69].

Many aspects of quantum measurements are still to
be investigated in the MEH paradigm. The paradigm
provides tools to explore measurement timescales and
the relationship between measurement speed and observer
size. Investigating the process of entropy maximization,
particularly the entropies associated with observables [70],
is also of interest. The examination of more complicated
many-body systems, such as many-body fermion or boson
chains, would bring the MEH closer to real-world phenomena
and potential experimental proposals. Last, a generalization
effort could extend the paradigm to continuous variables,
expanding the range of physical degrees of freedom the MEH
model can be applied to.

ACKNOWLEDGMENTS

The authors thank Emanuel Schwarzhans, Will Mc-
Cutcheon, Felix Binder, Jarostaw Korbicz, Klara Baksova,
and Marcus Huber for helpful discussions, as well as Al-
berto Acevedo for noticing and assisting in correcting a small
mistake in the Appendixes. M.P.E.L. thanks Yuri Minoguchi
for many useful and interesting conversations about random
matrix theory. This work was supported by the EPSRC Grant
No. EP/S023607/1, the European Research Council (ERC)
Starting grant PIQUaNT (950402), Austrian Science Fund
(FWF) grant TOMAIQS (Grant No. ESP7464924), and the

ERC Consolidator grant Cocoquest (Grant No. 101043705).
S.W. acknowledges funding from the European Union’s Hori-
zon 2020 research and innovation programme under the Marie
Sktodowska-Curie Grant No. 89224. This publication was
made possible through the support of Grant No. 62423 from
the John Templeton Foundation. The opinions expressed in
this publication are those of the authors and do not necessarily
reflect the views of the John Templeton Foundation. The au-
thors acknowledge TU Wien Bibliothek for financial support
through its Open Access Funding Programme.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [71].

APPENDIX A: FINDING OPTIMAL PROJECTORS
AND A CLOSE CANDIDATE SBS STATE

Using a convex optimization method, for each observer
system, we can find a set of optimal projectors to distin-
guish between the states of the measured system S. Given a
system-environment Hilbert space Hgs ® Hp, with Ny suben-
vironments, such that Hg = H; ® - - - ® Hy,, one can fix the
pointer basis of S. Then, with a general equilibrium state
written in this pointer basis, we can split the density matrix
into diagonal and off-diagonal blocks:

ds
peg = Y qili)ils ® o0 + yse,

l

(Al)

where yge is the off-diagonal part. This density matrix is
completely independent of dynamics. The only assumption
made is that of the pointer basis of the system {|i)¢};, which we
assume is optimal [for the case of our considered Hamiltonian,
Eq. (12), this is true when averaging over the GUE]. We then
assume there exist projective measurements to distinguish
between the “branches” of the environment p® and p¢ for
all i # j [this is not the case if p® = pW].

For simplicity, we will start by considering a single ob-
server performing a projective measurement over the entire
environment, generalizing to multiple observer systems later.
The branches of an SBS state have nonoverlapping support
and so can be distinguished perfectly with a single projec-
tive measurement. To find how close our state is to an SBS
state, we find the set of projectors {IT'}; that gives the largest
probability of success when measuring the state p*) for all i
(ignoring the off-diagonal part ysg for now). We can view this
as a state discrimination problem, in which we have a set of
states {0(};, each state occurring with probability ¢g;. We want
to distinguish between the states with the minimum average
error [52,72]. We use the Python library CVXPY [73,74] to
perform the maximization problem defined in the main text
as the probability of success when optimizing over projectors
[Eq. (6)] [34,51]:

Pl = max ) g, (o1, (A2)
t
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Using the set of optimal projectors found via the optimization,
we define a candidate SBS state:

=Y qliils®a®, oV =——1 (A3

where the probabilities g; corresponding to each pointer state
|i)s are the same as the initial probabilities in Eq. (A1). This
state varies slightly from the state constructed in Ref. [34],
where new probabilities are defined. It is important that any
measurement process preserves the outcome probabilities and
therefore any SBS state we are constructing must also pre-
serve the probabilities {g;};.

Now we will generalize to multiple observer systems. Let
us say we have K observer systems within the environment,
such that K < Ng and we index each observer system k.
Again, we begin with a general state, which by fixing the
pointer basis of S, we can write in the form of Eq. (Al).
To construct the probability of success, we again ignore the
off-diagonal section ysg and define

l_ 0 1 -
pl(c) = trk’#k[p( )] = q— trk'¢k[<l|Peq|l)S]' (A4)

l
The search for optimal projectors is performed separately
for each observer system k, resulting in a set of success
probabilities,

Succ 1)
P ) _HFII?XZCI‘U H } (AS)
k
The candidate SBS state becomes
1 1 Hl
Zq,n z|s®o~“, o’ = —k- (A6
tr [T ]

where {1'[ }i.x are the optimal projectors found in the maxi-
mization in Eq. (A5).

APPENDIX B: DERIVATION OF THE ERROR BOUND
FOR OBJECTIFYING OBSERVABLES

This Appendix derives the error bound, defined in Eq. (9).
This error quantifies the probability that an observer system
will not accurately reproduce the measurement outcome. If
this error is vanishing, then one can conclude that the corre-
sponding dynamics describe a measurement. We emphasize
that the derivation of the error bound is independent of con-
sidered dynamics. The error is based on the distinguishability
of states [53]. This definition quantifies how well a POVM can
distinguish between two states. For two states p; and p,, given
a measurement (POVM) M, the distinguishability of states is
as follows:

1
Du(pr, p2) = 5 Y I (Mipy) —w (Mipp)l, (BD)

where M is described by a positive operator M; for each
outcome i, such that Zi M; = 1. For each observer, we de-
fine an objectifying observable [Eq. (7)] that is constructed
from a set of projective measurements found from the method
in Appendix A. We likewise use them to construct the
equilibrium-proximate SBS state pesc?s from a general equi-
librium state peq of the form of Eq. (Al), specifically via

Eq. (A6). For each observer system, indexed k, we then look
at the distinguishability between p(¢) and pSBS given the ob-

server applies the objectifying observable O; = d‘ 1 Ci Oi

2icls ® 1'[ ® 1. Distinguishability obeys the triangle
inequahty, SO

Dy, (0(1), pg°) < D, (p(1), peg) + Dy, (Peqs £2°)- (B2)

First, looking at the second term on the right-hand side,

Z |tr (0}peq)

—tr (Ok)OSBS)

Do, (peq: p5°) = ., (B3)

we show that

tr (O} peq) = tr > il ® eV + yse
Jj

=tr| O} Z‘Zj|j><j|®,0(j) +tr[0;<VSE]

= trstre | O D gl il ® pY
J

+ trg [0} trs (vse)]

= Z%‘ trg [(TT; ® Lii) (09)] 40
J

= ZQJ trk H;c ® jlk’;ﬁk) trk/;ék(,O(J))]
= Zq] tr Hkp(J)

= qitr (o) + > g;tr (Mip 9, (B4)
J#i

where we used that try(p")) = p,Ej ) and that the off-
diagonal term has zero trace: trg(ysg) = 0. Next, we find

tr (OkpSBS)

=tr | (Ls ® T} ® Lput) Z%U ]|®U(1)

J m=1

No
= trg trg (]ls ® I—I}; ® ]11(/#) ZCI,j|j><j| ®Urf1j)
J

m=1

= qu trg |: Hk ®]]-k’7&k <®0’(1])>:|
No
= ZqJ g g2 |:(Hk Q Lk <®O’(])>:|

J m=1
l'I’l'IJ
_qutr Mio”] Z ,tr ]

= Zq/‘Sij =g, (BS)
J
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using that a(]) [T}/ t[11/] [defined in Eq. (A6)]. This re-
sults in

DOk (pEQ’ peS(;BS)
1
= S |aitr (Mip) + > qitr (Wip) —ai|  (B6)
i J#i
1 o L
= 5 2 |laitr (Mp”) = ai] + 3_ gy (Mep”) | (BD)
i j#i
l 1
<3 \gitr (T p") — qi| + > _ g tr (")
i B J#i
(B8)
1[ .
< 3 Z%‘—Zqitr(p,gl)l'l ] Zq,tr I'Ikp(/)
L i i ];él
(B9)
1 .
=3 1= gitr (o1} ] qutr mip),
L i j;ﬁt
(B10)

using the property of the modulus: |x 4+ y| < |x| 4 |y| and that
>".q: = 1. Looking separately at the second term in Eq. (B10)
and assuming dg = 2 for now,

1
_qutr H;{ (]) —

Slaot (o) + e (M)

J#i
(B11)
= [qo (1 - 119);”)
+au((L-M)e)]  ®B12)
= [610 (o) = qotr (MYp;”)
+artr (o) = quer (M)
(B13)
= %[Clo +q1 = qotr (")
— qitr (Mp")] (B14)

= [1 - Zq, tr (T} o) } (B15)
which allows us to simplify D, (peq, P53 ) t0
Dy, (peq» 05°) = [ Z gitr ("I} } (B16)

The term ), g; tr(p,ﬁ”l’[};) is the probability of success in the
state discrimination problem [59].

For the following, we introduce two types of probabilities
of success: the probability of success when using a projective
measurement with projectors {I1;}, which we label P{S“_C}C, and
the probability of success when using a POVM with elements
{E;}, which we label Pj°. Spemﬁcally,

7t = a6

Z gitr ( ')E

It was shown in Refs. [34,52,72] that the probability of
error, when optimizing over all POVMs, is bounded from
above (see also Ref. [64]):

1-Pse = 1= qite (o E)) <Y yagiF (0. o).

i i#]

(B17)

(B18)

(B19)

where F(p, o) is the fidelity. In our case, however, we are
restricted to an optimization over projective measurements,
not POVMs. This is due to the distinguishability condition
for SBS states. The conditional subenvironment states in ,0SBS
are orthogonal and found by maximizing over the set of
projectors, as outlined in Appendix A. Yet we can still use
this bound by noting that the probability of success when
optimizing over projectors will always be less than or equal to
the probability of success when optimizing over all POVMs,
ie., P{Sl-‘fff < P{%ﬁc. This is because projective measurements
are a subset of POVMs. Using this fact, we can write

= Py < 2 vaaiF (e o) -
i#]
which can be rearranged to obtain
Succ Z \/MF /OJEI)’ p]EJ)) + AP,
i#j

where we define AP := PS”CC PSuCC > 0.

Note that in the case of dS = 2 there are only two states
to be distinguished between, i.e., ,0 ) and p( ) for each ob-
server system k. In this case, the optimal POVM is always a
projector [59]. This implies that for dg = 2, we simply have

> VaqiF (0. o).
i#]

Now, we show that (B15) holds more generally for ds > 2.
Once again, we begin with the second term in Eq. (B10):

2aitw (M) =3 gt (| Do | o
j#i J i#j
=2 aw((1-1)p")
J
=>4 =) layw (Mip)] (®B25)
J J

=1- Z [Clj tr (nljcpl(cj))]’

J

S S
1= Py Py, (B20)

(B21)

Do, (Peq» 0oy ) < (B22)

(B23)

(B24)

(B26)

where we used the fact that (Z[#j H}'{) + H,{ = 1. For the
case where ds > 2, it is not necessarily the case that the
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optimal POVM will be a projector, hence AP may be nonzero
and we must include it in our error bound.
For general ds, we therefore have that

<Y VagF (o o) + AP, (B27)

i#]

Do, (pea: Pig”)

Now we return to the first term on the right-hand side of
the inequality in Eq. (B2). We know that the time average of
the first term in the inequality can be bounded [53]:

N(M)
4/dess’

where M is a finite set of POVMs such that D (p,0) =
maxyepm Dy (p, 0) and N(M) is the total number of out-
comes for all measurement in M. In our cases, the considered
measurement set is simply M = Oy. Each observer system,
indexed k, has a set of dg projectors and therefore ds out-
comes, such that N(M) = ds.

Overall we can define a time averaged measurement error
& (as stated in the main text without the AP term):

(Dam(p(1); Peg)) oo < (B28)

& = (Do, (01, p3°))

ds
<2 VaaF (o] o) + AP+

i) eff

(B29)

This is the error, averaged over all times, for a single observer
to determine the state of the measured system, using a single
projective measurement on their observer system. For simplic-
ity in the main text we omit the AP term, which we anticipate
to be small even in cases where it cannot be assumed to be
ZEero.

APPENDIX C: PROPERTIES OF THE AVERAGE FIDELITY
WITH RESPECT TO THE GAUSSIAN UNITARY
ENSEMBLE

1. Unitary invariance with respect to the initial state

Here we show that the average fidelity in Eq. (10) is invari-
ant under a unitary transformation of the initial state on the
subenvironment /.

Recall that the dynamics generated by the Hamiltonian in
Eq. (12) results in an equilibrium state of the form [7]:

Peq = szll (lls@p(”

~ (i)

with the conditional states p, given by

A = 3 ol 4 £

m

where H" = > EVIED)(ED] is the conditional Hamilto-
nian correspondlng to the measurement outcome i. We now
prove that

(F(Pyoleol, Puilpol))cur
= (F(PyolU poU1, Py [U poU D) aue. (C2)

where U is an arbltrary unitary transform, and the con-
ditional state /’1 is written in terms of the pinching

= Ppolpo]l =

) (ChH

map with respect to H¥, such that ,ol(i)
¥, [ESNED 0o EP) (ED).

As a first step, recall the rotational invariance property of
the GUE [75], namely that a Hamiltonian H¥ is selected from
the ensemble with the same probability as UTHYU for any

unitary operator U. In our notation, we can write this as

ZE(U|E(1) E(l)| ZE(l)U} |E(1)><E(l)’U

=2 _EIEP)EY
n

(C3)

where 2 denotes that the two operators are associated with the
same probability and |E") := UT|E("). Combining this with
Eq. (C1), we see that

N ED oo EO) EONED|

n

=U' (Z (ES|UpU "'!Eé”>!E,5”><E£”|)U

n

Proleol

= U'PyolUpoU'U,
and therefore that
F(Pyolpol, Puwlpol)
Z F(U PyolU poU U, UTP o [U poUIU).

Noting that the fidelity is invariant under a unitary trans-
formation of both arguments, we find that Eq. (C2) holds,
concluding the proof.

2. Finite fidelity limit for pure initial states

Here we give a heuristic argument as to why the average
fidelity between conditional states does not vanish with in-
creasing environment dimension in the case of a pure state.
First let us use Eq. (C1) to write out the fidelity explicitly in
this case (again, omitting the tilde and subscript [ for clarity):

F(p. p") =1t

n,n',m

3 VIES oo B WIS oo ELNES oo ESPNES | ELNES B ELNES |

(C4)
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Now, since |E(") is an eigenvector of H\”, a matrix randomly
selected according to the GUE, its elements in an arbitrary ba-
sis {|a) € H;}, can be treated as independent and identically
distributed random variables in the large-d; limit. In particu-
lar, defining the variable y := d;[(E! |o) 2, they are distributed
according to the probability density p(y) = e™ [76]. Let us
now examine the elements in the sum in Eq. (C4) individually
in the large-d; limit.

First, we know from Appendix C1 that the average fi-
delity is invariant under unitary rotations of the initial state,

J

and therefore for py pure, the average does not depend on
the specific pure state chosen. Consequently, we may write
po = |a)(a| for arbitrary |a) and hence treat (E"|po|E(")
as the variable |(E\”|a)|> = y/d,. Likewise, we can treat
(ED|EY)| as the variable [(EQ|a)| = /y/d].

Noting that under permutation of the appropriate labels,
this accounts for all factors in the sum in Eq. (C4), we can
invoke the independent and identically distributed assumption
to get a crude estimate of the average fidelity in the large-d;
limit, replacing each factor with its average magnitude to get

ri o= [ oV T
(F (@™, p7)ave ~ tr Z di |gue\V di [gue\di [ue\V di [Gue\V di GUE| X

n,n",m

4
y y (i)
=dl |—= = tr E, N
l< d >GUE<dl >GUE Z| ><

n,n

2 EDNE|

1
= 7 (ﬁ>éUE( Y)GuE tr
i

n, n

= (ﬁ)éUE (V) GuE-

Using the probability density p(y) = e~ to calculate the av-
erages in the above expression, one finds the limit

2

T ~o.62,

(F(p?, 09 ug ~ dlli_r)noo (V9 Gueoue) = 6

which, despite the crudeness of the approximation used,
agrees very well with the result shown in Fig. 4(a) (as
(Eovidaue = (F(p®, p))guE for our chosen initial states).

APPENDIX D: PROPERTIES OF THE AVERAGE
EFFECTIVE DIMENSION WITH RESPECT TO THE
GAUSSIAN UNITARY ENSEMBLE

1. Unitary invariance of the effective dimension with respect
to initial state

Here we show that the term (£q)Gue in the error bound
[Eq. (15)] is invariant under a unitary transformation on the
initial state of a subenvironment /, i.e.,

1 1
_— = — , DD
< Vet (01,0) >GUE < Vet (U p1,oU™) >GUE

where U is an arbitrary unitary transform and

s Neg d

znzmmmw>.
GUE

(D2)

1
<\/deff(pl,0) >GUE <

From Eq. (C3), we know that

S ENENER| D Y B e NE U,
n n

2

(

which implies

E(L)‘U,O[ OUI ’E('))

2 Pr ; ;
J = = (ED|prolEYY.

(ED| 01,0 EP

ny

The unitary invariance of (o) gue, given by Eq. (D1) follows
directly.

2. Maximized effective dimension for maximally mixed initial
subenvironment states

We now calculate the effective dimension for a system-
environment whose subenvironments are initially maximally
mixed:

Ng 1
p(0) = 1¥rs0X¥s.0l ) i
=1

and we assume the system S is initially in an equal superpo-

\/7 Z 2, 1i). Using
Eq. (16), we can see that this choice of initial state maximizes
the effective dimension:

Sl (o)

i=1 lln,l

sition in the measurement basis |/s0)

defr =

-1

IS (LY

i=1 =1 nm=1

[

-1
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-1

()"
2
| =1 di

1T

=ds - (d)",

where we use that p; = % and Ng is the total number of

subenvironments. It is also worth noting that the equilibrium
state of each subenvironment is also the maximally mixed
state, meaning p; 0 = pl(i) = pl(" ). Therefore, observers cannot
distinguish between system outcomes, no matter how they
group together subenvironments into observer systems. There
is no objectivity and the equilibrium state is very far from an
SBS state.

3. Effect on fidelity and effective dimension under choice
of thermal Hamiltonian for thermal initial states

In this Appendix, we outline the effect of the thermal state
Hamiltonian on both terms (Egj)gue and (Eeq)GuE in the error
bound. Our initial state is

Ng
p(0) = pso X) pro.

=1

where the system is a qubit in an equal superposition pgso =
|¥s.0) (¥s.0l, such that |Ys o) = \/%K)) + |1) and each environ-

ment is thermal p; 9 = pm. We begin by defining a thermal

state as pg = efﬁZH‘h, with respect to some Hamiltonian Hy,,
where Z = tr(e"##n). Noting that, under the transformation
Hy, — UHwUY, where U is an abitrary unitary operator,
we have e P — Ue=PHny", and recalling the unitary in-
variance of the trace operation, we see that py, — U pnU i
under Hy, — UHuUT. We showed in Appendix D1 (C1)
the invariance of (Eeq)cue ((obj)uE) With respect to unitary
transformations of the initial observer system state. Any Her-
mitian matrix with the same spectrum can be related by a
unitary transformation.

Therefore, we can conclude that the choice of thermal
Hamiltonian eigenstates has no effect, in our numerical sim-
ulations, on the error bound when averaged over the GUE. If
we consider thermal Hamiltonians with different eigenenergy
spectrums, then they cannot be related by a unitary transfor-

mation and so this will affect our results. The only effect is
on the temperature scaling. In the following appendix, we
address this and explain our choice of temperature in Fig. 5.

4. Details of thermal states used in numerical simulations

As outlined in Appendix D3, only the distribution of
eigenenergies of the thermal Hamiltonian defining the suben-
vironment initial states will affect the error bound, when
averaged over the GUE. For that reason, we choose to model
an optical thermal field, due to the simplicity of the thermal
Hamiltonian Hy, = hw(@ata + %), with eigenenergies E, =
ho(n + %), such that all energy gaps are fixed to hiw. The
density operator for the thermal field is [77]

e*chﬁ

—— = immxm,

n=0

Pin = (D3)

where B = 1/KpT is the inverse temperature and the proba-
bility that a mode is excited to the nth level is P, = Le75P.
This results in an average photon number of

1

[ — D4
A= (D4)

From this, we can write

1 14+
/3w=_1n< +”> (D5)
h n
and define the thermal state in terms of 7
o0 }71”
Pth = ,,X:(; WW (n]. (D6)

To perform our numerical simulations, we need to write
the thermal state as a finite density matrix. To do this, we use
a built-in QuTiP function [63] which defines the thermal state
with d dimensions as

A
pun = tr(pth)z<1+ﬁ) In)(nl,

n=0

(D7)

where tr(oy, ) indicates the renormalization of the density ma-
trix for finite dimension d. In the simulations, the parameter
we define is the average photon number 7, so by varying this
we are varying the dimensionless quantity Bw, without ever
defining B or w individually.
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