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Positive but not completely positive maps provide one of the most direct ways to detect entanglement beyond
the positive-partial-transpose (PPT) criterion. We introduce and analyze an exactly solvable two-parameter
family of sparse bistochastic positive maps on qutrits, in which two coherence channels are independently tuned
by parameters w and z. The sparse structure makes the full phase diagram analytic: positivity holds exactly on the
square 0 < w, z < 2/3, complete positivity holds on the smaller square 0 < w, z < 1/3, and decomposability is
lost precisely outside a quarter circle in the corner w, z 2> 1/3. The indecomposable region is certified by explicit
PPT entangled states adapted to the same witness geometry. At the end point W, = W (2/3, 2/3) we construct
a four-parameter family of PPT edge states of rank type (5,5), derive their analytic detection region, and show
that the corresponding rays are exposed faces of the PPT cone. Finally, although W, is not optimal, we give an
explicit optimal refinement whose detection region on this family is strictly larger. The result is an analytically
tractable qutrit setting in which positivity, indecomposability, PPT entanglement, optimality, and exposed convex

geometry can be studied in a single framework.

DOI: 10.1103/1bj6-bts5

I. INTRODUCTION

Entanglement is a defining nonclassical feature of quantum
theory and a central resource for quantum information pro-
cessing. Deciding whether a mixed bipartite state is separable
remains difficult, and positive maps provide one of the most
effective formulations of the problem: a state is separable
if and only if it remains positive under id ® ¢ for every
positive linear map & [1,2]. Through the Choi-Jamiotkowski
correspondence, this criterion translates questions about maps
into spectral and block-positivity questions for bipartite
operators [3,4].

Indecomposable positive maps are especially important
because decomposable maps cannot detect positive-partial-
transpose (PPT) entangled states, whereas indecomposable
maps can [1,5-7]. In low dimensions such maps are excluded
by the results of Woronowicz [8] and Stgrmer [9], while
in dimension 3 ® 3 they appear already in the Choi map
and its generalizations [10]. The subsequent Ha-Kye anal-
ysis of Choi-type witnesses, exposed maps, and PPT
edge states shows that positive maps give a concrete set-
ting in which map geometry and state geometry can be
studied simultaneously [11-15]. Complementary develop-
ments relate positive maps and entanglement witnesses to
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tensor-cone characterizations, spectral and geometric con-
structions, positive biquadratic forms, elementary-operator
criteria, merging procedures, and tensor-power decompos-
ability [16-23]. More recent developments also use positive
maps to build practical separability criteria, entanglement
witnesses, and entanglement-estimation methods based on
symmetric measurements, moment criteria, realignmentlike
witness constructions, and symmetric positive-map construc-
tions [24-27]. For quantum-information applications it is
useful to have examples that are not only indecompos-
able but also analytically tractable. Such examples serve as
benchmarks for numerical searches for positive maps, for
testing entanglement criteria on PPT states, and for separating
distinct notions such as positivity, complete positivity, de-
composability, optimality, and exposedness. The challenge is
that these properties are usually governed by different convex
cones and are rarely accessible in closed form within one and
the same family.

The present paper provides such an exactly solvable con-
struction. We analyze a family of sparse positive maps for
qutrits introduced in Ref. [28], focusing on the anisotropic
regime in which two surviving coherences have independent
weights. The Choi matrix has one suppressed coherence sector
and two active off-diagonal sectors. This simple pattern is
the main physical and mathematical simplification: the map
probes two selected coherences of a bipartite qutrit system,
while the missing sector makes the positivity and PPT geom-
etry sufficiently rigid to be solved exactly.

In a uniform bistochastic slice we obtain the following
results. First, the positive maps occupy the square [0, 2/3] x
[0, 2/3], whereas the completely positive (CP) maps occupy
the smaller square [0, 1/3] x [0, 1/3]. Second, the transition
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from decomposable to indecomposable positive maps is exact:
every positive map with either w < 1/3 or z < 1/3 is decom-
posable, while in the corner w, z > 1/3 the boundary is the
quarter circle:

(=5 +@E-%) =3 (M)
Third, the indecomposable region is detected by analytic PPT
entangled states adapted to the same two coherence channels.
Fourth, at the end-point witness W, = W(2/3, 2/3) we con-
struct a four-parameter family of PPT edge states of rank type
(5,5), determine their detection region, and prove that the cor-
responding PPT-state rays are exposed. Finally, we show that
W, is nonoptimal and give an explicit optimal refinement with
a strictly larger analytic detection region on the constructed
states.

The construction therefore gives more than a phase dia-
gram. It gives a controlled witness-state correspondence in
which the same sparse qutrit structure determines the positiv-
ity region, the decomposability threshold, the PPT entangled
states detected by the witness, and the relevant faces of the
PPT cone.

The paper is organized as follows. In Sec. II we recall the
basic notions of positive maps, decomposability, and Choi
matrices. In Sec. III we introduce the qutrit family of maps
and specialize to the uniform bistochastic slice. Section IV
gives the positivity region. Section V identifies the physi-
cal quantum-channel sector and proves that its completely
positive maps are all entanglement breaking. Section VI es-
tablishes the decomposability threshold using explicit PPT
witnesses. In Sec. VII we construct witness-adapted PPT
edge-state families and analyze their detection regions. Fi-
nally, Sec. VIII collects the witness-side properties of the
end-point map, including its dual face, nonoptimality, and an
optimal refinement with a larger detection region.

II. PRELIMINARIES AND NOTATION

We recall the basic notions for Hermiticity-preserving
linear maps between matrix algebras and their relation to
bipartite entanglement.

Let M; denote the algebra of complex d x d matrices, and
let ® : M; — M, be a linear map. We consider Hermiticity-
preserving linear maps, satisfying ®[X7] = ®[X]. Among
such maps, the following classes play a central role.

(1) @ is positive if ®[X] > O for every positive semidefi-
nite operator X € M.

(2) ® is k-positive if the ampliation id; ® & is pos-
itive on My ® My; this hierarchy is also connected with
Schmidt-number witnesses and refined entanglement classi-
fication [29].

(3) @ is completely positive if it is k-positive for every
k>1.

(4) @ is completely copositive if ® o T is completely pos-
itive, where 7 denotes transposition on M.

(5) @ is decomposable if it can be written as the sum of a
completely positive map and a completely copositive one.
The main tool is the Choi matrix

d
Co = (idg @ DYY)(W| = Y In)(m| @ Dl (ml], (2)
where e
d
W) =) In)®|n) e C!®C* 3)

n=1

denotes the unnormalized maximally entangled vector. Choi’s
theorem states that @ is completely positive if and only if
Co > 0 [4]. Equivalently, for maps on M, d-positivity al-
ready implies complete positivity. [3,4]

Ordinary positivity is weaker than complete positivity. A
Hermiticity-preserving map & is positive if and only if its
Choi matrix is block-positive, namely if

(XI®(@ICalx)®1I$) =0 Vix),l¢p)eCl (@

By convexity, this is equivalent to non-negativity on all sep-
arable states. Conversely, a bipartite state is entangled if and
only if it is detected by some positive but not completely posi-
tive map [1], meaning that (id ® ®)[p] fails to be positive for
at least one such ®. In this sense, positive but not completely
positive maps act as entanglement witnesses.

We shall use the following PPT test for indecomposability
(throughout the paper, the partial transposition T acts on the
second tensor factor unless explicitly stated otherwise).

Theorem 1. Let Cy be the Choi matrix of a positive map ®.
Suppose there exists a bipartite state p such that Tr[Cep] < 0.
Then p is necessarily entangled. If, in addition, p is PPT,
namely if p* > 0, then @ is indecomposable. This standard
criterion follows from the duality between decomposable wit-
nesses and the PPT cone [1,7].

Proof. If ® were decomposable, then its Choi matrix could
be written as

Co =P+Q", &)
with P, Q > 0. For every PPT state p one would then have
Tr[Cop]l = Tr[Pp] + Tr[Q" p] = Tr[Pp] + Tr[Qp"] > 0,
(6)

because both p and p* are positive semidefinite. Hence the
existence of a PPT state with negative expectation value rules
out every decomposition of the form (5). The first assertion
follows from block-positivity of Cy on separable states. W

III. QUTRIT FAMILY AND THE UNIFORM
BISTOCHASTIC SLICE

We now specialize the sparse qutrit maps of Ref. [28] to
the anisotropic regime w # z and uniform bistochastic slice.
Each map acts on X € M3 as

aXy) +dX»n + bX3;3 w Xo1 zX13
O[X] = w X12 bXy1 + aXyn + dX33 0 , @)
7 X3 0 dXi1 + bXy + aXsz;
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with parameters a, b, d > 0 and w, z > 0. The associated Choi matrix has two nontrivial 2 x 2 blocks and five one-dimensional

sectors, so its spectrum can be read off explicitly as [28]

spec(Co) = {a+z, a—2z,a, b, b d,d,

Consequently, complete positivity is equivalent to

a>z, b>0, d>0, bd>uw’ 9)
Numerical evidence for indecomposable members in this
sparse family was originally reported in Ref. [30].

Reference [28] also shows that positivity of (7) is equiv-
alent to non-negativity of a Hermitian biquadratic form, or
equivalently to positivity of a 3 x 3 Hermitian matrix M (x)
for all x # 0. After passing to simplex variables u; > 0 with
uy + uy + uz = 1, the problem reduces to the sign of a single
scalar function. This reduction is particularly effective in the

uniform bistochastic slice
1

where the maps are both trace-preserving and unital, namely
Tr[®[X]] = Tr[X] and ® (/) = I. From now on we restrict to
this case, and we denote the maps by ®(w, z) and their Choi
matrices by W(w, z). We use the ordered product basis

er =|11), e =112), e3=113), e4=121),
es =122), es=1[23), e;=[31), ez=[32),
o = [33). (11)

We write eie*]f for the rank-1 operator |e;){e;|. In this basis
the active off-diagonal Choi entries are precisely the two
coherence pairs (e, e4) and (ej, e9), weighted by w and z,
respectively. Using Eq. (2), we can then write

1
W(w,z) = 519 + w(eze; + esey) + z(erey + egel)
1 e T T 7
. 1 3w - . .

3w - | 1

W | =
—_

3z - | - o .

12)

where dots denote zero entries.

Simple nonunital deformation
Although the exactly solved slice considered below is bis-
tochastic, the sparse construction is not tied to unitality. A
simple nonunital positive map is obtained by an invertible
output filter. For A > 0, define

@, (X) =D, ®(w,z)(X)D;, D, = diag(1,1,v/2). (13)

b+d+/(b—dP+4w? b+d—/(b—d) +4u?
2 ’ 2 '

®)

(

Since conjugation by D, is completely positive, ®, is positive
whenever ®(w, z) is positive. Explicitly,

Tr(X)/3  wXy VizXi;
o, X)=| wX, TrX)/3 0 . (14
Vi 2X3 0 ATr(X)/3

and @,(I) = diag(l, 1,A), so the map is nonunital for
A # 1.1f D, is invertible, indecomposability is also preserved:
a decomposition of ®; would, after composition with the
completely positive inverse filter X +— DA’lX D;l, induce a
decomposition of ®(w, z). This example is not trace preserv-
ing and is included to illustrate how the present witnesses
generate nonunital positive maps by local filtering. More gen-
eral nonuniform slices and their exact positivity thresholds are
treated in Ref. [28].

IV. POSITIVITY REGION

Our first goal is to determine in the (w, z) plane which
maps ®(w, z) are positive. In the uniform slice the positivity
problem can be treated directly from the image of rank-1
projectors.

Lemma 1 (Direct scalar test in the uniform slice). The
map ®(w, z) is positive if and only if

S(uy, up) == % — 3w2u1u2 — 3zzu1u3 >0,
uz :=1—u; — uy, (15)

for all uy, up, us > 0 with u; + ur + uz = 1.
Proof. 1t is enough to test positivity on rank-1 projectors.
Lety = (y1.y2,y3)" # 0, put

2 2 2 llyill?
s=yill” + ly2ll” + llysll®, wi= - (16)

so that (up, up, uz) belongs to the probability simplex. From
Eq. (7), witha = b = d = 1/3, one obtains

5/3  wyyr Zy1y3
Dw, )Xy = wny: /3 0 | 17
Zy1y3 0 s/3

For y # 0 all diagonal entries are strictly positive. Taking the
Schur complement of the lower diagonal 2 x 2 block gives the
single condition

s 3wy Plly2)l? 3z2||y1||2||y3||2>
a - =

0. 18
3 s s (18)

Dividing by s gives exactly Eq. (15). Conversely, if Eq. (15)
holds for every point of the simplex, then Eq. (17) is positive
semidefinite for every y # 0, and therefore ®(w, z) is posi-
tive. ]
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Proposition 1 (Positivity conditions for ®(w, z)). Let
w, z 2 0. Then ®(w, z) is positive if and only if

0<w<K

Wi

. 0<z<2, (19)

Thus the positivity region in the (w, z) plane is the square
[0,2/3] x [0, 2/3].

Proof. By Lemma 1, positivity is equivalent to non-
negativity of S(u;, u,) on the simplex. Fix u; = ¢ € [0, 1]. For
t = 0 the condition is automatic. For ¢ > 0, the variable u,
ranges in [0, 1 — ¢], and

S(t,up) = 3 = 3t[wi, + 22(1 —t —w)]  (20)

is affine in u,. Hence its minimum on this interval is attained at
one of the end points. If w > z, the minimum is atuy = 1 —t;
if z > w, it is at up = 0. Therefore

. _ 1 _ 2 2
oggzngl}—t S, up) = 5 — 3t(1 —t)ymax{w", z°}. (21)

Since (1 —t) < 1/4, with equality at r = 1/2, positivity on
the whole simplex is equivalent to

1= 2max{w?, 2} > 0. (22)
This is equivalent to Eq. (19). ]

Corollary 1. The completely positive region for ®(w, z) is
[0, 1/3] x [0, 1/3].

Proof. The Choi spectrum in Eq. (8), specialized to a =
b=d = 1/3, gives complete positivity if and only if z < 1/3
and w < 1/3. |

Thus, positivity is controlled only by the larger of the two
active coherence weights. The smaller complete-positivity
square is the region where the two active Choi blocks are
already positive semidefinite. The remaining question is de-
composability inside the positivity square.

V. QUANTUM-CHANNEL AND
ENTANGLEMENT-BREAKING REGIMES

Inside the completely positive square, ®(w, z) is a trace-
preserving completely positive map and hence a qutrit
quantum channel. At the origin it is the completely depolar-
izing channel:

TrX
®0,0)(X) = 713. (23)

The parameters w and z retain, respectively, the input co-
herences X, and X;3, while the 23 coherence is completely
erased. Thus the CP square is an anisotropic two-coherence
deformation of the completely depolarizing channel. The fol-
lowing result gives its operational classification.

Proposition 2 (Entanglement-breaking region). In the uni-
form bistochastic slice, ®(w, z) is entanglement breaking if

and only if it is completely positive. Equivalently,

& 0<w<i,

0

®(w, z) is entanglement breaking <w<
<z< 5
(24)

Proof. An entanglement-breaking map is necessarily com-
pletely positive, so it remains to prove that W(w,z) is
separable throughout the CP square [40]. Put p = 3w and
q = 3z. By affine dependence,

W(w,z) = (1= p)(1—g)W(0,0)+ p(l — q)W(5,0)
+ (1= p)gW(0, 5) + paW(3. 5)- (25)
It is therefore enough to prove separability at the four vertices.
Clearly, W (0, 0) = Iy/3 is separable. For the three nontrivial
vertices, define

i i 1 L
‘XW(G) = (ls e2l9’ e—319)7—’ Yw(e) = _(1, 6219, el@)T’

V3
(26)
.XZ(G) — (1,€i9,€2i9)T, yz(e) — %(1,63%), e*ZiQ)T’ (27)
xwz(e) — (l,eiQ’ e—3i9)T’ ywz(e) — %(]’ ei9763i9)7‘.
(28)

Direct phase averaging then gives

1 4o
W<§,0> =f 2—|xw(9)®yw(9)><xw(9)®yw(0)l,
0 T
(29

1 4o
W(O, 5) =/ 2—|xz(9)®yz(9)>(xz(9)®yz(9)|, (30)
0 T

w L1 —/27[ do 0 0 0 0
<§»§> - 0 chwz( )®sz( ))(sz( )®ywz( )|
(3D

Indeed, in the first integral the only coincident phase ex-
ponents correspond to the pair (e;, e4); in the second, they
correspond to (e, e9); and in the third, they correspond to
both pairs. All other off-diagonal terms vanish under phase
averaging. Hence all four vertices are separable. Equation (25)
and convexity of the separable cone prove the assertion. W

Consequently, the family contains no CP but non-
entanglement-breaking channel: the complete-positivity and
entanglement-breaking boundaries coincide. Each channel in
the CP square therefore admits a measure-and-prepare re-
alization, while the positive maps outside that square are
not physical channels by themselves but define entanglement
witnesses through their Choi matrices [40]. This provides a di-
rect quantum-information interpretation of all three principal
regions in Fig. 1.

VI. DECOMPOSABILITY BOUNDARY

We now determine exactly which positive maps in Eq. (19)
are decomposable. The answer fills the positivity square ex-
cept for a circular cap in the upper-right corner. The proof
is split into two parts. First, explicit PPT states detect all
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r I 1 I 1 I A
2/3 = -
N - -
1/3 -
O T3 2/3
w

FIG. 1. Phase diagram of the map ®(w, z) in the (w, z) plane.
The blue square is the positivity region [0, 2/3] x [0, 2/3] from
Proposition 1, and the orange square is the completely positive region
[0, 1/3] x [0, 1/3] from Corollary 1. In the upper-right corner, the
green quarter circle Eq. (33) separates the decomposable sector from
the indecomposable cap proved in Proposition 3.

points beyond the circle, proving indecomposability. Second,
an explicit representation W (w, z) = P + QF proves decom-
posability on and below the circle.

Proposition 3 (Decomposability conditions for ®(w, z)).
Let w, z > 0. Then ®(w, z) is decomposable if and only if

(max{w — 1,0})> + (max{z — 1,01’ < 1. (32

Equivalently, every positive map with either w < 1/3 or
z < 1/3 is decomposable, while in the corner w,z > 1/3
the boundary between decomposable and indecomposable
maps is

(w=3)"+ =3 =3 (33

Proof. We first prove indecomposability outside the region
Eq. (32). By Theorem 1, it is enough to construct a PPT state
with negative expectation value on W (w, z).

Let ¢ € [0, /2], set s = sin ¢ and ¢ = cos ¢, and define

1
Lo = 20 +s+o
1 —s
C —C
S
_c c .
X C2
S
—S S2

(34)

The matrix ps has unit trace and is positive semidefinite
because it is a direct sum of positive rank-1 2 x 2 blocks and
non-negative scalar blocks. The same is true after partial trans-
position: the coherences supported on (e;, e4) and (ey, e9)
move to the pairs (ej, es) and (es, e7), respectively, again
producing only positive 2 x 2 rank-1 blocks and non-negative
scalars. Thus pg is PPT.
Using the explicit witness from Eq. (12), one obtains

%(1 +s5+c)—z5s — wc
14+s+c
Assume now that w, z > 1/3 and that Eq. (32) is violated. Put

_ 1\’ N z—1/3
e[ (ot e

C =

Te[W (w, 2)05] = (35)

(36)

Then s,¢ >0, +c2=1, and r > 1/3. Substitution in
Eq. (35) gives

1

,
Tr[W (w, =3 <0 37
t[W(w, 2)04] 1JrSJFC< (37

Hence ®(w, z) is indecomposable outside Eq. (32).

It remains to prove decomposability inside Eq. (32). Let
n:=(z—1t);, &:=minfw,t},

8= (w—1), (38)

— 1
t = 3
y := min{z, t},

where (x); = max{x,0}. Then z=n+y and w =& + 6,
with all four parameters between zero and ¢. The condition
Eq. (32) is equivalent to

82 <=2, (39)
‘We now write
. £ . £ - - . ..
-y
§ : &
P = . . ,
[ .
t—y -
. . t
n t
(40)
and
t—n?/t - B
. l—%‘
. J/ . . y
t—§& -
0= 8 -t
14 : 14
41

A direct comparison of the nonzero entries shows that indeed
W(w,z) =P+ Q"
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The matrix P is positive semidefinite because it is the direct
sum of the positive blocks:

2
(nn/t ;7)7 SG i) N S S A N0

The matrix Q is positive semidefinite because it is the direct
sum of

2
(t 8)7 /t f)’ y(} i>’ t_sv t_sv (43)

together with zero blocks. The first 2 x 2 block is positive
exactly by Eq. (39); all other displayed blocks are mani-
festly positive. Therefore W (w, z) is decomposable whenever
Eq. (32) holds. Combining this with the PPT-state detection
above proves the proposition. |

VII. WITNESS-ADAPTED PPT EDGE-STATE FAMILIES

The PPT entangled states p, for ¢ € (0, 7 /2) of Eq. (34)
used in the proof of Proposition 3 are adapted to the two active
coherences of the sparse witness. In this section we turn this
observation into an explicit family of PPT edge states detected
by the end-point witness

W, :=W(3, %) = 1l + 2(e2¢} + eses) + 3(eref + eoe)).
(44
The construction is kernel-first: we prescribe compatible ker-
nels for a state and its partial transpose, then solve inside
the corresponding PPT face. The edge property and detection

region then remain explicit.
We use the following form of the range criterion [31].

Theorem 2 (Range criterion). Let p be a nonzero separa-
ble positive semidefinite operator on C” ® C”. Then there
exists a family of product vectors {x; ® y;}; such that

Ranp = span{x; ® yi};, Ranp’ = spanfx; ® 7). (45)

In particular, there exists a nonzero product vector x ® y €
Ranp such that x ® y € Ranp’.

Let us also recall the edge-state terminology.

Definition 1 (edge state). A PPT entangled state p is
called an edge state if there is no nonzero product vector x ®
y € Ranp such that x ® y € Ranp’. Equivalently, one cannot
subtract any nonzero projector onto a product vector while
preserving both positivity and the PPT property [7,32].

A. PPT edge states detected by the end-point witness

For parameters «, 8, u, v > 0, define

* ﬂ *
Ag gy = (e1 —aeg)(e; —aeg) + ;(uez— eq)(jner— ey)

o
+ ;e3e§ + ,3265e§ + aveses, (46)
and set
A
pa,ﬂ,p.,u = LAY s Na,ﬁ,u,,u = TrAa,ﬁ,u,,v- (47)
Na,ﬂ,u,v
Explicitly,

1 1
No g =1 +a2+ﬁ<u+—) + o v—l—;) + B2 (48)

In the ordered basis fixed in Sec. III, this state has the matrix
form

—B

10 B, =
by Na,ﬁ,u,v

B/m - - - .
. Br - . . . . (49)

—

oy

The states pg from Eq. (34) are recovered by taking @ =sin¢, B =cos¢,and u =v = 1.
Proposition 4. For every a, 8, 1, v > 0, the state p, g ;.. is a PPT edge state of rank type (5,5). Moreover,

(@—1P+B-1P—14+a@w+v ' =2)+Bu+u'—-2)

Tr(W*pa,ﬂ,M,v) =

Hence W, detects pq g, ;v if and only if

(@—124+B-1 +a@+v1=-2)
+Bu+pnt=2)<1. (51)

50
Napn (50)

Proof. Positivity is immediate from the displayed rank-1
decomposition of A, g ., . Under partial transposition on the
second subsystem,
ere; + ese; > ejeit+esel, ere5+ ege] > ezel + erel.

(52)
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Thus
AL guw = (e1 — Bes)(er — Bes)" + B ezes
+ = (e3 = ver)(es = ver)* (53)
+ 56461 + 062696; > 0. (54)
Therefore oy g,,.,, is PPT. The two rank-1 decompositions also
give
ker pu g0 = span{oe; + eg, €2 + pies, es, eg},  (55)
and
ker Ioé.ﬂ.ﬂ,\) = span{fBe; + es5, ve; + e7, eq, es}. (56)
Consequently,
rank py g0 = rank pg 5, , = 5. (57)

It remains to verify the edge property. Suppose that a prod-

uct vector x ® y satisfies
x®yeRanpyp 0, xQye€ Ran,o;.ﬂ.#’v. (58)

Write x = (x1, %2, x3)7 and y = (y1, 2, y3)7. The first range
condition is equivalent to orthogonality to ker oy, g, 1, v, Namely

Xy3 =0, x332=0, xiy2+uxy =0,

x3y3 + ax;y; = 0. (59
The second range condition gives
XYz + pxiyr =0,

x3y1 +vx1y3 = 0. (60)

xy3 =0, x3y, =0,

These equations have no nonzero product solution. Indeed, if
vy, # 0, then x3 = 0, whence x1y; = 0 from x3y3 + ax;y; = 0.
The equation x,y, + Bx1y; = 0 then gives x, = 0, and finally
x1y2 + uxpy; = 0 gives x; = 0, a contradiction. Hence y, =
0. Then x,y; + Bx;y; = 0 implies x;y; = 0. If y; # 0, then
x; = 0; the equations x;y; + uxyy; = 0 and x3y; + vx|y3 =
0 then give x, = x3 = 0, again a contradiction. Thus y; = 0.
With y; =y, = 0, either y3 # 0, in which case x, = x; =0
and then x3 = 0, or y = 0. In all cases the product vector is
zero. Therefore no nonzero product vector satisfies the range
criterion, and py g, .., 1S an edge state.
Finally, the pairing with the end-point witness is

1 4 4
Tr(W*pa,ﬂ,u,v) ==+ §(pa,/3,/4,v)24 + 5(,0(1,,3,#,\;)19

3
1 4(x
=3 S @
Since
Neppw —Ha+B)=(@ -1+ (B -1’ ~1
+ B +u =2), (62)
the stated detection formula and condition follow. |

The detection condition Eq. (51) is an explicit analytic
description of the region of this four-parameter edge-state
family detected by the end-point witness. The parameters o
and S control the two coherences paired with W,, while x and
v deform the range or kernel geometry while preserving both

the PPT property and the edge property. This is consistent with
the general range-based approach to 3 ® 3 PPT edge states
and Choi-type witnesses [12,14,33].

Corollary 2 (Symmetric two-parameter slice). Setting
u =v =1 gives the two-parameter family py g := 04,8,1,1.
For every «, 8 > 0, this state is a PPT edge state of rank type
(5,5), and

(-1 +B-1)7-1
3N, p

Nogp :=Nypi1=1+a +BB+2). (63)
Thus W, detects p,, g precisely on the disk
(@—1P+B-1* <1 (64)

Tr(W*poz,ﬁ ) =

)

Moreover, since

ptp =2, vl (65)

with equality if and only if © = v = 1, the symmetric slice is
the most favorable one for detection at fixed («, ).

For fixed (i, v), the detected region is a shifted disk in the
(o, B) plane, with maximal size at © = v = 1; see Fig. 2. For
fixed (o, B), the detected set in the (u, v) plane is a plectrum-
shaped neighborhood of (1,1) whenever Eq. (51) is satisfiable;
see Fig. 3.

B. Exposedness of the constructed PPT edge states

We next show that these PPT edge states generate exposed
rays of the PPT cone.
Definition 2 (exposed ray of the PPT cone). Let

T=XeM;®M;: X >0, X* >0} (66)

be the PPT cone of possibly unnormalized PPT operators. A
ray Ry Xy C T is an exposed ray of T if there exists a real
linear functional F', non-negative on 7', such that

TN{X:FX)=0} =R, X, (67)

Equivalently, R, X, is a one-dimensional exposed face of
T [34,35].

We can then prove the following.

Proposition 5 (Exposedness of the four-parameter family).
For every o, B, i, v > 0, the state py g, generates an ex-
posed ray of the PPT cone T. Equivalently, oy g ., iS an
exposed PPT edge state.

Proof. Let
D :=Ranpypuv, E:=Ranpgg, . (68)
From the rank-1 decompositions of Ay g,...v and A, 4, , one
has
D* = spanfae; + eg, €2 + pes, €, es),  (69)
and
E+ = span{Be; + es, ves + e7, eg, eg}. (70)

Consider the face of the PPT cone determined by the range
pair (D, E):

F(D,E)={X €T : RanX C D, RanX" C E}.  (71)
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FIG. 2. Detection region in the («, 8) plane for the four-parameter family p, g, . for several fixed values of (i, v). The shaded region
consists of those parameters for which the end-point witness W, = W(%, %) detects the state, equivalently (o — 1)> + (8 — 1) +a(v + v —
2) + B(u + u~! —2) < 1. The black point marks («, 8) = (1, 1). The top-left panel, corresponding to (i, v) = (1, 1), is the symmetric slice,
where the detection region is the disk (@ — 1)+ (8 — 1)*> < 1. As p and/or v move away from 1, the region shrinks, in agreement with

w4+p ' >2andv+v!t =2,

Clearly o4, € F(D, E). We now show that this face is
exactly the ray generated by this state.

Since X = X' and RanX C D, equivalently Dt C kerX,
every Hermitian matrix satisfying the first range constraint can
be written as

5
X =) hjfifj, H=(hj)=H, (72)
i =1
where
fi=e—aey, for=pes—es, f3=e3,
fa=es, fs=e (73)

is a basis of D.
We impose the second range constraint, RanX® C E,
equivalently E+ C ker X*. Thus

X"(Ber +e5)=0, X'(ves+e7)=0,
XT€6 = 0, Xreg =0. (74)

The following calculation is purely linear-algebraic: the two
range constraints give a homogeneous linear system for the
coefficients /;;. We solve these equations using the rule
(i, )k, DT = i, 1)k, jI. (75)
From direct computation one obtains
XTeq = —hyz ey + hsges + ahyy €7 — ahyyes. (76)
Hence
hi2 = hig = hy3 = h3s = 0. 77
Similarly,
XTes = pthase; — ap s ez + hus eq — athyy e. (78)
Using (77), this gives

hys = hys = 0. (79)
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m

FIG. 3. Detection region of the end-point witness W, = W(%, %) in the (u, v) plane for the four-parameter family p, g ., at several fixed
values of (a, B). The shaded region consists of those parameters for which (@ — 1> + (B — 1> +a(w +v ' =2) + B(u+u~' -2) < 1.
The black point marks (u, v) = (1, 1). Since u + u~' > 2 and v + v~! > 2, with equality only at & = v = 1, the point (1,1) is always the
most favorable one for detection at fixed («, §). The bottom-right panel illustrates a parameter choice for which the detection region is empty.

Next impose X *(Be; + es) = 0. After using (77) and (79),
the only remaining terms are

XT(Ber + es) = (Bhi1 — phan)er+ whaser+ Bhizes — hasey
+ (—=Buhy + hag)es + Bhiser + Bhases.

(80)
Therefore
hiz = his = hos = h3s = 0, (81)
and
hy = Shll’ has = B*hy. (82)

Finally, impose X*(ves 4+ e7) = 0. With all off-diagonal
coefficients already eliminated, this reduces to

X" (ves + e7) = (—ahyy + vhsz)es + (—avhy; + hss)er.
(83)

Thus

o
h33 = ;hu, hss = avhy;. (84)

Equations (77)-(84), together with Hermiticity of H, show
that all off-diagonal coefficients vanish and that all diago-
nal coefficients are fixed by the single real parameter 4.
Consequently every Hermitian matrix satisfying both range
constraints is of the form

X = hy (flfl* + gfzfz* + %f3f3* + B fafi + O“)fo5*>

- hllez,ﬁ,;/.,v- (85)
Thus the real vector space of Hermitian matrices satisfying

both range constraints is one-dimensional, and its positive
semidefinite part is precisely R pq g,,.,». Hence

FD,E) = R+pa,ﬁ,u,v~ (86)
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Finally, let P and Pg. be the orthogonal projections onto D+
and E*. Define

F(X) =Tr([Pp: + (Pe2)"1X). 87)
Forevery X e T,
F(X)=Tr(Pp:X) + Tr(Pz:X") > 0. (88)
Moreover, F (X) = 0 if and only if
RanX Cc D, RanX' CE. (89)

Hence the zero set of F in T is precisely F(D, E). Since we
have shown (86), the ray generated by o4 g,,.,, is exposed. W

The above construction is consistent with the standard
duality between positive maps and bipartite states: indecom-
posable witnesses detect PPT entangled states, while the
associated range geometry organizes the relevant faces of the
PPT cone [11,13,36]. The end-point witness W, = W(%, %
also plays a distinguished role on the witness side. Its dual
face in the separable cone, its nonoptimality, and an optimal
refinement are analyzed in the next section.

VIII. END-POINT WITNESS W,: NONOPTIMALITY,
OPTIMAL REFINEMENT, DUAL FACE,
AND EXPOSEDNESS

In this section we collect the witness-side properties com-
pleting the geometric picture. This witness-side question
should not be confused with the exposedness of the PPT-state
rays proved above: the former concerns the cone of positive
maps, whereas the latter concerns the PPT cone. We prove
that W, is not optimal, exhibit a natural witness refinement,
and show that this refinement is optimal and enlarges the
detection region on the four-parameter PPT-edge family of
Sec. VII. Then, we determine the dual face of W, in the
separable cone, and explain why the corresponding positive
map does not generate an exposed ray. These questions belong
to the broader facial-structure analysis of the separable and
PPT cones; see, in particular, Refs. [7,15,34,35,37,38].

Proposition 6. The end-point witness W, := W(%, %) is not
optimal.

Proof. Let ®, = ®5/35/3 be the corresponding positive
map, and define U(X) = VXV, where

0 1 0
V=—|1 0 0]. (90)
V2o 0 o
Then W is a nonzero completely positive map. Consider P =
P, — % W. We claim that & is positive. It is enough to check
positivity on rank-1 projectors |y)y|, with y = (a, b, c).
Writing
v =|b?, s=u+v+gq, O

u=lal?, q=lcl’,

one finds

q u+q ab 2ac
O([yXyD) = 3 ab v+q 0 | (92)
2ac 0 s

Its diagonal entries are non-negative. The nontrivial 2 x 2
principal minors are

Ap = % >0, (93)
N2
Aps = (u—q) +9—v(u+q) >0, 94)
p =" 5, 95)
and its determinant is
qu—v—gq)
—>0. 96
77 (96)
Hence all principal minors are non-negative, so
D(Iy)Myl) =0 VyeC?, 97)

and @ is positive. Therefore &, admits subtraction of a

nonzero completely positive map while remaining positive, so

®, is not optimal. Equivalently, W, is not optimal [7,15]. W
The proof singles out the refined witness

W i=W, — 2Cy, (98)

where Cy is the Choi matrix of W. We record its explicit form,
its action on pgy g v, and its optimality.

Proposition 7 (A refined optimal witness). Let W be de-
fined by Eq. (98). Then we have the following.

(1) W is an optimal entanglement witness.

(2) The Choi matrix of W is

Co = 5 (e2+ es)(e2 + es)™. (99)
(3) Forevery «, B, u,v > 0,

(a— 1>+ B—12—14+a@+v'=2)
3N, f.yuv '

TI'(W pa,ﬁ,p,,v) =

(100)
(4) If D(W) denotes the set of parameters («, 8, i, v) for
which W detects the state o4 g, .., v, then

D(W,) C DW). (101)

Proof. Since =, — %\I' is positive by the proof of
Proposition 6, its Choi matrix W is block-positive. We first
compute its action on the family py g ;...

A direct computation from (I @ V)| ) (¥ |(I ® V) gives
Eq. (99). Therefore,

TI‘(Cq; pa,ﬂ,u,v)

1
= E[(pa.ﬂ.u,v)n + (P, p,pv )44 + 2(Pa, g, 1,0 )24]

B

= — 102
2Ny g, 10v (102)

(n+p' =2,
where we used the explicit matrix form of pq g ,,, from
Sec. VII. Substituting this into W = W, — %C\p and using the
formula for Tr(W,. 04, g,,») from the theorem in Sec. VII yields
the exact cancellation of the (i 4+ u~! — 2) term and gives
Eq. (100). In particular,

—1

Te[W p1,13.1] =
b 3N113,1

<0. (103)
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Thus W is not positive semidefinite. Since it is block-positive,
it is an entanglement witness.

The detection condition for W, is given by Eg. (51),
whereas by Eq. (100) the detection condition for W is

@—124+B-1 +a@w+v=2)<1. (104)

Since p+pu_' —2>0, Eq. (51) implies Eq. (104), so
DW,) C D(W). The inclusion is strict; for instance,
(e, B, b, v) = (1, 1,3, 1) satisfies the second inequality but
not the first. This proves Eq. (101). The improved detection
formula Eq. (100) also makes the © independence transparent.

To prove optimality, we use the spanning criterion for
entanglement witnesses; see, e.g., Refs. [7,15]. Let y =
(a, b, c)T, set Eq. (91), and recall ®(|y)y|) of Sec. VIII. A
direct check shows that the following two families lie in its
kernel.

(1) If ¢ =0, then

x=(0b,—a,00 = d(yy)x=0. (105)

(2) If |a]®> = |b|> + |c|?, then a # O for nonzero y and,
after fixing the global phase of y so thata > 0,

x=(a,—b,—c)f = d(y)yhx=0.  (106)

Hence, from the identity Eq. (2), the corresponding product
vectors y ® x are annihilated by W.

We now exhibit nine such product vectors whose span is
all of C* ® C3:

z21=(0,1,00®(1,0,0) = e4, (107)

2 =(1,0,0)® (0, —1,0) = —e,, (108)
z=(10®0,~-1,00=e1—es+es—es5, (109
2=(,,00Q (G, —-1,00=ie;—e,+es+ies, (110)
i5=(0,1)®1,0,—1)=e; —es+e7—ey, (111
6=(1,0,-D®(,0,1)=e +e3 —e7—ey, (112
7=0,0,)®(1,0,—i)=e —ies—ieg—ey, (113)

=2, 1,1)® W2, —1,—1)=2¢; —v2es — 23

+«/§e4—e5—e6+\/§e7—eg—eg, (114)
29 = (ﬁ9 1ai)® (ﬁs _17 _i)
= 2¢; —\/562—i«/§€3+\/§€4—€5—ie6
—iv2e; +ies —eo. (115)

From z; and z, we obtain ¢4 and e,. Then
Bte—es=e —es, u+e—es=ile;+es), (116)
S0 ey, es lie in the span. Next,

zs—e = —e3t+e;—ey, Zg—e =e3—e7— ey,
(117)

77 —e = —iey—ie7; — eg.

Adding the first two gives —2eg, hence eg belongs to the span;
then e3 — e7 and e3 4 e; are obtained from the remaining

combinations, so es, e7 also belong to the span. Finally,

25 — (2e1 — 2ey — /2e3 + /24 — e5 + /27 — eg)

= —(e6 + e3), (118)
and
79 — (2e1 — «/Eez — i\/zeg + \/564 —e5 — i\/ze7 —e9)
= i(—es + e3). (119)
Hence eg, eg also belong to the span. Therefore
span{zy, ...,z0} = C3 ® C3. (120)

Thus the set of product vectors annihilated by w spans the
whole space, so W has the spanning property. By the standard
spanning criterion, W is optimal. ]

Corollary 3 (Independence from the wu-deformation). For
every «, B, v > 0and u > 0 one has

Tr(W Papn) = TrW 0o g1 0)-

In particular, the detection condition for W is independent of
w and is given by Eq. (104).

Proposition 8 (Exact dual face of the end-point witness).
Let S denote the cone of separable states on C3® C3, and
define

(121)

W :={oc e€S: Tr(W,o) =0}. (122)

Then
W, = cone{|z(B, ¥)Xz(B. )| : IBI* + Iy |* = 1},

where cone denotes the conic hull, i.e., finite non-negative
linear combinations of the displayed projectors, and

(123)

2(B,y)=y(B,v)®x(B, ), (124)
with
1 _
=—( T =(,-8,-p)".
y(B,Y) ﬂ( B.v) . x(By)=(A,-8,-y)

(125)

Proof. Let ®, = ®,/3 /3 be the positive map whose Choi
matrix is W,. For any product vector y ® x, the Choi pairing
gives

(Y @ x[Wely ® x) = (x| P (Iy}yDIx).

Hence the zero product vectors of W, are those for which
x € ker @, (|y)y|). Writing y = (a, b, ¢)" with |a|* + |b|* +
lc|*> = 1, one has

(126)

1 1 2ab 2ac
D. (N0 = 3 2ab 1 0 (127)
2ac 0 1
The determinant computation gives
det D, (IyMyD) = 55(1 — 4lal’|b]* — 4lal*|c[)
= g1 —4laP(1 a1, (128)

which vanishes if and only if |a|*> = % Up to a global phase,
every such y is of the form

1
y(ﬂ,y)z—z(l,ﬁ,yf, B+ 1yP=1. (129

7
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For this choice, one checks directly that

Q. [ly(B, ¥INy(B. Y)I1x(B,y) =0,

x(B.y)= (. —B.—y)". (130)
Therefore the zero product vectors of W, are precisely
«B.y)=yB.y)@x(B.y). B +IyP =1 (13D

Since the dual face W, consists exactly of the separable states
annihilated by W,, it is the conic hull of the corresponding
rank-1 product projectors. ]

Remark (What the dual-face description does and does
not imply). The explicit description of W/ should be
viewed in the context of the general theory of faces of
the separable cone induced by PPT-related geometry; com-
pare Refs. [34,35]. Proposition 8 determines the dual face
W, ={o €S:Tr(W,o) =0} exactly inside the separable
cone S. This identifies all separable states annihilated by the
witness W,. However, map-side exposedness is a statement
about the face generated by W, in the cone of positive maps,
and would require the bidual equality

W) =R.W,. (132)

For general sufficient criteria ensuring that a positive map gen-
erates an exposed ray, see Ref. [39]. Thus the exact description
of W, does not by itself prove exposedness.

In the present case one can say more: W, is in fact not
exposed. Indeed, exposed rays are extremal, and any extremal
positive map that is not completely positive is necessarily
optimal [7,15]. But Proposition 6 shows that W, is not optimal,
while W, is not completely positive since (2/3, 2/3) lies out-
side the completely positive square [0, 1/3] x [0, 1/3]. Hence
W, is neither extremal nor exposed.

IX. CONCLUSION

We have introduced an exactly solvable family of sparse
unital and trace-preserving positive maps ®(w, z) on qutrits.
The two parameters control two distinct coherence chan-
nels of the associated Choi witness, and the absence of
a third coherence sector makes the construction analyti-
cally tractable. In the uniform bistochastic slice the full
two-parameter phase diagram is exact: positivity occupies
[0,2/3] x [0, 2/3], complete positivity occupies [0, 1/3] x
[0, 1/3], and indecomposability begins precisely beyond the
quarter-circle boundary (1).

The same sparse structure also gives explicit PPT en-
tangled states detected by the corresponding witnesses. In
particular, the end-point witness W, = W (2/3,2/3) detects a

four-parameter family of PPT edge states of rank type (5,5),
with an analytic detection condition. The range and kernel
constraints for these states determine a one-dimensional face
of the PPT cone, proving that the constructed PPT-state rays
are exposed. Thus the family provides a concrete qutrit set-
ting in which PPT entanglement, edge-state geometry, and
exposed faces can be displayed explicitly.

On the witness side, the end point W, separates indecom-
posability from optimality: it detects PPT entanglement but
is not optimal. We identified a simple completely positive
subtraction that preserves positivity and yields an optimal

refinement W. This refinement has a strictly larger analytic
detection region on the constructed PPT-edge family, showing
explicitly how optimization improves the witness while pre-
serving tractability.

The higher-dimensional extension is conceptually natural
but analytically more demanding. In dimension d, additional
active coherence sectors introduce a rapidly increasing num-
ber of independent weights, larger coupled Choi blocks, and
simplex minimizations with many variables. The end-point
reduction that makes Eq. (21) affine in one simplex coordinate
is then generally lost, and explicit P + QF decompositions
must satisfy a substantially larger set of coupled positiv-
ity constraints. A systematic route is to impose diagonal
unitary or orthogonal covariance, which organizes the Choi
matrix into invariant sectors and converts positivity, sepa-
rability, and entanglement breaking into cone-membership
problems [41]. Recent pairwise copositive or completely
positive and pairwise-decomposable cone constructions give
related characterizations of positivity and decomposability for
broad covariant families and yield graph-parametrized exam-
ples in arbitrary dimension [42]. Adapting those symmetry
and cone-theoretic tools to sparse channel-selective patterns
is a natural direction for future work.

The family can be used as a benchmark for numerical
and variational searches for positive maps and PPT en-
tangled states, since the exact positivity, decomposability,
and detection thresholds are known. Natural extensions in-
clude perturbations away from the uniform bistochastic slice,
higher-dimensional sparse constructions, and the search for
sparse families in which more coherence sectors can be tuned
while retaining an analytic PPT-state geometry.
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