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Efimov spectrum in the Born-Oppenheimer picture of a 2 + 1 system
with zero-range heavy-light interactions
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We study the Born–Oppenheimer approximation of a mass-imbalanced three-body system made of two heavy
particles of mass M and one light particle of mass m for arbitrary angular momentum. In this system, heavy-light
pairs interact via a zero-range force. We construct the light-particle Hamiltonian using self-adjoint extensions of
the two-center point interaction and show that the corresponding effective potential is regular at the coincidence
point of the heavy particles. Consequently, this model presents an alternative method to finite-range, cutoff,
or short-distance heavy-heavy regularizations: the necessary three-body input is encoded in the self-adjoint
realization of the light-particle Hamiltonian, while the heavy-light interactions remain point-like. In the unitary
limit, after fixing the characteristic length scale, we derive an explicit Efimov spectrum. Our results recover the
zero-angular-momentum case of [J. Phys. A: Math. Theor. 57, 055303 (2024)] and provide a sufficient condition
ensuring the absence of non-Efimov bound states. Away from unitarity, we show that the spatial size of the
shallowest trimer near the threshold is approximately 2.8 times the heavy-light scattering length, in contrast with
the common assumption that these two length scales coincide. We also derive a Bargmann-type bound on the
number of three-body bound states and obtain an estimate sharper than previous results. Finally, we illustrate the
method with numerical results for selected alkali mixtures.
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I. INTRODUCTION

The Efimov effect [1,2] is a universal low-energy feature
of three-body systems in R3: when at least two of the three
pairs are at resonance, i.e., in the unitary limit with infinite
two-body S-wave scattering length a, the three-body Hamil-
tonian supports an infinite sequence of shallow trimers En

with relatively large spatial sizes, accumulating at zero en-
ergy, even though the individual two-body subsystems are
not bound. Asymptotically, the ratio of successive binding
energies approaches a universal geometric factor,

lim
n→∞

En

En+1
= e

2π
s0 , (1)

where s0 is a dimensionless parameter that depends on the
number of resonant pairs, the mass ratio of the particles, and
their statistics.

Experimentally, weakly bound three-body states with large
spatial extent have been observed in mass-imbalanced mix-
tures such as 133Cs2 - 6Li [3,4] and in systems of identical
bosons (see [5] and the references therein). In ultracold
atomic gases, the large two-body scattering lengths required
to access this regime are realized using magnetic Feshbach
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resonances [6], which have also been exploited recently
in mass-imbalanced 167Er2 - 6Li, 166Er2 - 6Li, and 164Er2 - 6Li
mixtures in the microkelvin regime [7–9].

Theoretically, these observations are often described
within zero-range models. At low energies, scattering prop-
erties are largely independent of the microscopic details of
the short-range forces [10], so zero-range potentials (Fermi
pseudopotentials [11,12]) provide a natural framework. The
universal behavior of such systems is characterized by the
two-body subsystems and their S-wave scattering length, de-
termined as the zero-energy limit of the scattering amplitude.
A standard example of this universality obtained in zero-range
analysis is the (shallow) dimer in a two-body system: when it
exists, its binding energy is proportional to 1

a2 .
Zero-range models are fully satisfactory for the two-body

problem. In the center-of-mass frame, the system is de-
scribed by the free Hamiltonian on R3 away from the contact
point, with the interaction encoded through the Bethe–Peierls
boundary condition [13]. If ρ denotes the distance of the
particle from the scattering center, then the wave function
satisfies

ψ ∼ 1

ρ
− 1

a
, ρ → 0. (2)

The situation is very different in the three-body sector. Im-
posing an analogous two-body contact condition leads to the
so-called “Thomas effect” or “fall of the particles to the cen-
ter” [14–16]. In particular, the Ter–Martirosyan–Skornyakov
(TMS) Hamiltonian for a three-boson system [17] becomes
unstable, and its spectrum contains a sequence of eigenvalues
unbounded from below. We also note that, in the three-body
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problem, the singular boundary condition is imposed on a
three-dimensional submanifold rather than at isolated points.
For this reason, to distinguish these conditions from the two-
body Bethe–Peierls condition in (2), we refer to them as “TMS
boundary conditions” from now on (see Sec. II for details).

It is well known that the TMS Hamiltonian is symmet-
ric but not self-adjoint, and therefore it does not define a
valid quantum observable. Moreover, it was shown in Ref.
[15,16,18] that every self-adjoint extension of this symmetric
operator that satisfies TMS boundary conditions analogous
to (2) is unbounded from below. Minlos and Faddeev [15]
conjectured, however, that a suitable renormalization of the
boundary condition leads to a lower-bounded zero-range
Hamiltonian [see (6) and (7) below]. This idea has been
made rigorous recently in several works in mathematical
physics, which construct and characterize the corresponding
zero-range Hamiltonians (see, e.g., Refs. [19–23]).

In the theoretical physics literature, to avoid the ultraviolet
collapse present in the TMS Hamiltonian, authors introduce
an additional short-distance input, such as considering a finite-
range interaction or a short-range cutoff. This input may be
represented by a “three-body parameter” that characterizes
the Efimov spectrum. In this setting, the three-body parameter
plays the role of a boundary condition at some short length
scale R0 for the three-body Schrödinger problem, fixed by
a chosen observable. For example, one may identify it with
the wave number of the first Efimov level κ

(1)
∗ or the range of

the interaction or derive an effective boundary condition at R0

from a short-distance van der Waals potential (see, e.g., Refs.
[24,25] for further discussion and references). As a result,
universality is often taken to refer mainly to the geometric
law (1), since the Efimov eigenvalues themselves depend on
the chosen three-body parameter.

In summary, although zero-range theory provides an ac-
curate description of the long-distance physics of three-body
systems, the short-distance behavior encoded by contact con-
ditions analogous to (2) must be regularized. In the case
of finite-range potentials, regularization involves the explicit
short-range details of the chosen potential, for example, its
range, effective range, cutoff, or van der Waals length. In a
zero-range formulation, however, this information is not rep-
resented by a potential shape, but a three-body parameter still
enters the problem through the choice of a scale or boundary
condition.

Efimov, in his original work [2], considered short-ranged
potentials and, using hyperspherical coordinates, obtained the
Efimov eigenvalues

En = − 1

2m0R2
0

e−2πn/|s0| exp
2

|s0|
[

arctan
�R0

|s0| − �

]
. (3)

Here, s0 is the parameter appearing in (1) and is determined
by the hyperangular equation, m0 is the appropriate reduced
mass (which depends on the number of resonant pairs), �

plays the role of the three-body parameter (Efimov defined
it as the logarithmic derivative of the interior solution at R0,
fixed by a momentum cutoff), and � is a phase that matches
the solutions at R0. More recently, Efimov’s original idea for
three identical bosons has been given a rigorous formulation

by Fermi, Ferretti, and Teta [26], who imposed a hard-core
potential at the origin to avoid the Thomas effect.

It was later proposed (see, e.g., Refs. [27,28]) that, for three
identical bosons, including a Lennard–Jones-type interaction
vλc (r) := −C6

r6 (1 − λc
r6 ) in the pairwise potentials can make

the three-body parameter universal, up to the van der Waals
length rvdW := 1

2 ( 2μ2bC6

h̄2 )1/4. Here, C6 is the species-dependent
dispersion coefficient, λc is a short-range cutoff, and μ2b is the
two-body reduced mass [6,27]. In hyperspherical coordinates,
with hyperradius Rhyp, the potential vλc (r) prevents the ultra-
violet divergence by producing an effective repulsion barrier
at Rhyp ≈ 2rvdW. As a result, the three-body parameter, and in
particular, κ

(1)
∗ is largely determined by the value of rvdW.

Wang et al. [29] extended this idea to the mass-imbalanced
2 + 1 system consisting of two identical bosons and a third
particle of a different nature. In the Efimov-favored case of
two heavy and one light particle, they analyze the prob-
lem within the Born–Oppenheimer approximation. In this
approach, the heavy particles are treated as fixed scattering
centers for the light particle: for each heavy-heavy separation,
one first solves the light-particle eigenvalue problem [see (9)
below], and then uses the corresponding eigenvalue as an
effective potential in a reduced equation for heavy particles,
leading to an effective Hamiltonian [see (10) below]. The
spectrum of this effective Hamiltonian provides an approxi-
mation to the three-body energies of the 2 + 1 system (see
Sec. II for details).

Within this picture, imposing the boundary condition (2)
on the light-particle Hamiltonian produces a short-distance
singularity, analogous to the Thomas effect. More precisely,
denoting by r the separation between the two heavy particles,
the resulting Born–Oppenheimer effective potential behaves
as −W 2(1)/r2 (see, e.g., Ref. [30] and Remark III.4 be-
low). Here, W is the Lambert W function, defined implicitly
by W (x)eW (x) = x; in particular, W (1) � 0.567143 (see Ref.
[31] for definitions and properties). As a consequence, the
effective Hamiltonian is unstable, and its spectrum is un-
bounded from below. Wang et al. showed that introducing a
heavy-heavy interaction vλc (r) regularizes this short-distance
behavior, allowing them to compute the Efimov spectrum and
the corresponding wave numbers κ

(n)
∗ .

In a closely related setting, Oi, Naidon, and Endo [32] and
Oi and Endo [33] studied the mass-imbalanced 2 + 1 system
of two identical fermions and a third particle within the Born–
Oppenheimer approximation. In this case, fermionic statistics
introduces a centrifugal repulsion in the heavy-heavy channel,
which competes with the attractive effective potential. By
including van der Waals and dipolar heavy-heavy interactions
in the effective Hamiltonian, they showed the universality of
the three-body parameter.

Prior to these studies, in 1979, Fonseca, Redish, and
Shanley analyzed the 2 + 1 system for arbitrary angular
momentum in Ref. [34] in the Born–Oppenheimer approxima-
tion. They assumed the light particle interacts with scattering
centers via a short-range Yamaguchi separable potential [35]
of range b. At unitarity, they recovered an inverse-square tail
in the Born–Oppenheimer effective potential and, as a con-
sequence, established the existence of an Efimov spectrum.
Away from the unitary limit, when the two-body scattering
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length is finite, they showed that the long-range behavior of
the effective potential is of Yukawa form. In this regime, the
light particle localizes near one of the heavy scattering cen-
ters at the limit r → ∞, effectively reducing the three-body
system to a dimer plus a spectator atom. They also computed
the semiclassical Bargmann’s bound to show the logarithmic
growth of the number of bound states and argued qualitatively
that the spatial size of the weakest Efimov-like bound state
is set by the two-body scattering length a. We note that the
model studied by Fonseca et al. [34] does not include any
additional heavy-heavy interaction.

These observations motivate us to revisit the zero-range
description of the 2 + 1 system within the Born–Oppenheimer
approximation. In this setting, the light-particle Hamiltonian
is described by a free particle in the presence of a two-center
point interaction. Imposing the local contact condition (2) on
this Hamiltonian leads to a pathological coincidence limit of
the stationary scattering problem: as the distance between the
two scattering centers tends to zero, the delta centers effec-
tively disappear (nonadditivity pathology), while the bound-
state energy diverges to −∞. This behavior is in contrast with
the case of smooth short-range potentials (see, e.g., Ref. [36]
and references therein from the theoretical physics literature,
and Refs. [30,37,38] in the mathematical physics literature).
Consequently, the effective Hamiltonian is unstable, and the
problem cannot be defined from the outset, similarly to the
Thomas-effect singularity in the three-body system.

However, it is well-established in mathematical physics
(though it may be less familiar in the theoretical physics
literature) that, for two or more fixed centers, the Hamiltoni-
ans obtained by imposing (local) Bethe–Peierls conditions (2)
form only a strict subclass of all possible point interactions
(see, e.g., Ref. [30], Part II, Theorem 1.1.3 and subsequent
remark). This is in contrast with the one-center case (which
also describes the two-body problem in the center-of-mass
frame), where the point interaction is fully characterized by
the contact condition (2). More importantly, we see that by
characterizing the entire family of self-adjoint extensions, a
large subclass of point interactions corresponds to a well-
defined stationary scattering problem, and its eigenvalue,
which gives the effective potential for the heavy particles,
remains regular at the origin. As a result, the Thomas-effect
singularity is avoided. Physically, this can be viewed as a
renormalization of the zero-range two-body interactions that
depends on the configuration of all three particles. In this
sense, it has an effect analogous to a three-body force, while
preserving the point-like two-body nature of the interactions.

In our previous work [37], following the 1985 construction
of Dąbrowski and Grosse [39], we focused on the nonaddi-
tivity pathology of local point interactions. Dąbrowski and
Grosse characterize the entire family of n-center point inter-
actions in dimensions d = 1, 2, 3 via von Neumann extension
theory (see Appendix A for a brief discussion and further
references). We showed in Ref. [37] that a large subclass
of two-center Hamiltonians reduces to one-center Hamilto-
nians in the coincidence limit provided the wave function is
symmetric under exchange of the scattering centers, a setting
appropriate for bosonic statistics.

As an application, we studied the 2 + 1 mass-imbalanced
system of two heavy bosons and a third particle in the l = 0

channel. In this framework, the effective potential has the
same value at the origin r = 0 and r → ∞, recovering the
(shallow) dimer universality at the contact point of heavy
particles. This, in turn, leads to universality of the Efimov
spectrum at unitarity, up to the characteristic length of the
problem. In other words, although the effective potential may
be small but nonzero at intermediate and short distances, the
long-range Efimov scaling is unchanged as long as the poten-
tial is sufficiently regular and tends to zero sufficiently fast as
r → 0.

In the present paper, we extend our analysis to an-
tisymmetric exchange (fermionic case) and also higher
angular-momentum channels. We also study the system away
from unitarity. The analysis of the effective Hamiltonian (10)
for l > 0, where the attractive Born–Oppenheimer potential
competes with the repulsive centrifugal term, is technically
more involved and requires tools beyond those used in the
zero-angular-momentum sector.

To define a zero-range Hamiltonian as a physical model,
one has to specify the length scale with respect to which the
configuration variables are measured. This choice of scale is
independent of whether the system is at unitarity or away from
it. For example, if a heavy-heavy van der Waals interaction
is included, the van der Waals length rvdW provides a natural
length scale. For a finite-range short-range potential, the range
of the potential can play this role. In a zero-range model,
however, no finite interaction range is present.

In the two-body zero-range problem, the scattering length
is the physical low-energy length scale. In particular, away
from unitarity, the bound-state energy − 1

a2 is determined by
the scattering length. At unitarity, the two-body zero-range
problem becomes scale invariant. Thus, the scattering length
no longer provides a finite characteristic length, although the
length scale used to measure the variables remains the same
as the one chosen away from unitarity.

We set L0 as the physical scale of the model and take it
as the length unit throughout this paper. Let as denote the
physical heavy-light scattering length measured experimen-
tally. Then the reduced scattering length used in the rest of
the paper is a := as

L0
. Thus, all lengths appearing below are

dimensionless unless stated otherwise. Physical lengths are re-
covered by multiplying the corresponding reduced quantities
by L0. We also note that L0 may vary from system to system,
just as microscopic length scales such as the van der Waals
length rvdW , or the range of a finite-range interaction, vary
among different atomic mixtures.

Let M and m denote the heavy and light masses, respec-
tively, and set the dimensionless parameter ε2 = 4m

2M+m . For
angular momentum l , we show that, after fixing L0, the Efimov
spectrum has the form

En = − 4

Mr2
0

e
2
β

[arctan( 2β

2l+1 )+φβ,0−nπ](1 + ζn),

with

φβ,0 = arg 
(1 + iβ ), r0 =
√

2
3π

4
L0,

β =
√

−l (l + 1) + ε−2W 2(1) − 1/4. (4)
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Here, the error terms ζn tend to zero as n → ∞. We observe
that the ratio of successive bound states satisfies the geomet-
rical law (1) with the parameter β.

In the formula (4), the parameter r0 plays the role of the
three-body parameter, while the value

√
2 3π

4 is uniquely de-
termined by the construction of the light-particle zero-range
Hamiltonian through von Neumann’s formula. This value
should therefore be understood as a consequence of the par-
ticular short-distance prescription adopted here, rather than as
a universal microscopic constant. At the end of Sec. III and
Remark A.2, we briefly discuss other possible constructions
of the zero-range light-particle Hamiltonian, which may lead
to different short-distance structures. This is consistent with
the general role of regularization in contact three-body theo-
ries: the prescription is not meant to describe the microscopic
interaction at arbitrarily small distances, but to remove the
Thomas collapse and to fix the required three-body input. In
what follows, in the rest of the paper, all lengths are measured
in units of L0. Accordingly, we omit the explicit factor L0 from
the notation, except for the numerical results in Sec. V.

We stress that the present construction does not replace van
der Waals universality as a microscopic explanation of the
physical length scale in atomic systems. Rather, it provides
an analytic zero-range counterpart: once the characteristic
length L0 is fixed, the three-body parameter is fixed by the
construction, and the Efimov spectrum follows explicitly. The
price paid for this zero-range formulation is that, unlike in
van der Waals universality, the model does not determine the
absolute physical scale by itself; this scale must be supplied
externally and adjusted to reproduce experimental data.

We remark that in Ref. [34], and in much of the sub-
sequent literature on the Born–Oppenheimer approach to
Efimov physics, the three-body Hamiltonian is not introduced
explicitly. Instead, one defines the light-particle Hamiltonian
and the resulting effective Hamiltonian, and then assumes the
validity of the Born–Oppenheimer picture to approximate the
spectrum of the three-body system. In a zero-range setting,
however, the very existence of a three-body Hamiltonian free
of ultraviolet collapse is not trivial.

In this work, we do not construct the 2 + 1 Hamiltonian
in a fully rigorous way either; rather, we introduce it through
renormalized TMS boundary conditions on the coincidence
planes [see (6) and (7)]. This viewpoint provides a direct
link between the abstract construction of the light-particle
Hamiltonian via von Neumann’s formula and the underlying
physical picture. It also gives a natural framework for dis-
cussing the validity and limitations of the Born–Oppenheimer
approximation in Efimov physics (see Sec. VI).

The structure of the paper is as outlined below: In Sec. II,
we introduce the 2 + 1 Hamiltonian and formalism of Born–
Oppenheimer approximation. In Sec. III, we construct the
self-adjoint Hamiltonian of the light particle and explain
why this zero-range model is physically relevant. In Sec. IV,
we analyze the spectrum of the effective Hamiltonian, derive
the Efimov eigenvalues (4) in the unitary limit, and discuss
the spectrum away from unitarity: we estimate the spatial size
of the weakest near-threshold state, compute a Bargmann’s
bound on the number of bound states, and describe how the
spectrum deforms when the geometrical law (1) is no longer
satisfied. In Sec. V, we present numerical results for selected

alkali mixtures and for mixtures of alkali-metal atoms with a
different particle that are relevant for experiments. Finally, we
conclude this paper in Sec. VI with remarks on the validity of
the Born–Oppenheimer approximation in Efimov physics and
possible perspectives. Part of these results has been reported
in Ref. [40].

II. THE THREE-BODY HAMILTONIAN AND FORMALISM
OF BORN–OPPENHEIMER APPROXIMATION

Throughout this paper, we set h̄2 = 1. Vectors are denoted
in boldface, for example x, and their Euclidean norm by
the corresponding nonbold symbol, x := |x|. For a (possibly
unbounded) operator A, we write D(A) for its domain. For
z ∈ C, we denote its complex conjugate by z∗. We also use the
notation 〈·, ·〉 for the L2 inner product. Moreover, we use [L]
and [M] to denote the units of length and mass, respectively.
Finally, we introduce the parameter α, which is proportional
to the inverse of the two-body scattering length, by

4πα := −1

a
.

Throughout the model construction, lengths are expressed in
units of a characteristic length L0, supplied externally. We
consider two identical heavy particles of mass M at positions
y1, y2 ∈ R3 and a light particle of mass m at y3 ∈ R3. The
three-body wave function belongs to either the bosonic or
fermionic subspace L2

b/ f (R9) ⊂ L2(R9), consisting of func-
tions that are symmetric or antisymmetric under the exchange
of y1 and y2. Also, heavy particles interact with the light
particle via zero-range forces.

Introducing Jacobi coordinates

x = y3 − 1
2 (y1 + y2), R = y1 − y2,

the center of mass (c.m.), and the effective-mass parameter

xc.m. = M(y1 + y2) + my3

2M + m
, γ = 2Mm

2M + m
,

we denote the Hamiltonian with bosonic (fermionic) symme-
try by Hb

2+1 (H f
2+1) and define the free Hamiltonian

H0
2+1 := − 1

2(2M + m)
�xc.m.

− 1

M
�R − 1

2γ
�x. (5)

Bosonic (resp. fermionic) symmetry translates into

�(xc.m., x, R) = �(xc.m., x,−R)

(resp. �(xc.m., x, R) = −�(xc.m., x,−R)).

Henceforth, we neglect center-of-mass kinetic energy. Define
the coincidence hyperplanes

�± = {(R, x) ∈ R6| x = ±R/2}.
Away from these planes, the particles do not coincide, so the
interaction is absent and the dynamics is free. Accordingly,
the Hamiltonian Hb/ f

2+1 acts as the free Hamiltonian H0
2+1

everywhere except on �±, on the configuration space, i.e.,
R6 \ �±. The effect of the zero-range interaction is en-
coded entirely through boundary conditions imposed as one
approaches �±. We also set r := |R| for the heavy–heavy
separation, introduce the mass parameter m−1 := 1

4M + 1
2γ
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and let ξ denote a function associated with boundary charges,
belonging to the domain of Hb/ f

2+1.
Near the hyperplanes �±, that is, when

|x − yi| = |x ± R/2| → 0, R 
= 0, i = 1, 2,

the wave function satisfies singular TMS boundary conditions.
Explicitly, up to an o(1) term, in the bosonic case,

ψb(x, R) = ξ (±R)

(
1

4πm−1|x − yi| + α + θ3b(r)

4πm−1r

)
,

(6)

while in the fermionic case,

ψ f (x, R) = (−1)i+1ξ (±R)

×
(

1

4πm−1|x − yi| + α − θ3b(r)

4πm−1r

)
. (7)

Here, θ3b(r) can be chosen from a broad class of functions
(see Ref. [19]) to prevent the Thomas effect. The TMS Hamil-
tonian associated with the boundary conditions (6) or (7) is
a symmetric operator with infinite-dimensional defect spaces
[see (A2) for the definition]. On the other hand, the two-center
point interaction Hamiltonian has a two-dimensional defect
space. In this case, under the imposed symmetry and other
natural technical assumptions, von Neumann’s formula leads
to a unique function gα . We discuss in Sec. VI and Remark
A.2 the relation between θ3b(r) in (6) and (7) and the function
gα (r) in (15) and (16). Finally, we remark that (6) agrees with
the boundary conditions introduced in Ref. [19]; note that the
authors of Ref. [19] take identical bosons of mass 1/2, so the
corresponding mass parameter does not appear there.

Inspired by electromagnetism, the function ξ is referred
to as “charges” carried by the three-dimensional coincidence
planes �± in the literature. In physical variables, its dimen-
sion is [M]−1[L]−1/2. In the reduced units used in this paper,
the length dimension is absorbed into the scale L0. For fixed
R, the TMS boundary conditions (6) and (7) reduce to the
usual Bethe–Peierls form (2), up to the renormalization term
± θ3b(r)

4πm−1r .
We also note that the repulsive centrifugal term can stabi-

lize the 2 + 1 Hamiltonian even without the renormalization
term ± θ3b(r)

4πm−1r in channels with angular momentum l � 1,
provided the heavy-light mass ratio exceeds a critical value.
For instance, in the l = 1 channel, the Thomas effect is
absent already without this renormalization when M

m > 13.6

(see, e.g., Refs. [10,41,42]). Nevertheless, including ± θ3b(r)

4πm−1r
yields a Hamiltonian that is bounded from below for any mass
ratio M

m > 1. The mechanism behind this becomes clearer
once we examine the structure of the 2 + 1 problem and the
role of angular momentum.

It is well known that a zero-range heavy-light interaction
couples only to the two-body S-wave channel (see, e.g., [43],
Chap. X and also the treatment in Ref. [25], Sec. 4.1). This,
however, should not be confused with the three-body (orbital)
angular momentum of the 2 + 1 system: after introducing
Jacobi coordinates, the heavy-heavy Laplacian −�R still
contains the usual angular part, which produces a repulsive
centrifugal term in channels with l � 1.

If one imposes the unrenormalized TMS boundary con-
ditions (6) and (7), the effective short-distance behavior is
governed by an attractive inverse-square term. In the lth
angular-momentum channel, this term becomes supercriti-
cal whenever M

m > M∗
l , and the corresponding Hamiltonian

develops an ultraviolet collapse unless a renormalization is
introduced. Note that the same threshold M∗

l is the critical
mass ratio for the onset of the Efimov effect [see (33) and the
following remark].

The instability is not related to binding in the two-body
heavy–light subsystems; it persists even at unitarity, where
the pairs are at the zero-energy threshold, and drives the
spectrum to −∞ as the coincidence planes are approached.
This signals the need for a theoretical short-distance adjust-
ment rather than a physical prediction and motivates imposing
the renormalized TMS boundary conditions in all angular-
momentum channels, even when centrifugal repulsion is
present. Interestingly, in the Born–Oppenheimer formulation,
this regularization is built into the light-particle Hamiltonian
by default [see (15) and (16) below], while the centrifugal
term enters only through the effective Hamiltonian.

Next, we introduce the Born–Oppenheimer formalism. In
this framework, one exploits the separation of scales between
the heavy and light particles: in the limit M

m → ∞, the heavy
particles move slowly compared with the light ones and may
be treated as approximately fixed while solving the light-
particle problem. Simon [44] studied the spectrum of systems
similar to the effective Hamiltonian in the Born–Oppenheimer
picture. Motivated by this viewpoint, we rescale Hb/ f

2+1 by the
factor 2γ (note that γ → m as M → ∞) and introduce the
small parameter

ε2 = 2γ

M
= 4m

2M + m
.

After removing the center-of-mass motion, the free Hamilto-
nian H0

2+1 (5) in this scaling reads

H0
ε := −ε2�R − �x. (8)

Henceforth, we work with the rescaled Hamiltonian Hb/ f
ε ;

results for Hb/ f
2+1 follow by undoing the scaling. In particular,

the Efimov spectrum (4) stated in the Introduction is expressed
for Hb/ f

2+1.
In the Born–Oppenheimer picture, the total wave function

is factorized as

�(x, R) = ψ (x; R)�(R).

Treating R as a parameter, we (formally) define the light-
particle Hamiltonian Hb/ f

α by

[−�x − μδ(x ± R/2)]ψ (x; R) = Veff (r)ψ (x; R). (9)

Here, μ is coupling constant and Dirac deltas (with a great
risk of confusion) formally represent point interactions with
fixed scattering centers at ±R/2. In the reduced units of this
paper, lengths are measured in units of L0. Thus the powers
of L0 carried by the three-dimensional delta are absorbed into
the rescaled coupling constant (Without the length rescaling,
μ would have dimension [L][M]−1). Also, it should not be
interpreted as a bare physical coupling: after renormalization
(see below) it is related to the extension parameter α, through

063320-5



HAMIDREZA SABERBAGHI PHYSICAL REVIEW A 113, 063320 (2026)

the subtraction relation μ−1 = α + G0(0). Since this formal
notation is common in the physics literature but can be mis-
leading if taken literally, we briefly recall how it should be
interpreted.

For simplicity, consider the one-center formal opera-
tor −�x − μδ(x − y), where y ∈ R3 is fixed. Let Gz be
the Green’s function of the Helmholtz operator, (−� −
z)Gz(x) = δ(x), given explicitly in (A1). It is well known
(see, e.g., Refs. [30,43,45]) that there is no local po-
tential V to substitute for point interaction in −�x −
μδ(x − y). Nevertheless, a formal resolvent expansion with
a lengthy but straightforward computation [see Ref. [30],
Chap. II.1.1, Eqs. (1.1.3)–(1.1.5)] leads to the renormalized
identification μ−1 = α + G0(0). Here, G0(0) is divergent and
must be understood through a subtraction procedure. Con-
cretely, for z = z∗ = −λ, λ ∈ R+ and Gλ := Gz=−λ, one uses
limx→0 G0(x) − Gλ(x) =

√
λ

4π
. As a consequence, for α < 0,

the bound-state energy is −λ = −(4πα)2 = − 1
a2 , which is

precisely the shallow-dimer universality in the two-body prob-
lem. For a rigorous construction via self-adjoint extension
theory (von Neumann’s method), we refer to Appendix A,
where we also connect this characterization to the boundary
condition (2).

Returning to the Born–Oppenheimer formalism, we use
the light-particle eigenvalue Veff(r) as an effective potential
for the heavy degrees of freedom. In other words, we replace
the light-particle contribution in Hb/ f

ε by Veff(r). This re-
duces the original three-body problem to an effective equation
for the heavy-particle wave function:

Heff�(R) := [−ε2�R + Veff (r)]�(R) = Eeff�(R). (10)

Within the Born–Oppenheimer approximation, E eff is taken
as an approximation to the corresponding three-body energy
of Hb/ f

ε .
The Born–Oppenheimer approach is classical in molecular

physics (see, e.g., Ref. [46]) and has also been used in Efimov
physics for mass-imbalanced systems [29,32–34,37,47–49].
In general, its implementation for a 2 + 1 system consists of
three steps:

(1) Construct and analyze the light-particle Hamiltonian
(9) in order to determine Veff (r).

(2) Solve the effective heavy-particle problem (10) to ob-
tain E eff .

(3) Quantify the approximation error by comparing E eff

with the true three-body spectrum of Hb/ f
ε .

In this paper, we carry out the first two steps and comment
on the validity of the approximation in the conclusion.

III. HAMILTONIAN OF THE LIGHT PARTICLE

The Hamiltonian Hb
α with the formal expression (9)

and two point interactions was constructed in our previous
work [37] using von Neumann’s extension theory, under the
assumption of exchange symmetry between the scattering
centers, which is the natural setting for bosonic statistics.
Here, we briefly recall that construction and extend it to the
antisymmetric (fermionic) case H f

α .
As discussed in the Introduction, a well-defined zero-

range description of the 2 + 1 quantum system or its

Born–Oppenheimer approximation is beyond imposing the
local boundary condition (2). As a consequence, the construc-
tion of self-adjoint extensions of a densely defined symmetric
operator and its technicality are unavoidable.

In this section, we view Hb/ f
α as the perturbation of the free

Laplacian, supported on points y1, y2:

Ḣ0 = −�x � C∞
0 (R3 \ {y1, y2}).

The operator Ḣ0 is symmetric and acts as the free Laplacian
on R3 away from the fixed scattering centers y1, y2. However,
it is not self-adjoint, i.e., the domain of Hb/ f

α is strictly larger
than D(Ḣ0). In particular, besides regular H2 functions, it
contains singular components such as the Green’s function
(A1).

The choice of domain for an unbounded operator can
drastically change its spectral properties. A simple standard
example is the one-dimensional momentum operator −i ∂

∂x f
on f ∈ C1[0, 2π ], describing a particle on a finite inter-
val. Imposing the quasiperiodic boundary condition f (0) =
eiθ f (2π ), 0 � θ < 2π , one obtains a symmetric operator
whose closure is self-adjoint on H1[0, 2π ], with eigenvalues
n − θ

2π
, n ∈ Z. By contrast, imposing Dirichlet conditions

f (0) = f (2π ) = 0, yields an operator with empty point spec-
trum (see, e.g., Refs. [43,50]).

Also, unitary time evolution eitA exists precisely when the
operator A is densely defined and self-adjoint [50]. Thus, to
obtain a valid quantum observable, one must construct self-
adjoint extensions of the underlying symmetric operator.

In Appendix A we briefly review von Neumann’s construc-
tion in the simpler one-center case and then collect the detail
of the characterization of Hb/ f

α as the self-adjoint extension
of Ḣ0. Specifically, we calculate the matrix 


b/ f
α (−λ) in (11)

below.
We use the resolvent formalism. The resolvent set is

defined by z ∈ C \ σ (Hb/ f
α ), where σ (Hb/ f

α ) denotes the spec-
trum. For simplicity, we restrict to real spectral parameters
z = z∗ = −λ, λ > 0, assuming −λ is not an eigenvalue of
Hb/ f

α . For x, x′ ∈ R3, the resolvent acting on f ∈ L2(R3) has
the form[(

Hb/ f
α + λ

)−1
f
]
(x) =

∫
R3

Gλ(x − x′) f (x′)dx′

+
2∑

m,n=1

[

b/ f

α (−λ)−1]
mnGλ(x − ym)

×
∫
R3

Gλ(yn − x′) f (x′)dx′. (11)

Here, the matrix 

b/ f
α (−λ) is defined as

[

b/ f

α (−λ)
]

mn =
[√

λ

4π
+ α

]
δmn ±

[
gα (r)

4πr
− e−√

λr

4πr

]

× (1 − δmn), (12)

where + (−) corresponds to the exchange symmetry Hb
α (ex-

change antisymmetry H f
α) case. Also,

gα (r) := e−r/
√

2

[
(4

√
2πα + 1) sin

r√
2

+ cos
r√
2

]
. (13)
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The function gα arises from the von Neumann construction
[see (A10) and (A11)].

For later use, we rewrite (11) more compactly as

(Gλ f )(x) +
2∑

m,n=1

[

b/ f

α (−λ)−1]
mnGλ(x − ym)(Gλ f )(yn).

(14)

From this resolvent representation, one recovers Bethe–
Peierls-type boundary conditions near each center. We set
q ∈ C the (point) charge, analogous to the boundary charge
ξ in (6) and (7). For |x − yi| → 0, i = 1, 2 in the exchange
symmetry case,

ψb(x) = q

(
1

4π |x − yi| + α + gα (r)

4πr

)
+ o(1), (15)

while in the antisymmetric case

ψ f (x) = (−1)i+1q

(
1

4π |x − yi| + α − gα (r)

4πr

)
+ o(1).

(16)

The boundary conditions (15) and (16) reduce to the lo-
cal Bethe–Peierls form (2), except for the additional term
involving gα (r). If one omits gα (r)

4πr and enforces only the
local condition (2) at fixed separation r, one obtains a point-
interaction model that suffers from several inconsistencies:
in particular, the resolvent tends to the free resolvent, the
scattering length of the two-center system (which differs from
the two-body scattering length; see Corollary III.2) tends to
zero as the centers merge. Also, the effective Hamiltonian
in the Born–Oppenheimer approximation becomes unstable.
These issues are avoided by characterizing the entire family of
self-adjoint extensions and introducing the Hamiltonian Hb/ f

α .
We summarize the main properties of Hb/ f

α in the following
proposition.

Proposition III.1. Case (i): Exchange symmetry.
(1) If r → 0, the resolvent (11) of Hb

α converges in the
strong resolvent sense to the resolvent of a one-center point
interaction. Explicitly, for f ∈ L2(R3) and setting y1 = y2 =
y, this resolvent reads

(Gλ f )(x) + 4π√
λ + 4πα

Gλ(x − y)Gλ f (y). (17)

(2) The operator Hb
α has two eigenvalues, given as the

solutions of the equation det 
b
α (−λ) = 0. They correspond

to the eigenfunctions Gλ(x − y1) ± Gλ(x − y2) with the asso-
ciated eigenvalues (in the implicit form)

±e−√
λr −

√
λr − 4παr ∓ gα (r) = 0,

where gα (r) is defined in (13).
(3) For k ∈ R3 and x ∈ R3 \ {y1, y2}, generalized eigen-

functions of Hb
α characterized as

�b
α,y1,y2

(k, x) = eik·x +
2∑

m,n=1

[

b

α (k2)
]−1

mneik·yn
eik|x−ym|

4π |x − ym| .

(18)

Case (ii): Exchange antisymmetry.

(1) If r → 0, the resolvent (11) of H f
α converges in the

strong resolvent sense to the free resolvent.
(2) The operator H f

α has two eigenvalues, given as the
solutions of the equation det 
 f

α (−λ) = 0. They correspond
to the eigenfunctions Gλ(x − y1) ± Gλ(x − y2) with the asso-
ciated eigenvalues (in the implicit form)

∓e−√
λr −

√
λr − 4παr ± gα (r) = 0,

where gα (r) is defined in (13).
(3) For k ∈ R3 and x ∈ R3 \ {y1, y2}, generalized eigen-

functions of H f
α characterized as

� f
α,y1,y2

(k, x) = eik·x +
2∑

m,n=1

(−1)m+n
[

 f

α (k2)
]−1

mn

× eik·yn
eik|x−ym|

4π |x − ym| . (19)

Let us briefly comment on the above proposition.
(1) In the limit r → 0 for the bosonic case, the lim-

iting point interaction Hamiltonian has the binding energy
−(4πα)2 = − 1

a2 for α < 0, i.e., we recover the (shallow)

dimer universality. Note that the family Hb/ f
α is a rank-two

perturbation of the free Laplacian. Therefore, the strong re-
solvent convergence in the limit r → 0 cannot be improved
to norm-resolvent convergence (see, e.g., Ref. [51], Theorem
VIII.23).

(2) Imposing antisymmetry under exchange of the scat-
tering centers, replaces 
b

α (−λ) by 

f
α (−λ), which differs

only by a sign in the off-diagonal entries. In either symmetry
case, only one eigenvalue equation is compatible with the
symmetry, namely,

e−√
λr −

√
λr − 4παr − gα (r) = 0. (20)

The corresponding eigenfunction is proportional to Gλ(x −
y1) + Gλ(x − y2) [Gλ(x − y1) − Gλ(x − y2)] in the bosonic
(fermionic) case. Moreover, in (19) there is an extra factor
(−1)m+n compared with (18). This sign is precisely what
enforces antisymmetry under exchange of the scattering cen-
ters, i.e., contributions associated with indices of opposite
parity (i.e.,m + n odd) pick up a minus sign. Additionally,
both in the bosonic and fermionic cases, for k ∈ R3, x ∈
R3 \ {y1, y2}, the generalized eigenfunctions (which are not
square-integrable) satisfy

−��b/ f
α,y1,y2

(k, x) = k2�b/ f
α,y1,y2

(k, x).

By characterizing the generalized eigenfunctions of Hb/ f
α ,

we can compute the (on-shell) scattering amplitude and, in
particular, the scattering length. Note that the standard two-
body scattering length is defined for a single, radial potential
and represents the effective length that characterizes how the
potential acts on a free quantum particle in low energies.
However, in the present two-center setting, the interaction
is neither radial nor reducible to a single two-body channel;
nevertheless, the scattering amplitude is well defined (see Ref.
[30], Sec. II.2.5). Denoting the unit sphere in three dimensions
by S2, for directions ω,ω′ ∈ S2 and k := |k| � 0, the scatter-
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ing amplitude reads

fα,y1,y2 (k, ω, ω′)

= lim
|x|→∞
x/|x|=ω

|x|e−ik|x|[�b/ f
α,y1,y2

(kω′, x) − eikω′ ·x]

= 1

4π

2∑
m,n=1

[

b

α (k2)
]−1

mneik(ym·ω′−yn·ω)

= 1

4π

2∑
m,n=1

(−1)m+n
[

 f

α (k2)
]−1

mneik(ym·ω′−yn·ω). (21)

The scattering length of Hb/ f
α is then defined as the zero-

energy limit of the scattering amplitude fα,y1,y2 (k, ω, ω′). To
distinguish it from the two-body scattering length a, we de-
note it by aα (r) and set

aα (r) := − lim
k→0

fα,y1,y2 (k, ω, ω′). (22)

Corollary III.2. For fixed α, the scattering length aα (r) of
Hb/ f

α defined in (22) is computed explicitly as

aα (r) = −1

4π
lim
k→0

2∑
m,n=1

[

b

α (k2)−1
]

mn

= −1

4π
lim
k→0

2∑
m,n=1

(−1)m+n
[

 f

α (k2)−1
]

mn

= 2r

−4παr − gα (r) + 1
,

where gα (r) is defined in (13). In particular,

aα (r) =
{ −2

4πα
for r → +∞

−1
4πα

for r → 0.
(23)

Before discussing the physical relevance of the Hamil-
tonian Hb/ f

α , we first analyze the eigenvalue equation (20),
recalling that −λ(r) plays the role of the effective potential
in the Born–Oppenheimer equation (10). The implicit equa-
tion (20) can be solved explicitly in terms of the Lambert W
function. It plays the role of the effective potential in (10),
i.e.,Veff (r). For α � 0, we obtain

−λα (r) = − 1

r2
{W (e4παr+gα (r) ) − [4παr + gα (r)]}2, (24)

where W denotes the principal branch of the Lambert func-
tion. For α > 0, the spectrum of Hb/ f

α has no discrete
spectrum, so its spectrum consists only of the purely essential
spectrum.

The function −λα (r) in (24) is analytic and, in the uni-
tary limit α = 0 (infinite two-body scattering length), has the
expected inverse-square behavior at large distances. To study
the universality of the Efimov spectrum and its deformation
away from unitarity, we need precise estimates on −λα (r).
The next lemma collects these properties; its proof is given in
Appendix B.

FIG. 1. The light blue curve represents −λ0(r) in (24), while
the red curve is the graph of −W 2 (1)

r2 , that is, −λlocal
0 (r) in (27). The

two curves intersect at rk = √
2( 3π

4 + kπ ), k ∈ N0, and, up to an
exponentially decaying oscillation, they coincide for r > r0.

Lemma III.3. The function −λα (r) defined in (24) is ana-
lytic for r > 0. Furthermore, for α = 0, we have

−λ0(r) =
⎧⎨
⎩−W 2(1)

r2 + O(e−r/
√

2) for r → +∞
− r2

16 + O(r3) for r → 0.
(25)

Moreover, the singularity at r = 0 is removable, and the re-
sulting analytic branch can be continued along the real half
line. Also, for α < 0,

−λα (r) =
{

−(4πα)2 + O
(

e−r/
√

2

r

)
for r → +∞

−(4πα)2 + O(r) for r → 0.
(26)

The corresponding analytic branch can be continued along the
interval [a,∞), where a = −1/(4πα).

Remark III.4. For local point interactions defined by im-
posing the contact condition (2) at each scattering center, the
term gα (r)

4πr is absent from (12) (see Ref. [30], Chap. II.1, p.
119). Consequently, for α < 0, the analog of (24) is

−λlocal
α (r) = − 1

r2
[W (e4παr ) − 4παr]2. (27)

Figure 1 compares −λlocal
α and −λα in the unitary limit α = 0.

Here, we constructed the Hamiltonian Hb/ f
α via von Neu-

mann’s formula. We remark that this Hamiltonian can be
rigorously approximated by separable potentials, provided
that potentials are regular enough (for details, see Ref. [39],
Sec. IV). At the same time, other renormalization schemes for
(local) point interactions have been proposed in the literature
(see, e.g., Refs. [23,36,38], and also Ref. [52] for a recent
contribution). In particular, Ferretti and Teta replace gα in (15)
by a function θ (r) such that θ ′(0) = 0 [23], Proposition 4.2 [or
more generally θ ′(0) = c for a constant c]. It is easy to see that
if gα in the eigenvalue equation (24) is replaced by a suitable
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function θ (r), then

V θ
eff (0) = − [4πα + θ ′(0)]2

4
. (28)

In this case, although Proposition III.1 remains valid in this
case, the factor 4π√

λ+4πα
in (17) is replaced by

4π√
λ + ( 4πα+θ ′(0)

2

) .

Although the choice of the renormalization function is ar-
bitrary, this raises the natural question of which model is
physically relevant. We see, in fact, that the behavior of gα

at the origin plays a crucial role in having a satisfactory
scattering problem.

More precisely, when the two heavy particles are far apart,
one expects the light particle to bind to either center, so that
(away from unitarity) the system behaves as a dimer of energy
− 1

a2 plus a free particle. This long-distance behavior does not
depend on the chosen renormalization. In particular, it sug-
gests that the scattering length associated with (9) at r → ∞
should be twice its value r → 0: at large separation the free
particle has two binding options, whereas at the origin r = 0,
the two centers effectively act as a single one. This is exactly
the behavior in (23), which amounts to the asymptotics of the
effective potential in (25) and (26).

IV. THE SPECTRUM OF THE EFFECTIVE HAMILTONIAN

In this section, we study the eigenvalues of the Hamiltonian
Heff in (10), where the effective potential Veff (r) is given by
(24). By the Kato–Rellich theorem the operator is self-adjoint
(see, e.g., Ref. [53]). Moreover, using (25) and (26), we see
that

σess(Heff ) = [−(4πα)2, +∞),

and any discrete eigenvalues satisfy

σp(Heff ) ⊂ [min Veff , −(4πα)2).

Furthermore, since the potential Veff (r) is radial, D(Heff ) is
invariant under rotations, and we may apply the partial-wave
expansion. Fixing the angular momentum l � 0, we decom-
pose � ∈ L2(R3) into a radial part r−1u(r) ∈ L2(R+; r2 dr)
and spherical harmonics Ylm(φ, θ ) ∈ L2(S2; d�), where S2 is
the unit sphere in R3 with surface measure d�. Applying the
unitary map L2(R+; r2 dr) → L2(R+; dr) given by f �→ r f
yields the radial equation for u(r) ∈ L2(R+) :

− ε2

(
u′′(r) − l (l + 1)

r2
u(r)

)
+ Veff (r)u(r) = E eff u(r),

for l = 0, u(0) = 0,

for l � 1, lim
r→0

u(r) = 0, lim
r→0

r−(l+1)u(r) = 1, (29)

where u(r) = r� (see Ref. [43], Appendix X.1, Example 4,
[54], Theorem XI.53, [53], Chap. XIII.3.B). In general, (29)
is understood as a differential operator acting on L2(R+).
However, since the effective potential is analytic (see Lemma
III.3), any solution of (29) is smooth. Henceforth, we focus
our analysis on the Hamiltonian (29).

A. Efimov effect in the unitary limit

The main result of this section is the following theorem:
Theorem IV.1. There exists an infinite sequence of negative

eigenvalues E eff
n of the problem (29) and the effective potential

(24) with α = 0, such that E eff
n → 0 for n → ∞. Moreover,

E eff
n = −ε2 4

r2
0

e
2
β

[arctan( 2β

2l+1 )+φβ,0−nπ](1 + ζn),

with

r0 =
√

2
3π

4
, φβ,0 = arg 
(1 + iβ ),

β =
√

−l (l + 1) + ε−2W 2(1) − 1/4. (30)

where ζn → 0 for n → ∞.
Corollary IV.2. The eigenvalue formula (30) yields the Efi-

mov geometric law

lim
n→∞

E eff
n

E eff
n+1

= e
2π
β . (31)

The error terms ζn are o(1) as n → ∞. They arise from
two sources: first, from the nonzero short-range part of the
effective potential (24) (see Lemma IV.5 below); and second,
from systematic corrections due to the fact that the modified
Bessel function K with imaginary index is the solution of
(29) with the effective potential of the form −W 2(1)

r2 (see the
proof of Proposition IV.3). Consequently, the geometric law
(31) holds strictly only in the limit n → ∞, and deviations
are expected for the lowest Efimov levels. We compute the
first-order correction in Lemma V.1.

We prove Theorem IV.1 by solving the problem (29) with
the simplified potential Veff (r) = 0 for r < r0 and Veff (r) =
−W 2(1)

r2 for r � r0. Then, we extend the result to the full
potential Veff (r) = −λ0(r). For α = 0, the latter is well
approximated by −W 2(1)

r2 for r > r0, up to exponentially de-
caying oscillations, with r0 = √

2 3π
4 (see Fig. 1 below).

We show that, although −λ0(r) is nonzero yet small at
short distances r < r0, the low-energy character of the Efimov
spectrum makes this short-range behavior irrelevant, provided
−λ0(0) = 0.

From (24), we have −λ0(r) = − 1
r2 [W (egα (r) ) − gα (r)]2,

where gα (r) is defined in (13). rk = √
2( 3π

4 + kπ ), k ∈ N0,
are roots of gα (r) for α = 0. We replace −λ0(r) by the piece-
wise potential

Vk (r) =
{−λ0(r) if 0 � r � rk

−W 2(1)
r2 if r > rk .

(32)

Moreover, for k ∈ N0, define the operators Hk := −ε2�R +
Vk . It is straightforward to see that Hk converges to Heff in
the norm-resolvent sense as k → ∞ (see Ref. [37], proof of
Theorem 4.4). Therefore, once the Efimov effect is established
for each Hk , it extends to the full Hamiltonian Heff .

Furthermore, it is well known that the radial operator
−u′′(r) − μ

r2 u(r) has infinitely many eigenvalues accumulat-
ing at zero if and only if μ > 1

4 (see, e.g., Ref. [55], Sec. 4.6).
In addition, for any angular momentum l � 1, the centrifugal
term ε2 l (l+1)

r2 competes with the attractive part of Vk (r). More
precisely, for each integer l � 1, the problem (29) with an
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effective potential of the form (32) has infinitely many eigen-
values if and only if

M

m
� M∗

l , where M∗
l = 4l (l + 1) + 1 − W 2(1)

2W 2(1)
. (33)

The value M∗
l is close to the critical mass ratio obtained

from a three-body analysis in hyperspherical coordinates. For
instance, in the l = 1 channel we find M∗

1 � 13.4902, to
be compared with the critical mass 13.6069 reported by the
hyperspherical method (see, e.g., Ref. [25], Sec. 6.2.4 and
references therein). We also note that the critical mass ratio
(33) differs slightly from the condition given in Ref. [25],
Eq. (6.14), where the factor 2m

2m+1 was approximated by 1. We
remark that the logarithmic growth in the number of eigenval-
ues in the channel l = 1 was rigorously studied in Ref. [56].

Now, we prove the Efimov effect for (29) with an effective
potential of the form

Vaux(r) =
{

� if 0 � r � r0

−W 2(1)
r2 if r > r0,

(34)

where � � 0 is a constant and r0 > 0 is arbitrary. We also
rescale the energy in (29) by setting

E eff = −ε2η2, η > 0,

ξ0 =
√

ε−2�r0. (35)

A special case of Proposition IV.3 (with � = 0 and l = 0)
was proved in Ref. [37], Proposition 4.1. The present proof
follows a similar strategy and is given in Appendix C. We then
extend Proposition IV.3 to the potentials (32), in particular to
V0 of the form (32) with r0 = √

2 3π
4 .

Proposition IV.3. For the problem (29) with the potential
(34), there exists an infinite sequence of negative eigenvalues
E eff

n such that E eff
n → 0 as n → ∞. Moreover,

E eff
n = −ε2 4

r2
0

e
2
β
{arctan[2β f (ξ0 )]+φβ,0−nπ}(1 + ζn), (36)

with β, φβ,0 as in (30). Also, ζn → 0, for n → ∞, and

f (ξ0) := Il+1/2(ξ0)

2ξ0I ′
l+1/2(ξ0)

,

where I is the modified Bessel function of the first kind. In
particular, for � = 0 in (34),

lim
ξ0→0

f (ξ0) = 1

2l + 1
.

Remark IV.4. We can also characterize the eigenfunctions
for (29) with the potential (34). Recall that (29) was derived
from (10) by setting u(r) = r�. Using the solutions (C7) in
the proof of the proposition, the eigenfunction corresponding
to E eff

n can be written as

�n(r) =

⎧⎪⎪⎨
⎪⎪⎩

D
√

r0Kiβ (ηnr0 )

(
√

ε−2|E eff
n |+�r0 )

1
2 Il+1/2(

√
ε−2|E eff

n |+�r0 )

(
√

ε−2|E eff
n |+�r)

1
2 Il+1/2(

√
ε−2|E eff

n |+�r)
r , r < r0

D
Kiβ (

√
ε−2|E eff

n |r)√
r

, r > r0,

(37)

where D is a normalization constant.
To show that, for � = 0, the eigenvalue formula (36) [with

a possibly different sequence ζn still of order o(1)] also holds
for the full effective potential Veff (r) = −λ0(r), we compare
solutions of (29) for the auxiliary potential (34) with those for
Veff = Vk in (32). The goal is to control the latter by the former
in the limit η → 0. The value of the effective potential at the
origin, Veff (0), plays a crucial role in this argument.

In [37] we used an ad hoc argument to prove Lemma
IV.5 for the special case l = 0, which relied heavily on the
positivity of −λ′

0(r) on the (rmin, r0], where rmin is the point
that −λ0(r) attains its minimum. For higher angular momenta
this condition is no longer guaranteed, because the repulsive
centrifugal term competes with the attractive potential.

Our main tool is Ulam stability for second-order ordinary
differential equations (see, e.g., Refs. [57,58]). A brief review
of this topic and the proof of following lemma are given in
Appendix D.

Lemma IV.5. Let f (r) [ f0(r)] denote the solution of (29)
with effective potential Veff = Vk in (32) [Veff = Vaux in (34)].
Then, for any l � 0, on the interval [0, rk] with rk = √

2( 3π
4 +

kπ ), k ∈ N0, there exists a constant Ck > 0 such that

| f (r) − f0(r)| � Ck (ηr)l+1. (38)

Finally, we can prove Theorem IV.1.

Proof of Theorem IV.1. Let E eff
n (E0

n ) denote the nth eigen-
value of the problem (29) with the effective potential −λ0(r)
in (24) (V0 in (32)). By min-max principle (see, e.g., Ref.
[53]), and the convergence of Hk → Heff in the norm-
resolvent sense, we have limn→∞ |E eff

n − E0
n | → 0. Here, with

abuse of notation, we absorbed this error into the systematic
error ζn in (36). Putting together Proposition IV.3, Lemma
IV.5, and the discussion above, we obtain the eigenvalue for-
mula (30). �

Remark IV.6. The asymptotic behavior of λ0(r) at the ori-
gin is crucial for obtaining an Efimov spectrum of the form
(30). More precisely, if the constant � in (34) is replaced by
a regular function �(r) with nonzero value at r = 0, then
an argument similar to Lemma IV.5 no longer yields (36),
because the error [(ε−2�)1/2r0]

1
2 does not vanish in the limit

η → 0 [see (C5)]. Therefore, Efimov spectrum depends on
the choice of the renormalization function and its shape near
the origin, even if different choices share the same value � at
r = 0. Intuitively, imposing a nonzero � at the origin means
that the three-body system generates an energy larger than
the expected two-body value − 1

a2 ; this shift then enters the
Efimov spectrum beyond the characteristic length, unless the
short-range part is a sharp constant potential as in (34).

We conclude this section with a brief discussion of possi-
ble non-Efimov eigenvalues of the Hamiltonian (29). Loosely
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FIG. 2. Effective potentials shifted by the constant (4πα)2. The
light blue line represents the potential with infinite two-body scat-
tering length a. Decreasing a increases the depth of the short-range
well.

speaking, a non-Efimov eigenvalue (see, e.g., Refs. [59,60]) is
an eigenvalue generated by the short-range part of the inter-
action and its spatial size is significantly smaller than that of
Efimov states. Such eigenvalues do not obey the scaling law
(1). Consequently, if no non-Efimov eigenvalue is present, the
ground state of the system is the first Efimov eigenvalue.

Let r0 = √
2 3π

4 and set � = −λ0(rmin) in (34), where
−λ0(rmin) is the minimum of −λ0(r). Denote by jl+1/2,1

the first positive zero of the Bessel function Jl+1/2 (see Ref.
[61], sec. 9.5). In Proposition IV.7 below we give a sufficient
condition ensuring that the ground state of (29) coincides with
E eff

1 in (30). The proof is presented in Appendix E
Proposition IV.7. For a fixed angular momentum l � 0,

the ground state of the Hamiltonian (29) is the first Efimov
eigenvalue, if the mass ratio M

m satisfies:

M

m
<

(
1

λ0(rmin)

2

3π
jl+1/2,1

)2

− 1

8
. (39)

To illustrate (39), for l = 0 (l = 1) the condition becomes
M
m < 11.24 ( M

m < 23.12), to two-decimal accuracy, ensuring
that no non-Efimov eigenvalue exists.

B. Spectrum of the effective Hamiltonian away from unitarity

In this part we study the eigenvalue problem (10) with
Veff = −λα for α < 0. We shift the entire spectrum by the
constant (4πα)2 and define

Vsh(r, α) := −λα (r) + (4πα)2, α � 0. (40)

In Fig. 2, we plot Vsh for a = ∞, 10
√

2, 2
√

2,
√

2. We im-
mediately observe that, as the two-body scattering length a
decreases, the short-range well deepens; consequently, for suf-
ficiently small a the system develops a ground state localized
near the origin, essentially independent of the mass ratio.

It is natural to expect that, for large a, sufficiently close
to unitarity, the point spectrum of (29) consists of low-energy
eigenvalues with large spatial extent. Let S denote the spatial

size of the weakest Efimov-like eigenstate (see Remark IV.9).
More precisely, S should be understood as the maximal spatial
size of such a state; following the convention in the physics lit-
erature, we simply refer to it as the spatial size. In the Efimov
physics literature, it is often suggested that S = a, where a
is the two-body scattering length (see, e.g., Refs. [2,25,34]).
The underlying idea is to view the three-body system as a
superposition of pairwise two-body channels, so that, in the
Born–Oppenheimer picture, the effective Hamiltonian (29)
would support bound states localized inside a sphere of radius
of order a.

However, taking S = a is not consistent with the actual
long-distance behavior of the effective potential. To analyze
this more quantitatively, and in analogy with (32), for α < 0
(recall that 4πα = − 1

a ), we introduce the piecewise potential

Va(r) =
{−λα (r) + (4πα)2 if 0 � r � a

− [W (e4παr )−4παr]2

r2 + (4πα)2 if r > a
. (41)

Moreover, for r > a, we obtain from Lemma III.3 the estimate

Va(r > a) = −
(

e−2r/a

r2
+ 2

a

e−r/a − e−2r/a

r

)
+ O

(
e−3r/a

r

)
.

(42)

Up to the term 2
a

e−2r/a

r , the long-range behavior (42) coincides
with the expressions given in Ref. [2], Eq. (27) and Ref. [34],
Eq. (45).

In the region where the potential Va in (41) is below −λ0(r)
with inverse-squared behavior, the min-max principle implies
that the number of eigenvalues of (10) with Veff = Va, α < 0
is greater than or equal to that obtained with Veff = −λ0(r).
Therefore, the radius at which these two potentials intersect
gives a natural estimate S .

Corollary IV.8. For fixed α < 0, the parameter S is given
by the first root (other than r = 0) of Va(r) + λ0(r) = 0. In
particular, using (42) and (26), one can estimate S from

−
(

e−2S/a

S2
+ 2

a

e−S/a−e−2S/a

S

)
+ O

(
e−3S/a

r

)
= −W 2(1)

S2
.

(43)

Therefore, S � 2.80a to two digits.
This means the estimate S � 2.80a cannot be reconciled

with a Hamiltonian built from local point interactions (i.e.,
constant Bethe–Peierls boundary conditions) in which the
three-body system is treated as a sum of pairwise two-body
channels. However, this mismatch is not the only issue with
that model.

Efimov [2] and later Fonseca et al. [34] describe the effec-
tive potential in (10) away from the unitary limit as having
three ranges: a short-range part of size b, an intermediate
regime with inverse-squared behavior, −W 2(1)

r2 , for b < r < a,
and a long-range Yukawa tail for r � a. In this picture, the
intermediate region supports the first m Efimov levels E eff

i ,
while the remainder of the Efimov spectrum fades into the
Yukawa tail. However, this qualitative explanation means that
the potential is discontinuous at r = a (see Corollary IV.8
above), which is not physically consistent, and it is contrary
to the actual potential introduced by Fonseca et al.
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Furthermore, for any angular momentum l � 0, Fonseca
et al. [34] applied Bargmann’s bound [see (44) below] to
the problem (29) with a potential of form (41) and obtained
an upper bound nl (Va) on the number of bound states. It
is straightforward to see nl (Va) � 0.53 ε−2

2l+1 over the range
a < r < S , independent of the value of a. This is rather a large
number for the mass-imbalanced system of two heavy and one
light particle. For example, in the l = 1 channel, inserting
the critical mass ratio M∗

1 from (33) into 0.53 ε−2

2l+1 gives
nl (Va) > 1.16 on the interval (a,S ), which is incompatible
with the description proposed in Ref. [34].

Due to the low-energy nature of Efimov physics,
Bargmann’s bound (see Ref. [53], Theorem XIII.9) gives a
nearly sharp upper bound on the number of negative eigenval-
ues of (29) with Veff = Va in (41). For fixed l � 0, let nl (Va)
denote the number of negative binding energies. Bargmann’s
bound is then given by the right-hand side (RHS) of (44):

nl (Va) � ε−2

(2l + 1)

∫ ∞

0
r|Va(r)|dr. (44)

To evaluate the RHS of (44), we split the positive half-line
into three intervals: [0, a], (a,S], and (S,+∞). On [0, a] we
use numerics. For example, for a = 10

√
2,∫ 10

√
2

0
r|V10

√
2(r)|dr � 1.1042,

as computed in MATLAB to four-decimal accuracy.
For r > a we use the estimate (42). Set ζ := r/a; then, on

(a,S],

ε−2

(2l + 1)

∫ S

a

e−2r/a

r
+ 2

a
(e−r/a − e−2r/a)dr

= ε−2

(2l + 1)

(∫ S/a

1
2(e−ζ − e−2ζ ) + e−2ζ

ζ
dζ

)

= ε−2

(2l + 1)
[2e−x − e−2x − 
(0, 2x)]|x=S/a

x=1

� 0.5308
ε−2

(2l + 1)
, (45)

where we used S = 2.8a from Corollary IV.8 and 
 is the in-
complete gamma function (see Ref. [61], Sec. 6.5). Similarly,
on the interval (S,+∞),

ε−2

(2l + 1)

∫ ∞

S

e−2r/a

r
+ 2

a
(e−r/a − e−2r/a)dr

� 0.1184
ε−2

(2l + 1)
. (46)

Note that the growth of the number of bound states propor-
tional to − ln a is encoded in the incomplete gamma term

(0, 2x).

We conclude this section with a remark on how the en-
ergy eigenvalues away from unitarity deviate from the Efimov
spectrum in the unitary limit.

Remark IV.9. As discussed above, for α < 0 the potential
−λα (r) does not exhibit an inverse-squared behavior in any
range. Hence, interpreting the eigenvalues that localize within
the sphere of radius S as genuine Efimov states obeying the

geometric law (1) is not accurate. In this regime, the shifted
effective potential Vsh(r) lies below −λ0(r) for r < S . Conse-
quently, the wave function associated with any eigenvalue of
(10) in this case is no longer of the form of the modified Bessel

function, i.e.,D Kiβ [(ε−2|En|)1/2r]√
r

in (37). This discrepancy grows
as α moves away from unitarity, and for sufficiently large
mass ratio this mismatch can even generate additional bound
states. For these reasons, we refer to these near-threshold
states at finite scattering length as “Efimov-like” eigenvalues,
to distinguish them from the Efimov spectrum (30) that obeys
the geometric law (1).

V. NUMERICAL RESULTS OF PARAMETERS OF THE
EFIMOV SPECTRUM IN ALKALI MIXTURES AND

MIXTURES OF ALKALI ATOMS AND A DIFFERENT
MATERIAL

In this section, we compute the binding wave numbers κ
(n)
∗

of the first four Efimov levels in units of L−1
0 , together with the

parameter β appearing in (30) and (31), for several mixtures
of alkali-metal atoms that may be accessible experimentally.
The purpose of these computations is mainly illustrative: they
show how to apply the model developed in this paper to
concrete mass ratios.

In realistic systems, depending on the specific mixture,
additional heavy-heavy interactions may need to be included
in the effective Hamiltonian (10), for example Lennard–
Jones, van der Waals, or dipolar potentials (see, e.g., Refs.
[29,32,33]). In fact, these additional parameters may help to
determine the characteristic length L0.

We first compare our values of β with the hyperspherical-
coordinate results for s0 reported in Ref. [29] in the l = 0
channel of (29). We then apply the same framework to Er-Li
and Dy-Li mixtures, which are naturally associated with the
l = 1 channel in (29).

Recall that the eigenvalue formula (30) involves error terms
ζn, which can be non-negligible for the first few Efimov levels.
As discussed after Corollary IV.2, these corrections have two
sources: (i) the short-range part of the effective potential (see
Lemma IV.5), and (ii) the fact that the inverse-square tail
controls the spectrum only asymptotically (see Proposition
IV.3). Consequently, one should expect the ratio in (31) to de-
viate from an exact geometric value for small n, even though
limn→∞ ζn → 0.

Here we neglect the contribution of −λ0(r) for r < r0 and
its exponentially decaying oscillations for r > r0 and approx-
imate −λ0(r) by the auxiliary potential

V 0
aux(r) =

{
0 if 0 � r � r0

−W 2(1)
r2 if r > r0

. (47)

We compute the next-order correction to (C9) in the case � =
0, i.e., f (ξ ) = 1

2l+1 . Note that in the Born–Oppenheimer pic-

ture the effective potential has an inverse-square tail, −W 2(1)
r2 ;

however, the argument of Lemma V.1 below also applies to
hyperspherical-coordinate models, where the tail has the same
inverse-square form with a different coefficient. The proof is
given in Appendix F.
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TABLE I. Efimov scaling parameter s0, the parameter β, and the values of κ (n)
∗ L0 for different heavy-heavy-light mixtures.

Mixture l s0 β κ (1)
∗ L0 κ (2)

∗ L0 κ (3)
∗ L0 κ (4)

∗ L0

174Yb2 - 6Li 0 2.246 2.117 0.294 0.064 0.015 0.003
133Cs2 - 6Li 0 1.983 1.840 0.229 0.041 0.007 1.33 × 10−3

87Rb2 - 6Li 0 1.632 1.468 0.148 0.017 0.002 2.37 × 10−4

41K2 - 6Li 0 1.154 0.962 0.052 0.002 7.57 × 10−5 2.89 × 10−6

23Na2 - 6Li 0 0.875 0.667 0.014 1.27 × 10−4 1.15 × 10−6 1.03 × 10−8

87Rb2 - 40K 0 0.653 0.424 1.15 × 10−3 7.04 × 10−7 4.30 × 10−10 2.62 × 10−13

133Cs2 - 87Rb 0 0.536 0.276 2.49 × 10−5 2.87 × 10−10 3.32 × 10−15 3.83 × 10−20

167Er2 - 6Li 1 2.102 1.514 0.115 1.44 × 10−2 1.81 × 10−3 2.27 × 10−4

166Er2 - 6Li 1 2.095 1.506 0.113 1.40 × 10−2 1.74 × 10−3 2.16 × 10−4

164Dy2 - 6Li 1 2.083 1.488 0.110 1.33 × 10−2 1.61 × 10−3 1.94 × 10−4

163Dy2 - 6Li 1 2.077 1.479 0.108 1.30 × 10−2 1.54 × 10−3 1.84 × 10−4

161Dy2 - 6Li 1 2.064 1.460 0.105 1.21 × 10−2 1.42 × 10−3 1.65 × 10−4

Lemma V.1. Denote

−(η0
n )2 := − 4

r2
0

e
2
β

[arctan( 2β

2l+1 )+φβ,0−nπ]

and set τ 0
n := r0η

0
n. In the setting of Proposition IV.3 with � =

0, we have

E eff
n = −ε2 4

r2
0

e
2
β

[arctan( 2β

2l+1 )+φβ,0−nπ+δn]
,

where

δn = − β(1 − 2β2)

2(1 + β2)[(2l + 1)2 + 4β2]

(
τ 0

n

)2 + O
(
τ 0

n

)4
. (48)

Corollary V.2. Assuming r0 = √
2 3π

4 L0, and κ
(n)
∗ =

(ε−2|E eff
n |)1/2 we have

κ (n)
∗ = 2

r0
e

1
β

(arctan 2β

2l+1 +φβ,0−nπ+δn )
, (49)

where δn is defined in (48).
From (49) we see that the correction enters through the

factor eδn/β . Moreover, increasing the heavy-light mass ratio
increases the size of this correction. Setting

κ (n)
∗ = κ

(n)
0 eδn/β,

we find, for example, that in the mixture 174Yb2 - 6Li, the first
level κ

(1)
∗ differs from κ

(1)
0 by 3.49%, while in 133Cs2 - 6Li

the deviation is 2.55%. For higher Efimov levels this effect
is negligible.

We now briefly comment the calculation s0 in hyper-
spherical coordinates. denoting ν := arcsin M

M+m , in the l = 0
channel, the parameter s0 in (1) satisfies a transcendental
equation [see, e.g., Ref. [25], Eq. (6.8)]

s0 cosh
πs0

2
= 2 sinh(s0ν)

sin 2ν
. (50)

In the l = 1 channel, the corresponding equation reads (see,
e.g., [25], Sec. 6.2.2])

1 − s2
0

s0
tan

( s0π

2

)
− 2 cos (s0γ )

sin 2γ cos
( s0π

2

) = sin (s0γ )

s0 sin2 γ cos
( s0π

2

) .

(51)

In Table I we compare β and s0 for several mixtures in the
l = 0 and l = 1 channels, and we also report the dimension-
less parameter κ

(n)
∗ L0 for n = 1, 2, 3, 4. Atomic masses are

taken from Refs. [62–64]. The quantities reported in Table I
are dimensionless and the physical wave numbers are obtained
only after specifying the characteristic length L0. This also
suggests that the parameter L0 may depend on the mixture.
In particular, a direct comparison with experimentally mea-
sured Efimov features for Cs-Li mixture in Refs. [3,4] cannot
by itself determine L0. Such a comparison is affected by
the difference between the Born–Oppenheimer parameter β

and the hyperspherical parameter s0, and also the theoret-
ical complexity of the nature of the approximation in the
Born–Oppenheimer picture (see Sec. VI below). Moreover,
additional heavy-heavy interactions are present in realistic
mixtures. Nevertheless, the comparison may still be useful,
since it can indicate the order of magnitude of L0, for example
a van der Waals length or another short-distance length. Ad-
ditionally, if the minimizer of Veff is denoted by rmin, then,
for sufficiently large mass ratios, which are more relevant
to molecular physics, one can apply the Born–Oppenheimer
scheme and expect the ground state of the system to have
spatial size approximately rmin [see the discussion in Sec. VI,
and in particular the approximation in (53)]. This fact also
helps us to determine L0. However, a precise identification of
L0 (if possible) requires further analysis and is left for future
work.

VI. CONCLUSIONS AND PERSPECTIVES

In this work, we studied a 2 + 1 mass-imbalanced system
in the Born–Oppenheimer approximation, where the heavy-
light interactions were modeled by zero-range (delta-type)
interactions. Using von Neumann’s theory, we defined a fam-
ily of light-particle Hamiltonians which, unlike local point
(delta) interactions [constant Bethe–Peierls conditions (2)],
remain regular as the distance between the heavy centers tends
to zero. The effect of these two-body zero-range interactions
resembles a three-body force in the sense that the distance
between the scattering centers enters explicitly into the two-
body boundary conditions [see (15) and (16)].

We showed that this construction is consistent with
the expected low-energy behavior of a heavy-heavy-light
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system. However, unlike short-range potential models, this
model does not provide the physical length scale and it must
be supplied externally. After fixing this characteristic length,
in the unitary limit we derived an analytic formula for the
Efimov spectrum. We also provided a sufficient condition
ensuring that the ground state coincides with the first Efimov
level. Moreover, we illustrate the method by computing the
Efimov scaling parameter β and the binding wave numbers of
the first four Efimov levels in units of the inverse characteristic
length, for several mixtures.

We also stress that the short-distance prescription used in
this work is not unique. This should not be viewed as a draw-
back of the construction, but rather as a standard feature of
contact three-body theories. Zero-range models are effective
descriptions of the long-distance regime and are not expected
to reproduce the microscopic interaction at arbitrarily small
distances. Therefore, the role of the regularization is to re-
move the Thomas collapse and to fix the required three-body
input.

Away from unitarity, we followed the deformation of the
spectrum and showed how qualitative pictures based on local
point interactions conflict with the quantitative features of
the three-body problem. In particular, we found that the size
of the weakest near-threshold trimer is approximately three
times larger than the two-body scattering length, in contrast
with the common assumption that these two length scales
coincide. Additionally, we refined Bargmann’s bound on the
number of bound states and analyzed how the spectrum away
from the unitary limit differs from the Efimov spectrum in the
unitary regime. Finally, we comment on the validity of the
Born–Oppenheimer approximation for Efimov physics.

The validity of the Born–Oppenheimer approximation in
Efimov physics is often taken for granted once the mass ra-
tio exceeds the critical value (33). However, the comparison
between β and s0 in Table I indicates that this expectation
is not quantitatively justified. Denoting by E2+1

n the Efimov
energies of the full 2 + 1 Hamiltonian Hb/ f

ε , for k > 0, one
would expect to have an asymptotic expansion of the form

E2+1
n = E eff

n + O(εk ). (52)

The Ansatz (52) is inspired by the standard Born–
Oppenheimer theory in molecular physics, where the approx-
imation is primarily used to describe states localized near the
minimum of a smooth effective potential. Let E0 denote the
corresponding short-range ground-state energy (to distinguish
it from the Efimov spectrum). In this picture, Veff (rmin) is a
lower bound for E0, where rmin is the minimizer of Veff . Here,
the kinetic-energy term −ε2�R raises the ground-state energy
slightly above the value Veff (rmin). Moreover, for any fixed n,
there exists a mass parameter ε > 0 sufficiently small such
that the system has (at least) n + 1 isolated eigenvalues of the
form

En = E0 + εCnE0 + O(ε2), (53)

where the coefficients Cn are obtained from a harmonic
approximation and depend on the shape of Veff (r) in a neigh-
borhood of its minimum [44]. Such expansions can change in
the presence of nonsmooth minima: for instance, if the effec-
tive potential has a sharp twist at its minimum, the leading

correction becomes of order ε2/3, with coefficients expressed
in terms of zeros or extrema of the Airy function [65,66].

In the Efimov setting, the validity of an expansion like (52)
is far less clear. In particular, the hyperspherical exponent s0

obtained from (50) and (51) depends on the mass ratio and
satisfies s0 → ∞ as M → ∞. Thus, while β approaches s0 in
the limit ε → 0 (equivalently M → ∞), long-range shallow
eigenvalues collapse toward the threshold in this regime.

There is also a natural difference with the molecular
situation. The expansion (53) describes a ladder of states
increasingly concentrated near the potential minimum as ε →
0, so the Born–Oppenheimer approximation becomes more
accurate for the low-lying spectrum. In Efimov physics, by
contrast, the states of interest are long-range excited trimers
whose energies are not governed by the structure of Veff near
its minimum. Heuristically, as ε → 0 the minimum of Veff

controls the ground state and produces many nearby levels
separated on an ε-scale, while the long-range Efimov states
fade away toward threshold.

Finally, typical mass ratios in molecular systems can
be extremely large, i.e.,1.8 × 103–3.7 × 105, well beyond
those encountered in ultracold atomic mixtures where Efimov
physics is studied. Taken together, these observations lead
us to question the Born–Oppenheimer approximation as a
quantitative method for determining three-body eigenvalues
in Efimov physics.

At the same time, the appearance of the Efimov effect
in this framework suggests that there is still a meaningful
connection. To clarify this, we briefly recall how one may
attempt to relate a 2 + 1 Hamiltonian Hb/ f

ε to the light-particle
Hamiltonian Hb/ f

α .
In the literature (see, e.g., Ref. [67]), it is common to intro-

duce the direct integral of the light-particle Hamiltonian (more
precisely, of its quadratic form and the associated operator),

Hb/ f
α,x :=

∫ ⊕

R3
Hb/ f

α (R)dR,

and (formally) rewrite the 2 + 1 operator Hb/ f
ε as

Hb/ f
ε = −ε2�R + Hb/ f

α,x . (54)

For smooth heavy-light interactions such a decomposition can
be justified. In three (and two) dimensions with zero-range
interactions, however, (54) is not valid. Roughly speaking,
(54) enforces a strict separation between the x and R depen-
dence, while the zero-range coupling is implemented through
TMS contact conditions on the coincidence hyperplanes x =
±R/2. These conditions are intrinsically “radial” in the con-
figuration space and cannot be encoded by simply taking a
direct integral over R. Moreover, passing to hyperspherical
coordinates does not resolve this issue. Rather, at the level of
quadratic forms, the form associated with Hb/ f

ε contains cross
terms that do not arise from the direct integral construction
(see, e.g., Refs. [19,21] for three identical bosons; the same
strategy applies to the 2 + 1 problem). Consequently, the
natural identification θ3b(r) = gα (r) [or any other admissible
renormalization function θ (r); see Remark A.2] does not, by
itself, recover the renormalized TMS contact conditions (6)
and (7) from the Bethe–Peierls-type boundary conditions (15)
and (16).
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It is also worth noting that even in one spatial dimension,
for the formal operator

−ε2∂2
R − ∂2

x + αδ(x ± R/2), x, R ∈ R,

the identity (54) still fails at the operator level. In particular, a
factorized ansatz �(x, R) = ψ (x, R)�(R) does not belong to
the domain of the 2 + 1 Hamiltonian, because it fails to satisfy
the required boundary conditions in the R variable. This ob-
struction can nevertheless be bypassed at the quadratic-form
level; see Ref. [66] for details.

This viewpoint suggests that, in Efimov physics, under-
standing the accuracy of the Born–Oppenheimer approxima-
tion is closely tied to the problem of constructing a genuine
three-body Hamiltonian starting from the light-particle model.
In a sense, this is the reverse direction compared with the usual
molecular-physics setting.

To summarize, the quantitative validity of the Born–
Oppenheimer approximation in Efimov physics is far from
understood. Nevertheless, this formal framework captures the
qualitative features of the Efimov effect and provides a bet-
ter understanding of the three-body problem, whose spectral
analysis is considerably harder and more involved.
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APPENDIX A: CONSTRUCTION OF ONE- AND
TWO-CENTER POINT-INTERACTION HAMILTONIANS

VIA VON NEUMANN’S THEORY

This Appendix is intended for readers who may not be
familiar with self-adjoint extensions of densely defined sym-
metric operators. For further background and details, we refer
to Ref. [30], Appendix A and to Refs. [39,43].

To build intuition, we first recall von Neumann’s construc-
tion in the standard one-center case. Formally, one writes the
Hamiltonian as

Aα := −�x − μδ(x − y),

where y ∈ R3 denotes the position of a fixed scattering cen-
ter. It is well known that functions ψ in the domain D(Aα )
decompose into a regular part u ∈ H2(R3) (the domain of the
free Laplacian) plus a singular contribution that enforces the

Bethe–Peierls behavior (2) near y. In what follows, we show
that the operator Aφ obtained rigorously via von Neumann’s
extension theory is equivalent to the Hamiltonian Aα .

The Hamiltonian Aα is rigorously defined as the perturba-
tion of the free Laplacian, supported on the point y:

Ȧ0 = −�x � C∞
0 (R3 \ {y}).

The operator Ȧ0 is densely defined and unbounded on L2(R3),
and it is symmetric. However, it is not self-adjoint: the domain
of its adjoint A† is strictly larger than D(Ȧ0). A convenient way
to see this is through the Green’s function Gz of the Helmholtz
operator, defined by

(−� − z)Gz(x) = δ(x), z ∈ C \ R+.

Although Gz /∈ D(Ȧ0), for any φ ∈ D(Ȧ0), one has

〈Gz, Ȧ0φ〉 = 〈zGz, φ〉,
which shows that Gz ∈ D(A†). Explicitly,

Gz(x) = ei
√

z|x|

4π |x| , Im z > 0. (A1)

Intuitively, to obtain a self-adjoint extension of the symmet-
ric operator Ȧ0, one enlarges its domain inside D(A†) by
adding suitable defect vectors, in such a way that the resulting
operator is self-adjoint. To describe all such extensions, we
introduce the deficiency (defect) spaces of Ȧ0, denoted by Nz

and Nz∗ . For z ∈ C \ R+, we set

Nz := ker(A† − z∗), Nz∗ := ker(A† − z). (A2)

A closed symmetric operator admits self-adjoint extensions
if and only if the dimensions of the defect spaces are equal
(see, e.g., Ref. [43], sec. X.1, p. 141). In the present one-center
case, both spaces are one-dimensional, and the Green’s func-
tion Gz (Gz∗ ) in (A1) span Nz (Nz∗ ). von Neumann’s theory
states that self-adjoint extensions are in one-to-one correspon-
dence with unitary maps

J : Nz → Nz∗ .

Since dim Nz = 1, such a unitary operator J identifies by eiφ

for φ ∈ [0, 2π ). Denote by Aφ the corresponding self-adjoint
extension. Then, by von Neumann’s decomposition, any f ∈
D(Aφ ) can be written as

f = f0 + f z + J f z, f0 ∈ D(Ȧ0), f z ∈ Nz. (A3)

and the action of Aφ is given by

Aφ f = Ȧ f0 + z f z + z∗J f z. (A4)

Here, for a general defect parameter z = iκ2 the parameter
κ > 0 has physical dimension [L]−1. Different choices of κ

only correspond to different parametrizations of the same fam-
ily of self-adjoint extensions. We therefore choose the length
unit so that κ = 1. In physical variables, this corresponds to
measuring lengths in units 1/κ , which we identify with the
characteristic length L0.

We see that von Neumann’s decomposition for f ∈ D(Aφ )
gives

f = f0 + ei
√

i|x−y|

4π |x − y| + eiφ ei
√−i|x−y|

4π |x − y| , Im
√±i > 0.
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The extension parameter φ is related to the point-interaction
parameter α by

4π
α

κ
= cos

π

4

(
tan

φ

2
− 1

)
.

Here, α
κ

is dimensionless. After fixing the reduced units by
setting κ = 1, we then (by abuse of notation) keep the same
notation α for the extension parameter and identify it with the
reduced scattering length through

4πα = −1

a
.

We recall that a = as/L0, where as is the physical scattering
length.

Equivalently, for z = z∗ = −λ, λ ∈ R+ and denoting
Gλ := Gz=−λ, the domain of the one-center Hamiltonian Aα

can be written as

D(Aα ) =
{
ψ ∈ L2 | ψ (x) = uλ + qGλ(x − y), uλ ∈ H2,

× q ∈ C, uλ(y) =
(

α +
√

λ

4π

)
q

}
. (A5)

Here, q is the (one-center) point charge, analogous to the
boundary charge ξ in (6) and (7). In physical variables, it has
dimension [L]−1/2. In the reduced length units used here, this
length dimension is absorbed into the scale L0. Setting ρ :=
|x − y|, the matching condition in (A5) implies the Bethe–
Peierls behavior (2). Indeed, as ρ → 0 one has, up to an o(1)
term,

ψ (x) = uλ(y) + q

(
1

4πρ
−

√
λ

4π

)
= q

(
1

4πρ
+ α

)
,

which is equivalent to (2).
We now turn to the operator Hb/ f

α that appears formally in
(9). As in the one-center case, we construct it as a self-adjoint
extension of the symmetric, densely defined operator

Ḣ0 = −� � C∞
0 (R3 \ {y1, y2}).

Self-adjoint extensions are parametrized by the action of a
unitary map J between the defect spaces. We denote the
relevant extension parameter by θ , and later relate θ to α and
derive the resolvent of Hb/ f

ε .
For the two-center point-interaction problem, the defect

spaces Ni and N−i of Ḣ0 are both two-dimensional. A con-
venient choice of bases is given by the Green’s functions
centered at y1 and y2:

G(n)
±i (x; yn) = ei

√±i|x−yn|

4π |x − yn| , n = 1, 2, x ∈ R3.

Without imposing any symmetry, the defect spaces can be
written as

N±i = {
f ∈ L2(R3)| f = c1G(1)

±i + c2G(2)
±i

}
, c1, c2 ∈ C.

(A6)

A unitary map J : Ni → N−i is therefore represented, in these
bases, by a 2 × 2 unitary matrix U . explicitly,

JGm
i =

2∑
n=1

UnmGn
−i.

Consequently, for f i = c1G(1)
i + c2G(2)

i

J f i = J

(
2∑

m=1

cmG(m)
i

)
=

2∑
n=1

(
2∑

m=1

Unmcm

)
G(n)

−i .

Furthermore, we assume
(i) the scattering centers are identical. This means the

matrix U is constrained to be diagonal, with each diagonal
element expressed as eiθ , where 0 � θ < 2π .

(ii) the wave function of the light particle under the ex-
change of positions of the centers either remains unchanged
or flips its sign. The symmetry (antisymmetry) assumption
means c1 = c2 (c1 = −c2) in (A6).

Henceforth, for simplicity, we restrict to the symmetric
or antisymmetric subspaces by choosing c1, c2 ∈ {1,−1}. We
denote by Hb

θ (H f
θ ) the corresponding self-adjoint extension

of Ḣ0 in the symmetric (antisymmetric) case. Due to the fact
that a two-center point interaction is a rank-two perturbation
of the Laplacian, the extension theory and the resolvent for-
mula naturally involve a 2 × 2 structure: the unitary map J
acts through a 2 × 2 unitary matrix, and the resolvent of Hb/ f

θ

contains a 2 × 2 matrix encoding this choice. We now make
this relation explicit.

The free Laplacian −�x is the “trivial” self-adjoint exten-
sion of Ḣ0. Denote its resolvent by (−�x − z)−1, for x, x′ ∈
R3, z ∈ C \ R+, and f ∈ L2(R3). we apply Krein’s formula
for the difference of resolvents of two self-adjoint extensions:[(

Hb/ f
θ − z

)−1
f
]
(x) = [(−�x − z)−1 f ](x)

+
2∑

m,n=1

[



b/ f
θ (z)−1]

mnGm
z (x − ym)

×
∫
R3

Gn
z (yn − x′) f (x′)dx′. (A7)

Here, the matrix 

b/ f
θ (−λ)−1 satisfies[



b/ f
θ (z)−1

] − [



b/ f
θ (z0)−1

]
= (z − z0)

[



b/ f
θ (z)−1]S(z∗, z0)

[



b/ f
θ (z0)−1], (A8)

where, for 1 � m, n � 2, elements of matrix S are defined by

Smn(z∗,w) =
∫
R3

(
cmGm

z

)∗
cnGn

wdx, z,w ∈ C \ R+. (A9)

Dąbrowski and Grosse applied Krein’s formula at z0 = −i
and connected the unitary matrix U (representing J) to



b/ f
θ (−λ)−1; see Ref. [39], Eqs. (2.18)–(2.20):



b/ f
θ (z) = 2iS(i, i)(U T + I )−1 − (z + i)S(z∗,−i). (A10)

In our symmetric and antisymmetric reduction, 2i(U T + I )−1

forms a diagonal matrix, with each diagonal element being
i + tan θ

2 . We denote tθ := tan θ
2 which ranges over (−∞,∞)

labels the self-adjoint extensions, and is closely related to
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the two-body scattering length (see (A12) below). Moreover,
from (A9) we have

Smn(i, i) = 1

4
√

2π
for m = n,

Smn(i, i) = ± 1

4πr
e−r/

√
2 sin

(
r√
2

)
for m 
= n,

−(z + i)Smn(z∗,−i) =
√−z − √

i

4π
for m = n,

−(z + i)Smn(z∗,−i) = ±e−√
ir − e−√−zr

4πr
for m 
= n,

(A11)

where + (−) in off-diagonal terms corresponds to exchange
symmetry Hb

α (exchange antisymmetry H f
α) case [see also

Ref. [37], Eq. (16) for the n-center case]. Also, we set z =
z∗ = −λ, λ ∈ R+, and identify

α := tθ − 1

4
√

2π
. (A12)

If we put (A11) into (A10), we obtain (12).
Remark A.1. We emphasize that the choice of the de-

fect parameter κ does not change the self-adjoint operator,
provided the unitary map between the defect spaces is
transformed consistently. In fact, the invariant object is the
resolvent itself; it would be just a different parametrization
of a same operator. Consequently, if one chooses z = iκ2 and
z∗ = −iκ2 with κ 
= 1 as the defect parameters, the matrix
U that represents the unitary operator J between the defect
spaces has a different shape and is not simply of diagonal
form.

Remark A.2. We remark that, in the construction presented
in this Appendix, the extension parameter tθ is kept fixed
as the separation r varies. This is a natural choice, but it
is still a special one. Dąbrowski and Grosse characterize all
self-adjoint extensions of the symmetric operator Ḣ0 for fixed
positions of the scattering centers; in particular, the distance
r between the centers is fixed in their construction. In the
Born–Oppenheimer scheme, however, r is a variable. More
generally, one may therefore allow the extension parameter θ ,
equivalently the function tθ , to depend on r. From this point
of view, replacing gα in the off-diagonal entries of 


b/ f
α (−λ)

in (12) by a suitable function θ (r) corresponds to choosing a
family of self-adjoint extensions, one for each value of r. In
this sense, the quadratic-form construction can be interpreted
in von Neumann terms as gluing together different fiber oper-
ators as r varies.

Note that the choice of θ (r) is not arbitrary if one wants
the resulting effective Hamiltonian (10) to have the desired
stability and coincidence-limit properties. In particular, the
behavior of θ near r = 0 s crucial; if θ (0) 
= 1, the stability
of the effective Hamiltonian is not guaranteed (see also the
remarks at the end of Sec. III).

APPENDIX B: PROOF OF LEMMA III.3

Define

ω(r, α) := 4παr + gα (r), r � 0. (B1)

It is evident that u = f −1(ω) = W (eω ) − ω is the inverse
function of ω = f (u) = e−u − u. The main tool here is the
Lagrange inversion theorem (see Ref. [61], sec. 3.6), i.e., f −1

is analytic at ω0 = f (u0), if f ′(u0) 
= 0, provided f is analytic
itself.

Clearly, ω(r, α) in (B1) is a composition of analytic func-
tions, so it is analytic itself. To satisfy the conditions of
Lagrange inversion theorem, ω0 = f (u0) must belong to a
domain V that

f ′(u0) 
= 0, f (u0) ∈ V .

Since f ′(u) = −(e−u + 1), the critical points uc = −i(2k +
1)π, k ∈ Z satisfy f ′(u) = 0. The corresponding critical val-
ues under the map f are

ωc = f (uc) = −1 + i(2k + 1)π, k ∈ Z.

Those closest to the real axis are ω±
c = −1 ± iπ . By Lagrange

inversion, the Taylor series of f −1 about ω0 converges in the
open disk centered at ω0 with radius equal to the distance from
ω0 to the set of critical values:

κ := dist(ω0, {ωc}k∈Z) = inf
k∈Z

‖ω0 − [−1 + i(2k + 1)π ]‖.

In particular, if ω0 ∈ R in this case, then the nearest critical
values are ω±

c , so κ = ‖ω0 − ω±
c ‖.

For ω0 = ω(r, α) from (B1) with α � 0 and r � 0, we have
κ > 0, so the series for f −1 is valid. Moreover, the factor r−2

is a removable singularity at r = 0; hence −λα (r) extends
analytically to the real half-line, and the asymptotics (25) and
(26) follow.

At r = 0 we have ω(0, α) = 1 for any α � 0. Hence, κ =
(π2 + 4)1/2 and the Taylor series of f −1 about ω0 = 1 has
radius κ = (π2 + 4)1/2. However, the distance that we can
vary r while keeping ω(r, α) inside the disk D(1, κ ) depends
on α. Set

u(r) := f −1(ω(r, α)),

there exists δ(α) the range that |ω(r, α) − 1| < κ for 0 �
r < δ(α). We readily see the admissible r range shrinks as
α → −∞, so δ(α) → 0. Moreover, at unitarity α = 0, we
have −√

2 e−5π/4 � ω(r, 1) � 1, so ω(r, 1) ∈ D(1, κ ) for all
r � 0. Therefore, the admissible r range is unbounded radius
to the right in the r variable.

Next, we now show that, for α < 0, the Taylor series in
r of u(r) about r = a converges for all r � a, i.e., it is un-
bounded in the variable r as well. So, at r = a, we have ω0 :=
ω(a; α) = −1 + gα (a). With the same reasoning as before,
the Taylor series of f −1 is convergent about ω0 with the radius
π . Therefore, if |ω(r, α)| � π , the Taylor series of u(r) about
r = a converges for every r � a. Additionally, if ω(r, α) �
−1, the Taylor series of the term W (eω ) is convergent for any
r and again, the radius of convergence of the Taylor series of
u(r) about the point a is infinite to the right. This because the
principal branch W0(x) has a Taylor expansion about x = 0
with radius e−1 (Corless et al. [31]). Summing up these two
conditions, we need to show ω(r, α) � π for r > a. We verify
it in two ranges of α.

(1) If −( 1
4
√

2π
+ 1) < α < 0, then gα (r) <

√
2 and

4παr � −1 for all r � a. Hence the condition ω(r, α) � π

is satisfied.

063320-17



HAMIDREZA SABERBAGHI PHYSICAL REVIEW A 113, 063320 (2026)

(2) If α < −( 1
4
√

2π
+ 1), we have trivial inequalities

− r√
2

+ e−r/
√

2 cos r√
2

� 1 and r√
2

+ e−r/
√

2 sin r√
2

� 0 and

see ω(r, α) � 1, α < −( 1
4
√

2π
+ 1).

We conclude that for every α < 0 the map r �→ u(r) =
f −1(ω(r, α)) is analytic on the entire half line [a,∞), and its
Taylor series at r = a converges for all r � a.

APPENDIX C: PROOF OF PROPOSITION IV.3

By considering (35), we can rewrite the eigenvalue prob-
lem (29) as

u′′ −
(

l (l + 1)

r2
+ η2 + ε−2�

)
u = 0 for r < r0, (C1)

u′′ +
(

β2 + 1/4

r2
− η2

)
u = 0 for r > r0, (C2)

with the boundary conditions

for l = 0, u(0) = 0,

for l � 1, lim
r→0

u(r) = 0, lim
r→0

r−(l+1)u(r) = 1. (C3)

These equations are respectively modified Bessel equations of
real order l + 1/2 and imaginary order ν = iβ. As a result,
the general solution of (C1) is a linear combination of mod-
ified Bessel functions of the first and second kind. However,
the modified Bessel function of the first kind I with purely
imaginary order becomes complex on the positive real axis,
so it not admissible as the solution of (C2) that satisfies (C3).
Therefore, Dunster [68] introduces the modified Bessel func-
tion Lγ :

Lγ (z) = π i

2 sin(γπ )
{Iγ (z) + I−γ (z)} (γ 
= 0). (C4)

As a result, the general solution for (C2) can be written
as a linear combination of the Bessel functions Liβ (ηr) and
Kiβ (ηr). Set

ξ = (
√

η2 + ε−2�r),

and we have the following form of the solutions:

u(r < r0) = A
√

ξ Il+1/2(ξ ) + B
√

ξKl+1/2(ξ ), (C5)

u(r > r0) = C
√

rLiβ (ηr) + D
√

rKiβ (ηr), (C6)

where A, B,C, D are arbitrary complex constants. Note that,
the modified Bessel function Liβ grows exponentially fast at
infinity and the modified Bessel function Kl+1/2 is singular
at the origin. Taking into account this property alongside the
boundary conditions (C3), we obtain B = C = 0 in (C5) and
(C6). Thus,

u(r < r0) = A
√

ξ Il+1/2(ξ ),

u(r > r0) = D
√

rKiβ (ηr). (C7)

Let us denote τ0 = ηr0. The solution has to satisfy matching
conditions, i.e., the continuity of the function and its derivative
in r = r0. This condition implies that the coefficient A, D have

to satisfy√
ξ Il+1/2(ξ )A − √

r0Kiβ (τ0)D = 0,(√
ξ

2r
Il+1/2(ξ ) +

√
ξξ

r
I ′
l+1/2(ξ )

)
A

−
(

1

2
√

r0
Kiβ (τ0) + η

√
r0K ′

iβ (τ0)

)
D = 0. (C8)

This linear homogeneous system has nonzero solutions if and
only if its determinant is equal to zero. In other words, we
have to satisfy

Kiβ (τ0) = 2τ0 f (ξ )K ′
iβ (τ0) with

f (ξ ) : = Il+1/2(ξ )

2ξ I ′
l+1/2(ξ )

= Il+1/2(ξ )

ξ [Il−1/2(ξ ) + Il+3/2(ξ )]
. (C9)

Note that by the asymptotic behaviors of the functions
Il±1/2 (see Ref. [61], sec. 9.6) we have

lim
ξ→0

f (ξ ) = 1

2l + 1
.

Furthermore, for τ0 → 0 we also have (see Ref. [68]):

Kiβ (τ0) = Cβ sin
(
β ln

τ0

2
− φβ,0

)
+ O

(
τ 2

0

)
,

K ′
iβ (τ0) = Cβ

β

τ0
cos

(
β ln

τ0

2
− φβ,0

)
+ O(τ0), (C10)

where

Cβ = −
√

π

β sinh(βπ )
and φβ,0 = arg 
(1 + iβ ). (C11)

As a result, Eq. (C9) in the limit τ0 → 0 (i.e., η → 0) can be
rewritten as

sin
(
β ln

τ0

2
− φβ,0

)
− 2β f (ξ0) cos

(
β ln

τ0

2
− φβ,0

)
= F (τ0) (C12)

where ξ0 was defined in (35), and F is (at least) continuous
and F (τ0) = O(τ 2

0 ) for τ0 → 0. With the change of coordi-
nates θ = β ln τ0

2 − φβ,0 and the equation, we have (C12):

θ = arctan

(
2β f (ξ0) + F (τ0)

cos θ

)
. (C13)

Note that F (τ0 )
cos θ

with τ0 = 2 eφβ,0/βeθ/β tends to zero with the
order of O(τ 2

0 ) as τ0 → 0. Also, f (ξ ), ξ ∈ C is analytic in the
unit disk in vicinity of the origin.

As a result, for any value of r0, there exists an infinite
sequence θn of solutions of Eq. (C13) as τ0 → 0, with θn < 0
and limn→+∞ θn = −∞.

To conclude the proof, we have to show that the sequence
of −(ηn)2, corresponds this sequence of θn as the solutions of
(C13) can be written in the form (36). Let us denote by −(η0

n )2

because the solutions of (C13) correspond to F (τ0) = 0. We
have

−(
η0

n

)2 = ε−2E0
n = − 4

r2
0

e
2
β
{arctan[2β f (ξ0 )]+φβ,0−nπ}

. (C14)

It is evident that the function ηn = 2
r0

eφβ,0/βeθn/β is a differen-
tiable function of η [see (C13)] with bounded derivative which
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converges to zero for ηn → 0. Consequently,

−(ηn)2 = −(
η0

n

)2 + ζn,

where ζn → 0 as n → ∞.

APPENDIX D: ELEMENTS OF ULAM STABILITY

We follow Ref. [57] with some notational changes. Define
a second-order differential operator D on C2(I,R) by

D( f ) := a(r) f ′′(r) + b(r) f ′(r) + c(r) f (r) − d (r), (D1)

where a, b, c, d are at least continuous on I . We say that D
is Ulam stable on I if there exists a constant C such that, for
every δ > 0 and every h ∈ C2(I,R) satisfying

sup
r∈I

|a(r)h′′(r) + b(r)h′(r) + c(r)h(r) − d (r)| � δ, (D2)

there is a C2 solution f (r) of (D1) with

sup
r∈I

|h(r) − f (r)| � Cδ. (D3)

To prove (D3), one typically derives the Riccati equation as-
sociated with (D1):

a(r)[ρ ′(r) + ρ2(r)] + b(r)ρ(r) = 0. (D4)

Let I = (γ , σ ) and define

κ1(r) :=
∫ σ

r

e
∫ σ

r (ρ(t )+ b(t )
a(t ) )dt

|a(s)| ds,

κ2(r) :=
∫ r

γ

e
∫ r

s ρ(t )dt ds. (D5)

If ‖κi‖∞ < ∞, i = 1, 2, then (D1) is Ulam stable on I [see
Ref. [57], Theorem 3.1, (ii)].

Proof of Lemma IV.5. Technically, we cannot apply Ulam
stability theory to the neighborhood of the origin r = 0, where
the associated Riccati equation is not well-defined (ln di-
verges). Therefore, we treat that interval separately. We scale
the energy as −ε2η2. Let V −1

k (η2) be the point where Vk (r) +
η2 = 0. We split [0, rk] into [0,V −1

k (η2)] and (V −1
k (η2), rk]

and analyze (29) on them separately.
(1) step 1: the interval [0,V −1

k (η2)].
Since −λ0(r) is analytic and bounded, −λ0(r) ∈ L1 ∩ L∞

on the interval [0,V −1
k (η2)]. Therefore, we can write f (r) as

the solution of (29) with the effectivee potential Veff = Vk in
(32) on this interval as (see, e.g., Ref. [69])

f (r) = f0(r) + [ f0 ∗ (−λ0 · f )](r), (D6)

where the convolution [ f0 ∗ (−λ0 · f )](r) is defined as∫ r

0
−λ0(t ) f (t ) f0(r − t )dt, t > 0.

From the proof of Proposition IV.3, f0(r) = A
√

ηrIl+1/2(ηr),
with Il+1/2 the modified Bessel function of the first kind and
A ∈ C. Set τ = ηr. As τ → 0,

√
τ Il+1/2(τ ) = 1

2l + 1

√
2

π
τ l+1 + O(τ l+3). (D7)

Without loss of generality take A ∈ R+. Then, by (C1),
f0, f ′

0, f ′′
0 > 0 on [0,V −1

k (η2)]. On this interval η2 +

V −1
k (η2) � 0 by definition, so similarly f , f ′, f ′′ > 0.

Hence [ f0 ∗ (−λ0 · f )] < 0, which implies | f0(r)| � | f (r)|
on [0,V −1

k (η2)]. Moreover, for τ → 0, (D7) yields∫ V −1
k (η2 )

0
−λ0(t ) f (t ) f0(r − t )dt � L1τ

l+1, (D8)

where the constant

L1 = V −1
k (η2) sup

r∈[0,V −1
k (η2 )]

|λ0(r) f (r)|.

(2) step 2: the interval (V −1
k (η2), rk].

Here we apply Ulam stability directly. Substituting (29)
into (D1) with E = −ε2η2 gives

a(r) = 1, b(r) = 0, d (r) = 0,

c(r) = ε−2λ0(r) − l (l + 1)

r2
− η2.

Since we have excluded r = 0, c(r) is not singular. From
Lemma III.3, −λ0(r) is analytic and the radius of conver-
gence of its Taylor series about the origin is infinite. This
fact, implies that by the Cauchy–Kovalevskaya theorem (see,
e.g., Ref. [70]), the solution f (r) is unique and analytic on
(V −1

k (η2), rk]. Consequently, the functions κi, i = 1, 2 in (D5)
are bounded, and (29) with Veff = Vk is Ulam stable on this
interval. Moreover, f0(r) = A

√
ηrIl+1/2(ηr) is bounded here,

and for low energies η → 0 there exists a constant L2 such
that (D2) holds:∣∣∣∣ f ′′

0 (r) +
(

ε−2λ0(r) − l (l + 1)

r2
− η2

)
f0(r)

∣∣∣∣
= |ε−2λ0(r) f0(r)| � L2(ηr)l+1.

Therefore, there exists a constant L3 on (V −1
k (η2), rk] such that

| f (r) − f0(r)| � L3(ηr)l+1.

Combining the two steps and setting Ck := max{L1, L3}
completes the proof. �

Note that, in view of the asymptotic behavior of −λ0(r)
at r = 0 displayed in (25), it may be possible to improve the
exponent l + 1 in (D8). Moreover, the second step of the proof
of Lemma IV.5 can still be carried out under weaker regularity
assumptions on −λ0(r).

APPENDIX E: PROOF OF PROPOSITION IV.7

Let ul
c(r) denote the solution of (29) with the potential (34)

and � = −λ0(rmin). Then, from (C7), using standard Bessel
identities (see Ref. [61], sec. 9) and the scaling (35),

ul
c(r) = A(

√
ε−2λ0(rmin) − η2r)1/2Jl+1/2

× (
√

ε−2λ0(rmin) − η2r), r < r0. (E1)

Because |λ0(r)| � |λ0(rmin)|, the Sturm–Picone comparison
theorem [71] on [0, r0] implies that the number of zeros of ul

c
is greater than that of u in (C7). Hence, for l � 0, if the first
zero of ul

c(r) (besides uc(0) = 0), occurring at rc, lies outside
[0, r0], there is no eigenvalue on this interval. Equivalently,√

ε−2λ0(rmin) − η2rc � jl+1/2,1. (E2)
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Setting η = 0 and rc = √
2 3π

4 yields (39).

APPENDIX F: PROOF OF LEMMA V.1

Similar to the proof of Proposition IV.3, we have to solve
the equation [see also (C9)]

Kiβ (τ0) = 2τ0

2l + 1
K ′

iβ (τ0). (F1)

Recall the definition of the modified Bessel function of the
second kind, Kiβ (x) [see, e.g., Ref. [68], Eq. (2.8)]

−
(

βπ

sinh(βπ )

)1/2 ∞∑
s=0

(x2/4)s sin[β ln(x/2) − φβ,s]

s![(β2)(12 + β2) · · · (s2 + β2)]1/2 ,

(F2)

where

φβ,s = arg 
(1 + s + iβ ). (F3)

Denoting Cβ = −( π
β sinh(βπ ) )1/2, we obtain the asymptotic be-

havior (C10) for τ0 → 0 in the leading order. To calculate the
next order, by using the identity

φβ,1 = φβ,0 + arctan β, (F4)

we have

Kiβ (τ0) = Cβ

[(
1 + τ 2

0

4(1 + β2)

)
sin

(
β ln

τ0

2
− φβ,0

)

− βτ 2
0

4(1 + β2)
cos

(
β ln

τ0

2
− φβ,1

)]
+ O

(
τ 4

0

)
,

K ′
iβ (τ0) = Cβ

{
β

τ0
cos

(
β ln

τ0

2
− φβ,0

)

+ τ0

4(1 + β2)

[
(2 + β2) sin

(
β ln

τ0

2
− φβ,0

)

− β cos
(
β ln

τ0

2
− φβ,0

)]}
+ O

(
τ 3

0

)
. (F5)

Setting θ0 = β ln τ0
2 − φβ,0, from (F1) we have

tan θ0 = 2β

2l + 1
+ O

(
τ 3

0

)
.

The solution has the form θ = θ0 + δ. The rest of the proof is
a straightforward linearization to find the exact from of δ. We
define

f (θ ) = sin θ − 2β

2l + 1
cos θ.

By construction f (θ0) = O(τ 3
0 ). Moreover, f is smooth and

f (θ0 + δ) = f ′(θ0)δ + O(δ2). Therefore, we can rewrite (F1)
as

f ′(θ0)δ + τ 2
0

(
2l − 3 − 2β2

4(2l + 1)(β2 + 1)
sin θ0

− β(2l − 1)

4(2l + 1)(β2 + 1)
cos θ0

)
= O

(
τ 3

0

)
.

By the same argument as the proof of Proposition IV.3, we
obtain (48) and conclude the proof.
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