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The thermodynamic uncertainty relation (TUR) is a fundamental principle in nonequilibrium thermodynamics
that relates entropy production to fluctuations in a system, establishing a trade-off between the precision of an
observable and the thermodynamic cost. Investigating TUR violations challenges classical thermodynamic lim-
its, offering the potential for improved precision-entropy trade-offs, which is crucial for enhancing performance
and optimization in quantum technologies. In this work, we investigate the thermodynamic uncertainty relation
within a quantum collisional model, which offers the advantage of discretizing interactions into successive
collisions with auxiliaries, allowing for precise tracking of dynamics and the incorporation of memory effects
and non-Markovian behavior. We consider three types of dynamics in the collisional model: one is Markovian
evolution, achieved by taking the continuous-time limit and imposing the stability condition, while the other
two are non-Markovian dynamics—one arising from increasing the collision time between the system and the
auxiliaries, and the other from incorporating interactions between the auxiliaries. For the Markovian dynamics,
we examine the classical and quantum TUR bounds in the nonequilibrium steady-state regime, and also the
finite-time TUR bound. We identify two distinct regimes of classical TUR violation: in some cases, the maximum
violation occurs in the steady state, while in others, it is necessarily transient—appearing only at early times and
vanishing with further evolution. For the two non-Markovian approaches, we find that both the degree and type
of non-Markovianity crucially affect TUR violations. The second approach shows more pronounced violations
during transient times, while the first approach has much stronger violations in the steady-state regime for a

certain parameter window.

DOI: 10.1103/kjkg-ksjd

I. INTRODUCTION

The set of thermodynamic uncertainty relations (TURSs)
[1-7] builds upon and extends the principles of the
Fluctuation-Dissipation Theorem (FDT) [8,9], providing a
framework to explore the trade-off between fluctuations and
dissipation in nonequilibrium systems. While the FDT tra-
ditionally connects equilibrium fluctuations to the linear
response of the system to perturbations, TURs generalize
this concept to nonequilibrium steady states and beyond.
The standard form of TUR establishes that the precision of
thermodynamic currents, such as heat or particle flow, is
inversely related to the entropy production, thereby linking
fluctuations in these currents to the irreversibility of the under-
lying processes. This means that achieving higher precision
in measuring a current necessitates greater thermodynamic
cost (of maintaining the nonequilibrium steady state) which is
quantified by the entropy production rate. Initially, TURs were
formulated for classical time-homogeneous Markov processes
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[10-14], capturing essential aspects of nonequilibrium steady
states. Subsequent refinements and extensions have broadened
their scope to include finite-time processes [2,15-17], period-
ically driven systems [18-20], and quantum systems within
the linear response regime [21]. Recently, the short-time
current and short-time TUR have also been studied explic-
itly, which focuses on the behavior of TURs in the limit
of small observation times [22-26]. TURs have also been
adapted to account for correlations between multiple currents
[27], discrete or time-dependent driving forces [18,28-30],
underdamped Langevin dynamics [31-33], systems involving
measurement and feedback mechanisms [34], and for more
general finite-time nonstationary processes [35]. TURs es-
tablish fundamental limits for the efficiency and precision
of biomolecular processes [1,36—38] and thermal machines
[39-41], where thermal and quantum fluctuations play a sig-
nificant role due to their small size. Their applicability extends
to Brownian clocks [28], which are stochastic oscillators
driven by nonequilibrium processes and to active matter sys-
tems, such as bacterial swarms or synthetic colloidal particles,
where nonequilibrium driving forces produce steady-state cur-
rents [42]. Experimental efforts to realize and test the TURs
are ongoing, driving forward the understanding of its practical
implications [25,43-46].

TUR violations occur when the trade-off between the pre-
cision of thermodynamic currents and entropy production
does not adhere to the predicted bounds, indicating that a
system achieves higher precision at lower dissipation than
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expected. These violations can arise under certain conditions,
such as the breaking of time-reversal symmetry [30,47,48]
and the influence of quantum coherence [49-55]. While TURs
in classical systems are derived under assumptions such as
Markovian dynamics and the absence of quantum effects,
quantum systems can “violate” these bounds by utilizing
quantum resources, enabling higher precision with lower dis-
sipation. Quantum coherence has already been shown to play
an important role in TUR violations [49-55]. The validity
of TURs in transport systems has been studied, and the
conditions for its validity have been derived [48,56]. TUR
violations in steady-state quantum thermoelectric junctions
have also been investigated [57].

A quantum collisional model represents the interaction
between a system and its environment as a series of discrete
collisions with auxiliary systems. Each auxiliary system inter-
acts with the main system for a finite duration before being
replaced by a new auxiliary. Unlike the traditional system-
bath approach, which assumes continuous interactions with
an environment, the collisional model offers greater flexibility
by discretizing interactions, allowing for precise tracking of
system dynamics [58-60]. Additionally, it facilitates the in-
corporation of memory effects and non-Markovian behavior,
making it an effective tool for studying open quantum systems
and investigating decoherence processes [61-67]. Collision
models have proven to be a valuable tool for quantum trans-
port, addressing limitations in traditional Lindblad master
equations [68—70]. They have been applied to various areas,
including quantum synchronization [71], multipartite entan-
glement generation [72], and on different quantum devices
[73-76]. These models have been instrumental in advancing
our understanding of equilibrium and nonequilibrium dy-
namics [77-81], and thermodynamics under strong coupling
conditions [82]. Collisional models have been implemented
in various experimental platforms, including photonic systems
[83], trapped ions [84], quantum computers, and other exper-
imental setups [85—89]. A recent implementation showcased
the capability of collisional models to explore both steady-
state and periodic nonequilibrium steady-state dynamics in
an XX Z spin system [90]. Additionally, significant advance-
ments have been made in using collisional models to study
various aspects of quantum thermodynamics. For example,
they have been applied to investigate nonequilibrium steady
states [80,91,92], quantum battery charging [76], and ther-
mometry [35].

In this paper, we investigate the thermodynamic uncer-
tainty relation within the framework of a quantum collisional
model. Understanding TUR violations is crucial for evaluating
the performance and stability of quantum devices, while colli-
sional models play a significant role in their design. Hence, by
studying TUR violations within quantum collisional models,
we uncover pathways to surpass traditional limits, paving
the way for more efficient and advanced quantum technolo-
gies. In the collisional model, we examine the TUR violation
for three types of dynamics. The first type is Markovian
evolution, which is obtained by taking the continuous-time
limit and imposing the stability condition. The second and
third types involve non-Markovian dynamics. The second
arises from increasing the collision time between the system
and the auxiliaries. The third type is generated by incorpo-

rating interactions between the auxiliaries themselves. For
Markovian evolution, we examine three key aspects: the
classical TUR bound in nonequilibrium steady states, the
finite-time TUR bound for each collision, and the quan-
tum TUR bound. We observe that the classical TUR bound
is violated, with the maximum violation occurring either
in the transient or the steady-state regime, depending on
parameters such as the magnetic field strength and the in-
teraction strengths between the system and the auxiliaries.
This gives rise to two distinct behaviors: in some regimes,
the violation grows with evolution time and reaches its max-
imum in the steady state, while in others, it is necessarily
transient, manifesting only at early times and vanishing as
the system evolves. The necessarily transient feature mat-
ters because it shows how TUR violation can be exploited
within finite-time windows, which is especially useful for
quantum devices that cannot rely on steady-state operation
or where transient performance is more advantageous than
their steady-state counterpart. We then analyze the quan-
tum TUR bound using the same parameters that cause the
classical violations. Our findings show that the model con-
sistently adheres to the quantum TUR bound, underscoring
its alignment with the principles of quantum thermodynam-
ics. For the two non-Markovian approaches, we investigate
the finite-time classical TUR, along with the degree of
non-Markovianity using the well-known Breuer-Laine-Piilo
measure [93,94]. In non-Markovian dynamics with extended
collision times, two distinct behaviors emerge, similar to
the Markovian case: in some parameter regimes, the viola-
tion grows with increasing evolution time and persists into
the steady state, while in others, it is necessarily transient.
In contrast, non-Markovian dynamics with interacting aux-
iliaries exhibit TUR violations that are more pronounced
at short evolution times, leading to a broader necessar-
ily transient regime. These contrasting behaviors highlight
that both the degree and nature of non-Markovianity play
a crucial role in shaping the extent and character of TUR
violations.

The rest of the paper is organized as follows. In Sec. II,
we introduce the physical setup used for analyzing the
TUR bounds, along with the Markovian and non-Markovian
formulations considered in this work. In Sec. III, we out-
line the method for calculating the TUR parameters for
both the Markovian and the non-Markovian approaches, in-
cluding the evaluation of the quantum TUR parameter. In
Sec. IV, we present our main results, showing the behavior
of the TUR parameters for all Markovian and non-Markovian
approaches, with a focus on the violation of the classical TUR
bound. We conclude our findings in Sec. V.

II. THE MODEL

Consider a system S modeled as a spin—% particle

that interacts sequentially with a set of auxiliary systems
{A1, Az, ..., A;}, where each auxiliary system is also modeled
as a spin—% particle, acting as an environment for the system
S. The free Hamiltonians for the system and the auxiliaries are
given by

Ho = 3hw,0f, (1
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where o = § for the system and o = A; for the jth auxil-
iary. Here, w, represents the characteristic angular frequency
associated with the ath system (either the system S or the
auxiliary A;). In addition, the spin system S is driven by an
external oscillating field given by

V(t) = hv[og cos(wty) + o3 sin(wta)], 2

where osi (i = x,y, z) is the Pauli matrices acting on the spin
space of the system, w is the rotational frequency of the
magnetic field, v represents the field strength with units of fre-
quency, and ?; is the driving time. Thus, the total Hamiltonian
of the system becomes

Hiolta) = Hg + V(ta). 3)

Here, we assume that the auxiliary systems do not inter-
act with one another. Initially, both the system and the
auxiliaries are assumed to be in thermal equilibrium at
their respective inverse temperatures 8, = 1/kgT,. Therefore,
the initial states of the system and the jth auxiliary are
given by p0 = exp(—BuHo)/trlexp(—BuH,)]. Here kg is the
Boltzmann constant. Here, we consider all environments to
have a uniform temperature 74 and a uniform characteristic
angular frequency w,, ensuring that nonequilibrium behavior
arises solely from the time-dependent driving V(¢) of the
system. While nonequilibrium driving can result from various
factors, in our case, it is exclusively induced by the time-
dependent driving. The system interacts with each auxiliary
for a duration t, governed by the Hamiltonian

Vsa, = gl(o;a;j + a{a/:;) + 820504, “4)

where 0 = (0 £ioy)/2. The first term in this interaction
Hamiltonian facilitates the exchange of excitations between
the system and the auxiliary, while the second term accounts
for pure decoherence. The coupling constants g; and g, have
units of 7i//T. Hence, the composite Hamiltonian of the sys-
tem and an auxiliary system is expressed as

Hsa, = Hiolta) + Ha, + Vsa, [V, (5)

where the interaction term is rescaled by a factor of 1/4/7 to
account for the finite contribution of the system-environment
interaction [58,91,95]. The composite system-auxiliary state
evolves under this Hamiltonian Hs4; during each collision.
To simplify the analysis and eliminate the time dependence of
the system Hamiltonian we shift to the rotating frame using
the unitary transformation H., = @MU (1y)e~/MO"n
where © = jha)crsz . This results in the effective

Hamiltonian ‘H = H;,, — ©. Hence, after the jth interaction,

the reduced state of the system in the rotating frame is
represented by
J
_ i 4 0 0 r i
Ps, =a, ;| Usa, - Usa, | P ®0Af Us, -+ Usa, |5
j=1

(6)

where the unitary Ug, = exp[— 1 sa,T] with Hg, = H+
Ha, 4 Vsa,/+/T. This collisional model effectively captures
both Markovian and non-Markovian dynamics by adjust-
ing the interaction of the system with the auxiliaries.

Markovian evolution arises from short, memoryless interac-
tions, while non-Markovian effects emerge from extended
interaction times or correlations between auxiliaries. We
have considered all three cases to examine TUR violations,
Markovian evolution, and two distinct non-Markovian ap-
proaches, discussed in the next sections.

A. Continuous-time limit and the Markovian approach

Although the collisional model is inherently a discrete-in-
time framework, a continuous-time master equation can be de-
rived in the limit when the duration of interactions T becomes
sufficiently small, i.e., T — 0. This continuous formulation
of the collisional model aligns with the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) master equation [96—101]. The
Markovian GKSL master equation for this case reads

~ Ps. — Pg i
L5 = lim ——2 —
J 7—0 T h

with ﬁ, = 7"7 + tI'A/. (VSA,IO,(Q?])/\/?

[#. o3 1+ D}

, 1 ,
and Dﬁl = _ﬁtrf‘/ [VSAJ’ [VSA/" pgfflpg,‘]]' (7

Here, pgf " and pgf:] denote the reduced states of the system
after the jth and (j — 1)th interactions, respectively, in the
limit of small . See Appendix A for a detailed discussion
on obtaining Eq. (7) from Eq. (6). For the particular choice of
Vsa,, given in Eq. (4), the term Dﬁ” " comes out to be [60]

R o
D?” = h—;yl oy Pgi,"; - E{U;OS ,pg'il}
& R .

+ h_;VZ U;;O§77]US - E{Us Us+v pklg‘//{,}

I

7

where the dissipation rate coefficients are y; = tr[o/(j 0}/_ pgl_]

+ 23 [o§ns 05 — o5t ], (8)

and y, = tr[(r;o;/_pgj].

While the continuous-time limit of the collisional model
yields the GKSL master equation for Markovian dynam-
ics, real-world systems often deviate from this idealization.
To address such complexities, we consider non-Markovian
scenarios with memory effects or extended interactions.
The following sections outline two approaches to model
non-Markovianity for a more accurate description of system-
environment interactions.

B. Non-Markovian approach: I

The first type of non-Markovian approach we consider is
when the interaction time between the system and the environ-
ment is not sufficiently small. In this scenario, the influence
of the environment on the system cannot be considered as an
instantaneous interaction, as assumed in Markovian models.
Instead, the state of the system evolves over a finite duration
of time for each interaction, during which the environment has
a more prolonged effect on the system. As a result, the reduced
dynamics of the system cannot be approximated by the GKSL
form. Rather, the evolution of the system is described by
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Eq. (6). Therefore, after the jth interaction, the reduced state
of the system becomes Ps, NMi ,osj

C. Non-Markovian approach: II

The second type of non-Markovian approach we consider
arises from interactions between the auxiliary systems. In this
scenario, after the system S collides with auxiliary A, A;
interacts with auxiliary A, before S collides with A,. This
series of interactions continues, creating correlations between
the auxiliaries that persist over time. Such interactions be-
tween auxiliaries introduce memory effects into the dynamics
of the system, making the evolution non-Markovian [59,66].
Consequently, the reduced dynamics of the system cannot
be described by a simple Markovian master equation. In the
rotating frame, the reduced state of the system immediately
before its collision witp the (j + I)th aruxiliary in the rotating

. NM; T
frame is given by ps, - = tra.a;,, ['OS,-A,-'A,H]’ where

NM;

ot
Psan., = Wa A/+1USA (Ps 1A;PA; )USAjWAjAjH~

Here, the operator Wy 4., is a unitary operator that describes
the interaction between the jth and (j + 1)th auxiliaries. In
the framework, the unitary operator Wy 4, representing the
interaction between two consecutive auxiliaries, is modeled
as a partial SWAP operator given by [66]:

Waja,,, (€) = cos(€)Zy + i sin(e)S. 9

Here, 74 denotes the four-dimensional identity matrix, and
S is the SWAP operator defined in the energy eigenbasis
of the two interacting auxiliaries. The SWAP operator S is
represented as

(10)

SO O
S = OO
[N ]
—_ o O O

The parameter € quantifies the strength of the interaction
between the auxiliaries.

III. CALCULATION OF THERMODYNAMIC
UNCERTAINTY RELATION

To analyze the thermodynamic properties of a system, it
is essential to examine key thermodynamic quantities. Two
fundamental quantities relevant to the calculation of the TUR
are the entropy flux (J) and the entropy production rate (o).
These quantities, after the jth collision, are defined as follows
[98,102-104]:

1 ~
X X
JJ = —FAU'[HSDJ ],
dSX
X >'¢

o =g +J5, (11)
where X € {M", NM|, NMJ}} denotes the evolution process:
M" for the Markovian case, and NM| or NM; for the
two non-Markovian cases. The term S?‘ represents the von
Neumann entropy of the system after the jth collision, de-
fined as Sj-( = —kBtr[pé(j' ln(p?j')]. The dissipators, Dj.(, for

all three approaches are explicitly given in Egs. (8), (B4) in
Appendix B, and (C3) in Appendix C, respectively.

The thermodynamic uncertainty relation provides a fun-
damental bound on current fluctuations around their mean,
connecting these fluctuations to the entropy production rate
in a nonequilibrium steady state (NESS) [13]. In classical,
time-homogeneous Markovian systems, this TUR bound is
expressed as [41,105]

var(Js) o S

(T2
Where (J;) is the scaled average current of particles, charge,
heat, or other quantities of interest, and var(J;) is its scaled
variance, both obtained by dividing the average current and
variance by ¢ in the limit + — oo. Additionally, o represents
the entropy production rate in the NESS. Here 7 represents the
process duration. In the collisional model described above,
t = nt, where n represents the total number of collisions.
Originally conceived for NESS, the TUR has also been shown
to hold for finite-time processes [15,16], highlighting its ver-
satility across diverse thermodynamic settings. In such cases,
the finite-time TUR takes the form

FT var(j,)g

N AE

Here all quantities with the subscript # indicate that they
are evaluated at time ¢. This form underscores the relevance
of TUR beyond steady-state conditions, offering a robust
framework for understanding current fluctuations in broader
nonequilibrium processes. Studies indicate that the classical
thermodynamic uncertainty relations may break down under
certain quantum conditions, sparking interest in finding their
quantum counterparts. Recent investigations have focused
on how quantum coherence contributes to these violations
[49,50,53,54,57,106], revealing that classical TURs can be
breached in specific driven systems, such as time-periodic
Markov processes, or within the quantum domain. While
the underlying mechanisms remain only partially understood,
these findings suggest an intriguing opportunity: quantum
effects might be harnessed to mitigate harmful fluctuations
in current without sacrificing the performance of thermody-
namic engines. Our focus is on studying these TUR violations
within quantum collisional model systems under various
Markovian and non-Markovian scenarios. These investiga-
tions are particularly significant for gaining deeper insights
into their implications for quantum device construction.

To analyze the TUR, we need to determine the various
moments of the currents. Since the system exchanges energy
with the auxiliaries, the relevant current is the heat current,
whose moments can be obtained using Full Counting Statis-
tics (FCS) [107-110]. FCS is a theoretical framework used
to analyze the statistical distribution of transferred particles,
energy, or charge in a quantum or classical system over a given
time interval. It provides a detailed description of transport
properties beyond average currents by capturing fluctuations
and higher-order moments of the transfer process The de-
tailed procedure for calculating Q. and Qd across all three
Markovian and non-Markovian scenarios, along with a dis-
cussion on the invariance of the TUR under the considered
rotation, is presented in Appendix D. Note that, in the

Qu = 12)

(13)
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FIG. 1. Classical and quantum TURs for the collisional model governed by Markovian evolution. Here, we depict the classical TUR
parameters for the steady-state regime (Q,), the finite-time regime (QL), and the quantum TUR parameter (Q,) as functions of (a) g;, with

0.05
7

& = 0.000I% andv =

In each panel, the solid black lines represent Q,,, the dashed lines correspond to the
TS =

1.0

R

1.25

the insets represent Q,. Here we choose w = ws = =,

wy =

; (b) g2, with g = 0.45% and the same v as in (a); and (c) v, with the same g; as in (b) and the same g, as in (a).

FT at different finite times 7, and the solid blue lines in

9.1 and 7 = 1 x 107°¢'. The quantities g; and g,, plotted

kgt ?

0.5%
kpt' >

n:

along the x axes of panels (a) and (b), have units of 7/ V/t', and v in panel (c) has the unit of 1/¢". The quantities plotted along the y axes are

dimensionless.

steady-state TUR bound [Eq. (12)], the time parameter does
not appear explicitly because the average current and the
variance of the current are scaled by dividing them by ¢ in
the limit # — oo. For this scaling by ¢, the time parameter
does not appear explicitly in the steady-state TUR bound (see
Appendix D for more details).

In quantum systems, coherence [49-52] and particle ex-
change correlations [48,50,57] significantly modify classical
thermodynamic uncertainty bounds, altering our understand-
ing of heat flow, energy exchange, and entropy production
[111-113]. The quantum thermodynamic uncertainty relation
(QTUR), derived using the quantum Cramér-Rao bound [12],
refines the classical TUR by introducing quantum-specific
parameters, as

1 o

Q> Q=g (14)

where Y quantifies quantum dynamical activity, and W re-
flects the impact of coherent dynamics. The mathematical
expressions of Y and W are given in Appendix E. While a
quantum system may violate the classical thermodynamic un-
certainty relation bound, it will always adhere to the quantum
thermodynamic uncertainty relation.

In the next section, we aim to study the classical and
quantum thermodynamic uncertainty relation bounds for the
collisional model. As we discussed before, studying the ther-
modynamic uncertainty relation within the collisional model
framework is a promising endeavor due to its potential to
advance both theoretical understanding and practical applica-
tions in quantum thermodynamics. The Collisional model has
been successfully implemented in various experimental plat-
forms, including photonic systems, trapped ions, and quantum
computers, showcasing its versatility in modeling open quan-
tum systems. By leveraging the applications of collisional
models, the study of TUR can lead to the development of more
efficient quantum devices, such as heat engines, sensors, and
error-correction mechanisms. Thus, exploring TUR within the
collisional model framework not only deepens our under-
standing of quantum thermodynamic principles but also paves
the way for practical advancements in quantum technologies.

IV. VIOLATION OF TUR FOR THE MARKOVIAN
AND NON-MARKOVIAN SCENARIOS

In this section, we investigate the behavior of the TUR
parameters Q. and Q, across different Markovian and non-
Markovian scenarios discussed earlier. We begin by analyzing
these parameters in the NESS of the system, where the re-
duced dynamics are governed by the Markovian GKSL master
equation described in Eq. (7). Next, we explore the classical
TUR bound in the finite-time regime for both the Markovian
case and the two non-Markovian approaches.

A. Violation of TUR for Markovian approach

When the system evolves under the Markovian process
described in Eq. (7), it eventually reaches a nonequilibrium
steady state after a sufficiently long time. This steady state
is obtained by solving the condition £; = 0. We analytically
solve for the steady-state density matrix p*, with detailed
expressions given in Egs. (D14) and (D15) of Appendix D.

The behavior of Q. is illustrated in Fig. 1 by the black
solid line, depicting its dependence on the system-auxiliary
couplings g; and g, and the external field strength v. Notably,
Q. drops below the classical lower bound of 2.0, reaching
values as low as 1.637, 1.236, and 1.457 by varying g1, g2,
and v, respectively. These results demonstrate significant vio-
lations of the classical TUR, indicating nonclassical behavior
due to quantum effects. This suggests that quantum systems
can achieve a more favorable trade-off between the precision
of thermodynamic quantities and the entropy production rate.

We now analyze the behavior of the TUR parameter during
the finite-time evolution of the system. The dimensionless
time is defined as 7 = t/¢/, where ¢’ is a constant with the
unit of time. In Fig. 1, QSIT is shown for 7 = 40.0, 50.0,
100.0, 500.0, and 1000.0, corresponding to 40, 50, 100,
500, and 1000 units of 10° collisions, respectively. The be-
havior of QST is strongly parameter dependent, with TUR
violations manifesting either in the transient or the steady-
state regime depending on the chosen parameter values. As
shown in Fig. 1(a), small g; values lead to necessarily tran-
sient violations prominent at early times (e.g., f = 40) but
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FIG. 2. Non-Markovianity and the violation of the classical TUR for the collisional model in non-Markovian approach I. Here Non-
Markovianity is introduced by increasing the collision time 7. In the leftmost panel, we plot the non-Markovianity quantifier A as a function

of r for gy = 1. 5i and total evolution time 7 &~ 50. In the middle and rightmost panels we plot OFF
and g, for total evolutlon times 7 ~ 15 and 7 ~ 50, respectively. Here we take, v = t, , 8 =0. 01L
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panels, has units of % The quantities A and OFT plotted here are dimensionless.

diminishing with further evolution. In contrast, for larger evo-
lution times (7 > 100), the violation emerges at higher values
of g; (=0.3-0.6) and grows with 7 until it saturates at the
steady state. Similar trends emerge when varying g, and v,
with g; determining whether the maximum violation occurs
at transient or at steady-state regime. Figures 1(b) and 1(c)
illustrate steady-state-dominant violations, while Appendix F
shows necessarily transient behavior, where violations vanish
at long times. This necessarily transient feature is important,
as many quantum technologies operate over finite timescales
where short-time operation can minimize noise and even out-
perform steady-state behavior [114—118].

We now examine the QTUR in the steady-state regime.
Any quantum system governed by the GKSL master equa-
tion is expected to satisfy the QTUR bound, given in Eq. (14).
Our analysis of Q, with respect to g;, g2, and v (blue solid
lines in the inset of Fig. 1) shows that even in regions where
the classical TUR bound is violated, the system adheres to
the QTUR bound, ie., Q, < Qq. This highlights that the
QTUR bound remains a fundamental, unviolated constraint
for quantum systems.

B. Non-Markovianity and the violation of classical TUR

In this section, we analyze the classical finite-time TUR
parameter, ch , for the two non-Markovian approaches. Non-
Markovian dynamics, characterized by memory effects, can
enhance the precision of observables relative to entropy pro-
duction, potentially leading to violations of classical TUR
bounds [119]. To establish a connection between the violation
of the classical TUR and the degree of non-Markovianity,
we use a well-known quantifier of non-Markovianity intro-
duced by Breuer et al. [93,94]. Considering that the collisional
model represents a time-discrete dynamic process, the non-
Markovianity quantifier is defined as [63,120]

N = max Z Dj1 — Dy, 15)

P64 1y i11—=D;>0

where j € [0, n] with n being the total number of collisions.
Here D = Jtr(|p' — p?|) represents the trace distance be-
tween any two states p! and p?, and D ; denotes the trace

distance after the jth collision. The maximization is per-
formed over all possible pairs of initial states p} and p3. To
optimize this measure, initially p} and p? are chosen to be
orthogonal, as orthogonal states are known to maximize the
trace distance [121]. This measure quantifies the total amount
of information that flows from the environment back to the
system during the evolution. A positive value of NV (N > 0)
indicates non-Markovian behavior, characterized by a tempo-
rary reversal in the monotonic decay of the trace distance,
which is otherwise expected to decrease monotonically in
Markovian dynamics.

In the non-Markovian approach I, the collision time t be-
tween the system and auxiliaries is chosen to be significantly
longer than in the Markovian case. In the leftmost panel of
Fig. 2, we illustrate the behavior of the non-Markovianity
quantifier A" as a function of the increasing collision time
7. Our results indicate that by simply increasing the colli-
sion time, the system transitions from a Markovian regime
to a non-Markovian one. It is important to note that this
non-Markovianity is observable only within the time interval
7, i.e., during the collision process itself. However, if the
quantifier is evaluated after each complete collision, no non-
Markovianity is detectable, as the memory effects in this case
are localized within the collision time frame.

The middle and rightmost panels of Fig. 2 show the be-
havior of QST as a function of the coupling constant g, and
the collision time 7 for 7 &~ 15 and 7 ~ 50, respectively. In
both cases, we observe TUR violations in two distinct regions:
when t is very small and when t is large. For small t, TUR
violations occur only at large values of g;, whereas for large
7, the violation spans the entire range of g; for small values of
f. As the number of collisions increases (i.e., with increas-
ing 7), the TUR-violating region at small T becomes more
pronounced, while the violation region at large t gradually
decreases. This reveals a narrow parameter window in t and
g1—specifically at higher values—where the TUR violation
is necessarily transient.

In non-Markovian approach II, memory effects emerge
from interactions among the auxiliary systems. For this sce-
nario, the quantifier of non-Markovianity (N') is depicted
as a function of the total evolution time (f) in the leftmost
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FIG. 3. Non-Markovianity and the violation of classical TUR for the collisional model in non-Markovian approach II. In this approach,
non-Markovianity arises from interactions between auxiliary systems after each collision with the main system. In the leftmost panel, we plot
the non-Markovianity quantifier N with ¢ for g; = 1.5% and T = 1 x 107%". In the middle and the rightmost panels, we plot Of along the
color bar with respect to 7 and g; for 7 ~ 15 and 7 & 50, respectively. In both the panels, we set € = 0.95%. All other parameters are the same
as in Fig. 2. On the x axes, the quantities  and t are plotted; 7 is dimensionless, while 7 carries units of ¢/, while the quantity g, plotted along
the y axis of the middle and the rightmost panels, has units of % The quantities A/ and OF plotted here are dimensionless.

panel of Fig. 3. Unlike non-Markovian approach I, where
non-Markovianity is detectable only during the collision, in
this case, the system demonstrates non-Markovian behavior
throughout the entire evolution period. Furthermore, the de-
gree of non-Markovianity is significantly higher in this case.
In the middle and the rightmost panels of Fig. 3, QF is plotted
with respect to T and g; for this scenario for 7 ~ 15 and
f ~ 50, respectively. In this case, the violation of TUR is more
pronounced at shorter evolution times, i.e., for smaller values
of 7, while the region of violation progressively shrinks as the
number of collisions increases.

The gradient of yellow in the middle and the rightmost
panels of Fig. 3 indicates regions of TUR violation, highlight-
ing enhanced performance and stability of quantum devices
due to reduced power fluctuations. In contrast, the blue re-
gions correspond to large values of QSIT, signaling suboptimal
device performance. Previous studies have shown that non-
Markovianity can lead to a significant violation of the TUR
[119] or influence TUR-related parameters, indirectly indi-
cating violation [66,122—127]. In our investigation, we find
that the two non-Markovian approaches exhibit qualitatively
distinct behaviors, emphasizing that not just the degree, but
the type of non-Markovianity crucially determines the extent
and nature of TUR violation. Non-Markovian approach II,
which incorporates stronger memory effects, exhibits TUR
violations across the entire range of collision times t, with
particularly pronounced violations at short collision times.
This reveals a broad parameter regime of necessarily tran-
sient behavior, relevant for collision model-based quantum
devices intended to function within finite-time regimes, where
steady-state operation may not be feasible or optimal. In
contrast, non-Markovian approach I exhibits TUR violations
only within a limited range of t, with a relatively narrow
necessarily transient regime, offering less practical advantage
for quantum device optimization in the transient regime. How-
ever, in the steady-state regime, non-Markovian approach I
yields more pronounced TUR violations, making it more suit-
able for optimizing steady-state thermal device performance.

An important point to note is that Markovian dynamics are
generally associated with a positive entropy production rate,
as established by Spohn’s inequality [102]. However, in the

case of non-Markovian dynamics, this positivity in the tran-
sient regime is no longer guaranteed, since the assumptions
underlying Spohn’s inequality may no longer be valid. Several
studies have explored this phenomenon and demonstrated that
non-Markovian effects can lead to negative entropy produc-
tion rates in the transient regime [122-125]. Consequently,
a negative transient entropy production rate can serve as a
witness of non-Markovianity [93,128,129].

In contrast, within the nonequilibrium steady-state regime,
the entropy production rate remains positive for both
Markovian and non-Markovian dynamics. Consequently, QFF
also remains strictly positive, as it explicitly depends on the
steady-state entropy production rate [see Eq. (13)]. However,
evaluating the finite-time thermodynamic uncertainty relation
in non-Markovian systems is often nontrivial, particularly
because reaching a steady state may be delayed or even prac-
tically unattainable within experimentally relevant timescales.
In some cases, the system may require an extremely long time
to reach a steady state, or such a state may not exist at all.

In our study, we observe that the two non-Markovian cases
considered in this work do reach a steady state (see Fig. 5
in Appendix G); however, this is not a general feature of
non-Markovian dynamics. In scenarios where the steady-state
entropy production rate is inaccessible, it becomes meaningful
to consider the time-integrated entropy production over a fi-
nite time interval. This quantity remains positive according to
the second law of thermodynamics [130,131], and provides an
alternative for characterizing QEIT in the context of finite time,
where a steady state may be delayed or may not exist. For
such cases, the finite-time thermodynamic uncertainty relation
is given by [16]

var(7;) E
(T2 kg ~

where ¥, is the total entropy production over the time interval
[0, t], defined as

o = (16)

t
s, = / odt 17)
0

where o; is the instantaneous entropy production rate at
time .
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V. CONCLUSION

We investigated the thermodynamic uncertainty relation
within quantum collisional models, recognizing their criti-
cal role in experimental platforms such as photonic systems,
trapped ions, quantum computers, and in quantum devices
such as heat engines and batteries. TUR violations reveal
insights into system performance and stability, offering path-
ways to enhance efficiency and optimize quantum devices
beyond classical limits. In this work, we analyzed the vio-
lation of the TUR across three distinct types of dynamics in
collisional models. The first type corresponds to Markovian
evolution. For this dynamics, we examined three key aspects:
the classical and quantum TUR bound in the NESS regime,
and the finite-time TUR for each collision. We find that the
classical TUR bound can be violated, with the maximum
violation occurring either during the transient or in the steady-
state regime, depending on parameters such as magnetic field
strength and system-auxiliary interactions. This leads to two
distinct behaviors: in certain regimes, the violation increases
over time and saturates in the steady state, while in others,
it is necessarily transient,appearing only at early times and
fading with continued evolution. Despite classical TUR vio-
lations, our analysis confirms that systems governed by the
GKSL master equation adhere to the quantum TUR bound,
emphasizing its role as a strict constraint for quantum systems.
We examined two types of non-Markovian dynamics in the
collisional model. The first arises from extended collision
times, which induce non-Markovianity detectable only dur-
ing collisions. The second type of non-Markovian dynamics,
driven by interactions between auxiliaries, exhibits memory
effects throughout the evolution of the system. The two types
of non-Markovian dynamics exhibit distinct TUR behavior.
For the first non-Markovian approach, two distinct dynam-
ical aspects arise depending on the parameter regime. The
violation of TUR may either increase over time and sustain
in the steady state or remain strictly transient. However, in
the second approach of non-Markovianity, TUR violations are
strongest at short times and gradually diminish, giving rise to a
more extensive necessarily transient regime. Previous studies
in this direction have demonstrated that non-Markovianity can
cause significant TUR violations. Our results highlight that
these violations are influenced not only by the degree but
also by the nature of non-Markovianity. Also, the necessarily
transient TUR violations are particularly relevant for scenar-
ios where only short-time operation is possible or preferred,
allowing TUR violations to be leveraged within finite-time
windows rather than relying on steady-state dynamics. There-
fore, studying TUR in various aspects of collisional models is
crucial for advancing quantum technologies, offering insights
into the unique advantages and efficiencies of quantum sys-
tems for designing next-generation quantum devices.
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APPENDIX A: THE MARKOVIAN FORMULATION
OF THE COLLISIONAL MODEL

The reduced state of the system in the rotating frame, after
the jth interaction in the collisional model, described in Sec. IT
of the main text, is given by

J
ro__ / / 0 0 rf s
ps; = aps ;| Usa, - Usa, | s ®ij Usa, -+ Usa, |
j=1

(AL)

where the unitary Us, = exp[—;Hs, ] with Hy, = H+
Ha, + Vsa, /+/T. Although this collisional model is inher-
ently a discrete-in-time framework, a continuous-time master
equation can be derived in the limit when the duration of
interactions T becomes sufficiently small, i.e., T — 0. In this
limit Eq. (A1) reduces to

. . T i r
’Oévv/l :pg{_l - _T[H’ ,0_24 1] - Eﬁ[trAj(VSAJ’OX,')’pg;I'_l]

-

1
—_ Z—FlzftrAj[VSAjy [VSAjv p%_lpgf]]’ (AZ)

keeping terms up to linear order in 7. Here, pg/" and pg!"
denote the reduced states of the system after the jth and (j —

1)th interactions, respectively, in the limit of small T. We now
M M
2 5 which leads to

define L‘; = lim,_, -

~ i~ . i 0 M e
£j = _E[H’ ij—l] - hﬁ[trA/ (VSAJ'OA/)’ 'OS/—l] + Dj ’
(A3)
where Dﬂ” = —ﬁtrAj [Vsa,. [Vsa,» pgfi]pgl_]]. This continu-

ous formulation of the collisional model aligns with the GKSL
master equation [96-101] for Markovian dynamics, but in-
cludes an additional term. The second term in this equation,
which is absent in the standard GKSL master equation, van-
ishes when all the assumptions for Markovian dynamics are
fully satisfied. Most of the assumptions underlying Markovian
dynamics are inherently incorporated in the construction of
the collisional model. For instance, the Born approximation
is inherently included in the construction of the collisional
model, as it assumes that after each collision, the system and
the next auxiliary system are initialized in a product state.
The Markov assumption, which ensures that the evolution of
the state of the system is memoryless, is also incorporated by
design, since the auxiliary systems do not interact with one an-
other, preventing any backflow of information. Furthermore,
the secular approximation, typically used to ensure complete
positivity of the dynamics in traditional open quantum system
approaches, is not required here because the collisional model
naturally guarantees completely positive dynamics at each
collision [60]. The only remaining assumption is the stability
condition. For the microscopic approach of the derivation, if
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£ is the environment and S is the system, then the stability
condition is expressed as

tre[Hse pse (0)] = 0, (A4)

where Hse is the interaction Hamiltonian between the system
and the environment, and pge(0) is the initial state of the com-
posite system-environment setup. Similarly, in the collisional
model approach the stability condition in the rotating frame
becomes

trA/ [VSA/ (’Ogil ® pg,)] =0 v] (AS)

Under this condition, the second term in Eq. (A3) vanishes,
simplifying the equation to the general form of a GKSL
master equation. In most cases, the condition in Eq. (A4) is
naturally satisfied. However, even if it is not fulfilled, it is
always possible to redefine the interaction Hamiltonian as

VS/A,/‘ = Vsa; — tra, (VSA,'PAO,,) ® 14 ;0 (A6)

where tra, [V{] A,-(ngi, ® pAoj )] = 0V, and simultaneously, the
system Hamiltonian can be adjusted to account for a shifted
energy origin [100]

H' = H + Hapin (A7)
with Hgpire = LrtrA/. (VSA/.,ogl). Here, IAj is the identity matrix
on the Hilbert space of A;. With these redefinitions, Eq. (A3)
J

simplifies to

- i~ i " '
E; = _E[H’ pS‘,'_l] - E[Hshiftv pé‘f—l] + Dﬁl
=[H, o5l ]+ D} (A9

This equation now precisely corresponds to the GKSL master
equation for Markovian dynamics. The term, — ['H ,OSI ]]
represents the unitary evolution of the system, Wh11e the other
two terms capture the dissipative effects resulting from in-
teractions with the environment. Hence, the total dissipative
effect from the environments is captured by

DY = [Hsmftv P 1+ D). (A9)

APPENDIX B: DISSIPATOR FOR NON-MARKOVIAN
APPROACH: 1

For the non-Markovian evolution of the system, when the
collision times are not sufficiently small as in the Markovian
case, the system evolves according to the dynamics given
in Eq. (6). Thus, the state of the composite system-auxiliary
system after the jth collision is given by

M r NM] rt
Psa; = Psa; = [US/'A,- (ps,,,] ® pgf)USA,]- (BI)
By expanding the unitaries in Taylor’s series, we obtain
g e = Sogr = L o3y | o0 0 [y X, 02+ 0
Psa; = | 154 = 5 ¥ltsa; = 505t sa, T O@) ps ' o4, | Lsa, + T sa; T 52t sa, +O)

NM{

= Ps; S 2] -

pA - _T[H+HA ' Ps;_ IPA 7

i NM!
—/T[Vsa,, PS,._,]/O/?,,]

2h2 —[Vsa,. [Vau,. o5 03 1] + O(x2). (B2)

Here, Isa; denotes the identity operator acting on the composite Hilbert space of the system and the jth auxiliary. Thus, the

reduced state of the system is given by

NM; NM} L r55 NM; NM'
ps, = ps.) = T [H.ps 1+ 7D, (B3)
Here, D?]Mf is given by
1 pNM’ pNMl’ .
NM{ NM! S; S Lrsy, NMI
DY = —Ltey [V, [V, 08 ]+ 0o = P g (B4
and the total dissipator is
. pNM’ pNM’ .

SNM; l NM; s; TP, Lrs  NMj

Dj : Z_E[Hshlft: ,05 , ]"FD f"‘ h[/Hv Ps;_ ]]: (BS)

which represents the dissipation due to the interaction with the jth environment. Unlike the Markovian case, where the

dissipator D" is independent of t, D?]M

' incorporates higher-order contributions of t. This dependence arises because, in the

non-Markovian scenario, T is not assumed to be negligibly small, and its higher-order terms significantly influence the dynamics

of the system.
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APPENDIX C: DISSIPATOR FOR NON-MARKOVIAN APPROACH: 11

For the case where the auxiliary systems interact with each other, the state of the composite system-environment setup just
before the (j + 1)th collision is given by

NMj NM; o + t
PsiaiAin = WA.,-A,-+1Us,A,-(Ps,_,ZA,-PA,-HUs/A,) AjAj
i I 5 5 3 NM, o i , 1 5o n 3 T
= WA/‘A/‘+1 { |:ISA] o %TH&A/ o %T Hf?A/ +0( ):| (pS/—le/'OA,+|) ISA/‘ + ETHSA/' - ﬁr ,H:S‘A/ +0(@) WAjA/+1
NM; o I~ NM g i NM;
= WAjA/‘H |:p5f1i4j'0Aj+1 - ﬁT[H + HA./" ij—lA/'OAj+l:| - ﬁ\/?[VSAj’ psj—l%Aj’OAjJrl]
T NM; 0 2 ¥
- %[VSA/’ [VSA/’ IOS/,IQIPA/H]] + O(T )}WA/A/H : (Cl)
The reduced state of the system after tracing out the jth and (j + 1)th auxiliaries is given by
NM; NM; g ¥ i ~ NM; o ¥ NM;
ij P = trA/A/+1 [WAfA/+1 (ijflaijj+1)WA‘jA/+1 - gTWA!‘AjJrl [Hl + HA]" ij,]%ijj+1]WAjAj+1] + TD/ 2' (Cz)
Here, Dijg is defined as
NM; 1 NM; o +
Dj T =aa, |:WA1A_/'+I {_2_}52[‘/5“‘1’ [VSA/" pS.f—Iin 'OA,;'+1]] + O(r)}WAfA./‘+lj|’ (€3)
and the total dissipator
pNM; pNM; )
SNmy S —Fsi l ~ NM, ¢ T
Dj - % + ﬁtrA/AHl [WA/A/H [H + 7-[A/" ’05/7134/"014/“ ]WA/A/'+I ] (C4)

APPENDIX D: CALCULATION OF THERMODYNAMIC UNCERTAINTY RELATION

The thermodynamic uncertainty relation provides a fundamental bound on current fluctuations around their mean, connecting
these fluctuations to the entropy production rate in a NESS [13]. In classical, time-homogeneous Markovian systems, this TUR
bound is expressed as [41,105]

var(Js) o >
(T5)? ks

where (J;) is the scaled average current of particles, charge, heat, or other quantities of interest, and var(J;) is its scaled
variance, both obtained by dividing the average current and variance by ¢ in the limit t+ — oco. Additionally, o represents the
entropy production rate in the NESS. Here ¢ represents the process duration. In the collisional model described in the main text,
t = nt, where n represents the total number of collisions. Originally conceived for NESS, the TUR has also been shown to hold
for finite-time processes [15,16], highlighting its versatility across diverse thermodynamic settings. In such cases, the finite-time
TUR for the collisional model takes the form

Qa = (D)

FTzvar(uZ)it
AL "

Here all quantities with the subscript ¢ indicate that they are evaluated at time 7.

We first focus on the classical TUR parameter for the nonequilibrium steady-state case of the collisional model, using the
Markovian approach. To analyze the TUR, we need to determine the various moments of the currents. Since the system exchanges
energy with the auxiliaries, the relevant current is the heat current, whose moments can be obtained using Full Counting Statistics
[107-110]. FCS is a theoretical framework used to analyze the statistical distribution of transferred particles, energy, or charge
in a quantum or classical system over a given time interval. It provides a detailed description of transport properties beyond
average currents by capturing fluctuations and higher-order moments of the transfer process. The incorporation of counting
fields into the master equation enables FCS to systematically track and quantify the transfer of particles, energy, or charge
within a system. Solving this modified master equation then gives the generating function for particle transfer statistics. Let
x denote the counting field associated with the corresponding auxiliary. For simplicity, we assume that the same counting
field x applies to all auxiliaries, reflecting a uniform approach to tracking the relevant interactions. The modified Liouvillian

(D2)
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becomes
T = —Lrdp o s . o Y w
j xX)= fl[ ) ’OS_/'—I] + s y1| exp{—iwa x}og Ps; ,Os ) {Us Og '051'71}

&

hz [as,os laS — Ps ] (D3)

I , A ,
+h—;)/z exp {iwax}og o5 a5 —5{05 of o5 Y|+ 33

Note that the counting field appears exclusively in the jump terms, precisely identifying the contributions from each jump channel
and weighting them by wy. This structure allows us to compute the cumulant generating function [C(x, t)], which encapsulates
the statistical properties of the current. The cumulant generating function is formally defined as

C(x,t)=InM(y,1), (D4)
where
M(x. 1) = [l (0] = u[eD0 p]. (DS)
From C(x, t), the cumulants of the current can be defined as [110]

(IN@DY) = (=id) . D],y (D6)

The first two cumulants correspond to the mean and variance of the heat current, respectively: (7;) = ((N(t)")) and var(7;) =
((N()*)). In the long-time limit, which corresponds to the steady-state analysis, these cumulants can be obtained from the scaled
cumulant generating function [109] as

b (L Cx.t)
0= g7 (fim <)

l

o 0GX)!

A00| o (D7)

where the A(x ) is the eigenvalue of Z’-( x ) with the largest real part. In certain cases, directly computing A () ) can be challenging.
To address this, we use the method described in Ref. [108] to calculate the scaled average heat current, (7;), and the scaled
variance of the heat current, var(J,). This approach leverages the characteristic polynomial of the Liouvillian operator for
computation. The detailed procedure is as follows.

The Liouvillian superoperator corresponding to Eq. (D3) is expressed as

~ i ~ ~ 1 1
Li0==2GLeH () @)+ i—zyl [exp(—iwa)(oS)* ®o; —5h®ofoy —S(ofog) ®Iz}

1
+ ‘;22)/2 [exp(—twa)(aS Y ® O’S — —Iz ® oy (TS — 5(0’50;)T ®Iz] ‘;% [Us ®oi—1 ®Iz], (D)

where 7, is the identity matrix of dimension 2. Thus, the matrix form of the Liouvillian superoperator is given by

gzl 1 . . gzl elX(l)A
it (e — 1) —iv v 7 TremonlaTn
- —iv _r;ﬂ 0 iv
Li(x)= , (D9)
Jj v 0 F{ iA —iv
gZ e~ ixwp . . gzl 1

7 1e—Cioa/kpTy) TR T+eealfpTy

where

I = 7(0.5¢] +2g§)|:l+eXp (Z}%)]’ _h2f|:l+exp (:;,A>j|(ws—a))+2hg2|:l—exp (Z:;i)}
and c—hzf[wexp(h““)}

kpTy

Let us consider the characteristic polynomial of E;( X)s

Y ak(x) =0, (D10)
k
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where each coefficient a; depends on the variable x. The derivatives of a; with respect to x are defined as

9 9\’
a, = —i—ay and a = (—i—) ax . (D11)
aX x=0 3)( x=0
The mean and variance of the heat current can be expressed in terms of the coefficients a; as
a r_,
(J5) = —a—o and  var(Jy) = —a—[aé) +2(T)(a; + ax(IN]. (D12)
1 1

It is important to note that the expressions for the mean and variance given above are valid for any system governed by a GKSL
master equation that has a unique steady state. For the collisional model discussed in the main text, we have

I N Y G D B ) e o
By
ATV + &(T2 4 A?) . 282w (el /BsTh 1) (0% 4+ A2+ 45202 +2T¢ g
aily=o = 3 ,  ap = > , and  ay|y—0 = 3 .
;—2h h [1 + eth/kBTA] §2h

For further details on these calculations, see Refs. [53,109,110]. Hence, the quantity

vaJ) _ 2 (1 + /T2 [TV E 4+ g1 (0.5 +0.5A)]  2(1% 4 A% 4 4¢20)R + 4T ¢ gt
(J)? T T¢gv2(1 — ehoa/ksTa )2 AT ¢V + @(T2 4 A?)

(D13)

The nonequilibrium steady state for this model can be determined by solving Z; = 0. Let the steady-state density matrix be
represented as

v pSS pss
pr= 8 T (D14)
Peg  Pec

Solving Z; = ( yields the following steady-state elements:

(AT +T?) + (1 + elon/kaliydr e p?y?

pSs — , pss =1— psS,
% [S(AT+T2) + 4T c R V2|(1 + eheon/ksTa)y” T g o)
ss (V(p;;; - :022) o é’v(p;; — p::)
s A+ZF ’ pge_ A — il .

Using this steady-state solution, the entropy flux and entropy production rate, as described in Eq. (11) of the main text, can be
calculated by substituting the jth and (j — 1)th states with the steady-state expressions. Then, the quantity Q,; for this scenario
can be determined using Eq. (D1). To evaluate the TUR in the finite-time regime, where the system has not yet reached its steady
state, the mean and variance of the current must be computed using Eq. (D6). The finite-time TUR parameter, flT , 1s then
calculated using Eq. (13).

For the non-Markovian dynamics considered in this work, the state of the system does not evolve according to a GKSL
master equation. Instead, it is governed by unitary dynamics. In these cases, the counting fields are incorporated into the system-
environment composite unitary operator. Hence, for the non-Markovian approach I, the time evolution of the state of the system
after the jth collision is given by [55]

J
NM! J—) —
ps, (X)) = tra,, [Ugf,_,(x)...UgA,(m(p?(X)pﬁ_,)UsAl(—x)...U;A,,(—x)}, (D16)
j=1
where
U, (0) = o~ /2 Hy, Uss, U/2MxHa;
Usga, (—x) = PPy o= (20t (D17)

Similarly, for the non-Markovian approach II, the evolution of the system state in the presence of counting fields is
described by

NM} NM} =7 3
P 00 =tean [Waa, Usa, GO(0s, "5 GOPS, )T sa, (1OWS 4 - (D18)

For both non-Markovian approaches, the mean and variance of the heat current are computed using Eq. (D6). Subsequently, the
finite-time TUR parameter, QET, is evaluated using Eq. (13).
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FIG. 4. Necessarily transient TUR violation for Markovian evolution. Here, we depict the classical TUR parameters for the steady-state
regime (Q.) and the finite-time regime (Q4) as functions of g in the left panel and as a function of v in the right panel. For both the panels
we set, g = 0.1 % and all other parameters are the same as in Figs. 1(b) and 1(c), respectively. In each panel, the solid black lines represent
Q. and the dashed lines correspond to the OF at different finite times 7. The quantity g,, plotted along the x axes of the left panel, has units
of i/+/t’, and v in the right panel has units of 1/¢'. The quantities plotted along the y axes are dimensionless.

It is important to note that the cumulant generating function
depends on the trace of the density matrix of the system,
which remains invariant under any rotation. On the other
hand, since [Hg, ®] = 0, Jf [defined in Eq. (11) of the main
text] remains invariant under the considered rotation. The von
Neumann entropy of the system is also invariant under this
rotation, as it depends only on the eigenvalues of the system.
Consequently, the entropy production rate, O'JX [see Eq. (11) of
the main text] is likewise invariant under the rotation. Hence,
the TUR parameters for both the steady-state and the finite-
time regimes, Q. and QX respectively, are unaffected by the
rotation. Thus, performing these calculations in the rotating
frame does not introduce any discrepancies. For clarity, in the
subsequent discussion on entropy flux and entropy production
rate, we omit the superscript » used for the rotating frame, as
these quantities are invariant under the chosen rotation.

APPENDIX E: QUANTUM THERMODYNAMIC
UNCERTAINTY RELATION

The quantum thermodynamic uncertainty relation for the
steady-state dynamics of a system governed by the GKSL
master equation is given by

var(Jy) o 1 o
(T2 kg~ Y+ kg
where Q, represents the quantum correction to the classical

thermodynamic uncertainty relation bound. If the dynamical
equation of the reduced system is expressed as

Qu = =9y, (EL)

. i . 1 )
p=L=—1IH pl+ ; [AspAg - E{A;Aa, p}], (E2)

where H is the Hamiltonian of the system, and A5 and A; are
the jump operators and their adjoint operators, respectively,
the parameter Y is defined as

=) (A, (E3)
8

where py denotes the steady-state density matrix of the
system. This parameter quantifies the quantum dynamical
activity, which can be interpreted as the average rate of

transitions occurring in the steady state. The parameter W,
representing the contribution from coherent dynamics, is
given by

W = —4((ZILLL Lrlpw) + (ZILRL* Lelpg)), (B4
where |pg)) represents the vectorized form of the steady-state
density matrix pg, and |Z)) denotes the vectorized identity
operator. In this expression, £; and Ly represent the left
and right contributions to the Liouvillian superoperator, re-
spectively, and L£¥ is the Drazin inverse of the vectorized
Liouvillian superoperator. The right and left contributions to
the Liouvillian are defined as

i 1 N i
£R=_£I®H+§ 28 (A; @ As — I ® Az As),
i 1 * T
Ly = EHT®I+§E (A5 ® As — (AJA)" ®T). (ES)

)

The total Liouvillian is given by £ = Lz + L;.

APPENDIX F: NECESSARILY TRANSIENT TUR
VIOLATION FOR THE MARKOVIAN APPROACH

In Fig. 1 of the main text, we have already shown that
the behavior of QET is strongly dependent on the parameter
regime. Violations of TUR can occur in both the transient and
steady-state regimes; however, whether the maximum viola-
tion occurs during the transient or in the steady-state regime
depends on the specific parameter values chosen for the ob-
servation. In particular, when varying g, and v, the regime
in which the maximum TUR violation occurs—transient or
steady state—is determined by the corresponding value of g;.
In Fig. 4, we present cases where the maximum TUR violation
occurs at an early transient time and gradually vanishes as
time progresses. This type of behavior, where TUR violations
are present only at short times and disappear in the long-time
limit, is referred to as necessarily transient. In such cases,
the violation cannot be observed or harnessed in the steady
state, thereby limiting it to a finite-time operational window.
This feature is particularly important for designing collision
model-based quantum devices intended to function within
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FIG. 5. Transient evolution of entropy production rate for non-Markovian approaches. The left panel depicts the time evolution of the
entropy production rate for non-Markovian approach I, denoted as a,NM‘ ,at 7 =0.9¢ and g, = 1.5%, with all other parameters remaining
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finite-time regimes, where steady-state operation may not be
feasible or optimal.

APPENDIX G: TRANSIENT REGIME ANALYSIS
OF ENTROPY PRODUCTION RATE IN NON-MARKOVIAN
APPROACHES

Note that while the entropy production rate can be-
come negative during transient dynamics for non-Markovian

evolution, the steady-state entropy production rate in a
nonequilibrium setting must remain strictly positive. To ver-
ify this in the non-Markovian scenarios considered in the
main text, we analyze the transient behavior of the entropy
production rate, as shown in Fig. 5. In both cases, the en-
tropy production rate becomes negative during the transient
regime but eventually saturates to a positive value at the steady
state.
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