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Chaitanya Gupta®" and Anthony J. Short® "
H.H. Wills Physics Laboratory, University of Bristol, Tyndall Avenue, Bristol BS8 1TL, United Kingdom

® (Received 3 March 2026; accepted 1 July 2026; published 15 July 2026)

We consider discrete spacetime models known as quantum walks, which can be used to simulate Dirac
particles. In particular, we look at fermion doubling in these models, in which high-momentum states yield
additional low-energy solutions which behave like Dirac particles. The presence of doublers carries over to the
"second-quantized" version of the walks represented by quantum cellular automata, which may lead to spurious
solutions when introducing interactions. Moreover, we also consider pseudodoublers, which have high energy
but behave like low-energy Dirac particles, and cause potential problems regarding the stability of the vacuum.
To address these issues, we propose a family of quantum walks that are free of these doublers and pseudodoublers
but still simulate the Dirac equation in the continuum limit. However, there remain a small number of additional
low-energy solutions which do not directly correspond to Dirac particles. While the conventional Dirac walk
always has a zero probability for the walker staying at the same point after a single time step, we obtain the
family of walks by allowing this probability to be nonzero.

DOLI: 10.1103/kkz3-fthm

I. INTRODUCTION

Quantum cellular automata (QCA) and quantum walks
(QWs) have been shown to provide a discrete spacetime
model of quantum field theories, with the latter being a single-
particle limit of the former [1-3]. While these models provide
an interesting avenue for quantum simulations of particle
physics, they may also provide insight into physical models
of reality itself—if reality is indeed discrete.

Of particular interest are discrete models that are able
to simulate free Dirac particles. In particular, the Dirac
QW is able to simulate free Dirac particles in the contin-
uum limit [4-6]. Its "second-quantized" cousin, the Dirac
QCA, simulates free Dirac particles at a field theoretical
level [2,7,8]. Recent papers have introduced interactions to the
Dirac QCA to simulate other theories such as QED [9,10].
Extensions to introduce background electromagnetic and
gravitational fields have also been developed [11-14]. More-
over, renormalization of QCA models has also been studied,
with the potential application of simulating more phenomena
and reducing the complexity of existing models [15,16]. There
has also been an increasing interest in experimental imple-
mentation of these models [17-20].

Now, similarly to other discrete theories [21-25], if we
were to attempt scattering calculations using these models, we
would be likely to run into trouble if there was any fermion
doubling. By fermion doubling, we mean the presence of
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high-momentum particles that have low energy and behave
like additional species of Dirac fermions in the continuum
limit.

If we look at the Dirac QW in 1+ 1D, we do not get
fermion doubling [26] but nevertheless find high-momentum
particles that behave like additional species of Dirac particles
in the continuum limit but do not have low energy. We call
these particles pseudo-doublers as they do not have the same
energy as the low-momentum particles, hence, are not dou-
blers in a traditional sense. Moreover, in the 3 + 1D walk,
in addition to the presence of these pseudo-doublers, we also
have fermion doubling in a more traditional sense. We argued
in Ref. [27] that pseudo-doublers are likely to cause problems
in interacting models by making the vacuum state highly
unstable.

In this work, we present a family of quantum walks for
1+ 1D and 3 + 1D, which yield the Dirac equation in the
continuum limit, with the aim of eliminating fermion doubling
and pseudo-doubling. We do so by constructing a very general
unitary which moves a particle by at most one lattice site in
each direction in a single time step. Now, in the conventional
walk, the probability of the particle to stand still is always
zero. We relax this condition to obtain a broader category
of walks. By choosing appropriate values of a parameter,
we find that we are able to get rid of all fermion doubling
and pseudo-doubling. However, in 3 4 1D, the walk still has
some extraneous low-energy solutions which do not act as
traditional fermion doublers.

There has been some previous interest in the literature in
exploring doubling in Dirac quantum walks. Reference [28]
explored an interesting family of twisted quantum walks in
1 4+ 1D, in which a particle moves multiple lattice sites in
a single time step that yields both the Dirac equation and
a Laplacian operator in the continuum walk. These walks
admitted fermion doubling, in a manner that is very similar
to lattice field theories, and the work suggested an approach
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to solve the doubling by modifying the walks. Moreover,
Ref. [26] explored the doubling in a Dirac walk and suggested
interpreting the doublers as different flavors. While it would
be interesting to explore such an approach, it is still not clear
how such an identification would lead to correct interactions
in the continuum theory.

The paper is organized as follows. In Sec. II, we introduce
the conventional Dirac QWs in 1 + 1D and 3 + 1D and dis-
cuss the presence of doublers and pseudo-doublers. In Sec. 111,
we introduce the parametrized family of Dirac QWsin 1 4+ 1D
and 3 + 1D which reduce the doublers and pseudo-doublers.
We have provided the details of the QCA based on these walks
in the Appendix. Note that throughout the paper we set i = 1
and let ¢ be the speed of light.

II. FERMION DOUBLING IN CONVENTIONAL
DIRAC WALKS

A. 1+ 1D conventional Dirac walk

Consider a particle on a 1D lattice with lattice spacing
6x. The position of the particle is described by the Hilbert
space Hyz which is spanned by basis {|n) |n € Z}. Suppose
the particle has a two-dimensional internal state with the cor-
responding Hilbert space Hg = C2.

Let y, with u € {4, —, 0} be operators on Hg. Suppose we
wish to define a quantum walk of the form

T=y:S+y+yS (1)

with T being a unitary operator on Hs ® Hyz describing the
evolution of the particle! in a single time step 8. Here, S is
the shift operator which acts on the position states as S |n) =
|n + 1) forevery n € Z.

Itis clear that T is local ((m + n| T |n) = 0if m ¢ A where
A C Z is finite). Thus, for T to define a valid quantum walk,
it needs to be unitary. We have to pick values of y; such that
it is so.

The most common choice in literature is to take yy =0
while letting y; and y_ be projection operators onto orthogo-
nal spaces. This choice gives us the conventional Weyl walk,
which is a well-known walk [4,5].

To make this choice explicitly, let {|1,),]};)} be some
orthonormal basis for Hg. Then, we let y, = |1,) (1], Y- =
[42)({:], and yp = 0. Substituting this choice in Eq. (1), we
get

T = 1) (1218 + 42) (:IST, 2)
which we can verify is indeed unitary (T7T = TT" = I).
We can extend the model to massive particles by introduc-
ing
W = Exp[—iMt], 3)

where M is the Hermitian operator on Hg, with the largest
absolute value of its eigenvalues being «. Now, we let our

'Note that to avoid cumbersome notation, when considering op-
erators on a subsystem (such as y.), we use the same symbol to
represent the action of the operator on the appropriate subspace and
on the whole Hilbert space. In the latter case, there is an implicit
tensor product with the identity operator on the other subsystems.

walk be described by
U=WT. 4

Here, U is indeed unitary and local, and thus a valid quantum
walk [1]. It also has some additional symmetries: translational
invariance ([S, U] = 0) and unitary equivalence to its Hermi-
tian adjoint (o, U O’; =U".

To consider the continuum limit of this walk, we define
momentum eigenstates and the momentum operator as

Sx s /8x
P = 25306 ) ana p = f dppip)ipl. (5)
" —1/8x

where we have chosen the momentum to run from —m /8x to
7 /8x.

Now, using the fact that S = e
Eq. (1) as

T = 1) (tele™ + [1,) (.]e"* = Exp[—iPo,8x], (6)
where o, = |T2)(T2| - |\Lz)(\l/z|

Now, let us look at the continuum limit. Consider a state
[Vp) = |p) ® |s). Suppose we have péx < 1 and adt < 1,
then

Ulyp) =WT [¢)
= Exp[—iMt]Exp[—iPo,5t] |p) |s)
= Exp[—iMtExp[—ipo.dt] |p) |s)
= (1 — iM8t + Ot))(1 — ipo.dx + OBxH)) |p) |s)
= (1 — iM8t — ipo.5x + O(8x%, 8x8t, 8t2)) |p) |s)

= (1 — iM5t — iPo.5x + O(8x7, 8x8t, 8t%)) [,) .
(7N

Looking at the expansion, we can write an effective Hamil-
tonian as

—iPbx we can rewrite T from

Heff =M+ PUO’Z (8)
in the continuum limit where v = §x/8¢, such that
U ) = e e [yr) + O(8x%, 8x5t, 8t7). 9)

Now, with o, = [1,) (.| + 1) {(1:], we choose M =
mc?o, and v = ¢, where m is the mass of the particle. This

gives us
H. = mcto, + Pco,, (10)

which is the 1 + 1D Dirac Hamiltonian. Moreover, with the
above choice of M, U describes the conventional Dirac QW.
We wish to emphasise that when the mass and momentum
of the particle are small (mc?8t < 1 and pdx < 1), the con-
ventional Dirac quantum walk can be described by the Dirac
Hamiltonian; thus, the walk simulates free Dirac fermions in
the continuum limit. Note that (9) shows that the deviation
from the continuum model in the unitary for one time step is
second order in small quantities. Hence, even over a signifi-
cant time interval [comprised of O(;—,) time steps], the overall
deviation between the discrete and continuous model will be
O(8t) and thus small as long as d¢ is sufficiently small.
While we have defined a notion of an effective Hamiltonian
for only small momentum and mass, we can define the energy
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of the particle in general. Consider the operator
U (p) = Exp[—ipo,dx]Exp[—iM §t] (1

acting on Hs. Let |s,) be eigenstates of U(p), with
the respective eigenvalues being e 5%, Restricting E, in
(—m /ét, m/5t], and thereby choosing a branch cut, we can
identify E, as the possible energy eigenvalues of a particle
in the energy eigenstate |p) |s,). Moreover, because of the
unitary equivalence of U to U, for every energy eigenvalue
E, >0, —E, < 0 is also a possible energy eigenvalue of the
walker.

Now, having defined a notion of energy for all momentum,
and having seen that the walk behaves like a Dirac particle for
small momentum (for a choice of v and M), we wish to know
if the walk behaves like Dirac particles at any other point in
momentum space.

Let us consider p = £ /8x + n. We have

U(Lr/ox+n)=—-U(n). 12)

As this differs from U (1) only by a global phase, particles
with momentum in a small ball around +7 /5x with adx < 1
also behave like low-momentum particles, as was pointed out
in Refs. [26,27]. However, they have energy near £ = +m /§t.
As their energy is different from low-energy particles, we do
not exactly have fermion doubling. We call these particles
pseudo-doublers.

Going back to our model, we note that for the appropriate
choice of 8t and M, particles near both p = 0 (E = 0)and p =
+m /8x (E = +m /ét) behave like Dirac particles. If we were
to second quantize this model to a QCA, the presence of these
pseudo-doublers carries over (see Appendix H for details of
the QCA). In Ref. [27], we had argued that the presence of
such solutions causes the Dirac vacuum to be unstable.

B. 3 + 1D conventional Dirac walk

Let us now look at a higher-dimensional case. We shall
start by constructing the Weyl walk and then introduce a mass
term to yield the Dirac walk. Consider a 3D cubic lattice
with the lattice spacing being §x. A particle lives on the
lattice and is described by the Hilbert space Hs ® Hzs with
Hzs = span{|ii) |ii € Z3}, and Hg = C? as before.

We wish to define a quantum walk describing the evolution
of the particle. To that goal, let y; be linear operators on Hs
with u € {+,0, —} and j € {x, y, z}. Then, we let

K = KKK, (13)

define a walk which describes the evolution of the system in
time step 6¢, and where

Kj=vyiSi+v +v's! (14)

are operators on Hs @ Hzs. Here, §S; is a shift operator in the
J direction; for instance, Sy |(ny, ny, n;)) = |(ne + 1, ny, n)).

Again, K is local and translationally invariant. We now
wish to pick our y;, to ensure unitarity of K. This can be
done by ensuring that each K; is unitary. A common choice
in literature is to pick [2]

yi=1p0L v =)Wl andyf =0,  (15)

where [1;) and || ;) are defined via o;|1;) = |
o) =—N;). Here, oy = —i|1;) (Jo| + i) (1
this choice, K becomes the Weyl walk in 3 + 1D.

Let us now go to momentum space. We define the momen-
tum eigenstates and the momentum operators as

1) and
<|. With

3
_ 5x\2 .
|p) = (E) E‘ Explip - n16x] |ri) and

P= / d*p pIp)(P, (16)
®
where

O = (-7 /8x, 7 /8x]’ (17)

and P is understood to be a vector of operators.

We can now write the shift operators as S; =
Exp[—iP;ér;]. This allows us to rewrite K; as
K; = Exp[—iP - 55x], (18)

where ¢ = (oy, 0y, 0;)T.
Then, we have
K = Exp[—iP,0,8x]Exp[—iP,0,0x]Exp[—iP,0.6x]. (19)

Let us now look at the continuum limit. Similar to the 1 +
1D case, we consider |y5) = |p) |s), where p € © and |s) €
‘Hs. Then, assuming that p;éx < 1, we have

KKK [yr5) = | | Expl—iP;o;6x]1p) s)
J

=[]u —ipjo;sx+ O@x*) 1) |s)
j

i) piosx+06x*) | ) s)
J

= (I —iP-58x+ O©xD)) Y5, (20)

where [ ]; is understood to be an ordered product.
Again, this allows to define an effective Hamiltonian for
this regime,

H" =P .G, (1)

where v = dx/ét as before. Now, if we let v = ¢, we get the
Weyl equation.

We can again define energy £ € (—m /8t, 7 /8t] as before
by letting Exp[—iEj 6t] be the eigenvalues of K(p ) where

K(p) = Expl[—ip.0.0x]Exp[—ip,0,6x]EXp[—ip,0.x].
(22)
Having looked at its low-momentum limit, we wish to
know whether for any other p the model behaves like its low-
momentum limit. In fact, for p = (£x /dx, £ /5x, 0) and its
respective permutations, we have

K(p+1)=K(@). (23)

Thus, particles near the point above also behave like low-
momentum particles and have energy near zero. This is an
example of fermion doubling.
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Also, for p=(xm/éx,+xn/dx,£m/éx) and p=
(£m /éx, 0, 0) with its respective permutations, we have

K(p+i)=—K@). (24)

Thus, particles near this point also behave like low-
momentum particles but have energy near 7 /§t. This is an
example of pseudo-fermion doubling. Note that these dou-
blers and pseudo-doublers have been discussed to some extent
in Ref. [26].

We also have another set of points p = (£ /28x, £ /25x,
47 /26x) which behave similarly to Weyl particles of opposite
chirality (i.e., with H ff — _p. o c), with energy close to ei-
ther zero or 7 /8¢, depending on the signs of the momenta [27].
These are investigated in more detail in Appendix B.

We now want to introduce a mass term. To do so, we need
to double the internal space. Let the particle’s state be now
described by H' = Hz: ® Hin, Where Hip = HE? = C*.

Then, introduce the unitary

W = Exp[—imc?B 8t), (25)
where
0 I
and m is the mass of the particle. Then, the walk,
_ K KK, 0
U _W< 0 K;KJK;)’ 27

describes the 3 + 1D Dirac walk [6,29].

In the continuum limit (which can be obtained by consider-
ing a state with definite momentum p such that p;éx < 1 and
letting mc?6t < 1), we have

P-Gv mc?
H.p = = . 28
off ( me*  —P. 61}) (28)

Again, setting v = ¢, we get the 3 4+ 1D Dirac Hamiltonian.
Thus, for small momentum and mass (p;éx < 1 and medt &
1), the above walk describes a Dirac fermion.

Similar to previous cases, we can write U (p) as an operator
on Hiy to describe the walk in momentum space. Then, we
can define the energy eigenvalues associated with the walk as
before (Fig. 1).

We have the same doublers and pseudo-doublers as in
the case of the Weyl walk except for the one at p =
(£ /26x, =7 /26x, £ /26x). Now, at this point, the Dirac
walk does not have a good continuum limit. While we do
not consider it as a doubler or a pseudo-doubler, its energy
eigenvalues do lie near both £ = 0 and E = +m /&t (suppos-
ing small mc?8t).

Having presented these walks, we note that we can second
quantize these walks to have a QCA model (Appendix H).
It is highlighted in Ref. [27] that the pseudo-doublers cause
problems with the stability of the Dirac vacuum in the QCA
model, seemingly allowing processes in which a particle and
antiparticle are created while releasing energy. We also expect
the normal doublers to interfere with any scattering calcula-
tions. We shall now construct a new walk to get rid of both the
doublers and pseudo-doublers.

Eot
N r 6=0, o
\\\ PyOX = p,OX = ot=.1
\\ 21 | /,.
\\\ _ //
1 1 1 1 \\//1 L 1 1 6X
o E o LTNG o F o
~ N
o~ i ™
.
- e \m
ol .l S
Dirac Walk

————— Continuum Dirac

FIG. 1. Plot of the dispersion relation for the 3 4+ 1D conven-
tional Dirac quantum walk and for the continuum theory.

III. A FAMILY OF DIRAC WALKS

In the previous section, we had constructed the walks from
Egs. (1) and (13) such that the amplitude for the particle to
stay in the same place is zero. However, we can pick {y;} and
{y}‘ } differently to allow the particle to stay where it is with
some nonzero probability. Let us first look at the 1 + 1D case.

A.1+1D
Again, we start with the following unitary from Eq. (1):

T=y.S+p+yS.

Earlier, we had set yp = 0 (thereby ensuring that the prob-
ability for the particle to stand still, after a single time step,
is zero) and chosen y,, y_ to be orthogonal projection op-
erators to get the conventional Dirac walk. Now, we shall
pick a choice of {y;} to get the desired continuum limit while
maintaining unitarity (and which we will show allows us to
remove any pseudo-doublers).

To this goal, consider subspaces A, B C Hs. Now, let I,
and IT, be projector operators into the subspaces A and B,
respectively. Also, then, I1; = I — I, is a projector into the
complimentary subspace A°. Similarly, we can define IT;. Let
us now make the choice

v+ = [,I0,
y- = Hallj
Yo=1—y4 —y- = (11 + IaIp). (29)

With the above choice of {y;}, we can check that indeed
T'T =TT = I (Appendix C).

Now, using the fact that S = e
rewrite 7' as

~iP%x and Eq. (29), we can

—iP 8x iP 6x

T =ye +w+y-e

= M, Tpe ™" + (T1,1T; + T510) + MM " (30)

Again, we introduce a mass term via W from Eq. (3) and
let our walk be givenby U = WT.
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E 6t
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T ” 2w ~a 2 4 T
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FIG. 2. Plot of the dispersion relation of the parametrized 1 + 1D
Dirac walk with & = 37 /4 and different values of m. With this choice
of 6, we can see that the energy is always less than 7 /(26¢) for the
plotted values of mass (m).

Then, after taking the continuum limit, we can read off Heg
as

Het = (4 —y—)Pv + M = (I, 11, — Hallp)Pv + M

(€29)
with v = 6x/8t as before.
Consider the operator
U(p) = (yee™ ™ + yo + y-e")Exp[—iM5r]  (32)
—iE,5t

acting on the spin degrees of freedom. Again, if we let e
be the eigenvalues of U (p), we can identify E, as energy while
restricting E, to (—m /8¢, 7w /8t].

To simplify the situation, whilst still allowing some tun-
ability of the walk, we now specialize to particular choices for
A and B parametrized by the variable 8. Let —n /2 < 0 < 7 /2
and introduce the unitary, Ry = ¢ 9/2 Then, consider the
following operators:

09 = Ryo.R) = cosf o, — sinf oy, 33)
where oy = —i|1:)({z] + il{2)(1:].
We define |1¢) and || 4) as
[to) = Ro [1:) = cos(6/2) |1:) —isin(0/2) []:)
No) =Ro|l:) = —isin(0/2) |1;) +cos(0/2)[:)  (34)
such that they are the eigenstates of oy, i.e.,
o9 |Te) = [1e) andoy [{e) = — o). (35)
Then, we take
g = [1e)(Tel andIT, = |1_g) (1ol (36)
Then, it follows that
1,11, — IzI15 = cos(6)o;. 37
Then, from Eq. (31), it follows that
H = Pvcos(@)o. + M (38)

in the continuum limit.

Finally, for this walk, we let ¢ = cos(8)v. Then, with M =
mc2o,, the effective Hamiltonian for this walk [Eq. (38)] be-
comes the Dirac Hamiltonian. We have plotted the dispersion
relation for this walk with the above choices in Figs. 2 and 3.

We have obtained a family of Dirac QWs in 1 4 1D that
are parametrized by 6. We can get our original walk [Egs. (2)

Eoéx/c
., T -
\\\ ,/
. //
~ n -
S = -
o 2 e Slower QW
~. - i
~ /// ----- Conventional QW
X . ’
FTa— K2 s o= POX s Continuum Dirac
-T - -= b i 5 n
4 2 A M2 4
el s o~
- 2 S
v ~
>
e [N
- —7TF ~

FIG. 3. We compare the dispersion relation of the parametrized
QW (6 = 37 /4) with the conventional walk (6 = 0) and the contin-
uum case (QFT) for mc*8t = 0.02. It is evident that the plots agree
for small pdx.

and (4)] with & = 0. For 6 # 0, there are no fermion doublers
or pseudo-doublers (see Appendix D). We have summarized
the differences between our new family of Dirac QWs and the
conventional walk in Table I. Moreover, we present simula-
tions comparing the behavior for an initially localized state in
the new walk and the conventional walk in Appendix A.

Finally, we wish to remark on the continuum limit of this
walk for arbitrary one-dimensional A and B. Consider the
operator

T=y, —y— =TI, —I; =T,+ 1, -1

from Eq. (31).

We can check that I is traceless and Hermitian. This allows
us to let +a be the eigenvalues of I with a > 0. Moreover,
noting that 2a* = tr{I'?} < 2 gives us a < 1. Thus, via an

(39)

TABLE 1. Comparison between the conventional and the new
Dirac walks in 1+1D. The new walk is rather a family of walks
parametrized by 6 € (—m /2, w/2). When 6 = 0, the new walk re-
duces to the conventional walk. In the conventional walk, during
each time step, the walker moves either left or right. In contrast, for
the new family of walks, the walker may also stay still along with
moving right or left in a single time step. Crucially, for 6 # 0, the
new walk does not have any doublers or pseudo-doublers. Moreover,
introducing 6 allows us to tune the parameter to restrict the energy
eigenvalues.

Conventional Family of new
141D Dirac walk 141D Dirac walks
Parameters None* [%
Symmetries Locality, Locality,
homogeneity, homogeneity,
unitarity unitarity
Relationship between 8x = cdt cos(0)dx = cét

lattice spacing and

time step
Continuum limit Dirac Hamiltonian ~ Dirac Hamiltonian
behavior
Doublers None None
Pseudo-doublers Atpdx = +m None for 6 # 0
Range of eigenvalues |ESt| < 7 |ESt| <

T — 26 + mc*st

#*We consider m to be fixed and the lattice spacing §x to be an artifact
of the lattice rather than the walk.
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appropriate choice of axis in the Bloch sphere representing
Hs, we can always write I" to be proportional to o, with the
proportionality constant being a positive number less than (or
equal to) one. Thus, in the continuum limit, when M = 0,
we always get the Weyl Hamiltonian. Also, to get the Dirac
Hamiltonian in the continuum limit, we can always choose M
to be proportional to a Pauli operator in a direction orthogonal
to z on the Bloch sphere.

Thus, for arbitrary one-dimensional A and B, we can see
that this walk gives the Weyl and Dirac equation for an ap-
propriate choice of M. This is not surprising as it was shown
by Ref. [6] that a very generally walk that obeys certain sym-
metries gives the Weyl Hamiltonian in the continuum limit
(and then adding an additional unitary with the mass term
yields the Dirac Hamiltonian). However, to make it easier to
study this generalized walk, we specialize our choice of A
and B to a one-parameter family. Consequently, we obtain a
family of walks that gives the correct continuum limit while
allowing its behavior to be tuned using 6 to get rid of fermion
pseudo-doubling.

B.3+1D

Again, we start with
K;i=v!S;+vy] +v’S;.

Earlier, we picked y; = 0 to get the conventional Dirac
walk in 3 4+ 1D. However, now, we wish there to be some
nonzero probability, in general, for the particle to remain
where it is. Thus, we shall pick {y;/} more generally.

To this goal, similar to the 1D case, let A;, B; be some

subspaces of Hg. Also, let IT} and Hi be projector operators
into subspaces A; and B;, respectively. We can also define
J

the complimentary projector operators, IT7

1 4 1D case. Then, we pick

, Hé, similar to the

yi =T,

y! = Hél’[é, and

yvi =1-yl -y = (M0 +njm). (40)
It can be verified that K is indeed unitary for all j.

Now, let us consider the Weyl walks: KT = K.K,K, and
K = K;KfK; Also, in the momentum space, KT(p) =
K~ (—p). In the continuum limit, computed in a similar man-
ner as before, we have

Hip=+Y (vl —y))=+> (I — i)Pu, (41)
J J

where, again, v = 8x/6¢.

Let us now specify A; and B;. Again, we introduce the pa-
rameter —m /2 < 6 < /2. Then, let us define the following
operators:

gé‘ = cos(f)o, — sin(f)o,
0—3 = cos(6)oy — sin(f)o,
o, = cos(f)o, — sin(6)o,. (42)

Then, we consider the eigenstates of these opera-
tors, o, |1} = |1}). Choosing TII; = [1))(1}| and TII) =

T
\'\~ -"’
~
.. ) 6=271/3,.-
s =L P
—— 2 -
,z/ ~'~\} O
- <N i
- "\ ad
< Ry PO ;
~ /— \\\ ,/
L I 1 I L 1 Sy 2”7 ) 6X
_3n _m _n ST n o _3nos p
-7 ) 2 45% St 2-— 1 ~JU
< oZ ~
\\\ ’;”, .\'\
S o4 SN
_—— ol ‘.
Rd 2 °S
R S
e S
R °~
’!, .\h
~
_l
----- KK, Ky
KK TK S -=eme - Continuum Weyl

FIG. 4. Plot of the dispersion relation of the parametrized 3D
Weyl walks with 8 = 27 /3 and p, = p, = p, = p. We can see that
both the Weyl walks have the doubler at different points. The plot
also shows the dispersion relation from the continuum Weyl equa-
tion, and we can see that the continuum theory agrees with the walks
for small pdx.

1M (1 1, we get

Hff = 45 - Pvcos(9) (43)

€

which gives us the Weyl Hamiltonian if we take ¢ = v cos(9).
Now, consider a particle with momentum near § =
(g, g, 9)T where?

1

tan(qu/Z) = m

(44)

We can show that for ;6x < 1,
Ki(:lzcj +17)=1TFidxcos(®)ij-&" + (’)[(nj(Sx)z], (45)

where {oj’-} are an alternative representation of Pauli operators
(Appendix G). Thus, we have fermion doubling at p = £+4
for the Weyl walks K*, respectively (because the respective
walkers behave like Weyl particles at these points). We have
plotted the p, = p, = p; slice of the dispersion relation in
Fig. 4 in which the doublers are noticeable.

Do we have any other doublers? For 6 = 0, we already
listed the doublers exhaustively in Sec. II B. Now, for 6 # 0,
we expect there to be no other doublers apart from the one
mentioned above. We performed a numerical search for vari-
ous values of 6 to look for eigenvalues near zero, however we
couldn’t find any additional ones.

Now, again, we have Egs. (25)—(27) defining the Dirac
walk as follows:

_w [ KKK 0 (KT 0
U_W( 0 KJKJKJ>_W<0 x ) (27)

2As gdx € (—m, 1), Bq. (44) gives a unique g for each 6.
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Then, for the Dirac walk, we have

mc

(T — ) e
Heff=<Zj( e b)j

in the continuum limit (when péx <« 1 and mc28t <« 1). With
the choice of A/ and B/, we get

& - Pvcos(9) mc?
Het = - 47
ot ( mc? —G - Pvcos() “7)

in the continuum limit. Then, identifying ¢ = v cos(6), we get
the single-particle 3 4+ 1D Dirac Hamiltonian.

We can again define a notion of energy for all momen-
tum eigenstates (with any value of mc?8t). Note that because
the internal state of the system is four-dimensional, for each
P € ©, we have four energy eigenvalues. We have plotted
the dispersion relation for this walk for a particular value of
(nonzero) 6 in Fig. 5.

We have already discussed fermion doubling for this walk
when 6 = 0; for this choice of 6, we get back the conventional
3 4+ 1D Dirac walk. Let us discuss the case for nontrivial
values of 6. Because we have constructed the Dirac walk
from the two Weyl walks, we expect to inherit any doublers.
However, for 6 % 0 we do not have a good continuum limit
at £4. This is because K* have doublers at different points.
These particles are still likely to cause issues in scattering
models because two of the energy eigenvalues are zero. We
do not expect introducing the mass term to produce more
doublers. Thus, we expect there to be no doublers in this walk
when 6 # 0.

Let us now make the case that we can always pick 0 such
that there are no pseudo-doublers. In Appendix F, we show
that

|Ej6t| < 3(r —260) + mcst. (48)

Thus, for sufficiently small values of mc28t, we can always
pick 6 so that |E;6t| < /2. Because pseudo-doublers must
have energy in a small ball around =+ /§t, this ensures that
we have no pseudo-doublers.

Eot

06=11/3,
| pyOx = p,O6x = mc?St =.1

pig
2

FIG. 5. Plot of the dispersion relation for the parametrized 3 +
1D Dirac quantum walk with 8 = 7 /3. We can see that the energy is
never greater than 7 /(2 8t).

mC2
O . (46)
-2 (MarT;, — Hé“{;)ﬂ‘”)

To conclude, for this choice of projectors, we have ob-
tained a family of Dirac walks in 3 4+ 1D parametrized by
0. While for 6 =0 we get back the conventional 3 4+ 1D
Dirac walk, we can tune 8 to remove all fermion doubling
or pseudo-doubling. However, we do have extraneous low-
energy solutions. Finally, for the 3 4+ 1D case, we summarized
all the differences between the family of walks and the con-
ventional walk in Table II.

IV. DISCUSSION

The QWs presented here can be second quantized to obtain
their respective QCA versions (see Appendix H). We can
also add further interactions to such models. For instance,
we provide an interacting model constructed from the family
of quantum walks in Appendix I. In particular, we introduce
electric interactions in 1 + 1D, thereby developing a QCA
version of the Schwinger model by following Ref. [9].

The notion of doublers and pseudo-doublers carries over to
the respective QCA models. In particular, there are pseudo-
doublers, particles that behave like low-momentum particles,
but with energy near 4+ /8t in the conventional Dirac QCA.

TABLE II. Comparison between the conventional and the new
Dirac walks in 3+1D. The new walk is rather a family of walks
parametrized by 6 € (—m /2, w/2). When 6 = 0, the new walk re-
duces to the conventional walk. Introducing the parameter 6 allows
us to get rid of any doublers or pseudo-doublers.

Conventional 341D Family of new 3+1D
Dirac walk Dirac walks
Parameters None* [%
Symmetries Locality, translational ~ Locality, translational
invariance, unitarity invariance, unitarity
Relationship 8x = cdt cos(6)dx = ¢t

between lattice
spacing and

time step
Continuum limit Dirac Hamiltonian Dirac Hamiltonian
behavior
Doublers At None when 6 # 0

pox = (xm, £m,0)
and permutations
At péx = (£m,0,0)
and permutations,
pox = (£m, £m, £m)
Additional At

Pseudo-doublers None when 6 # 0

Atp==x(q,q, q),

low-energy pox = (xm, £, £m) where tan(géx/2) =
solutions [cos(8) + sin(0)]7!
Range of |ESt| < 1 |Edt| <

eigenvalues 3(r —20) 4+ mc?st

#*We consider m to be fixed and the lattice spacing §x to be an artifact
of the lattice rather than the walk.
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We had pointed out in Ref. [27] that these pseudo-doublers,
for the conventional Dirac QCAs, are likely to make the vac-
uum state highly unstable if we were to introduce interactions.

For the Dirac field, we can define the vacuum state by
filling up all the negative-energy states [3]. All the filled
negative-energy states form what is called the Dirac sea. Un-
like the continuum limit, where there is only one boundary
between the Dirac sea and empty positive energy states, in
the discrete theory we have two boundaries between the Dirac
sea and the positive energy states—FE = 0 and E = £ /6t.
In the conventional Dirac QCA, if we were to introduce some
interactions, we would expect high-energy pair creation to
take place near the E = £ /8t boundary due to the presence
of pseudo-doublers there. Moreover, particles with momen-
tum close to p; = 7 /(26x) in 3 + 1D also have energy near
both the boundaries, and thus may also contribute to the pair
creation.

We can use the family of Dirac QCAs to solve this problem.
By choosing an appropriate value of 6, we can make sure that
there are no energy eigenvalues near s /8¢. Using the results
about the eigenvalues of a product of unitaries discussed in
Appendix E, we show in Appendix F that we can choose
a 6 such that |E,dt| < 7 /2 if given small enough values of
mass. In Figs. 2 and 5, one can see that the energy eigenvalues
strictly lie between —mr /28x and 7 /26x.

In our previous work, we had introduced a modified quan-
tum walk that also resolved this issue. However, while this
walk got rid of any pseudo-doublers and other particles near
E = +m /6t, it had introduced more fermion doubling near
E = 0. On the contrary, the family of walks that we have
presented in this paper are mostly free of both doublers and
pseudo-doublers (for clever choices of 6 # 0).

However, these walks are not free of all extraneous low-
energy solutions. Considering the 3 4 1D family of Dirac
walks, for each value of 6, note that we have have two ex-
traneous low-energy solutions (£4(0)). Note that while we
have constructed the 1 4+ 1D walk in a very general manner,
we have constructed the 3 4 1D walk by simply combining
the 1 + 1D walks in each direction. We might be able to get
rid of any extraneous low-energy solutions by considering a
more general construction in higher dimensions. This could
be an avenue to explore in a future work.

We wish to make a small note on the physical implementa-
tion of these walks. Suppose we have double the lattice sites
and we always have an initial state on a superposition of odd
sites. Consider the unitaries V(0) = |19){1.] + [{g){{.| and
T = 1) (118 4+ |4-)({-|ST. Now, the sequence of unitaries
VTV @O)V(—0)TV(—0) implements our new walk with
some additional lattice sites. Note that the final state (after
a few applications of the above sequence of unitaries) will
always be in a superposition of odd lattice sites. Ignoring the
"temporary" even lattice sites for the initial and final states,
this decomposition consists of unitaries that have already been
implemented in existing experimental frameworks [19], hence
similar approaches could be used to implement our new walk.
A similar decomposition can be achieved in higher dimen-
sions.

Finally, we have based our argument on free theories. For
future work, it would be interesting to explore scattering cal-
culations in explicit interaction models [10,30], including the

one in Appendix I, to have a closer look at the issues caused
by the presence of these doublers and pseudo-doublers.
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APPENDIX A: SIMULATIONS

We ran simulations to compare the behavior of the new
and the conventional walks which are shown in Figs. 6 and 7.
There is a large distinction between the two walks, as is
apparent from the figures. However, we have simulated a state
initially localized at a particular site which has high average
energy and thus is not in the regime where we would expect
continuum behavior.

Moreover, from the figures, we can also see that we have
sub-ballistic behavior for the new walk. For very small mass
(mc?8t), sub-ballistic behavior is largely negligible in the con-
ventional walk over the times considered. Furthermore, for
the same underlying lattice and size of time step, the new
walk is slower than the old walk. However, for the purpose
of simulating field theory, to bring the new walk up to speed,
we can rescale the underlying lattice accordingly as discussed
earlier. In particular, for the old walk we set §x/6¢f = ¢, and
for the new walk we set §x/8t = ¢/ cos(8), where 5x and &t
are the lattice spacing and size of time step, respectively.

APPENDIX B: FERMION DOUBLING IN 3 + 1D
AT p; = £m/28x

Consider the 3+ 1D conventional Weyl walk from
Sec. I B. We have

Ki(£m [26x +n) = Fio;K;(n) (B1)

with K;(p) = Exp[—ipo;éx]. Power expanding for néx < 1,
we get

K;(£m /28x + 1) = Fio;(I — ino;sx) + O(5x*)
= F(io; + ndx) + O(5x?). (B2)

Then, for the Weyl walk, if p = (7 /28x, 7 /28x, 7w /28x)T
or p = (—m /28x, —m /28x,  /26x)T (including all the permu-
tations), we have

K(p+1i)=—U+ii-5"8x) + O(6x?), (B3)

where 67 = (—oy, 0y, —o)T is an alternative representation
of the Pauli matrices. Around this point, the particles behave
like Weyl particles of the opposite chirality and have energy
near £ /6t. Thus, we could consider these points to be
pseudo-doublers.

We also have, for p= (—m/28x, —m/286x, —m /28x)"
or p=(—m/28x,w/28x, w/26x)T (including all the
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FIG. 6. We have simulated the conventional and the new Dirac walks in 1 + 1D and plotted heatmaps of the probability of a walker being
on a particular lattice site at some time. We considered a 1D lattice consisting of 50 lattice sites and ran the simulation for 20 time steps. The
initial state is taken to be a product state with the walker starting on the 25th lattice site. For (a) and (b), we have considered the conventional
walk (@ = 0), and for (c) and (d), we have considered the new walk with & = 7 /3. The initial internal spin state is taken to be (|1.) + |.))/ V2
for (a) and (c), while it is taken to be || ) for (b) and (d). In all cases, we have taken mc?8t = 0.1.

permutations),
K(p+17)=U+i1-3"8x)+ O@x?). (B4)

Thus, these points behave like Weyl particles of opposite
chirality, with energy near zero, and hence we could consider
them doublers.

Let us now look at the Dirac walk. With |v,) as an energy
eigenstate, for p = (77 /28x, w /28x, 7w /26x)T,

K.K,K, 0
T |Yp5) = ( ' 0‘ KTKTK*> (Vi)
Z y X

[~ +ii-56x 0 )
—[< 0 1+iﬁ-8’6x>+0(8x)

X | Wp+i) - (B5)

Then, with the mass term W, we have

| (—I+if-5 x —imc?5t
wWT |¢I7+17) - |:< —imcz(St 1 + lﬁ . 6:/8x
+ O(8x?, 8x6t, 5;2)} [V5ii) - (B6)

We get a similar expression for the other points. As we
cannott expand around identity around these points, i.e.,
WT |y5) % €l [{5), for any arbitrary phase ¢, we do not
have a good continuum limit around these points for the mas-
sive case.
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FIG. 7. Plot of inverse participation ratio (IPR) against time for
the Dirac walks in 1+ 1D. The IPR for a state [y (r)) is given
by IPR(t) =), | (¥ (1)) n (n) ¥ ()|>. We consider an initial product
state localized at a particular lattice site. For (a) and (b), we have
considered the conventional walk (6 = 0), and for (c¢) and (d), we
have considered the new walk with & = 7 /3. The initial internal spin
state is taken to be (|1;) + |¢Z))/ﬁ for (a) and (c), while it is taken
to be |{.) for (b) and (d). In all cases, we have taken mc?8t = 0.1.

APPENDIX C: UNITARITY OF THE FAMILY OF WALKS
From T =y, S + yo + y_ST, we get
T'T = {S"+v) + VIS + v +v-5T)
= (y)S? + rivo + vy vo)ST
+lve Hvivo+rvivo)
+ v + VIS + (vt (C1)
Recalling from Eq. (29) that
7+ = I,
y— = IzI1;
Yo = (oI5 4 Mally),

we will now prove the unitarity of 7. We will use the fol-
lowing identities in this section: I1, 4+ I1; = I and I1;I1, =

Hana = 0
Consider
Yive = I, (MaTT, + T1,11;) = M,M,00;  (C2a)
Vo v— = (I + M) = T,I:0T;.  (C2b)

Then, adding Egs. (C2a) and (C2b), we get
yivo+vgy- =T, (I, + Ma) T = T,IT; = 0. (C3)
=I

Also, consider

yiy- = (0,) (Mallp) =, MM [T = 0. (C4)
=0

Because of the symmetry between the barred and unbarred
projection operators, from Eqgs. (C3) and (C4), we also have

v y. =0and (C5)

vive +v v =0. (C6)
Moreover, we get

vive +viy. = ML, + TG 5and — (C7)

Yo vo = TI1, 15 + T, 11510, (C8)
Thus, after adding Eqgs. (C7) and (C8), we get
yive +vivo +vive = T, + )T,
I
+ I, (I, + T15)I,
I

=TI;+ 11, =1 (C9)

Finally, using Egs. (C3)—(C6) and (C9) in Eq. (C1), we get
TTT =1.1In a similar way, we can also show that TTH =1.

APPENDIX D: BEHAVIOR OF THE 1 + 1D WALKER
IN A SMALL BALL AROUND ANY MOMENTUM

Consider the family of quantum walks from Sec. IIl A. We
shall look at the case when m = 0. We can rewrite 7 from
Eq. (30) as

T = Exp[—iP(I1, — I1;)8x/2]
x Exp[—iP(IT, — T;)8x/2]. (D1)

With the choice of T1, = |14)(1e| and T, = |1 _4) (1 —¢] as
before, we can write T as

T = Exp[—iPoyéx/2]Exp[—iPo_¢dx/2]. (D2)

Acting T on a momentum eigenstate with momentum
pdéx € (—m, ], we can define T'(p) as

T (p) = Expl—ipoydx/2]Exp[—ipo_yéx/2]. (D3)
Further simplifying, we have
T (p) = [cos(pdx/2) — iog sin(pdx/2)]

X [cos(pdx/2) — io_g sin(pdx/2)]

= cosz(p(Sx/Z) — icos(pdx/2)sin(pdx/2)(op + 0—p)
— opo_g sin®(pdx/2)

= cos?(pdx/2) — isin(pdx) cos(H)o,
— e 29% sin?(pdx/2). (D4)

Now, to have a good continuum limit near p, we require
that for néx < 1,

T(p+n) =€l —iHn+ O] (D5)

for some ¢ independent of n and H Hermitian.

Thus, we want T (p) = ¢'®I for some ¢. Now, as we are
dealing with unitaries that are in SU(2), the only possibilities
are /¥ = &1. From Eq. (D4), and recalling that 7/2 < 6 <
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—m /2, we can see that this is only possible when either (a)
p =0 with any 6 or (b) p = /éx with 6 = 0. We already
know that these points indeed give a good continuum limit.
The same line of reasoning holds if we include the mass term.

APPENDIX E: EIGENVALUES OF PRODUCT
OF UNITARIES

Suppose we have finite-dimensional unitary matrices U
and V. Then, we can always write U = ¢/ and V = ¢©,
where H and G are Hermitian. We can always pick H and G
such that their eigenvalues lie in (—m, ]. Let the eigenvalues
of H and G be {A;}; and {n;},. Let A and n be non-negative
real numbers such that |A;] < A < 7 and |n;| < n < 7 for all
i.

By Thompson’s theorem [32], we have

UV = ei(HJrWGWT)’ (ED)

where W' is some unitary matrix. Let the eigenvalues of H +
WGW T be {y}¢_,.
Then, applying Weyl’s inequality [33], we get

max v < max A+ max 7 <A+7, (E2a)
miny/ > —mink, —ming > 2 - (E2b)

In other words, for all &,
lvel < Inl+ [2]. (E3)

Now, let the eigenvalues of UV be {e~7*}; such that y; €
(—m,m]. We can obtain {y}; from {y/}; by shifting each
v, individually by an integral number of 2 till it is within
(—m, ]. Thus, from Eq. (E3), it follows that

el < Iyl < Inl + AL (E4)

APPENDIX F: RESTRICTING ENERGY EIGENVALUES

Consider K; used to define the family of walks from
Sec. IIl. As K is translationally invariant, in momentum
space, we write it as a unitary operator K;(p) acting on Hs.
Now, we wish to write an explicit expression for the real part
of the eigenvalue of K;(p).

From Eq. (D3), we know that we can write K;(p) = rl +
iA, where A is a Hermitian matrix with

r = cos?(pdx/2) — sin®(pdx/2) cos(26). (F1)

Then, r is indeed the real part of the eigenvalues of K;(p). We
have the same expression for all j's because of the symmetry
between different K.

Now, because K(p) is unitarily equivalent to its Hermitian
conjugate, we can let its eigenvalues be e*™/ with 0 < A; <
7. Then, we can write

cos(A;) = cos*(pdx/2) — sin*(pdx/2) cos(26). (F2)

Now, we wish to find the minimum of this expression
for péx € (—m, m]. Recall that —7 /2 < 6§ < 7 /2. We shall
further impose that 0 < 6 < 7 /2. We have

min_  cos(A;) = —cos(20) = cos(mw — 20). (F3)

—TT<p<T

Because 0 < w — 260 < 7w and 0 < A; < 7, we get, for all j,
Aj < —20. (F4)

Now, consider 7;. Applying them to momentum eigen-
states, we can write them as 7;(p). The eigenvalues of K; and
T; are the same by construction. Also note that the eigenvalues
of W are £mc28t with 0 < mc28t < 7. Then, using the result
of the previous section [Eq. (E4)], we have

|E;8t] < 3( — 20) + mc?st. (F5)

Finally, we can see from Eq. (F5) that for all 0 < mc?8t <
/2, we can always pick a 8 with 0 < 6 < m/2 such that
|EpSt| < /2.

In a similar manner, we can show that the above also holds
true for the 1 + 1D family of walks.?

APPENDIX G: FERMION DOUBLING
IN THE WEYL WALKS

We shall consider the family of Weyl walks, K * = K.K K,
and K~ = K;K;K; from Sec. III at the point § = ¢(1, 1, 1)T,
where ¢ is given implicitly by

tan[q(0)x/2] = (44)

cos(6) + sin(6)’
First, note that from Eq. (D4), we can write K, (p) as
K.(p) = cosz(pr/Z) — isin(pdx) cos(0)o,
— e % gin? (psx /2). (G1)

Then, after some algebra, we can write K [g(0)] as

K.(q) = [s(s 4+ ¢) — ic(s + ¢)o, + isco,], (G2)

1+4+cs

where s = sin(0) and ¢ = cos(60).
We can similarly write K,[g(6)] and K,[g(6)]:

1
K,(q) = ——I[s(s +¢) — ic(s + c)oy + isco],

G3
1+4+cs (G3a)
K.(q) = [s(s + ¢) —ic(s + c)ox + iscoy].  (G3b)
1+cs
Then, we can verify that for any 6,
K'[30)] = K@K\ (K:(g) = 1. (G4

Thus, we do have a good continuum limit at this point.
Let us now find the effective Hamiltonian. With

K; = Exp| — iPjo;)8x/2]Exp[ — iPjo’ ,6x/2],  (G5)
we get, for n;éx < 1,
i . .
Ki(pj +nj) ~ Kj(p) = 31;8%(05 T;(p)) + Tj(pj)o’y)

(G6)
up to first order.

3For the 1 + 1D family of walks, we have
|E,8t] < (7 —20) + mc?6t. (F6)

Again, the same conclusion follows.
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Then, for K(p + 7 ), we get
K* (P + 7)) = K.(p)Ky(py)K:(p:)

— SO (PR, (P (07K (o) + K(p2)oy)
i y y
- Eny(SXKz(pz)(O'g I(y(py) + Kv(py)afg)Kx(px)

— S1:8x(0FK(p2) + Ke(p)o ) Ko (pyK. ().
@

Now, consider p = G(0). Using K.(q)K,(q)K:(q) = I, we
get

- = i T X X
K@ +)~ 1 = Sndx[K (907 K(q) + 0%,y ]

— smo[K(@)o)K! (9)
+ K (q)0”  Ki(q)]
— Sn:6x{0f + K@) K @] (G8)
We can rewrite the above equation, compactly, as
KT(G+ 1) ~1—icos(9)ij-&'8x, (G9)
where
o, = [Kl(@)aiK(q) + 0%4]/ cos(9),
1 = [K(@)op K (@) + K] (q)0” K (9)]/ cos(6),
o = [oF + K.(9)07 4K, (q)]/ cos(®). (G10)

Using a computer algebra system, we verified that
(o], aj’-] = i€;jo, and sz = [. Thus, {0]{} are an alternative
representation of Pauli operators.

Now, consider K. Because K~ (p) = K+ (—p), we have
(G11)

Thus, we can see from Egs. (G9) and (G11) that the walkers
given by K* behave like a Weyl particle at &g, respectively.
Thus, we have fermion doubling at this point.

Are there any other doublers for the Weyl walks K*?
We attempted a numerical search for zero-energy eigenvalues
for different values of 6 % 0 and could not find any other
low-energy solutions. Moreover, note that from Eq. (F5) it is
evident that we can choose 6 such that Ej; 8t < 7 /2. Thus,
there are no pseudo-doublers in these walks (as the energy of
a pseudo-doubler has to be 7 /§t).

K (—=G+ 1) ~1I+icos(8)i-d dx.

APPENDIX H: FREE DIRAC QUANTUM CELLULAR
AUTOMATA IN 1+ 1D

In this appendix, we shall construct a QCA which yields
the family of Dirac walks in its single-particle limit. Again,
we suppose a 1D lattice with spacing §x. Suppose we have a
two-component field on the lattice,

‘Iln = (1//;;> s

such that {y¢7, yb} = s

nm?

(HI)

where n,m € Z and a, b € {r, [}.

Suppose A, B are vector subspaces of C2. Let IT, and IT,
be projection matrices into A and B, respectively.
We can implicitly define the unitary 7" such that

T, T = 0, + (M,11;

+ MM, W, + ML, . (H2)

More explicitly, we can write the unitary as

Sx /éx
T = Exp| —i —/ dpp ¥ (I, — z)¥,
2 J_qysx

_5)6 /8x ;
xBxp| i % [ W= Ty, | )

We can also define an additional unitary W such that

i Wyrwt
(- ()

= ¢ M (3,) (H4)
where M is a complex 2 x 2 Hermitian matrix.
Then, we can define a QCA via the unitary
U=WT. (H5)

Now, we shall identify |1.) with the vector (1,0)T, and
identify ||.) with the vector (0, 1)T.

Then, with
1 0
Ha = Hb = (0 O)’ (H6)
we get
U\t _ (TVTY _ (Vi
()= (i) = () oo
Alternatively, we can write
WT =Exp| —ist Y WiMW,
neZ
T /éx .
x Exp —in/ dpp\Ill‘,Z\Ilp , (H8)
—1/8x

where Z is the Pauli-Z matrix. Now, we if see M = mc*X with
X being the Pauli-X matrix, we get the original Dirac QCA
from Ref. [2].

Now, with the same identification as before, we identify the

vectors
cos(8/2) —isin(6/2)
(—isin(e/z)) and ( cos(6/2) ) )
with |14) and || ). Let
11+ cos®) isin(9)
Mo = 5( —isin(@) 1-— cos(e))' (H10)
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Then, with 1, = Iy and I1, = [T_y, we get a family of Dirac
QCAs in 1 + 1D as follows:

WT =Exp| —ist ) WMV,
nez

S /éx
x Exp|:—i?x / dp¥' p(cos(6)Z — sin(H)Y)\Ilp:|
—m/6x

.8)6 /8x )
x Exp[—13 / dp¥ p(cos(0)Z + 51n(6)Y)\Ilp:|.

—1/8x
(H11)

We also set M = mc?X with ¢ = cos(@)g—f to get the correct
continuum limit.

Finally, note that the explicit construction of the 3 4 1D
free QCAs, obtained by second-quantizing the 3 4 1D Dirac
walks, can be done in a similar manner to the 1 4+ 1D case.

APPENDIX I: INTERACTING QUANTUM CELLULAR
AUTOMATA: SCHWINGER MODEL

We shall now use the framework of Ref. [9] to introduce
electromagnetic interactions to the Dirac QCAs in 1 + 1D. We
expect the model to describe QED in 1 + 1D, also known as
the Schwinger model.

Let us start with the model in the previous section. Let us
define the unitary G, where o : Z — [0, 27) to implement
gauge transformations as follows:

GiyiG, = yle™. 1)

n

Clearly, T as defined in Eq. (H2) is not gauge invariant, i.e.,
[Gy, T] # 0 in general.

We wish to construct a unitary that is gauge invariant.
To this goal, we introduce a link between each consecutive
lattice sites labeled by n € Z + 1/2. At each of these links,
we introduce a Hilbert space spanned by orthonormal basis
{I),,,1 € Z}. We define the operators E, and V, implicitly
via E, |l),, =11}, and [V,, E,] = V,. Note that the operators
on different lattice sites commute with each other.

We define the gauge transformation on |/}, as

Gy |1}, = Explil(@nt1/2 — dn—1/2)1 1), . (12)
Now, we construct the following gauge-invariant operators:
T =i [ Vi (13)

m>n

We can verify that [, G,] = 0 for all «.

Now, we wish to construct a gauge-invariant QCA. We do
so by constructing it using gauge-invariant operators— and
E,.

Let us now define a gauge-invariant unitary T:
TW,T" = I,0,%,, + (T,I1;
+ a1 W, + MW, . (14)
Rewriting,
Tw,T" = ,01,%,,1V,, , + (ML,

+ Mg )W, + W, V,—1 2, I5)

we can see that it is indeed local.

Now, note that W, as defined before, is indeed gauge invari-
ant. We can rewrite W by replacing the unbarred operators in
its definition with barred operators to make its gauge invari-
ance explicit. -

Consider Dpjr,c = WT. This is a gauge-invariant version of
the Dirac QCAs. With a choice of the projection operators, we
can obtain a gauge-invariant version of either the conventional
Dirac QCA or the more general family of Dirac QCAs.

Now, so far, we have not introduced interactions. Introduc-
ing a kinetic term for the electric field induces interactions:

20,32
® Exp|:—ig2—c el

Dy =
neZ+1/2 2€0dx

where g is the charge of the fermionic particle and ¢ the
permittivity of free space.
Then,

D = DDiracDE (17)

defines a gauge-invariant QCA with electric interactions in
1 4+ 1D. Thus, we have obtained a family of QCAs that are
a discrete spacetime version of the Schwinger model. This is
a generalization of the QCA presented in Ref. [9].

Finally, we must discuss Gauss’s law. Consider the follow-
ing operator:

Jo=Ens1p — Ep1p — W)W,
=Ei1p— Enip— U)W, (18)
In the Schrodinger picture, we demand
J, Iphys) = 0 (19)

for any physical state |phys). Ensuring that the initial state is
physical is sufficient. This is because J, is the generator of
gauge transformations. By demanding that our QCA is gauge
invariant, we have already insured that the unitary defining the
QCA commutes with J,,.

Finally, note that to implement this QCA on a physical
system, we can restrict [ to be between —L and L, where L
is some integer.
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