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This work focuses on quantum reservoir computing and, in particular, on quantum Wiener architectures
(qWiener), consisting of quantum linear dynamic networks with weak continuous measurements and classical
nonlinear static readouts. We provide the first rigorous proof that qWiener systems retain the fading-memory
property and universality of classical Wiener architectures, despite quantum constraints on linear dynamics
and measurement backaction. Furthermore, we develop a kernel-theoretic interpretation showing that qWiener
reservoirs naturally induce deep kernels, providing a principled framework for analyzing their expressivity. We
further characterize the simplest qWiener instantiation, consisting of concatenated quantum harmonic oscillators,
and show the difference with respect to the classical case. Finally, we empirically evaluate the architecture on
standard reservoir computing benchmarks, demonstrating systematic performance gains over prior classical and

quantum reservoir computing models.

DOLI: 10.1103/ktt8-12tw

I. INTRODUCTION

Reservoir computing (RC) [1,2] is a computational frame-
work in which temporal information is processed by driving
a dynamical system with input signals while training only the
output layer. Despite this strong restriction, RC architectures
such as liquid state machines [1] and echo-state networks
[2] are provably universal for approximating fading-memory
systems, i.e., dynamical systems depending only on a finite
past history of inputs.

Recent efforts have extended RC into the quantum regime
[3—12], motivated both by the high dimensionality of quan-
tum systems and by the prospect of exploiting near-term
noisy intermediate-scale quantum platforms. Quantum reser-
voir computing (QRC) aims to process temporal data streams
through quantum dynamics and extract classical information
through suitable measurements. QRC has achieved promis-
ing results in addressing temporal and classification tasks
[13-19].

In Ref. [7], it was shown that even linear quantum networks
restricted to Gaussian states can, in principle, provide univer-
sality for RC.

Remark 1. We recall [20] that the universality of an RC
system is defined as its ability to approximate, to arbitrary
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accuracy, any time-invariant input-output system with the
fading memory property. An input-output system is said to
exhibit fading memory if two input signals which are close in
the recent past, but not necessarily close in the remote past,
yield present outputs which are close. ]

In this paper, we will refer to the above concept of uni-
versality as RC-universality. An important result about RC
universality was established by Boyd and Chua [21], who,
using Volterra series [22], showed that a system defined by the
interconnection of parallel single-input, single-output linear
time-invariant (LTI) dynamical systems whose outputs are fed
into a polynomial nonlinearity is universal, see Fig. 1 [23].
We have provided details about this result in Appendix A.
This architecture, known as the classical Wiener architecture
[24], is depicted in Fig. 1. By leveraging the result in Ref. [21]
and appropriately combining the outputs of a finite number of
quantum linear networks with a polynomial readout, Ref. [7]
claimed that universality can be achieved within QRC frame-
work. Here we refer to this specific subclass as the quantum
Wiener architecture (qWiener). It comprises parallel quan-
tum linear dynamical systems with linear input encodings,
weak continuous measurements, and a nonlinear readout. It
is important to stress that Ref. [7] considers a slightly more
general setting than qWiener architectures, as it also includes
a (nonlinear) encoding of the input. However, the claim of RC
universality in Ref. [7] is stated first for the case of no-input
encoding (or, equivalently, linear encoding). This claim is
particularly interesting, as continuous-variable quantum op-
tical systems provide efficient platforms for its realization
[7,25,26]. Moreover, by employing weak measurements, this
architecture mitigates the loss of past input memory [7,27,28]
that typically results from the measurement process.

Published by the American Physical Society
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FIG. 1. Wiener architecture: Connection of d parallel linear
SISO dynamical systems (/;) with a memoryless nonlinear function
f.u(t), o(t) are the input and output signal, respectively.

However, there are fundamental differences between a
classical and a quantum Wiener architecture:

(1) Unlike classical LTT systems, quantum linear networks
must preserve the canonical commutation relations, which im-
pose stringent constraints (e.g., unitarity) on their parameters
and their dynamics.

(2) Weak measurements also perturb the quantum system,
introducing backaction that may compromise both fading-
memory and universality properties.

These important aspects were not explicitly addressed in
Ref. [7]. In this work, our contributions are as follows.

(1) We rigorously prove the universality of the gWiener
architecture: A system of quantum linear networks with weak
continuous measurements, whose outcomes are processed
through classical polynomial readouts. We prove that, de-
spite quantum constraints in their dynamics and measurement
backaction, gWiener systems preserve the RC-universality ap-
proximation capabilities of classical Wiener architectures.

The concept of RC universality [21] and our proof above
means that any arbitrary time-invariant input-output system
with the fading memory property can be approximated ar-
bitrarily well by a Wiener [21] or qWiener (our proof)
architecture. In practice, in RC Wiener or qWiener architec-
tures, the reservoir (which is an LTI system in classical Wiener
architectures or a quantum linear network in qWiener archi-
tectures) is not chosen arbitrarily: Its parameters are typically
generated randomly from specific probability distributions.
Different distributions give rise to different reservoir prop-
erties, which in turn determine their expressivity. We recall
that, in statistics and machine learning, the expressivity of
a model is determined by the space of functions the model
can represent, see for instance [29]. In the case of (q)Wiener
architectures, this expressivity is thus directly determined by
the choice of probability distributions used to generate the
reservoir parameters. To characterize expressivity, we do the
following:

(1) We develop a kernel-theoretic perspective on classical
Wiener architectures for RC, linking their expressive power
to kernel methods and Gaussian processes [30]. We show that
the reservoir naturally induces kernel functions (covariance
functions) capturing correlations between input sequences.
This leads to a deep-kernel [31] interpretation of classical
Wiener architectures, where the “deep” structure arises from

combining the reservoir layer (the randomized LTI dynamical
system) with the readout layer. Similarly, we show that, with
some important differences (due to the need of preserving
the canonical commutation relations), just as randomized LTI
dynamical systems with nonlinear readouts yield deep kernels
in classical RC, qWiener architectures combining randomized
quantum linear networks with classical nonlinear readouts
also generate deep kernels. This allows us to bridge QRC
with modern kernel methods in machine learning, providing
an approach to assess their expressivity, that is, through the
deep kernel they generate.

(2) Leveraging this kernel-based viewpoint, we analyze
the expressive power of the simplest gWiener instantiation,
where the quantum linear block is the concatenation of n,
quantum harmonic oscillators, each linearly coupled to an ex-
ternal field. This allows us to highlight the difference between
the classical and quantum case. We further show that the
resulting system in this simple instantiation is completely pas-
sive and, therefore, implementable using only passive optical
components (yhis case is in contrast to the more general archi-
tecture that we use to prove the RC universality of qWiener
which is not completely passive). Moreover, we prove that
the weak measurement does not disturb its dynamics but
merely adds classical Wiener noise to the output. This result
exploits the quantum nature of the proposed QRC architec-
ture, in particular the fact that an observed quantum linear
network evolves according to the quantum Kalman filter equa-
tions [32].

(3) We evaluate the simplest gWiener architecture against
the model proposed in Ref. [7], as well as a classical
echo-state network (used as a baseline), on three bench-
mark reservoir computing tasks: parity-check, NARMAI10,
and delay. Our results demonstrate that the proposed approach
consistently outperforms the method in Ref. [7]. In particular,
we show empirically (consistently with our theoretical deriva-
tion of the corresponding deep kernel) that the performance of
our model systematically improves as the number of harmonic
oscillators in the linear network increases.

(4) Finally, we exploit our universality result for the
qWiener architecture to show that it can be designed to have
a prescribed long-term memory capacity, and a computational
basis related to the Legendre polynomials, using a result de-
rived in Ref. [33] for classical reservoir computing.

II. BACKGROUND AND NOVEL PRELIMINARIES

In this section, we introduce the notation and present
both established and, to the best of our knowledge, novel
background results that form the foundation of our main
contributions. While extensive, this material is essential, as
these results will be directly employed in developing our core
findings in the subsequent sections.

A. Classical Wiener architecture and connection
to kernel methods

A classical Wiener architecture consists of multiple par-
allel classical single input—single output (SISO) LTI systems
whose outputs are fed into a static nonlinearity. When this
architecture is used in RC, only the final (readout) layer is
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trained. Consequently, the parameters of the parallel SISO
LTI systems must be selected beforehand. There are two
main approaches for choosing these parameters: (1) random
generation from specific probability distributions and (2) de-
liberate design to achieve a desired dynamic behavior of the
LTT system [33]. In the first approach, the main challenge is
to select distributions that yield a system with sufficient ex-
pressivity. This expressivity can be assessed by examining the
statistical properties of the nonlinear basis functions obtained
through combinations of randomly generated LTI systems. In
this paper, we concentrate on this approach, although we will
provide an example of the second approach in the numerical
experiments section.

A unifying perspective for analyzing the first approach is
offered by kernel theory and its Bayesian counterpart, Gaus-
sian processes [30]. We recall the following:

Definition 1 (Gaussian Process (GP)). A GP is a collec-
tion of random variables, any finite number of which have a
joint Gaussian distribution. Formally, a real-valued function
f(x) with x € R” is said to be GP distributed, denoted as

f ~ GP(u, k), if for any finite set of inputs xy, ..., X,, the
corresponding function values f(x;), ..., f(x,) follow a mul-
tivariate normal distribution:
Mo (X1) Kp(x1, X1) Ko (x1, X,)
Fx~N N P : : :
/vLO(Xn) Ko (X, X1) Ko (X, Xp)

where g(x) = E[f(x)] is the mean function and Kyp(x, xX') =
E[(f(x) — ux))(f(x') — u(x'))] is the covariance function
(or kernel) for any x, X' € R". The mean and covariance func-
tions fully define a GP. They usually depend on a vector of
hyparparameters § € R". ]

In the paper, we use N'(p, ) to denote the multivariate
Gaussian distribution with mean g and covariance X. Gen-
erally, the mean function g of a GP is assumed to be zero,
so its covariance function entirely characterizes the properties
and behavior of the process.

1. Linear dynamical systems

Now consider a deterministic SISO LTI model:

dx(t) = Ax(t)dt + Bu(t)dt, @))]

y(t) = Cx(t) + Du(z), 2

where ¢t > 0 is time, u(r) € R is the input signal, y(¢) € R is
the output signal, and x(¢) € R™ is the state. The matrices are
AeR%m BeR®*l CeRY™= and D € R. We assume
the system is stable, that is the eigenvalues of A have strictly
negative real parts. The output of a SISO LTI system can be
written as

y(t) =/ h(t — T)u(t)dz, 3)
0

where £ is the impulse response [we have assumed that u(t) =
0 for r < 0] [34]. The impulse response of the above system
depends on the matrix parameters as follows: i(t) = Ce*' B +
D§(t), where e denotes the matrix exponential of M and 8(t)
is the Dirac delta. It is well known that the term Ce B can
be written as the linear combination of decaying sinusoidal

functions [35]:

ne

h(t) = Z e~ (Bicos(wit) — yisin(wit)) + D8(t),  (4)

i=1

where o; > 0 and w; € R are, respectively, the decay rate
and the angular frequency of the ith damped oscillation and
Bi, vi € R are scaling parameters. The number of components
is n. = n, /2, where we have assumed that n, > 2 is an even
number. For simplicity, in this section we assume that D = 0.

We now consider the case where the parameters
o;, w;, Bi, v; are randomly generated from some specific prob-
ability distributions. We report results on dynamic system
identification [36], which characterize how specific distribu-
tions over these parameters generate, in the limit n, — oo, a
kernel function.

Lemma 1 (Ref. [36]). For i =1, ..., n., assume that the
parameters «;, w; of the impulse response (4) are jointly
sampled from a PDF ¢y(a, @) (depending on some hyper-
parameters ), and B;, y; ~ N (0, 1/n.) independently. Then,
given the parameters {o;, w;}:,, the impulse response h(r)
is GP distributed with zero-mean function and covariance
function,

E[h(t)h(s)] = nl Z e cos(wilt — 5)), )

¢ =1

for all time instants ¢, s. Then, in the limit as n, — oo,
E[h(t)h(s)] tends to

Ky(t,s) = / / oo, @)e U cos(w(t — s))dadw.
0 —00

(6)
Moreover, in the limit, 2(t) ~ GP(0, Ky(t, 5)). [ |

Note that ¢g(a, w) is a generalized power spectral den-
sity [that is, a non-negative function satisfying ¢g(o, w) =
¢o(o, —w)], which has been normalized to integrate to 1. We
can then interpret it as a PDF and, therefore, the limit in (6)
follows by the strong law of large numbers [37]

Proposition 1 (Ref. [36]). Assume that the impulse re-
sponse h(t) is GP distributed with zero mean function and
covariance function (6). Depending on the choice of the prob-
ability density function ¢y (e, w), from (6) we can derive that

(1) if ¢p(cr, ) = ()N (w; wp, eiz) then

f—.\'z
KSP(5) = ¢ 3 cos(n(t — 5); )

' (2) if ¢y, w) = mUnif(a; %, %L) then the kernel
is

e %m max(t,s) __ e~ oM max(z,s)

Ky, s) =

> ; (8)
max(t, s)(ay — an)
where §(«) is the Dirac’s delta. The vector @ includes the
hyperparameters, such as, for instance, £ > 0 (lengthscale),
wo € [0,27),and 0 < «,,, < Oy. |
Observe that, for wg = 0, the first kernel function coincides
with the squared-exponential (SE) kernel, which is a standard
kernel in machine learning [30]. For wy # 0, one obtains
one component of a spectral mixture kernel [38], which gen-
eralizes the SE kernel. The second kernel is known as the
integrated tuned-correlated kernel [39,40], which is specif-
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ically used in system identification to estimate the impulse
response of linear systems.

Remark 2. We recall that a reproducing kernel Hilbert
space (RKHS) [41] is a Hilbert space H of functions in which
point evaluation is a continuous linear functional. Equiva-
lently, a Hilbert space H of functions on a set Z is an RKHS if
for every z € Z there exists an element K(z, -) € H (indexed
by z) such that, for all f € H,

(f.K(z,) = f(2). (€))

The function K(z, -) is then called the reproducing kernel at
z, and it reproduces the value of f at z via the inner prod-
uct. For any positive definite kernel K [such as the kernels
K;SE)(I, ), Ky C)(t, -) above, here z = ], there exists a unique
RKHS of real valued functions defined over Z whose repro-
ducing kernel is K. From (9), it follows that, in a RKHS, every
function is a linear combination of a (possibly infinite) number
of kernel sections, that is f(z) = ) ; a;K(z, z;) for some real
coefficients a;. This fact has an important consequence in
statistics and machine learning: Instead of specifying a whole
set of basis functions, it suffices to choose a single positive
definite kernel function that encodes the desired properties of
the function to be modelled. Consider, for instance, the kernel
Ky" in (8) defined on Z = [0, T'] (time interval), then all the
functions in the corresponding RKHS are (infinite) sums of
damped decaying exponential. When we perform inference in
GPs, we are simply Bayesian learning the coefficients a; in the
expression f(z) = ), a;K(z, z;) from data {(z;, y;)},. [ |

Remark 3. From the above remark, it follows that the
choice of the distribution ¢g(a, ), which determines the
kernel via (6), plays a fundamental role in determining
the expressivity of the randomized LTI system which consti-
tutes the reservoir in a Wiener architecture. For instance, the
SE kernel, which is ubiquitous in machine learning, is not a
good choice [[42], Sec. 13] if we are interested in learning a
stable linear dynamical system (equivalently, we aim to learn
its impulse response /), because it does not model the fact that
h decays to zero as time increases. Instead, the SE assumes

1—1)2

a constant variability E[h(t)h(t)] = Ky> (¢, 1) = e =1
at each time ¢. Note that the integrated TC kernel is indeed
a much better choice, because E[h(t)h(t)] = K;TC)(t, t)y—0
fort — oo. Although both the SE and TC kernels can be used
to approximate any impulse response 4 with arbitrary preci-
sion (given sufficiently many data points n), the TC kernel
provides a better approximation for the same n, see Fig. 7 in
Ref. [42]. ]

The previous results have focused on the impulse response
h of a stable linear dynamical system. The response to a
generic input signal u is given by y(z) = fOr h(t — t)u(t)dr.
Since we have modelled h(z) ~ GP(0, Ky(t, 5)), from y(t) =
fé h(t — T)u(t) dt, we have that

() ~ QP<0,/ / Ko(t — 11,1 — Tz)u(ﬁ)u(fz)dflde),
o Jo

(10)
which follows by the fact that the integral is a linear operator
and, therefore, preserves Gaussianity.

While in the previous proposition we considered the lim-
iting case n, — 00, in the context of reservoir computing we

focus on the finite case, where Ref. [43]. In this regime, the
impulse response can be physically realized by a state-space
model (i.e., by a physical system), since

ne
h(t) =Y e " (B cos(wit) — yi sin(w;t)) = Ce B,
i=1
where the matrices A, B, and C include the parameters
{oi, Bi, Vi, wilie.
Proposition 2. Assume the parameters (o;, ;)< are sam-
pled from ¢y(o, w). Define

ne

hi(t) = Z e (B cos(wit) — y P sin(wir)),  (11)

i=1

where ,Bi(j ), yl-(j )~ N(0, 1 /ne) independently for
i=1,...,n. and j=1,...,d. Denote with y;()=
Jo hjt — Du(r)dr.

Define y(z) = ﬁ(yl(t), ..., y4(®))T, then we have that for
alarge d and n,

t pt
y )y~ / / Ko(t — 11,1 — m)u(t)u(r)dtid s,
o Jo

12)
where Kjy(-, -) is the covariance defined in (6). [ |
The proof of this proposition is provided in Appendix D,
which also contains the proofs of all results stated without
explicit references. Proposition 2, which follows directly from
Lemma 1 combined with (10), shows how we can use d
parallel LTI systems to produce a vector y(t), whose squared
euclidean norm approximates the covariance function of the
GP in (10).
Remark 4. The rate of convergence of the left-hand side of
(12) to the right-hand side is 1/4/r with r = min(d, n.), which
follows by the properties of Monte Carlo integration [44]. W

2. Nonlinear dynamical systems

The use of LTI systems to build a reservoir is not sufficient
to achieve RC universality. We must also include the last
component of the classical Wiener architecture: a memory-
less nonlinearity. Assume we use the vector y(¢#) as input
for the memoryless function f, as shown in Fig. 1. The
output is o(t) = f(yi(t),...,ys(¢)) at each time instant .
Since we do not know f we put a GP prior on it, that is,
f~GP(, Kj(y(t),y('))). Note that, contrary to the previ-
ous case, the kernel has the vector y(¢) as input and it is
memoryless, because the input only depends on the value of
y(t) at time ¢.

Proposition 3. Assume f ~ GP(0, Kj(y(¢), y(t'))) with
either a polynomial kernel [[30], Sec. 4.2]:

Ky(y(@), (")) = o7 (y() y(t') + ¢)*%, (13)
with # = (o7, ¢) denoting the scale and offset hyperparameter
and deg the degree or a squared-exponential kernel [[30], Sec.
4.2]:

1
202
with # = (o, £) denoting the scale and length-scale hyper-
parameter. Then, for a large d and n., we have that, for the

K3(y(t), () = o} exp (— Iy () — y(r’>||2), (14)
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polynomial kernel,

t t deg
Ks(ya),y(r/))w}(/o /0 Ko(t—rl,t/—tz)u(f1)u(fz)dndfz+6> , (1)

or, for the squared-exponential kernel,

, 1 t t
K3(y(),y(t") = o exp <— 2 / / Ko(t — 71,1 — n)u(r)u(n)dtidr,
0 Jo

1 t' pt
- —/ / Ko(t' — 71,1 — m)u(t)u(rr)dtid 1)
2 t pt
+ —/ / Ko(t — 11, 1" — )u(t)u(ry)dtidr, |, (16)
22 Jo Jo
[
where Ky(-, -) is the covariance defined in (6). | where we have for instance used a polynomial readout.

The proof provided in Appendix D specializes the con-
struction given in Ref. [45] to a Wiener architecture.

Remark 5. Proposition 3 shows that an input signal
u(t), when passed through d stable, SISO LTI state-
space models—each differing only in their sampled pa-
rameters B, ') ~ N(0,1//n;), independently for i =
1,...,nyand j =1, ..., d—produces a feature vector y(¢) =
\/Lg(yl (®), ..., va(®))". When this feature vector is used within
either a polynomial or a squared-exponential kernel, the re-
sulting covariance function converges to a deep kernel [31]
in the limit as n.,d — oo, thereby providing a principled
interpretation of reservoir features in terms of reproducing
kernel Hilbert spaces. |

Note that the polynomial kernel is relevant here because,
in Boyd and Chua [21] original proof of RC universality, the
final layer involves a polynomial nonlinearity. However, the
polynomial kernel can also be replaced with other nonlinear
kernels that exhibit better extrapolation properties (such as
the squared-exponential one), that is, kernels whose induced
function spaces generalize more reliably outside the range
of the training data, rather than being dominated by rapidly
growing polynomial terms.

In summary, the previous derivations provide two equiva-
lent ways to achieve such approximation. In the first approach,
we use input-output observations of the system we aim to
approximate

Dy = {u(kA), otk AL,

where A is the sampling interval. Our goal is to learn the
input-output function g from noisy measurements o:
2 .
o(t;) = g(uoy,) + &1, & ~N(@O0,0%), t;=IiA,

where u,, denote the input signal from time O to time ;. We
can estimate the input-output function g of the system using
GP regression with the prior model,

g~g7><0, a}< f / Ko (01, )t — 1)utt’ — 1)
0 JO

deg
xdrld12+c> ), (17)

The second (asymptotically equivalent for d, n, — o0) ap-
proach is through reservoir computing. In this case, instead of
explicitly constructing the above kernel, we set up d stable LTI
systems with random parameters (defined as in Proposition 2).
These physical LTI systems are driven by the input signal u(t)
to produce d outputs y(7). We then use the dataset

Dy = {y(kA), ok AL,

to learn the mapping o(t;) = g(uos,) + & ~ f(y()) + &, as-
suming f ~ GP(0, of(y(t)Ty(t/) + ¢)%2). This latter case is
computationally more efficient as we do not need to explicitly
build the kernel in (17), which requires the computation of an
integral. This integral is instead implicitly computed by the
reservoir. Analytical derivations for the computation of the
Gaussian posterior of f and the GP predictions are provided
in Appendix B.

B. Quantum systems

In the quantum Wiener architecture we propose, classical
SISO LTI systems are replaced with quantum linear dynam-
ical systems. Before introducing these systems in the next
section, we first establish some preliminary notation. Consider
an n-mode quantum system with annihilation and creation
operators d;, Zz’;- for j=1,2,...,n, obeying bosonic commu-
tation relations [&;, a;] = 8k, [, dx] = [Zl}‘f, ay] = 0, where
[a, b] = ab — ba and 6 is the Kronecker delta. The opera-
tors &, a; can equivalently be described in terms of the real
quadrature components (e.g., position ¢; and momentum J;):

b= U e G (18)
V2 ! V2
where ¢ is the complex unit, with equivalent commutation re-
lations: [§;, Pr] = t8jx, [d;, gkl = [P}, Px] = 0. We introduce
the vector

=G G o G B P2 o P, (19

where the superscript r denotes the real quadrature form.
We can then rewrite the commutation relations as

[zz@’ zﬁ'r)] = L(J;Er))ij’ (20)
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where the 2n x 2n is

0 I
(r) _ nxn n
J0 = (—In Om>‘ 1)

Note that, in quantum mechanics, any linear transformation
of the vector 3, that is, 3 = §¥", must preserve the
commutation relat10ns This means that SJ, g = (’) , which
implies that the matrix S must be sympletzc Fmally, observe
that ("(I) (r )T 2{20), V(r)} + (J(r))lj’ where {zl , Z(r)} —

V(’) (r) +z(’) (r) is the anticommutator. We recall that the

J

E(g — E(g)))?

" _
¢ (;E({c;l —EG@G).

Then the matrix Q) + £J{" is positive semidefinite if
det(Q") + £J%)
=E@G — E@))VE@ — Ep))
— (YEdd —E@), pi —E@DD)’ — 1 =0,

which corresponds to the uncertainty principle. This is a first
key difference between classical and quantum systems: The
Hermitian matrix Q) + £J" must be positive semidefinite;
the positive semidefiniteness of Q") alone is not sufficient.

1. Linear quantum dynamical systems

Now we will focus on linear quantum dynamical sys-
tems. The Hamiltonian of a quantum linear system is at most
quadratic in terms:

1 M M 1
—y©f 1 2 \x(0) _ Zx(©ipylc)
H = 2 (M* MT)Z = 2z Mz,

x(c v v v v v N
Where z(c) = (al ay . e [25% a’f a; e a*) ,

n
which specifies the dynamics of the harmonic oscillators,
with My, M, € C™" and M = M'. We assume that the
harmonic oscillators are coupled to s distinct external
quantum boson fields. The coupling between the harmonic
oscillators and the input bosonic quantum fields is linear,
taking the form (N N2, Ny, N, € C*". Prior to
interacting with the quantum system, the input fields may
be processed by static devices, such as beamsplitters or
phase shifters. This is modeled by a unitary scattering matrix
S € C***. In the Heisenberg picture, the joint dynamics of the
harmonic oscillators and the quantum fields are described by a
system of quantum stochastic differential equations (QSDEs)
[47]. These can be equivalently represented as a quantum
state space (QSS) model, expressed in the real-quadrature
coordinates 3" =(qd1y---»qns D1y -+ ﬁn)T as [48]

dz7 @) = AP dt + LY (ut)dt + dw' (1)),  (22)

dy" ) = CP3V1)dr + DV ut)dt +dw (1)),  (23)

—E@oh

expectation value of any observable o6 with respect to
a density operator p is defined as E(0) = Tr(po). We
can then define the expectation of the vector of observ-
ables £ as E(Z")) = Tr(pz"), applied element-wise to
the elements of ¥, Similarly, the covariance matrix is
defined element-wise as EE"” — EG”NE"Y —EE")T =
;Tr(,o{i(') ]E(E(r)), x(r) E(E(r))}) 4 ZTr(pjrgr)) — Q(r) +
%J,E’). Therefore, this implies that a real symmetric positive-
definite 2n x 2n matrix Q) is a bona fide (quantum)
covariance matrix if and only if the Hermitian matrix Q) +
£J{" is positive semidefinite [46]. For instance, for n = 1, we
have that

1E{d — Egn), p1 — E@DD
E(p) — E(p1))? '
[
where
v _ (Re(S) —Im(S)
b (Im(S) Re(S) ) @4
¢ _ (Re(N1 +Nz)  Im(=Ni + N,)
¢ (Im(M +N) Re(Ni —No) ) )
L") = _C(r)ﬁD(r)’ (26)
AP = Im(M, + M) Re(M, — M,)
- —Re(M1 +M2) —Im(—Ml +M2)
_ l ) ()
2C cY, 27

where Re denotes the real-part, Im is the imaginary part, the -
adjoint of a matrix X € R**?" is defined as X* = —J"XTJ"
with J") defined in (21), u(t)dt + dw"(¢) is the vector of the
s external input fields with %" (r) being a quantum Wiener
process satisfying the Ito relationship, dw”()dw " (1) =
0"+ %JS(’), and " (¢) is a vector of the output fields pro-
duced by the interaction of quantum harmonic oscillators and
the external input fields. It can be proved that the system
matrices A, L"), C") satisfy the following physical realiz-
ability conditions:

AVJD + JPOADT L LOJOLOT = 0, (28)
JOLY +cVTyODY = 0, (29)
DV jPpIT — J = 0. (30)

Contrarily, we can also prove that for any system matrices
AW LW c DM satisfying the physical realizability con-
ditions, gives rise to a valid QSDE. That is, the QSS can be
physically realized by a genuine quantum-mechanical system.
This also ensures that the fundamental commutation rela-
tions are preserved during temporal evolution [for instance,
the commutation relation " (1 )¥"” 7 (1) — P )" T 1t)T =
2912 (1) — G (10)2 T ()T will hold for each r > 1o,
see Ref. [48] for the other preserved commutation relatlons].
Remark 6. This is a key difference between classical linear
dynamical systems and quantum ones. In the latter, the sys-
tem matrices A, L™, C™ D) cannot be chosen arbitrarily,
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which consequently imposes a limit on universality and must
be taken into account when designing QRC. ]

Remark 7. In (22)—(23), we could alternatively include the
input u(t) as a classical signal, for example a photocurrent.
However, we do not do so here because we want to consider
the more general case in which the input is quantum, for
instance, the amplitude of an input laser. This ensures that
the quantum linear network is fully quantum, while only the
readout layer will be classical in our qWiener architecture. ll

Finally, we recall the following:

Definition 2. [47,48] A QSS is said to be completely pas-
sive if M> =0, N, = 0, Re(M;) = Re(M,)", and Im(M,) =
—ImM))". [ |

In quantum reservoir computing, understanding the real-
izability of quantum linear systems is crucial. A completely
passive system has a quadratic Hamiltonian and linear
couplings, generating no energy and requiring no active el-
ements and can be implemented using only passive optical
components.

2. Quantum Kalman filter

The temporal evolution of an open quantum system un-
der continuous (weak) measurement is described by the
quantum Kalman filter. By denoting the density operator of
the measured system with p,(¢) and redefining TG =
Tr(,bm(t)ﬁ(r)). Note that, before measurement, p(0) = p,,(0).
We consider a homodyne detection of the first quadrature. We
can rewrite the stochastic evolution of the observed system
(22) and (23) as the quantum Kalman filtering equation [48]:

dm ") = A7, G ydr + LDu(t)dt + Gdv, (1),  (31)

dygm(t) = C"m,Z")dt + D\ u(t)dt
+ (DYDY T)dv, (1), (32)

where y,,(t) is the measurement output vector of the
first quadratures of the output field obtained by the ho-
modyne detector, C;’) =, 0,)C", Df;) =D, 0y,
G, =V,C'T + LYQVDYT, and the covariance matrix V
satisfies the Riccati differential equation:

. -1
V, = A(r)V, + V,A(r)T —l—L(r)Q(r)L(r)T -G, (Dl(Ir)Dl(ir)T) GIT’
(33)

and

t
r r -1 r »(r
vm=wbﬁ)@m%f@%wh
0

+ Df]’)u(t))dr>

is the so-called innovation process of the quantum Kalman
filter. Note that v,(¢) is a classical standard Wiener process,
E[v,(t)v,(t")"] = min{t, t'} ba.

We recall the following definitions. For the system (1) and
(2), the matrix pair (A, B) is said to be stabilizable if there
exists some matrix R such that A — BR has all eigenvalues
with strictly negative real parts. The matrix pair (A, C) is said
to be detectable if there exists some matrix R such that A — RC
has all eigenvalues with strictly negative real parts.

Given (31) and (32), if the pair (A", C") is detectable and
(AD, LW Q/20) is stabilizable, then the quantum Kalman
filter converges to a unique steady state [[49], Sec. 8.5], whose
covariance V,, is given by the solution of

0= A(V)Voo 4 VooA(r)T + L(V)Q(V)L(V)T

~ G(DDYT)T'GL. (34)

Remark 8. (1) It is important to notice that, in (31) and
(32), the impulse response between the input u(¢) and the
output y,,, is simply the restriction to the first quadrature of
the impulse response of the system (22) and (23). Therefore,
by filtering out the contribution of the noise v, into y,, (in-
duced by the continuous weak measurement), we reduce to
the deterministic part of the system (22) and (23).

(2) It is important to notice the particular form of the
Kalman gain G, = VooCVT 4+ L0 DT, where the sec-
ond term is due to the common noise in the two equations in
(22) and (23) (see for instance Sec. 8.4 in Ref. [49]). This
means that the Kalman gain can be zero even when the term
VoGC(’)T is not zero. [ ]

We illustrate the second remark above by proving an im-
portant case in which G, = 0.

Theorem 1. Assume Q) = %Izs, which is the covariance
of the vacuum, D) = I, n = s, the matrix A"’ has eigen-
values with strictly negative real parts, the pair (A", C{")
is detectable and (A", L Q/2") is stabilizable and assume
that the QSS (22) and (23) is completely passive. Then the
asymptotic Kalman gain G, = 0. ]

This case is important because it implies that, for large ¢,
there is no noise in the dynamic equation (31), since G, =
G5 = 0. In other words, the weak measurement does not
disturb the dynamics of the QSS. We will exploit this result
in the qWiener architecture in the next section.

III. MAIN RESULTS

We derive our QRC framework based on a quantum Wiener
architecture. This consists of a layer of d QSS models, each
continuously monitored via homodyne detection. The d mea-
sured outputs are then fed into a classical GP model that
constitutes the final memoryless nonlinear layer of the Wiener
architecture.

First, we consider a network of d one-dimensional
quantum harmonic oscillators connected together via concate-
nation product [50]. This will allow us to understand the
difference between classical and quantum linear dynamical
systems in terms of impulse response.

Second, we will show that we can build a quantum lin-
ear dynamical system with any predefined impulse response,
proving their universality.

A. One-dimensional quantum harmeonic oscillator

Consider the generic QSS model in (22) and (23). Assume
that n = 1, i.e., a single degree of freedom, so that the state
reduces to ¥ = (G1, P1)". We can then prove the following

result.
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Lemma 2. The state space matrices of a n = 1 degree-of-
freedom linear passive QSS with s inputs are

w_( -k ReMy)
A? = <—Re(M1) —A ) (33)
n _ (ReN1) —Im(Ny)
= (Im(zvl) Re(N)) ) (0
Lo _( Re®WDT  Im(VpTY(Re(S) ~Im(S)
T \=ImV)T  Re®V)T J\Im(S) Re(S) )
37
»_ (Re(S) —Im(S)
DY = (Im(S) Re(S) ) (38)

where A = %(Re(Nl YTRe(N;) + Im(N;) "Im(N;)) and the im-
pulse response is

([ —cos(wt) —sin(wt)
h() = (e ’ ( sin(wt) —cos(a)t)> ®A (39
+1ho0) Gﬁg; ;;;‘gg)) (40)
with A = Re(N;))Re(N;)T + Im(N)Im(N;)T, @ = Re(M)),
and Re(S)? 4+ Im(S)? = 1. [ |

The impulse response is a matrix h(r) € R**% as the di-
mension of the input and output is 2s. We then specialize the
result to the case where the dimension of the input quantum
fieldis s = 1.

Corollary 1. Assume that the dimension s = 1, Re(M;) =
—w, Re(Ny) = a, Im(N;) = B, and S = s1 + 153, with s% +
55 =1, where o, B, w, s1, and s, € R, and then

ll2+ﬁ2
A(r)z <_ 2 a_ZwZ >’ (41)
A
n_ (a2 BY(s1 —s
L _(—ﬁ —a)(sz 1 )’ (42)
»n_ (o« —B
= 7) “
ry _ [S1 —%2
b= <S2 §1 )’ (44)
and
_ 2 2y —Li+p?) [ — cos(wt) sin(wt)
h) = ((a e )(—sin(a)t) —cos(wt))
+128<r)> (j; ‘Sf2>. (45)
|

This is an impulse response for a system with a two-
dimensional input u(z) and output y(¢). Note that, without loss
of generality, we can choose 8 = 0.

To realize our quantum Wiener architecture, composed of
n. one-dimensional harmonic oscillators, we construct the
system by concatenating the harmonic oscillators with state
matrices defined in (41)—(44), using the concatenation product
[50]. The concatenation product simply assembles the dif-
ferent components together, without making any connections
between them. Consider n, harmonic oscillators with parame-
ters {o;, w;, si1, SiZ}?;l , their concatenation product is obtained

by setting M; = diag(wy, ..., w, ), Ni = diag(a;, ..
and S = diag(sy; + tS12, .- ., Sn.1 + LSy2).
Proposition 4. Consider the QSS obtained by the concate-
nation product of n, harmonic oscillators with parameters
{a;, w;, si1, s,-z}l'.‘;l. Assume that we measure the first quadra-
tures gi, ..., q, of the state and then sum the measured
outputs. Denote this sum by J,,(t). Moreover, assume that

Oy ),

the 2n.-dimensional input u(z) = (1, O,,(_)Tu(t) for some
scalar input u(f), and then the SISO input-output impulse
response [between u(r) and ¥,,,(t)] is

ne N

R() =Y afe™ ™ (—si cos(wit) + s sin(ir) + s (1),
i=1
(46)
N

The feedthrough term s;,8(¢) can be disregarded, since the
input u(¢) can always be fed directly into or removed from the
input of the readout layer.

Remark 9. By comparing (46) with (4), we can notice two
major differences in the quantum case: (i) the multiplying
scalar ozl-z and (ii) the variables s;;, 5;» are constrained to have
unit norm. These differences follow from the physical re-
alizability constraints (28)—(30). These constraints limit the
expressivity of quantum linear networks for reservoir comput-
ing, as their parameters cannot be freely chosen. |

The quantum system in Proposition 4 is completely passive
and, therefore, it can be realized using only passive optical
components like phase shifters, beam splitters, and mirrors.
Since it is completely passive, from Theorem 1 it follows
that the dynamics of the measured system is deterministic and
the noise only affects the measurement equation (32), which
implies that

t
Fyn(0) = / i — Du(r)dr + 1L DD, v, (@7)
0

where h(r) is defined (46). This is important because it implies
that the weak measurement does not disturb the dynamics
of the QSS. Filtering out the static noise in (47) is quite
straightforward.

1. Limit kernel

The results in Sec. IT A exploit the Gaussianity and inde-
pendence of the coefficients {8, yi}i<, (given {a;, w;}i,) to
show that A(¢) is GP distributed.

However, note that, due to the unit-norm constraint sizl +
sfz =1, the coefficients {Si],S,‘Q}:’;l in (46) cannot be Gaus-
sian distributed. For instance, if we assume that s;;, s;» are
independently Gaussian distributed with variance 1/« with
k > 0, then conditioned on s}, + s3 = 1, their distribution
is von Mises (s, s2)" ~ VM(%, kl) (see Appendix C for
details about the von Mises distribution).

We will now consider another way to derive results similar
to Lemma 1 and Proposition 1 in Sec. Il A. By exploiting the
central limit theorem (similarly to what was done in Refs.
[51,52] for neural networks), we will show that the corre-
sponding stochastic process converges to a GP in the limit as
ne — 00.

Theorem 2. Assume that the parameters al.z, w; are sam-
pled from do(a?, ) independently for i=1,...,n, and
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(sl({), g))T ~ VM(% 2 , k) independently for i =1,
and j=1,...,d. Deﬁne

h; (t)—Za e_’%t (/)—ml)cos(w,t)

+ (s,@;) — my) sin(w;t)), (48)
where man[s,l]zrl/\/i for n=1,2. Since ﬁj(t) is
the sum of zero-mean independent random variables

[that is, the terms a?e™ ( (s(’) —ml)cos(a),t)+(s(’)
my) sin(w;t)) for i = 1 ., n¢], from the central limit theo-
rem, it follows that, as n, — 00,

fl‘ t 1
N ( i )) TGP, Ky(t, 1)), (49)
C
where
, 14y —2r2 o o0 4 _d2aw) f
Ky(t,1') = —5—+ a*e” 7 cos(w(t — 1))
—o0 JO

x pp(a?, w)da’dw, (50)
ry = Ly(k)/Zo(x ) with Z,, (k) being the modified Bessel func-
tion of the first kind of order n. |

i Theorem 2 shows that, for large n., each jth term is
h,-_\/i? ~ GP(0, Ky(t,t')). This is the equivalent of Lemma 1 for
quantum harmonic oscillators.

Now consider the deterministic part of (47), that s, ¥;(t) =
fot 71_,- (t — t)u(r)drt, and observe that, for large d,

1 d
Fi0 =500 = 2 5,0

J=1

r Qe -t A
%/0 Zai e )((SE{) — my) cos(w;(t — 1))

— (s9 = my) sin(wi(r — v)))u(r)dr,

where m; = E[s1] = rl/\/_ and my, = E[sy] = rl/«/z (see
Appendix C for details about the von Mises distribution).

Proposition 5. Define y(t) = ﬁ(yl(z), o, Ja@)T, and
then we have that for large d and n., '

t t
vy Oy~ / / Ko(t — 71, — m)u(t))u(r)dt1d 1),
o Jo

(1)

where Kjy(-, -) is the covariance defined in (50). |

This result is the analog of Proposition 2. The rate of
convergence of the left-hand side of (51) to the right-hand side
is 1/4/r with r = min(d, n.), which follows by the properties

of Monte Carlo integration.
2

Corollary 2. Assuming that do(a?, w) =

(w2+ )
Unif(a?; oy, otpr), then we have

Ko(t,t)
@\ _—ant —ayt ay
(l +ant+ 3 )e mt — e (1 +aut + % ) (52)
2T3(aM - am) ’
where T = max(¢, ). [ |

Remark 10. Corollary 2 extends Proposition 1 to the quan-
tum case It is important to emphasize the difference between
the kernel in (52) for the quantum case and the standard
integrated tuned-correlated kernel in (8). The former includes

the fractional polynomial terms (1 + a,,
larly for ay), while the latter only contains the term 1/7.
Again this difference follows from the physical realizability
constraints (28)—(30), which introduce the term &2 in (46) and,
consequently, a* in (50). For large values of 7, the two kernels

converge. For small 7, the polynomial term 1 + a,t + “%';2
behaves similarly to the polynomial term that appears in the
impulse response of a system in Jordan form (specifically, in
the case of a LTI system with a complex-conjugate pair of
eigenvalues of multiplicity three). Therefore, paradoxically,
the physical realizability constraints (28)—-(30) seem to in-
crease the expressivity of the RC when the distribution of
randomized parameters is suitably chosen. We will investigate
this aspect in future work. |

The difference between the kernel (8) and (52) is the main
difference between the classical and the quantum Wiener
architectures. Indeed, the kernel (52) determines the deep
kernel of this qWiener architecture. Therefore, by adding
the last component of the qWiener architecture, that is, the
classical memoryless nonlinear readout layer, we obtain a
deep kernel similar to that derived in Proposition 3, the only
difference being that Ky(-, -) is now the covariance defined
in (52).

The quantum Wiener architecture, obtained by concate-
nating d quantum harmonic oscillators, performing weak
measurements of the first quadratures, and passing the out-
put to the readout layer, is depicted in Fig. 2. To obtain
the deterministic component of (47), denoted by ¥;(t), we
can repeatedly pass the input signal u(z) through the jth
quantum harmonic oscillator a total of Npes times and
then average the resulting output signals. This averaging
is standard in reservoir computing, see for instance Ref.
[27]. In Fig. 2, the normalization layer removes the mean
%Z(jﬁ ¥;(t) from each §;(t) and applies standard scaling
to ensure numerical stability during the final layer’s fitting
process.

B. Universality of quantum Wiener architectures

To prove that gWiener architectures can realize general
SISO LTI blocks, we need to show that a QSS can implement
any impulse response of the form A(t) = Ce*’B + D5(t) for
arbitrary matrices A, B, C, D. Note that, without loss of gen-
erality, we can assume D = 0 since, in an RC architecture, we
can always provide u(¢) as an input in the last layer.

It is important to observe that we cannot directly set A" =
A, L") = B, and C) = C, because physical realizability con-
straints (28) and (29) do not allow arbitrary choices of the
matrices A, L), C"). However, these constraints only im-
pose conditions on the matrix elements relative to the state
variables ¢;, p;, and not, for example, between ¢; and ¢;.
Therefore, in the following, we will show that one way to re-
alize any desired impulse response is to embed its realization
in the subsystem associated with the components of the state

41,~-~,67n(0flv71,-~-,lv?n)~
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{sﬁ{),sg)}i:h__m ~ VM (%,H[z)
j=1,...d

{a?’wi}izl ..... ne ¢o(a”,w)

Ze ()%t g1t yu(t
> > (a)?e” 2 (sg) sin(wit) — s; cos(wit)) ®) > l(i
i=1
o
5]
ne (a2t ) 72(t) g |v2(t) o(t)
> Z(ai)Qe_ 2 (sfg) sin(w;t) — s;7 cos(wlt)) > '% e GP(0,K3(y(t),y(t))) —>»
u(t) — i=1 g
5
Z
ne (o)t ga(t Um (t
> S (ai)?e” 2 (sgg) sin(w;t) — s ‘li) cos(wit)) Gatt) > Y (:)
i=1

FIG. 2. Quantum Wiener architecture obtained by concatenating d quantum harmonic oscillators.

Lemma 3. Consider the quantum linear system:

r A OVIXVI
A — <On><n p > (53)

r C(r) O1 n
" = (ollxn an), (54)
L0 — Jr(lr)c(r)TJv(r)’ (55)
DY) = I,. (56)

IfZ=-AT — Cl(r)TCz(r), then the system is physically realis-
able, that is, it satisfies (28)—(30), and the impulse response
is

_ " LA ~(N)T
h(t)=< CeMCy 0

0 _Cér)eZ[Cl(r)T> + D6 (t).

]

From the above lemma, it can be noticed that, by setting
C"” = —C and C{” = BT, the restriction of the impulse re-
sponse to the first component of the input and output leads to
the impulse response Ce B + §(t). Therefore, we have shown
that any SISO transfer function can be realized. As noted
earlier, in RC the feedthrough term §(¢) can be disregarded,
since the input u(¢) can always be fed into or removed from
the input of the readout layer.

Observe that, in RC, the matrix A is assumed to have all
eigenvalues with strictly negative real parts. However, since
the matrix Z = —A" + C"B" includes the term —AT, the
matrix Z is not, in general, guaranteed to have eigenvalues
with strictly negative real parts. This implies that the resulting
QSS could be unstable in general. This is problematic, as
the corresponding QRC could then produce an unbounded
output, which is physically unrealizable. In what follows, we
show that, by suitably choosing the matrices C\”, C{”, we can
ensure that this does not occur.

Theorem 3. Assume that C” = RT —CT)', ¢ =

(B O,lxl)-r and then Z=—-AT —R'BT = (—A — BR)T,
where R € R, The impulse response is as follows:

—Re'B 0 0 0
CeB 0 0 0

h(t) = 0 0 _BTeZtRT BTeZlcT + 148(t)
0 0 0 0

Assuming that the matrix (B, AB, A’B, ..., A" 'B) has rank
n, then we can always find R such that Z has eigenvalues with
strictly negative real part, so that the QSS (53)—(56) is stable.

]

The restriction of the impulse response to the second com-
ponent of the output and the first component of the input is
Ce"B 4+ §(t). In summary, we have shown that a QSS can
realize any transfer function. The rank assumption in Theorem
3 is standard in control theory. The matrix R can for instance
be determined by solving a linear-quadratic Gaussian control
[53] problem with arbitrary weighting matrices.

We note that the quantum linear dynamical systems consid-
ered in this work are naturally described within the quantum
input-output framework of open quantum systems [54,55]. In
this framework, system dynamics are driven by input field
operators and give rise to corresponding output fields that en-
code the system response. The underlying continuous-variable
systems can be implemented using common quantum optical
components such as cavities, propagating bosonic fields, beam
splitters, and homodyne detection and thereby providing a
natural route to experimental realization of our framework.

Here it is important to note the following:

Corollary 3. The QSS described by (53)—(56) is not com-
pletely passive. |

This implies that this system requires external driving (e.g.,
an external pump beam) to implement.

Since the QSS is active, when a weak measurement is
performed on it, the system evolves according to (31) and
(32). In this case, the measurement backaction introduces
stochastic contributions to the system dynamics, which needs
to be properly accounted for.

To mitigate the effect of measurement-induced noise in the
measured system (31) and (32), we pass the input signal u(t)
through the network Ny, times, average the outputs, and then
feed this averaged result into the readout layer.

IV. CONNECTION TO PREVIOUS WORK

The work [7] proposes a network of interacting quantum
harmonic oscillators acting as the reservoir for RC, with
springlike interaction strengths g;;. The Hamiltonian of such a
system is described in terms of the Laplacian matrix V =V T
having elements V;; = 8;; >, gix — (1 — &;;)g:;, where §;; is
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the Kronecker delta. The resulting Hamiltonian is

4" (G, + V)i +i7Tir
2 2’
»qvng)—r7 and Gw:

where p= (P1,...,pn) s §=(g1,...

diag(wi, ..., w,,) with w; > 0. This leads to the differential
equations
dq
— V’ 57
7 =P (57)
dp
— =—(G, +V)q. 58
7 (Go +V)g (58)

In Ref. [7], the input is injected into the network by resetting
at each timestep the state of one of the oscillators. Instead of
modeling the input by ancilla resets as in Ref. [7], we use an
equivalent linear QSS representation where the input couples
through an external field as discussed in Sec. II B 1. Assume
without loss of generality, we use the first harmonic oscillator
g1, p1 to inject the input. By defining the matrices M, M,, N;
as follows:

My = 3(Go+1,,+V), (59)
My = 5(Go = I, + V), (60)
Ny = (a1, 0,...,0), (61)
and N, = 0, we obtain the QSS matrices:
_ el I
A — 2 ¥1%1 az’h , (62)
-G, -V —Feel
e 0 T
(r) _ 1 ng
CY"' =a <0ns e1> , (63)
D) = <Slel _Szel)’ (64)
$2€1 s1€1
L) — C(r)ﬁD(r)’ (65)

where e; is the first element of the canonical basis of R™
and s% + s% = 1. Note that, for a; = 0 (no input), the matrix
A" coincides with the state matrix defined by (57) and (58).
It is interesting to note that this proposed quantum linear
system has a very particular structure for its dynamics and
we do not know if this structure can represent any linear
dynamics, which is necessary for universality of the cor-
responding qWiener architecture. Conversely, our approach
achieves universality as proven for the system in Sec. III B.
Additionally, in the numerical experiments, Ref. [7] sets @ =
0.25 and selects random interaction strengths g uniformly
distributed in the interval [0.01,0.19] and argues that this
breaks symmetries and favors a spectral radius p(A) < 1.
Reference [7] does not provide an analysis of the statistical
properties of the resulting reservoir to justify the choice of
the uniform distribution. In the present work, we go beyond
such a heuristic for the case of the qWiener model, e.g.,
by explicitly expressing the limit kernel in Sec. III A 1 and,
therefore, justifying the choice of the distribution do(a®, w) =
(% /(e (@? + ) Unif(a; o, n).

Finally, Ref. [7] discusses additional nonlinear capabili-
ties obtained by varying the input encoding of the coherent

ancillary state from amplitude to phase. This type of model—
comprising a nonlinear transformation of the input, a bank
of SISO LTI systems, and a static nonlinearity in the readout
layer—is known as a Hammerstein-Wiener model. In the fol-
lowing numerical experiment, we assume that the amplitude
of the ancillary state is equal to the input itself, that is, no
nonlinear transformation is applied at this stage. Note that
nonlinear transformations of the input can be incorporated
both in the model in Ref. [7] and in our proposed models.

V. NUMERICAL EXPERIMENTS

In this section, we compare the Laplacian-based architec-
ture proposed in Ref. [7] and illustrated in Sec. IV, which we
refer to as LgW, with the qWiener architecture obtained by
concatenating harmonic oscillators, as presented in Sec. IIT A,
which we refer to as HgW. Differently from Ref. [7], for
both LqW and HqQW we use a squared-exponential kernel
in the readout layer (instead of a polynomial nonlinearity).
This choice eliminates the need to select the order of the
polynomial and also provides better extrapolation properties
(the results obtained using a polynomial nonlinearity in the
readout layer are reported in Appendix E for comparison). For
LqgW, in all the experiments, we select the parameters of the
quantum linear network as w = 0.25, g;; ~ Unif(0.01, 0.19),
and a; = 5. We tried different combination of the param-
eters but the performance did not change significantly. For
HqgW, in all experiments, we selected a,, = 0.01, ay = 20.
For comparison, as a baseline, we also include a classical
echo-state network (ESN) [1] consisting of 200 neurons (spec-
tral radius 0.95), that is, a classical RC based on a recurrent
neural network. We use this ESN network only as a reference
performance benchmark, as our main goal is to compare our
qWiener architectures with LqW. As benchmark problems, we
consider the following three dynamical systems [56].

(A) Parity check. The parity check task is a nonlinear tem-
poral benchmark used to assess a model’s ability to retain and
combine past input symbols in a nonlinear way. Given a binary
input sequence u, € {0, 1}, the target output is

= mOd (Zuf—l’2>7
=0

that is, the parity (even or odd) of the last T input bits. As
input, we use a pseudorandom binary sequences (with proba-
bility p = 0.5). Note that the parity task was also considered
in Ref. [7].

(B) NARMA 10. The nonlinear autoregressive moving aver-
age task is widely used to test nonlinear dynamical modeling
and the balance between memory and nonlinearity. For
NARMAI1O, the target output is as follows:

9

¥+ =0.3y,-1 +0.05y,_, ZYt—l—i + L.5u;_you;—1 + 0.1,
i=0

where u, is drawn from a uniform distribution in [0, 0.5]. The
task requires both long memory and nonlinear interactions
between past inputs and outputs.

(C) Delay. The delay task quantifies how much information
about past inputs a model can retain. Given an input u,, the
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TABLE I. For each benchmark, in the first row we report the median RMSE for (i) the classical RC ESN, (ii) the QRC LqW, and (iii) our
QRC HqW. The second row includes the 25th and 75th RMSE percentiles between square brackets. The number between brackets after the
name of the model is relative to the number of harmonic oscillators in the quantum linear network.

RMSE ESN LgW(8) HqgW(8) LgW(16) HqgW(16) LgW(24) HqgW(24)
Parity(r = 2) 0.056 0.0024 0.00099 0.0036 0.00093 0.0039 0.00085
[0.053,0.059]  [0.0016,0.0031]  [0.00087,0.00108]  [0.0023,0.0051]  [0.00070,0.0010]  [0.0027,0.0072]  [0.00071,0.00091]
Parity(t = 4) 0.67 0.0109 0.0129 0.0210 0.008 0.0290 0.006
[0.61,0.84] [0.0084,0.0259] [0.0064,0.0288] [0.0173,0.0462] [0.0036,0.0167] [0.0195,0.0388] [0.0037,0.0114]
NARMAI10 0.042 0.109 0.079 0.109 0.062 0.113 0.060
[0.039,0.043] [0.101,0.121] [0.070,0.089] [0.099,0.120] [0.064,0.081] [0.111,0.121] [0.056,0.067]
Delay(t = 2) 0.026 0.0032 0.0018 0.0041 0.0017 0.0043 0.0017
[0.024,0.031]  [0.0027,0.0043] [0.0016,0.0030] [0.0031,0.0053] [0.0014,0.0021] [0.0035,0.0066] [0.0015,0.0019]
Delay(t = 4) 0.096 0.50 0.037 0.50 0.027 0.50 0.017
[0.093,0.099] [0.497,0.502] [0.022,0.067] [0.498,0.502] [0.017,0.028] [0.499,0.503] [0.013,0.024]

target output is a delayed version of it,
Ve = U—z.

As input, we use a PRRBS sequence (with probability p =
0.5).

In all experiments, we selected a sampling step A = 0.01.
Furthermore, we fixed Q(’) = %]25, which is the covariance of
the vacuum, and, therefore, to filter out the effect of noise
in the measured quantum linear network, we pass the signal
through the network Ny, times, average the outputs, and
then feed this averaged result into the readout layer. This
is standard in reservoir computing, where Npeas € [10%, 1097,
see for instance Ref. [27]. In this paper, we consider two cases,
Npeas = 1.5 x 103 (reported in this section) and Nyeas = 500
(in Appendix E).

Table I reports the median of the root mean square error
(RMSE) (averaged over the test set) computed over 20 Monte
Carlo repetitions. In each Monte Carlo repetition, a time series
of length 1000 is generated for the benchmarks described
above, using different realizations of the random input se-
quence u,. The first 800 points are used for training, while
the remaining 200 points are used to compute the average
RMSE. For each benchmark, in the first row, the table shows
the median RMSE across the 20 repetitions for three models:
(i) the classical RC ESN, (ii) the QRC LqW, and (iii) our QRC
HqgW. The second row includes the 25th and 75th RMSE per-
centiles between square brackets. In the top row, the number
between brackets after the name of the model is relative to the
number of harmonic oscillators in the quantum linear network.
In particular, for HQW, we have considered the dimensions
d = n. € {8, 16, 24} using the architecture described in Fig. 2,
while, for LqW, n, € {8, 16, 24} and we measured the first
quadratures of the state of the reservoir resulting in d = n.

It can be seen that our method, HqW, outperforms LqW
practically across all benchmarks when using the same num-
ber of harmonic oscillators. Moreover, the RMSE of HqW is
typically half that of LqW, or even lower. Contrary to what
one would expect from a RC architecture, the performance of
LqW does not generally improve as the number of harmonic
oscillators increases; in fact, it often deteriorates, because
the additional oscillators alter the system dynamics in a way
that degrades performance (in Ref. [57], which considers a

different architecture, this issue appears to be mitigated). In
contrast, a key advantage of our method is that we have proven
that its performance improves as the number of oscillators
increases, since the covariance converges more closely to the
limiting kernel, thus increasing expressivity. Our method also
generally outperforms the ESN (with 200 neurons). This is not
surprising, as a standard ESN cannot reliably solve tasks that
require large values of t and, in particular, struggles with the
parity task [58].

Figure 3 shows the prediction on one of the test sets of the
Monte Carlo simulation for the NARMA10 benchmark: The
true-signal is in gray, HQW(24) in orange, LqW(24) in green,
and ESN(200) in blue.

A. Exploiting universality

In this section, we demonstrate how to exploit the uni-
versality of the qWiener architecture (proven in Sec. III B)
to implement a QRC with long-term memory. In RC, a key
determinant of performance is the memory capacity, that is,
the ability of the system to retain information about past
inputs. Consider the delay task

y(t) =u —1),

which requires perfect recall of the input T time units in the
past. This can be written in convolution form as

y() = /00 8(t —s—t)u(s)ds,

[e¢]

where the impulse response of an ideal delay is the shifted
Dirac delta h(t) = §(t — 7).

The Laplace transform of this impulse response is H(s) =
e 57 Its transfer function e~*7 is not a rational function. Thus,
an ideal delay is an infinite-dimensional system and cannot be
realized by any finite-dimensional LTI dynamical system. The
solution proposed in Ref. [33] is to employ a Padé approxima-
tion to find a rational approximation of the delay operator by
replacing

i Puls)
e ~ s
On(s)
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FIG. 3. Prediction on a test set for the NARMA10 benchmark: True signal is in gray, HQW(24) in orange, LqW(24) in green, PadeqW(14)

in red, and ESN(200) in blue.

where P, and Q, are polynomials of degrees m and n, re-
spectively (with m < n). This rational approximation can be
implemented exactly by an LTI system. Moreover, as a RC,
this design realizes a computational basis corresponding to
orthogonal Legendre polynomials [33]. This is important be-
cause using orthogonal basis functions provides a principled
alternative for constructing RCs, compared to the traditional
approach of using randomized basis functions (which we used
for our HqQW).

In this section, we fix n = 8 and m = 7 and use the con-
trollable canonical form to derive the matrices A, B, and C of a
classical LTI system. We then apply Lemma 3 and Theorem 3
to derive the QSS that implements the impulse response Padé
approximation of the delay.

We repeat these steps for different delays T = kA with k =
1,2,...,14. This allows us to obtain a qWiener architecture
with 14 linear networks, which we denote as PadeqW(14).
The performance of this QRC are reported in the Table II
together with the performance of HQW(24) from the previous

table for comparison. This shows that the system achieves
practically zero error on the delay (tr = 4) tasks, as expected
since its memory is T = 14. It also attains a very low RMSE
on the NARMAI0 task. Figure 4 shows the prediction on the
same test set of Fig. 4 for PadeqW(14), showing the improved
performance.

TABLE II. Median and [25th,75th] percentile RMSE for our
QRC HqW(24) versus our QRC PadeqW(14).

RMSE HqW(24) PadeqW(14)
Parity(r = 4) 0.0060 0.0058
[0.0037,0.0114] [0.0042,0.0129]
NARMAI10 0.060 0.044
[0.056,0.067] [0.041,0.049]
Delay(r = 4) 0.017 0.0012

[0.013,0.024]

[0.0011,0.0013]
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FIG. 4. Prediction on a test set for the NARMA10 benchmark for HQW(24): The mean is the orange line and the orange-shaded region is

the 95% credible interval.

B. Implementation

The source code to run the experiments in the manuscript
was implemented in Python and is available.

VI. CONCLUSIONS

In this work, we have derived a quantum version of the
Wiener architecture for RC. This architecture consists of a
quantum linear network followed by a weak measurement and
a classical static nonlinear readout layer. We have proved that,
although the quantum dynamics impose constraints on the
parameters of the quantum linear network, the universality of
the architecture can still be guaranteed. Additionally, we have
shown that the qWiener architecture can be obtained by con-
catenating simple harmonic oscillators and using only passive
optical components such as phase shifters, beam splitters, and
mirrors. To prove universality of the architecture, however,
we use an alternative structure which requires active optical
components. Finally, through numerical experiments, we have
verified that our quantum-RC achieves very high performance
on standard benchmarks for RC. ]

In this paper, we have established the universality of the
qWiener architecture. However, it remains an open question
what advantages it might offer (beyond the inherent high
dimensionality of quantum systems) over the classical Wiener
architecture, which is also universal. One possible research
direction is to explore quantum-RC architectures consisting
of additional layers (deep) but where the weak measurement
occurs only before the readout layer. This would allow a
deeper exploitation of the quantum features of the system and
extend the classical deep Wiener architectures proposed in
Ref. [59] to the quantum case. Finally, we have not explicitly
emphasized that our proposed architecture is Bayesian, due to
the Gaussian processes used in the final readout layer. This
provides, at no additional implementation cost, a principled
quantification of uncertainty, as shown in Fig. 4. We believe
this aspect is particularly important for reservoir computing
architectures, which can often exhibit larger prediction errors
due to their random initialization. As future work, we plan
to compare our uncertainty quantification with that obtained
from fully trained classical networks, such as those considered
in Refs. [60,61].

DATA AVAILABILITY

The data that support the findings of this article are openly
available [62].

APPENDIX A: VOLTERRA SERIES

A system can be defined as a map between an input signal
u(t) and an output signal y(¢), that is, y(t) = Mx(t), where M
is a (system) operator from the input to the output function
space. The system operator is typically assumed to be time in-
variant and continuous. The Volterra series operator (of order
m) is defined as

Y(t) =Vu(t) = Ho + ) _ Hu(),

i=1

where H is the constant function and, for i > 0,
H; = fh@(rl, o tudt —1) - u(t — tdr - - dT,

where the function A : R’ — R is called the ith order
Volterra kernel. The integrals are computed over a finite or
an infinite time intervals. The support of the Volterra kernel
defines the memory of the system, that is, it defines the time
interval in which past inputs can influence the current system
output. It is evident how the Volterra series generalizes the
impulse response of a LTI system, which is given in (3).

If the input signals are nonzero only on a finite time interval
[0, T'], then it can be shown that any time-invariant, continu-
ous operator M can be uniformly approximated to arbitrary
accuracy by a Volterra series operator of sufficient but finite
order. Boyd and Chua [21] generalized this result to input sig-
nals defined on unbounded domains, but restricting M to have
the fading memory property, which is stronger than continuity.
Their assumptions on the input signal # are boundedness and
Lipschitz continuity. Additionally, Boyd and Chua [21] prove
the following result.

Theorem Al. Let € > 0 and u is bounded and Lipschitz
continuous, Suppose that M is a time-invariant operator with
fading memory. Then there is a finite Volterra series operator
V such that for all u (bounded and Lipschitz continuous), it
holds that

[[Mu(t) — Vu®)|| < e,

where ||r(t)|| = sup,cg r(#)|. Additionally, V is a input-
output operator of the dynamical system

X = AX + Bu, y = p(x),

where A € R™*"™ is strictly stable and p: R™ — R is a
polynomial. ]

This proves that any operator M time-invariant with fading
memory, can be approximated by the input-output operator of
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a finite-dimensional linear dynamical system with a nonlinear
(indeed, polynomial) readout map.

APPENDIX B: COMPUTATION OF THE GAUSSIAN
PROCESS POSTERIOR

Assuming the observation noises &; are independent, the
likelihood of the observed data given the latent function values
is as follows:

p(Dy | f(¥)) =N(0; f(¥), 0*L,), (B1)

where 0= [o(t), ..., 01, ¥ =[yT (), ...,y @)1,
t; = iA, and I, is the identity matrix of size m.

(1) Prior. We place a Gaussian process prior on the function
f~GP(0,Ky), where K is a kernel function defined over
the feature vectors y(¢). This implies

p(f(¥) | 9) = N(f(¥);0, K3(Y, Y)), (B2)

where (K§(Y.Y));; = Kg(y(t;). y(t;)).

(2) Posterior. Combining the likelihood (B1) with the prior
(B2), the posterior distribution over the function values is as
follows:

pUf@) | Dy, ) = N(fX); up(Y), Kp(Y, Y)),
with posterior mean and covariance given by

1p(Y) = Ky(¥, Y)(K3(Y, Y)+0L,) o, (B3)
K,(Y.Y)=K(Y.Y)

— Kj(v. Y)(Ky(Y,Y) + a21T)“K;(Y, Y). (B4)

This operation is equivalent to linear regression (with nonlin-
ear basis functions) but performed in the dual space of the
kernel [[30], Chap. 2].

(3) Predictive posterior. For a new input y(z,), the predic-
tive distribution is also Gaussian:

PUFY()) | Dy, 3) = N(p(y(t,), Kp(y(,), Y(E))),

with
1y (1)) = Kg(y (), Y)(K§(Y, Y) + 021,) o, (BS)

Kp(y(@), y(t:)) = Kg(y(,), y(tr)) — Kg(y(,), Y)

x (K3(¥,Y) +0°1,) " K§(Y, y(1,)).
(B6)

(4) Hyperparameter selection. The hyperparameters of the
kernel # and noise variance o' are the only unknowns. They
are typically estimated by maximizing the marginal likeli-
hood:

p(Dyy | #,0%) = N(0;0,Ky(Y,Y) + 0°1,).

APPENDIX C: VON MISES-FISHER DISTRIBUTION

Assume s, s, ~ N'(m, 1/kL), with m € R? and |jm|| =
1. Then, conditioned on +/s?+s3 =1, the vector s=
(s1,52)" is von Mises—Fisher distributed with probability den-
sity function

f(s;m, k) = Co(k)exp(kms), (CD)
where
1

with Z,, (k) being the modified Bessel function of the first kind
of order n. It then holds [63]:

E(s) = rim, (C3)
T 1—nr T
E(ss’) = L+ rymm’, (C4)
l—n 2 T
Cov(s) = L+ (ro—ri)mm', (C53)

where r, = Z,,(k)/Zo (k).

APPENDIX D: PROOFS

This section presents the proofs of the main results of the paper, along with the intermediate lemmas required for their

derivation.
(1) Proof of Proposition 2. The output of one LTI block is

t Ne

yi(t) = / hi(t — Tu(t)dt = / D e (B cos(wi(t — 1)) — v sin(ait — 7)))u(t)dT,
0 (U

and, therefore,

ne

d t pt
YOy = % 2/ / (Ze_a"“‘”(ﬂf” cos(@i(t — 7)) — y sin(w; (¢ — r)))u(r)dr>
=170 Y0\ i

i=1

X (2 e’ai(’/’r/)(ﬁf'i) cos(w;(t' — 1)) — y[(j) sin(w;(t' — r’)))u(r’)dt’).
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We recall that ,Bi(j ), y[(j )~ N (0, 1/n.) independently fori = 1,...,n.and j = 1, ..., d. Therefore, for large d and n., we have
that

d t pt [ e
y )y~ é Z/ / (Z e_""(’_’)_""(”_T/)(,Biz(j) cos(w;i(t — 1)) cos(w;(t’ — T'))
j=170 Y0\ i
+ v sin(w;(t — 1)) sin(w;(t’ — r’)))u(r)u(ﬂ)drdr’)

N o : .
N — Z/ / (e ai(t—t)—ai(r=r )(cos(a)i(t— 1)) cos(w;(t’ — ')+ sin(w;(t — 7)) sin(w;(t' — )))u(t)u(t)drd’)
ne — 0 0

&2

R L
— § : / / (em === cos(wi(t — T — (t' — T))u(t)u(r')drd7')
ne © 0 0

=1

~ / f /OO /OO (e’“(t”’(’/”/)) cos(wt —t — (t' — 1/)))e(c, a))dada)u(r)u(r’)dtdt/)
0 Jo Jo J-x

= / / Koo (t — 7,8 — tHu()u(z)drdt’).
o Jo

[ |

(2) Proof of Proposition 3. The result is derived from Proposition 2. For the polynomial kernel, we take advantage of the fact

that, for large d and n., the term y(¢) "y(¢") is approximately equal to (12). For the square-exponential kernel, note that ||y(z) —

yOI? =y (@)y@) — 2y (t)y(') +y' (t')y(t') and the rest follows similarly to the derivation for the polynomial kernel. W
(3) Proof of Theorem 1. Note that Q) = 11, and assume that V., = O, then

Goo — VOOC;r)T + L(r)Q(r)D((Ir)T — %(C;r)T + L(r)D((]r)T) — %(Is Os)(C(r)T + L(r)D(r)T)(IS OS)T
=1, 0)(COT +LU, 0)" =0,

where the last equality follows by the physical realizability constraint (29). Note in fact that, under the assumption s = n, we
have that

J,EV)L(V) 4 C(V)TJS(") — J;V)(J’Er)c(r)'r]ér)) 4 C(V)TJS(V) — _C(V)TJ,EV) 4 C(V)TJS(") =0.

It remains to show that for V, = %IZs the following equality holds: 0 = APV + Vol ADT 4 LOOWLOT  This results follows
by

Lemma D1 ([64]). Assume Q') = 11, that is, Q") is the covariance of the vacuum. If a completely passive QSS is strictly
stable, then it must evolve into a vacuum state, that is, Vy, = 1y

240
[ ]
(4) Useful lemma
Lemma D2. Consider the matrix
012"’,52
A= (_ 2 :;fﬁ2>,
® )
its matrix exponential is
At (24 [ cos(wt)  —sin(wt)
€ =¢ (sin(a)t) sin(wt) J° (D1)

Proof. Rewrite

_L4p _ _ 24 0 0 —
2 S 2 @) _
(5 2)= (00 2e) (0 0)rer

Since the two matrices are such that XY = Y X (they commute), from the properties of the matrix exponential we have that

XA = X1V \where

w2452 Lwt . o
K o 5 helt = Q; (e 0 )Qz _ Q; (cos(wt) ~+ ¢sin(wt) 0 )Qz _ (cos(wt) mn(a)t)),

0 e 0 cos(wt) — tsin(wt) sin(wt)  sin(wrt)
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where

L (1,
2 = ﬁ([n —d,,)’
(D2)

(5) Proof of Lemma 2. Since n = 1, and the system is completely passive, then M, = 0, N, = 0, Re(M;) = Re(M,)", and
Im(M,) = —Im(M,)" = 0. Furthermore, since n = 1, we have that M|, S € C and N; € C'**. Therefore, from (27), we can
derive that

Im(M; + M>) Re(M; — M) \ _ 0 Re(M1)
—RC(M] +M2) —Im(—M1 ~|—M2) - —Re(Ml) 0

and

_lC(r)ﬁC(r) _ l 0 1 Re(Nl)-r Im(Nl)T g Re(Ny) —Im(Ny)
2 “2\-1 0/\-ImN)T Rep')" \Im@&N;) Re(N)

_1 0 1 Re(N)T Im(N)) T 0 L\ (Re(®N;) —Im(N;)
“2\-1 0)\-ImN)" ReW)")\-L 0)\Im(N;) Re®V))
_ 1/0 1 Re(N)T Im(N)T Im(N;) Re(Ny)
“2\=1 0)\—ImW)"T ReW)' J\—Re;) Im(®;)
(A 0
—\0 —A )

where A = %Im(Nl)TIm(Nl) + %Re(Nl YTRe(N,). Therefore, we have

A<r>_< —A Re(M1)>
— \—Re() —A )

The matrices C, L) are

oo _ (Re@D)  —Im(NDY ) _ (—Re@Vi)T  —Im(N) T (Re($)  ~Im(S)
— \Im(N;) Re(Ny) T\ ImV) T —ReV) T J\Im(S) Re(S) /-

Therefore, by exploiting (D1), the impulse response is

COA L) — _ gt Re(Ny) —Im(N;) co.s(a)t) sin(wt) Re(N))T Im(N) T\ (Re(S) —Im(S)
Im(N;) Re®;) J\ —sin(wt) cos(wt))\ —Im(N))T Re;)T J\Im(S) Re(S)

_ _uReVy)cos(wt) + Im(N;) sin(wt) Re(Ny)sin(wt) — Im(N;) cos(wt)
=¢ Im(N;) cos(wt) — Re(Ny) sin(wt) Re(Ny)cos(wt) + Im(N;) sin(wt)

Re(N)T  Im(N)T) (Re(S) —Im(S)
“N=ImV)T  Re™V;)TJ\Im(S)  Re(S)

— M (fl fz) (Re(S) —Im(S))
S fi)\Im(S) Re(S) )
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where w = Re(M;) and
fi = Re(N)Re(N;) " cos(wt) + Im(N;)Re(N;) " sin(wr)

— Re(N)Im(N)) " sin(wt) + Im(N;)Im(N;) " cos(wt)
= (Re(N)Re(N;) " + Im(N)Im(N) ") cos(wr)
f>» = Re(N)DIm(N;) " cos(wt) + Im(N)Im(N;) T sin(wt)
+ Re(N)Re(N)) T sin(wt) — Im(N;)Re(N;) " cos(wt)
= (Re(N)Re(N;)" 4 Im(N)Im(N;) ") sin(wr)
f3 = Im(N;)Re(N;) " cos(wr) — Re(N))Re(N;) " sin(wr)
— Re(NDIm(MN,) " cos(wt) — Im(N)Im(N;) " sin(wt)

fr = Im(NDIM(N,) " cos(wt) — Re(N)Im(N;) " sin(wr)

—(Re(NDRe(N) " + Im(N)Im(N;) ") sin(wt)

+ Re(N)DRe(N)) " cos(wr) + Im(N;)Re(N;) T sin(wr)
= (Re(NDRe(N) " + Im(N)Im(N;) ") cos(wt).

Finally, we have that
—Im(S)

N AD (Y —ar cos(wt) sin(wt) Re(S)
COLILD =~ <<—sin(a)t) cos(wt)>®A><Im(S) Re(S))’
m

where A = (Re(N;)Re(N;)T + Im(N)Im(N,) ).
(5) Proof of Corollary 1. The result follows from Lemma 2 by direct substitution of the parameters. ]

(6) Proof of Proposition 4. Without loss of generality we can prove the results for n, = 2 due to the symmetries in the

concatenation product,

a; O 0 0
c Re(Ni +N;) Im(=Ni+MN)Y |0 a O 0
- Im(N; +N>) Re(Ny — N,) 10 0 o] (N
0 O 0
and, therefore,
ap 0 0 O a; 0 0 0
C(rmc(r) _ 02 12 0 (0% 0 0 02 12 0 (0%) 0 0
- —12 02 0 0 o 0 —12 02 0 0 o1 0
0 0 0 a 0 O 0
0 0 a; O 0 0 a; O
_ 10 0 0 a 0 0 0
- —o 0 0 0 —o 0 0 0
0 —ay O 0 0 —ay O 0
—a% 0 0 0
0 —a% 0 0
= — (D3)
0 0 —oclz 0
0 0 0 o3
The matrix A is
A0 — ( ImB + M) Re(M; — M) \ lC(r)jC(r)
—ReM;| + M) —Im(—M; + M) 2 ’

2
o2
—71 0 —w 0

_ 0 _0%2 0 —w7
= 2
w1 O _(17] 0
2
0 w? 0 —QTZ
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and
[04] 0 0 O S11 0 —S12 0
0 (0% 0 0 0 521 0 —S822
L) — _cripn) — _ p». pn—
¢ 0 0 o O ’ sz 0 S11 0
0 0 0 (0%) 0 522 0 521
Therefore, by using a derivation similar to the one in Lemma D2, we have that
1% 12
e 2% cos(wt) 0 —e 2% sin(wt) 0
e 0 e~ 3%t cos(wat) 0 —em 3t sin(fw2)
€ + Lo s — Lo
e 2%"sin(w;t) 0 e 2%" cos(wt) 0
0 e~ 3%t sin(wyt) 0 e~ 3% cos(wyt)

The concatenation product simply assembles the different components together, without making any connections between them.

Therefore, if we observe the first quadrature for each component, and assume the inputu(f)=(1 1 0 O)Tu(t), then the
impulse response becomes

ap 0 0 O
| (o O 0 0\ 400 @ O O 1 0 0 O
h() = (o @ 0 o)eA 0 0 a 0 +(0 10 0)5(”
0O 0 0
S11 0 —S12 0 1
0 521 0 —8522 1
sip 0 S11 0 0 (D4)
0 522 0 521 0
a; 0 0 0 S11
_ o 0 0 0 (¢ 0 (6%) 0 0 1 0 0 0 8§21
= _(o @ 0 0>6A 0 0 o o o 1 0 0)°D||sm
0 0 0 a 522
1.2 . Sll
_{ _ alze_i"‘lf 0 cos(wit) 0 — sin(wqt) 0 n 1 0 0 O 5(0) 521
- 0 age—%"éf 0 cos(wat) 0 — sin(wst) 01 0 0 S12
§22
—s”ozfe‘%"‘lz’ cos(wt) + slgalze‘%"‘lz’ sin(w;t) 11
= 2 —Ladt —tadt o + K 3(t). (D3)
—sy1a5e” 2% cos(wat) + spase” 2% sin(wyt) 21
By summing the components, we obtain (46). |

(7) Proof of Theorem 2. Define 5; = s; — m; fori = 1, 2. For the second moment, we first compute the expectation with respect
tos = (s1,8)":

E(aze_aTZI(El cos(wt) — 5 sin(wt))) (ozze_a%ﬂ(il cos(wt’) — 5 sin(wt")))

~ dPatt)
=a*e 2 E(

T T -
5" cwrc,,8),

_o2a+t)

=x'e 2 Tr (cw,CT E(SST )) )

wt’
4 ottt T 1—nr > T
=a'e” 7 Tr|ewc,, TIZ + (rz — rl) 1,1,

= a“e*% (1 _2 ik (cos(wt) cos(wt') + sin(wt) sin(wt’)) + (r, — r?) (cos(wt ) — sin(wt ))(cos(wt') — sin(wt’)))

4 _dPu+) 1-— r ’ 2 ’ . /
=o'e ? ( 5 cos(w(t — 1)) + (rz — rl)(cos(a)(t —t)) — sin(w(t + ¢ ))))

— 2'.12 ’ 2\ o /
cos(w(t — 1)) — (ry — r7) sin(w(r +1 ))), (D6)
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where ¢, = (cos(wt), —sin(wt)) . By computing the expectation with respect to ¢g(a, @),

/a“e ) (u cos(w(t — 1)) — (ra — r{) sin(o(t +1 )))qﬁo(oz w)dadw

2
o2+t 1 — 2 2
— f ate =5 # cos(w(t — t'))p(a, w)dadw, (D7)
where we have exploited that ¢g(cr, ) = ¢p(or, —) and sin(x) = — sin(—x). Therefore, from the central limit theorem, we have
that
Ve (B2) 5GP, Kott, 1), (D8)
aZ
(8) Proof of Corollary 2. Assuming that ¢g(a?, w) = —Umf(a ; 0, ) and exploiting the result:
rwr+ 4
1
/Cos(a)r);%ﬁzda) = efﬂh‘ (D9)

then, for g = a2/2,

+ ant + JaiT?)e T — e (1 + ayt + 1a3,;T?)
9

D10
213 (ay — an) (D10)

o’ 1
fot e 3 (’“) T =S Unif(a?; o, opr)da® = (

where T = max(s, ). |
(9) Proof of Proposition 5. Recall that

ne
t < o2 (—1)

yj(t)zf Ej(t—r)u(r)drz—f Za e 7 (s\ cos(wi(t — 1)) — s sin(wi(r — v)))u(r)dt
0

and define

¥t = —/ i:a,. T (89 = my) cos(@i(t — 7)) — (2 — my) sin(wr(t — ©))u(x)dr.
0

where m; = E[s1] and mp, = E[s»]. Then, we have that

yT(r)y(t/)— Z/f (Za e—“T 5\ cos(w;(t — t))—Efé)sm(a)i(t—r)))u(r)dt)

(Zake“zr) s,(cjl) cos(wp(t’ — ') — s(j) sin(w(t' — t))u(x)dt )

where §;; = s5;;1 — m; and 5, = s; — my. Note that

(si D cos(wi(t — 1)) — 59 sin(wi(r — ))u(r)dt’) - (s,((’l) cos(wp(t' — t')) — E,(fz) sin(wg (1" — ))u(r')dt’)

= sf{)s,(cjl) cos(w;(t — 1)) cos(awp(t' — ') + Eg)s,(cfz) sin(w;(t — 7)) sin(w (' — 1))

- S,(f)sl(fz) cos(w;(t — 1)) sin(ay (' — ') — Sfé)s,((jl) sin(w;(t — 7)) cos(aw(t' — 1')).

We can then rewrite

ne ne d
o 2(t—1) o2 =)
vy = / / wdru(t)dr' Y D ofe 7 age 7 1> (55 cos(wi(t — 1)) cos(wp(t’ — 7))
i=1 k=1 j=1
+ 5950 sin(w;(t — 7)) sin(ar (¢ — 1)) — 575 cos(wi(t — 1)) sin(w(t' — 7))

— 595 sin(w;(t — 7)) cos(an (t' — 1)),
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which is equal to

yT(z)y(t’)zni// u(r)dru(r/)dr’zca?e
c JO JO i=1

+5 (J) (/)

01(1 41’ —1)

sin(w;(t — 1)) sin(w;(t' — t’)) —

d
T AN (S cos(anilt — 7)) cos(ait' — 1))
Jj=1

5759 cos(wi(t — 1)) sin(w;(t’ — 1))

(J) (J) sin(w;(t — 1)) cos(w;(t' — )))

—(/) (/)
as 5 Z j=15i Sk
Therefore we have that

y @y

— (r2 — r12) sin(w;(t — 7 + (' — r/))),

1 t t e o? 21— r+r -
—/ / u(r)dtu(r/)dt’Za;‘e Tr( €o— f)cw -t
ne Jo Jo i=1

+'—1")

—/ / w(t)dru(t)dt' Zot e_L

2

= 0 for i # k—they are independent variables with zero mean.

1—7‘2

2

——=bL+(n- r,)121T>>

1 2r7
+ }’22 ‘l,'/))

cos(wi(t — 17— (t' —

(

where ¢, = (cos(w(t — 7)), —sin(w( — 1)))". For large n., this results in

! v «2t—t+t' —1'
y Oy~ / f u(t)dtu(t)dt' / oz4e(2+)<
0 JO

l+r§— 2

2}’1 ’ I
5 cos(w(t —7—(t' — 1))

_ (r2 - rlz) sin(w(t — 7+ (t' — t/)))qﬁo(cx, w)dadw

! v 2(—r+' -7
:/ / u(r)dru(r’)dt’//a“e‘”i( 7=
0 Jo

whichis Kg(t — 7, — /).

(10) Proof of Lemma 3 We need to compute C AT L"),
Note that

eA(r)t — (eA e(Z)

L) = g T jir)
0 ) =J,"C""J;

_ 0 In C{r) 01><n ! 0 Is
- _In 0 len Cz(r) _Is 0
_Cér)T Onxl
= ( Onxl _Cl(r)T).
Therefore, we have that
AV L)

_ (G 0\ (e 0N\ (—=CIT O
Ol xn Cér) 0 eZt Onx 1 _Cl(r)T

_(-cPercyT 0

B 0 —ce? T )

It remains to prove that the QSS is physically realizable. The
physical realizability conditions is as follows:

0= ANJO 4 JOAOT 4 [0 yOpOT
0

-6 ) 5)(v

0

I\
0 —I,

0

7)

1 2 2 2
% cos((t — 7 — (' — 7'))p(er, w)dadow,
0 I
(r) 2 )T
(S, B
_ 0 A+2ZT
“\-z-AT 0
T T T
(0 -G —C} 0
¢’ 0 o -7
B < 0 A+ZT + c§’”c§”>
- )T ~(r) ’
—Z—AT —c"" ¢S 0
which implies that Z = -7,

The condition J(”L(’) + C(’ )TJ (’)D(’) =0 is satisfied as
DY) = and L") = JOCOT IO and so

J,Er)L(r) + C(r)TJX(V)D(V) — —C(V)T.]s(r) + C(’)T‘]S(r) =0.

Finally, the following condition is satisfied as well:
DWJNPOT — g =, [ |

(11) Proof of Theorem 3. The first part of the proof follows
directly from Lemma 3. About the second part, it follows from
a standard result in control theory for LTI systems, which
states that if the matrix (B, AB, A’B, ..., A" 'B) has rank n,
then there exists a matrix R such that the closed-loop matrix
A — BR is stable [[65], Chap. 5]. A similar result holds for
—A — BR, since (B, —AB, (—A)?B, ..., (—A)""'B) has also
rank n. ]
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TABLE III. For each benchmark, in the first row we report the
median RMSE for (i) the QRC LqW and (ii) our QRC HqW, using
a polynomial nonlinearity (with degree 3) in the readout layer. The
second row includes the 25th and 75th RMSE percentile between
square brackets. The number between brackets after the name of
the model is relative to the number of harmonic oscillators in the
quantum linear network.

RMSE LqgW(24) HqW(24)
Parity(t = 2) 0.12 0.0031
[0.10,0.15] [0.0025,0.0038]
Parity(t = 4) 0.56 0.015
[0.54,0.59] [0.011,0.018]
NARMAI10 0.13 0.065
[0.12,0.15] [0.060,0.080]
Delay(t =2) 0.40 0.07
[0.39,0.43] [0.048,0.11]
Delay(t = 4) 0.62 0.25
[0.57,0.67] [0.18,0.31]

(12) Proof of Corollary 3. We note that the C"”) matrix is

R 01><n

—-C 0
r) Ixn
¢ o len BT
len len

We aim to write it as

ch — Re(N; +N,) Im(—N; +N,)
~ \Im(N; +N,)  Re(N; — N»)

with Ni, N, € C?*" It can easily be seen that this requires
that Re(N,) # 0,x,. Therefore, from Definition 2, it fol-
lows that the QSS described by (53)—(56) is not completely
passive.

APPENDIX E: ADDITIONAL NUMERICAL EXPERIMENTS

Table III reports the comparison between LqW(24) and
HqW(24) using a polynomial nonlinearity (with degree 3)
in the readout layer instead of the square-exponential kernel
(which we instead used in the experiments in the last two
columns of Table I). It can be noticed that HQW(24) out-
performs LqW(24) also in this case. The performance with
the polynomial nonlinearity is generally worse than the one
obtained with the squared-exponential kernel in Table I.

Instead, Table IV reports the performance of HqQW and
PadeqW for Npeas = 500. It can be observed that both
architectures still achieve good performance even in this
higher-noise regime.

TABLE IV. Npe,s = 500. For each benchmark, in the first row we report the median RMSE for (i) the classical RC ESN, (ii) the QRC LqW,
and (iii) our QRC HqW. The second row includes the 25th and 75th RMSE percentile between square brackets. The number between brackets
after the name of the model is relative to the number of harmonic oscillators in the quantum linear network.

RMSE HqW(8) HqW(16) HqW(24) PadeqW(14)
Parity(t = 2) 0.0034 0.0027 0.0025 0.0015
[0.0023,0.0040] [0.0023,0.0035] [0.0022,0.0032] [0.0013,0.0017]
Parity(t = 4) 0.049 0.033 0.027 0.015
[0.033,0.090] [0.023,0.042] [0.022,0.031] [0.014,0.020]
NARMA10 0.078 0.071 0.066 0.055
[0.070,0.090] [0.068,0.081] [0.064,0.070] [0.050,0.059]
Delay(t = 2) 0.012 0.0075 0.0066 0.0014
[0.0067,0.020] [0.0059,0.0111] [0.0060,0.0075] [0.0012,0.0017]
Delay(t = 4) 0.17 0.095 0.078 0.0014
[0.13,0.21] [0.076,0.119] [0.066,0.081] [0.0014,0.0020]
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