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Phases of interacting bosons in a hybrid Harper-Hofstadter system with a synthetic
dimension of harmonic trap states
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Synthetic dimensions are a powerful tool for engineering desired quantum systems, based on coupling together
sets of states and reinterpreting these as lattice sites along an artificial dimension. Recently, a synthetic dimension
of harmonic trap states has been successfully implemented in an ultracold-atom experiment, opening the way
for future realizations in this platform of topological lattice models, such as hybrid Harper-Hofstadter (HH)
systems, which have one real and one synthetic dimension. However, unlike conventional systems, interparticle
interactions along a synthetic dimension of harmonic trap states are inhomogeneous, long ranged and non-
state-preserving. Therefore, this setup provides a natural platform for the exploration of the interplay between
long-range interactions (including correlated pair tunneling) and magnetic effects. In this paper, we set out to
numerically study the effect of such interactions on both a hybrid two-legged HH ladder and a two-dimensional
HH model. In the former, we find variants of vortex and Meissner phases familiar from conventional models,
while in the latter, we observe the emergence, in small finite systems, of unusual ground states, including
a “Meissner stripe” state, which combines counterpropagating Meissner-type currents with strong density
variations. This opens up interesting questions, including about the nature of strongly correlated states that
would emerge in such a platform.

DOI: 10.1103/k33y-s9n9

I. INTRODUCTION

Over the last decade, synthetic dimensions have become
established as a powerful technique for the quantum simula-
tion of lattice physics [1–33]. In this approach, a set of internal
states or degrees of freedom are coupled together so that
they can be reinterpreted as lattice sites for a single particle
hopping along an artificial spatial dimension. This has led to
the experimental exploration of many interesting phenomena,
including quantum Hall physics in both two [2–4,8,14,22,32]
and even four dimensions [1,15,17,34], non-Hermitian topo-
logical bands [35], and Anderson physics [36–38].

The current frontier for experiments is now to include
(strong) interparticle interactions to use synthetic dimensions
for exploring many-body physics, such as strongly correlated
topological states [21,39]. However, the interparticle interac-
tions along the synthetic dimension are typically very different
to those familiar from real spatial dimensions as particles that
are far apart in the synthetic dimension are often physically
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close in real space and so still interact strongly. Hybrid sys-
tems, with both synthetic and real spatial dimensions, then
typically also have very anisotropic interactions, unlike in
conventional condensed matter models. Furthermore, inter-
actions do not necessarily conserve the position along the
synthetic dimension if there are state-changing collisions be-
tween particles [13,40].

The nature of the synthetic-dimension interactions, and
hence the resulting many-body physics, therefore changes
dramatically depending on what states are used to simulate
the synthetic lattice. For example, using the hyperfine states
of alkaline earth atoms can lead to effectively SU(N )-invariant
interactions along the synthetic dimension, where N refers to
the number of hyperfine states involved [2,3]. These interac-
tions are thus independent of the position along the synthetic
dimension, and hence are of “infinite range.” Consequences of
these interactions have been extensively studied theoretically
[41–51] and recently experimentally [52] in hybrid ladder
geometries spanned by a few synthetic sites; however, it still
remains to be seen whether these interactions will lead to
interesting fractional quantum Hall-like states in larger lat-
tices [53,54] or if other techniques must be employed to
reduce the effective range of interactions [8,55]. Other recent
synthetic-dimension experiments in cold atoms have explored
interacting physics using momentum states, which give rise
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to effectively local attractive interactions in the synthetic di-
mension [56–58], and with Rydberg states, where the strong
dipolar interactions between atoms leads to correlated tun-
neling effects along the synthetic dimension [59,60], which
may support exotic quantum string and membrane many-body
phases in larger systems [19,61].

In this work, we theoretically explore the effects of inter-
particle interactions along a synthetic dimension of atomic
trap states that are coupled together by periodically shak-
ing the harmonic trapping potential [13,62,63]. Compared to
other schemes, this approach has the advantage that it can
be straightforwardly implemented in many platforms, as it
requires few experimental ingredients, and it naturally leads
to a very long and controllable synthetic dimension, consist-
ing of many tens of sites, as recently shown experimentally
[27]. Interestingly, it is as yet unknown what the effects of
interparticle interactions will be in this scheme as even contact
interactions in real-space translate into exotic interaction pro-
cesses in synthetic space, including state-changing collisions
as well as interactions that depend on both the absolute and
relative positions of two particles along the trap-state dimen-
sion [13]. The interactions are also inherently long ranged
along the harmonic synthetic dimension meaning that this
setup can provide a simple and natural setting in which to
explore the interplay between long-range interactions and
magnetic-flux effects.

To begin addressing this problem, we have studied how
interparticle interactions change the mean-field bosonic con-
densate phases of both the two-legged Harper-Hofstadter
ladder (HH) and the full two-dimensional (2D) HH model,
describing particles hopping on a square ladder or lattice,
respectively, in the presence of a perpendicular magnetic field
[64–67]. These effects can be simply implemented in cold-
atom systems via the use of artificial gauge fields [68,69].
We have numerically explored what happens if one spatial
dimension of each HH system is replaced with a synthetic
lattice of atomic trap states, as may be implemented in fu-
ture experiments [13]. First, for the two-legged HH ladder,
we identify variants of the usual Meissner and vortex-lattice
phases [64], as will be further introduced below. Second,
we find, for the 2D HH model, that the synthetic-dimension
interactions dramatically change the ground state, leading to
the emergence of features unlike those seen with conventional
interactions [70]. This includes the appearance of a new type
of state, particularly for small synthetic-dimension lengths,
which we designate as the “Meissner stripe” state as it com-
bines Meissner-type currents along the real dimension with
strong density modulations along the synthetic dimension. In
the future, it will be interesting to push this work further
toward making a realistic experimental proposal for how to
prepare these states, and to go beyond mean-field interactions
to stronger interaction strengths where the usual HH model
hosts lattice versions of fractional quantum Hall states, as also
recently observed experimentally in a small real-space lattice
with ultracold atoms [71].

Outline

The outline of the paper is as follows: In Sec. II we briefly
introduce Harper-Hofstadter physics, before reviewing how

this can be realized using a synthetic dimension of atomic trap
states. We then review the properties of interparticle contact
interactions in the synthetic-dimension picture, and summa-
rize the main methods and observables studied. In Sec. III,
we study the ground states associated with a two-legged HH
ladder, comparing to known results from the literature. In
Sec. IV, we extend these systems to investigate the ground
states of the 2D HH model for different magnetic-flux
strengths and present the exotic states these interactions in-
duce, including a Messier-stripe phase which we will detail in
this section. Additionally, within this section, we will compare
these new phases with results from standard mean-field con-
tact interactions, previously studied in Ref. [70] and the results
from the ladder investigation (Sec. III). Finally, in Sec. V, we
discuss our results and draw conclusions. The raw data used
to produce the figures presented in this paper have been made
available [72].

II. SCHEME

A. Harper-Hofstadter physics

In this section we begin by briefly introducing the Harper-
Hofstadter model, which describes a charged particle hopping
on a square lattice in the presence of a perpendicular magnetic
field as [65,66]

HHH = −
∑
n,λ

[te−iϕnψ
†
n,λ−1ψn,λ

+ Jxψ
†
n−1,λψn,λ + H.c.], (1)

where ψn,λ (ψ†
n,λ) annihilates (creates) a particle at site (n, λ),

and where Jx and t are the hopping amplitudes along the two
directions. Here, we have chosen the Landau gauge where
the hopping along the λ direction is modified by a complex
phase ϕn, such that there is a uniform magnetic flux � = ϕ

piercing each plaquette. Note that here we have set q = h̄ = 1.
In this paper, we shall also often define ϕ ≡ 2πα, such that
α corresponds to the number of magnetic-flux quanta per
plaquette.

The HH model has been widely studied as it is a canonical
model for 2D quantum Hall physics with a single-particle
energy band structure characterized by nonzero topological
Chern numbers and one-way chiral edge states. Thanks to
experimental advances, such as the development of artificial
gauge fields, this model has been experimentally investigated
in many different physical setups, including with cold atoms
in optical lattices [73,74] and with a synthetic dimension of
hyperfine states [8].

The HH ladder is then the quasi-one-dimensional (quasi-
1D) limit of the above HH model [Eq. (1)] in which there are
only a few sites along either n or λ, while the other direction
remains extended. This is therefore a minimal model in which
to explore the hallmarks of magnetic fields and topology in re-
duced dimensions. In particular, cold-atom experiments have
previously used both real [64] and synthetic dimensions [3,4]
to realize this model and study phenomena such as magnetic
skipping orbits and chiral currents. Recent experiments have
also pushed these systems further to the strongly interact-
ing regime, where interesting many-body states have been
explored [71,75].
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In this paper, we will be focusing on the case of bosons in
the weakly interacting (mean-field) limit; in this regime, the
HH ladder usually exhibits a rich phase diagram, including
so-called vortex-lattice, Meissner, and biased-ladder phases
[64,67,76–81], as will be reviewed in more detail below (cf.
Sec. III). In a similar regime, the superfluid phase of the
HH 2D square lattice exhibits density modulations and chiral
currents [70] (cf. Sec. IV). These condensate configurations
are similar to structures found in superconducting lattices in
magnetic fields [82], and, in the low-field limit, resemble
Abrikosov vortex lattices. Our aim will be to investigate what
happens to these phases if we include the effects of (exotic) in-
teractions along the synthetic dimension of atomic trap states
(cf. Sec. II C).

B. Engineering HH physics with a synthetic dimension
of trap states

We shall now briefly review how HH-like physics may
be engineered using a synthetic dimension of atomic trap
states [34,62]. Note that, for simplicity, we shall afterward
focus in the main text on the ideal HH equation described
above [Eq. (1)], so readers may proceed directly to Sec. II C
if desired. However, this section does explain the physical
meaning and approximations behind this synthetic-dimension
approach, which in turn helps to understand the origin of the
interaction effects to be studied.

To engineer a synthetic dimension of trap states, we
consider starting from an atomic gas in an elongated “cigar-
shaped” harmonic trap with trapping frequencies along the
x, z, and y direction chosen as, respectively, ωx � ωz, ωy

[13,27,62,63]. Henceforth, we will assume that the motion
along z can be neglected due to the strong trapping potential
in this direction, allowing us to restrict our discussion to the
x-y plane. Along the x direction, we then impose a deep
optical lattice potential such that the corresponding motion is
described in the single-band tight-binding approximation. The
single-particle part of the Hamiltonian is then given by [62]

Ĥ0 = p̂2
y

2M
+ Mω2

y

2
y2 − Jx

∑
n

(|y, n〉〈y, n − 1| + H.c.), (2)

where M is the particle mass, Jx is the hopping amplitude,
and where n = 0, 1, 2, . . . , (Nn − 1) indexes the optical lat-
tice sites with Nn being the total number of sites, as sketched
in Fig. 1(a).

To realize the synthetic dimension, we add a suitable
time-periodic driving potential such as

V (x, y, t ) = −V0[2	(y) − 1] cos(ωDt + ϕn), (3)

where 	(. . . ) is the Heaviside function and where V0 and
ωD are the driving strength and frequency, respectively. We
choose the driving potential to have this spatial dependence
along y as it is simple to implement experimentally [83],
for example, via a digital micromirror device (DMD) and it
results in effective hopping amplitudes close to the theoretical
idealized case. Hereafter, we assume that the driving is on res-
onance with the trapping frequency ωD = ωy ≡ ω; introduc-
ing a detuning leads to an effective force along the synthetic
dimension, as recently experimentally explored in Ref. [27].

FIG. 1. A schematic for how to engineer HH physics. (a) Along
the x direction, there is a single-band tight-binding lattice, with
hopping amplitude Jx and with sites indexed by n. (b) Along the
y direction, there is a strong harmonic trap with states indexed by
λ. Applying the periodic potential V (x, y, t ) [Eq. (3)] leads to an
effective Floquet Hamiltonian [Eq. (4)] in which neighboring trap
states are coupled with an amplitude Jλ and a phase that depends
on the position along the x direction. (c) When viewed in the hy-
brid synthetic-real λ-x plane, this is a Harper-Hofstadter model for
a charged particle hopping in the presence of a magnetic flux �,
controlled by the hopping phase ϕ.

Importantly, we also note that this modulation depends ex-
plicitly on the position in the real-space optical lattice through
its phase φ(x) = ϕn. Such a modulation potential could be
created experimentally, for example, by using a digital mi-
cromirror device, similar to in the recent experiment [27].

An effective stroboscopic Floquet model can then be ob-
tained from the time-dependent Hamiltonian Ĥ = Ĥ0 + V ,
under a rotating-wave approximation when ω is much larger
than all other frequency scales, as [13,84,85]

HF =
∑
n,λ

[ελψ
†
n,λψn,λ + Jλe−iϕnψ

†
n,λ−1ψn,λ

− Jxψ
†
n−1,λψn,λ + H.c.], (4)

where λ = 0, 1, 2, . . . , (Nλ − 1) indexes the atomic trap states
[cf. Fig. 1(b)], with Nλ being the total number of trap states
considered, ελ acts as an onsite potential, and Jλ being the
effective hopping amplitude along the synthetic dimension.
Within this scheme, the number of λ states described by
Eq. (4) is typically limited by anharmonicities in the trap-
ping potential, allowing for the creation of long synthetic
dimensions with, for example, tens of sites as in the recent
experiment [27]. However, it is also possible to add additional
confining potentials to the ultracold gas so as to sharply cut
off all states above a desired threshold in λ, by tuning them
away from resonance, meaning that the total number of states
Nλ can be easily reduced [63].

The effective Floquet Hamiltonian [Eq. (4)] is clearly a
variant of the 2D HH model [Eq. (1)] with an onsite potential
and nonuniform hopping along the λ direction. In fact, we
have chosen the form of the modulation [Eq. (3)] such that
Jλ oscillates around a constant value −t , with the magnitude
of oscillations rapidly decaying with increasing λ and ελ is
essentially constant for allowed values of λ (cf. Appendix A).
For this reason, we hereafter approximate the hoppings as
being uniform, Jλ = −t , and treat the onsite potential as a
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constant offset allowing it to be scaled out, i.e., ελ = 0.
We instead work directly with Eq. (1). Note that we have
checked that this assumption of uniform hoppings does not
significantly affect our results (see Appendix E). If alternative
modulation potentials are used, then Jλ can exhibit a stronger
dependence on λ; as an example, we briefly discuss the mod-
ulation used in the experiment of Ref. [27] in Appendix F,
where we again observe that this does not significantly change
our results.

Finally, to explore the physics of a HH ladder, we need to
restrict the number of sites in either the x or λ direction, as
mentioned above. Physically, we can realize such a restriction
in the x direction by replacing the deep optical lattice with,
for example, a double-well potential or superlattice. Instead
to restrict the number of λ sites, we can modify the harmonic
trap potential along y in Eq. (2) so that the applied modulation
only effectively couples a few states; this can be achieved,
for example, by adding a square-well potential along y, in
order to tune all trap states above a certain λ away from
resonance [63]. Note that while the single-particle physics is
the same regardless of whether the long axis of the ladder is
aligned along the x or λ directions, the many-body physics
will be very different due to the unusual form of the inter-
particle interactions with respect to the synthetic dimension.
Hereafter we specify the orientation of our two-leg HH ladder
such that the extended “leg” direction is along the synthetic
dimension, while the short “rung” direction is along the real
x direction with the double-well configuration; this is because
we are interested in finding novel effects due to the synthetic-
dimension interactions, and so want to maximize the number
of different λ states involved.

C. Interactions along a synthetic dimension
of harmonic trap states

We will now review how contact interactions between par-
ticles in real space become long ranged along the synthetic
dimension of atomic trap states [13]. We begin with the 2D
real-space contact interaction term

Hint = g

2

∑
n

∫
ψ†

n (y)ψ†
n (y)ψn(y)ψn(y)dy, (5)

where g is the interaction strength and ψn(y) [ψ†
n (y)] annihi-

lates (creates) a particle at site n and position y. This can be
mapped into synthetic space by projecting the wave function
onto the harmonic trap eigenstates by

ψn(y) = 1√
lH

∑
λ

hλ(y)an,λ, (6)

where an,λ (a†
n,λ) annihilates (creates) a particle at site n and

state λ (in the nonrotating frame), lH = 1/
√

Mωy is the har-
monic oscillator length, and hλ(y) is the normalized Hermite
polynomial

hλ(y) = 1√
2λλ!

√
π

Hλ(y)e− y2

2 , (7)

with Hλ(y) being the Hermite polynomial and where we have
expressed y in units of the harmonic oscillator length. Apply-
ing this basis transform to the mean-field contact interaction

results in

Hint = g

2lH

∑
n,λ1,λ2,λ3,λ4

a†
n,λ4

a†
n,λ3

an,λ2 an,λ1

×U (λ1, λ2; λ3, λ4), (8)

where

U (λ1, λ2; λ3, λ4) ≡
∫

hλ1 (y)hλ2 (y)hλ3 (y)hλ4 (y)dy. (9)

As discussed in the previous section, the interpretation of λ as
a synthetic dimension relies on a rotating-wave approximation
(RWA) in the high-frequency limit, which here requires ωD �
g. To make this approximation, we map an,λ into the rotating
frame as

an,λ ≡ ψn,λeiωDλt , (10)

and then neglect the fast oscillating terms to obtain [34]

Hint = g

2lH

∑
n,λ1+λ2=λ3+λ4

ψ
†
n,λ4

ψ
†
n,λ3

ψn,λ2ψn,λ1

×U (λ1, λ2; λ3, λ4). (11)

Note that the constraint introduced by this approxima-
tion, λ1 + λ2 = λ3 + λ4, enforces the conservation of energy.
Combining this with the single-particle part of the Hamilto-
nian [Eq. (1)], we obtain the total effective Hamiltonian

H = HHH + Hint, (12)

which will be investigated numerically in the following
sections.

To assist in the understanding of the above synthetic di-
mension interaction Hamiltonian [Eq. (11)], we can identify
three prominent subcategories of interactions, inspired by the
treatment in Ref. [13], which we call onsite, a “correlated
pair-tunneling,” and “dipolelike” interactions. A schematic for
each class of interactions is shown in the upper panels of
Figs. 2(a)–2(e), respectively. (Note that these subsets do not
exhaustively include all terms in the full RWA interactions
above [cf. Eq. (11)].)

First, onsite interactions correspond to those which occur
when two particles are in the same atomic trap state before and
after the collision, i.e., λ1,2,3,4 = λ in Eq. (11). The relative
strength of these interactions is plotted in the lower panel
of Fig. 2(a) as a function of n ≡ λ, the position along the
synthetic dimension. These are the strongest type of inter-
actions, but unlike usual contact interactions, they do decay
algebraically along the synthetic dimension as the underlying
trap states become increasingly delocalized. Note that in a
real optical lattice, this would correspond to having a space-
dependent lattice depth.

Second, “correlated pair-tunneling” interactions corre-
spond to pair-splitting or pair-forming terms in which two
atoms either scatter away from or into the same trap state;
for example, for pair splitting these correspond to terms of the
type λ1,2 = λ, λ3,4 = λ ± m where m is an integer in Eq. (11),
as shown schematically for two cases in the upper panel of
Figs. 2(b) and 2(c). We show two examples for λ = 10 and
30 to highlight that the behavior of the relative interaction
strength is consistent for different values of λ for this type
of interaction. The relative strength of such interactions is
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FIG. 2. Examples of different types of interactions contained within Eq. (11), including (a) onsite, (b) + (c) correlated pair-tunneling, and
(d) + (e) dipolelike terms. For correlated pair and dipolelike interactions we present two cases for interactions centered around λ = 30 (b)
and (d) and λ = 10 (c) and (e). In each case, the upper panel is a schematic with examples of where two atoms could be before and after the
interaction. In the lower panel we then plot the corresponding relative interaction strength U (λ1, λ2, λ3, λ4) as a function of either n or m as
indicated in the upper panel. Note that no onsitelike terms are included within the correlated pair-tunneling and dipolelike interactions to help
separate out different effects.

shown in the corresponding lower panels for the two exam-
ples as presented in Figs. 2(b) and 2(c). As can be seen, the
strength of these processes is typically much less than that of
the onsite terms and decays exponentially with increasing m.
Note that we have excluded m = 0 as this term corresponds
to the onsitelike interaction plotted in Fig. 2(a). Interestingly,
because the atoms have to scatter into or out of symmetrically
distributed states, fewer of these processes are allowed as we
approach either the lowest or highest λ sites within a given
system. This can be observed when comparing the possible
interactions in Figs. 2(b) and 2(c).

Finally, “dipolelike” interactions correspond to those in
which particles initially in states (λ1, λ2) interact and either
scatter to the same positions (λ1, λ2) or equivalently (for
indistinguishable bosons) flip flop to states (λ2, λ1). This is
reminiscent of the effect of dipolar interactions. We can ex-
press these interactions as λ1,2 = λ ± m, λ3,4 = λ ± m, where
m is an integer in Eq. (11). As before the relative strength
for two examples of these interactions is shown in the lower
panels of Figs. 2(d) and 2(e) for λ = 30 and 10, respectively,
as a function of m. Note that we have again excluded m = 0,
as this corresponds to the onsitelike interactions in Fig. 2(a).
As can be seen, these interactions are generally stronger than
the correlated pair-tunneling terms and also only decay alge-
braically with increasing m.

For the purpose of our investigation we study the effects
of weak interactions in the mean-field limit. In this regime
the Gross-Pitaevskii equation effectively captures the relevant
physics where the interactions are dominated by s-wave scat-
tering.

D. Numerical methods and observables

We obtain the ground states of our system described by
the extended Gross-Pitaevskii equation by using the fourth-
order Runge-Kutta method, and evolving in imaginary time
until the differences in the wave function are ∼O(10−15). For
all results, the system is normalized to

∑
n,λ |ψn,λ|2 = 1.

As a reference, we check all our numerical calcula-
tions against known results for standard mean-field contact

interactions, in which case the only nonzero interaction terms
in Eq. (12) are given by U (λ, λ, λ, λ) = 1. We can also probe
different subsets of the synthetic-dimension interactions by
restricting the sum over U (λ1, λ2, λ3, λ4) in Eq. (12) in our
numerics.

To analyze our results, we calculate the local density and
current associated with each numerically obtained wave func-
tion. The former is defined as usual by |ψn,λ|2, while the latter
is derived by considering

ρ̇n,λ = i[HHH, ψ
†
n,λψn,λ]. (13)

Here we define ρ̇n,λ as the rate of change of the density
operator, which is linked to the local current operator via the
continuity equation. Note that here we neglect the contribution
from Hint to ρ̇n,λ as the resulting interaction contributions to
the currents are much smaller than the kinetic energy contri-
butions, both as we are in the weakly interacting limit and
because they consist of four-body terms, which are suppressed
relative to the usual two-body terms.

From this approach, the corresponding local currents are
then given by

J↑
n,λ = t[ieiϕnψ

†
n,λψn,λ−1 + H.c.] (14)

along the synthetic dimension and

J→
n,λ = Jx[iψ†

n,λψn−1,λ + H.c.] (15)

along the real spatial direction. For the HH ladder in Sec. III,
we will also calculate two further observables; first, the den-
sity bias between the two legs of the ladder, defined as

LDB ≡| D2 − D1 |, (16)

where the total density along each ladder leg is given by

Dl =
∑

λ

ψ
†
l,λψl,λ, (17)

where l = 1, 2 denotes the ladder leg. Second, we will calcu-
late the total chiral current

C =| J1 − J2 + Jedge |, (18)
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FIG. 3. The chiral current [Eq. (18)] (upper panels) and ladder density bias (LDB) [Eq. (16)] (lower panels) as a function of magnetic flux
α and interleg hopping Jx , calculated for the imaginary-time-evolved state of a 59-site ladder with (a) no interactions, (b) contact, (c) onsite, (d)
correlated pair-tunneling, (e) dipolelike, and (f) full RWA synthetic-dimension interactions, with g = 0.5 and t = 1. Silver dots indicate those
example states plotted in Figs. 4–6 and in Appendix B. Labels (M), (B), and (V) indicate when the ground state is in the Meissner, LDB, and
vortex phase, respectively. Note that we have normalized the chiral current to one for presentation purposes. The (upper) dotted line in each
panel indicates the critical anisotropy [Eq. (22)]; this is in good agreement with the maximum saturation of the chiral current as expected [64].
As can be seen, the chiral current does not appear to be significantly affected by the choice of interactions; however, the LDB does change,
with a nonzero ladder density bias appearing for contact and onsite synthetic dimension interactions reflecting the presence of the biased ladder
phase [76]. In these cases, the lower dotted line is a guide to the eye, indicating the boundary between this and the vortex-lattice phase. Note
that the nonzero LDB in the single-particle case (around Jx ≈ 0 and α ≈ 0.5) is due to numerical artifacts.

where the first two terms correspond to the average local
current along each ladder leg

Jl = 1

Nλ

Nλ∑
λ

J↑
l,λ, (19)

while the last term corresponds to current contributions from
the top and bottom of the finite ladder,

Jedge = 1
2 [J →

1,(Nλ−1) − J →
1,0]. (20)

Note that, in practice, this contribution can also be neglected
as the open boundary conditions along the ladder cause the
density to fall towards zero at these edges (cf. Fig. 4). To-
gether, the chiral current and ladder density bias will allow
us to characterize the phase diagram of the HH ladder with
interactions, as we shall now discuss.

III. HH LADDER WITH SYNTHETIC-DIMENSION
INTERACTIONS

We shall begin by reviewing the physics of the two-leg
HH ladder in the single-particle regime (Sec. III A) and with
contact interactions (Sec. III B). In both cases it is known
that ladders exhibit a rich phase diagram as a function of the
magnetic flux α and the hopping anisotropy Jx/t [64,67,75–
81]. In Sec. III C we investigate the effect that introducing the
harmonic synthetic interactions along the ladder direction has
on the previously understood phases. Note that while we shall
focus on hybrid HH ladders with a synthetic dimension of
atomic trap states, previous works have also investigated the
effects of interactions on other hybrid real-synthetic variants
of the two- and three-leg HH ladder, for example, where each

leg corresponds to a different hyperfine state with interactions
that are SU(N) invariant [51,86–88].

A. Single-particle physics

In the single-particle limit, the two-leg HH ladder Hamil-
tonian [Eq. (1)] can be straightforwardly diagonalized to find
two single-particle bands described by [64,76,78,80]

E±(k) = −2t cos k cos πα ±
√

4t2 sin2 k sin2 πα + J2
x ,

(21)

where k is the momentum along the ladder leg. Above a
critical anisotropy,

Jc
x = 2t tan πα sin πα, (22)

the lower band has a single minimum at k = 0, while other-
wise, the lower band has two minima at nonzero momenta
k = ±k0.

The ground state therefore changes as a function of flux
and hopping anisotropy between the single k = 0 state and a
superposition of the two ±k0 states. The former corresponds
to the Meissner phase, so called because in real space, this
state has uniform chiral currents flowing in opposite directions
along each leg (with negligible rung currents), mimicking the
Meissner effect in superconductivity (cf. Fig. 4 below). The
latter corresponds to a vortex-lattice phase, so called because
currents circulate around plaquettes of the ladder in a manner
reminiscent of vortices. The density is also spatially varying
in this phase, for which reason it is sometimes referred to as
the modulated density phase [76].

The phase transition between the Meissner and vortex
phases can be visualized by plotting the value of the chiral
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FIG. 4. Example single-particle ground states obtained numeri-
cally for α = 1

3 , t = 1, and Nλ = 59 with (a) Jx = 0.25, (b) Jx = 1,
(c) Jx = 2, (d) Jx = 3.75, i.e., parameters corresponding to the silver
dots marked in Fig. 3(a). The density (current) is represented by the
size and color (direction) of the dots (arrows). Note that the local
density and current are both normalized for each panel to unity. The
upper portion of each panel shows the density for the entire system,
while the lower portion is a zoomed-in inset of the density and
current for the section highlighted in green. As can be seen, (a)–(c)
are in the vortex-lattice phase with circulating plaquettes, while (d)
is in the Meissner phase with a strong chiral current.

current [Eq. (18)] as a function of magnetic flux and
anisotropy as shown in the upper panel of Fig. 3(a) for a
single-particle two-leg ladder with 59 sites. Here, the dashed
black line corresponds to the analytical prediction for the
critical anisotropy Jc

x /t (note that t = 1 in these numerics).
As can be seen, this curve is in excellent agreement with the
maximum of the observed chiral current. For completeness,
we have also plotted the ladder density bias [Eq. (16)] in the
lower panel of Fig. 3(a); however, this vanishes in both the
Meissner and vortex-lattice phases.

When the system is in the Meissner phase [i.e., above the
critical line in Fig. 3(a)], the chiral current is maximal and
fully screens the magnetic field, thus removing the periodicity
enforced by the magnetic length. In an infinite system, the
maximal chiral current is given by Cmax = 2t sin πα [76],
which is independent of Jx but increasing with magnetic flux.
For this reason, this phase has sometimes been referred to
in the literature as the saturated chiral current phase [76].
An example of this phase is shown for a numerically ob-
tained ground state in Fig. 4(d) with Nλ = 59, for α = 1

3 and
Jx = 3.75 [i.e., parameters corresponding to the uppermost
silver dot in Fig. 3(a)]. Here (and in all following figures), the

density is represented by the size and color of the dots, while
the current is depicted by the magnitude and direction of the
arrows drawn connecting the dots (as shown in the zoomed-
in inset for each panel). Note that both the maximum local
density and current are normalized for each panel for clarity of
presentation. As can be seen, the Meissner phase exhibits, as
expected, strong currents flowing in opposite directions along
the two legs, with very small currents flowing in between.
There is also an overall density modulation along the ladder,
due to the finite system size.

When the system is in the vortex-lattice phase [i.e., below
the critical line in Fig. 3(a)], the chiral current begins to
decrease as the magnetic field starts to penetrate the system.
This behavior is analogous to that of a superconductor under-
going a transition from the Meissner effect to an Abrikosov
vortex lattice. Three examples of this phase are given for
α = 1

3 in Figs. 4(a) Jx = 0.25, 4(b) Jx = 1, and 4(c) Jx = 2
[i.e., parameters corresponding to the lower three silver dots
in Fig. 3(a), respectively]. As can be seen, these phases are
characterized by plaquettes with circulating currents, similar
to vortices. The length of these plaquettes increases with in-
creasing Jx; this can be understood in terms of the positions,
±k0, of the single-particle minima shifting toward zero as the
phase transition is approached [64].

B. Standard mean-field contact interactions

Introducing mean-field contact interactions leads to the
numerical phase diagrams shown in Fig. 3(b), where, as be-
fore, the upper dotted line indicates the single-particle critical
anisotropy Jc

x /t . Note that although interactions do shift this
critical line, the effect is small here as the interactions are
weak; hence, the single-particle line is still in good agreement
with the observed maximum in the chiral current.

The region above the critical line is also unchanged com-
pared to the single-particle case; this is because for weak
interactions, the Meissner phase is preserved [76]. A numer-
ical example of this state is shown in Fig. 5(d) for Jx = 3.75
and α = 1

3 [i.e., parameters corresponding to the uppermost
silver dot in Fig. 3(b)], with t = 1, g = 0.5, and Nλ = 59. As
can be seen, this state strongly resembles the single-particle
Meissner phase shown in Fig. 4(d); however, the overall den-
sity envelope along the ladder is different, as the interactions
cause the wave function to spread out, leading to a Thomas-
Fermi–type rather than a sinusoidal free-particle profile.

Below the critical line, there are also now two distinct
phases as can be clearly identified from the ladder density bias
[Eq. (16)], as shown in the lower panel of Fig. 3(b). In partic-
ular, immediately below the Meissner phase, the LDB takes a
nonzero value; this is often referred to as the “biased ladder
phase” [76]. An example of this state is shown in Fig. 5(c)
for Jx = 2 and all other parameters as above; here it can be
seen that there are still strong Meissner-type currents, but now
with a significant density imbalance between the two legs.
This phase can be captured, for example, through a variational
approach, which predicts that all bosons condense into one of
the two minima of the single-particle band structure [76]. Note
that this quantity dictates our choice of g. Specifically, the
value of the ladder bias varies significantly with respect to g
for values of g < 0.5 before plateauing for g ≈ 0.5. Note also
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FIG. 5. Example ground states obtained numerically for α = 1
3 ,

t = 1, Nλ = 59 and standard contact interactions of strength g = 0.5,
with (a) Jx = 0.25, (b) Jx = 1, (c) k = 2, (d) Jx = 3.75, i.e., pa-
rameters corresponding to the silver dots marked in Fig. 3(b). Most
features closely resemble those of the single-particle states in Fig. 4,
except for the appearance of the biased ladder phase in (c) and a
broader overall density distribution in all cases due to interactions.

that this phase is twofold degenerate as the choice of which leg
has higher density is arbitrary. In our numerics, the specific
states obtained, e.g., in Fig. 5, depend on the random initial
state used for the imaginary-time evolution (cf. Sec. II D).
Note that selecting random initial states allows us to identify
symmetry-broken ground states where relevant.

Even further below the critical line, there is a second phase
transition, after which the LDB drops again to zero. This
is again the vortex-lattice phase in which currents circulate
around plaquettes within the ladder, while the local density is
modulated. Examples of this phase are shown in Figs. 5(a) and
5(b) for Jx = 0.25 and 1, respectively. This phase can also be
described by the same variational approach above, which now
predicts that the bosons occupy both single-particle minima
[76]. As a result, these phases again strongly resemble those
in the single-particle case [cf. Figs. 4(a) and 4(b)], up to
differences in the overall density modulation.

C. Synthetic-dimension interactions

Having reproduced the previously known results, we now
include the new form of interactions along the synthetic di-
mension of harmonic trap states [Eq. (12)]. Before proceeding
to the full RWA terms, we briefly discuss the different subsets
of onsite, correlated pair-tunneling and dipolelike interactions
identified previously in Sec. II C.

First, for onsite interactions, we obtain qualitatively similar
results to those for standard contact interactions described
above. This is evident, for example, from the phase diagrams
shown in Fig. 3(c). This is to be expected, as the only dif-
ference between these cases is that the synthetic-dimension
onsite interactions decay with position along the synthetic
dimension, while the standard contact ones do not. However,
since this decay is relatively slow, the strength of the onsite
interactions is approximately uniform over the majority of
the ladder (cf. Fig. 2) and so no significant differences in the
ground state are seen.

Second, for correlated pair-tunneling and dipolelike inter-
actions, the main difference that we observe compared to the
previous results is the disappearance of the biased density
ladder phase; this can be seen in Figs. 3(d) and 3(e), which
again resemble that of the single-particle case. Instead of the
biased ladder phase, the numerically obtained ground states
for the correlated pair-tunneling and dipolelike interactions
are again variants of the vortex-lattice phase, with circulating
plaquettes; examples of these are shown in Figs. 12 and 13 in
Appendix B. Note that for the dipolelike case, the peak density
also becomes shifted toward higher λ states by an amount that
increases with increasing Jx; this is perhaps because the over-
all magnitude of the dipolelike interactions decreases with
position up the synthetic dimension.

Finally, we include the full RWA synthetic-dimension in-
teractions. As can be seen in Fig. 3(f), the phase diagram looks
qualitatively identical to that for the previous cases, with a
vanishing ladder density bias. This suggests that the under-
lying physics is similar to that observed in normal Hofstadter
ladders. Indeed, specific examples of the numerically obtained
ground states are shown in Fig. 6 for the same parameters as in
previous figures; as can be seen, these are variants of vortex-
lattice and Meissner phases, except now with an unusual
density modulation such that there are large density peaks
toward either end of the synthetic dimension, reflecting the in-
homogeneity of the interaction terms. As Jx increases further,
this density modulation also increases in strength, leading to
a further buildup of particles near the synthetic-dimension
boundaries. Interestingly, therefore, adding interactions to a
synthetic dimension of harmonic trap states appears to pre-
serve the small-scale structure of vortex-lattice and Meissner
phases in a Hofstadter ladder, while removing the biased lad-
der phase found for usual contact interactions.

IV. 2D HARPER-HOFSTADTER LATTICE WITH
SYNTHETIC-DIMENSION INTERACTIONS

We now extend our discussion to the mean-field 2D
Harper-Hofstadter model where one direction corresponds to
real space and the other to a synthetic dimension of atomic
trap states. To provide a baseline for our results, we begin
in Sec. IV A by revisiting the case of a 2D real-space HH
model with standard contact interactions in both directions.
We then proceed to study the effects of introducing synthetic-
dimension interactions in Sec. IV B.

A. Standard mean-field contact interactions

The 2D real-space Harper-Hofstadter model with contact
interactions has previously been studied, for example, in
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FIG. 6. Example ground states obtained numerically for α = 1
3 ,

t = 1, Nλ = 59, and full RWA synthetic-dimension interactions, with
(a) Jx = 0.25, (b) Jx = 1, (c) Jx = 2, (d) Jx = 3.75, i.e., parameters
corresponding to the silver dots marked in Fig. 3(f). As can be
seen, (a)–(c) are variants of vortex-lattice phases, without the biased
ladder phase (cf. Fig. 5), while (d) is a type of Meissner phase.
The inhomogeneity of the interactions has led to overall density
modulations, including a buildup of particles at either end of the
synthetic dimension.

Ref. [70], which employed a wave-function ansatz based on
Gutzwiller mean-field theory [89,90] in the weak-interaction
limit. For magnetic fluxes of the form α = p/q, the conden-
sate then exhibits a q × q unit cell in real space, with a reduced
spatial symmetry compared to the underlying square lattice.
Similar to the vortex-lattice phase in the Harper-Hofstadter
ladder (cf. Sec. III), these states have highly nonuniform
condensate densities, with large local currents circulating
counterclockwise around certain plaquettes of the underlying
lattice, similar to how current circulates around a vortex core.
As α decreases, the density of these circulating plaquettes
decreases until for larger values of q, i.e., q = 5, the states
resemble Abrikosov vortex lattices [70].

Due to the inhomogeneity of our synthetic-dimension in-
teractions (cf. Sec. II C), we are restricted to studying systems
with a finite synthetic dimension with open boundary condi-
tions. To provide a baseline for our study, we therefore start
by numerically reproducing the results of Ref. [70] but now
using the imaginary-time evolution method (cf. Sec. II) for
a system with open (periodic) boundary conditions along the
y (x) direction. The results of these calculations are shown
for t = Jx = 1 and g = 0.1 in Figs. 7(a) α = 1

3 , 7(b) α = 1
4 ,

and 7(c) α = 1
5 . Note that our choice of g is arbitrary but

FIG. 7. Ground states of the HH model with standard mean-field
contact interactions with t = Jx = 1 and g = 0.1 for (a) α = 1

3 , (b)
α = 1

4 , (c) α = 1
5 . The system sizes are, respectively, (Nx, Ny ) =

(6, 11), (8, 15), (15, 14), with periodic (open) boundary conditions
along x (y). As in Sec. III, the size and color of the dots are propor-
tional to the local density, while the black arrows indicate the size
and direction of the nearest-neighbor local currents (the length scale
of the arrows is not maintained between panels). The configurations
shown are each one of a discrete set of degenerate states related by
the broken symmetries of the system; these results are consistent with
those found for the case of periodic boundary conditions studied in
Ref. [70].

the states observed are consistent for a range of values (see
Appendix D). The system sizes are chosen, respectively, as
(Nx, Ny ) = (6, 11), (8, 15), (15, 14), so that Nx is a multiple
of q to ensure commensurability in the periodic direction.
Due to the open boundary conditions along λ the observed
commensurability condition is a multiple of q, minus one. In
cases where noncommensurate values are chosen we do not
reproduce the known results from Ref. [70]. For sufficiently
large Ny, differences between states with commensurate and
noncommensurate Ny sites become negligible. As expected,
the obtained states each exhibit a distinctive q × q unit cell
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FIG. 8. Ground states of the HH model with RWA synthetic-
dimension interactions for t = 1, Jx = 1, g = 0.1, Nx = 9, and α = 1

3
for (a) Nλ = 17 and (b) Nλ = 23. [Note that the latter is one of two
states that are energetically degenerate within numerical accuracy at
this system size, with the other being a Meissner stripe state similar
to that shown in (a).] For each panel, the left-hand part shows the
local density over the entire system, while the right-hand part is
a zoomed-in inset of the density and current for the example area
highlighted in green.

near the center of the system in the y direction, where the
density is primarily localized. These observed configurations
are in very good qualitative agreement with the infinite system
results of Ref. [70]. The main difference in our case is that
the condensate density drops toward zero at the edges along
the y direction due to the open boundary conditions; for the
weak interactions chosen here, this falloff can be captured
approximately by a sinusoidal envelope.

We note that, as the states in Fig. 7 spontaneously break
certain symmetries of the underlying square lattice, each of
these configurations is only one of a discrete set of degenerate
states. These different states are equivalent under translations
or rotations and/or reflections; see Ref. [70] for a full enumer-
ation of the degeneracies and associated symmetries for these
chosen values of the magnetic flux. As in the ladder case the
specific state obtained is dependent on the initial random state
chosen (cf. Sec. II D).

B. Synthetic-dimension interactions

Focusing first on the case of α = 1
3 , we consider a 2D HH

model in the x-λ plane with the full RWA synthetic-dimension
interactions introduced in Sec. II C. The corresponding nu-
merically obtained configurations are shown in Fig. 8 for

t = Jx = 1 and g = 0.1, and for the examples of Figs. 8(a)
Nλ = 17 and 8(b) Nλ = 23. Note that throughout we have
again applied periodic boundary conditions along the real x
direction; we have checked that for open boundary conditions,
the same types of states are found, albeit with an overall
density envelope. Interestingly, the inclusion of synthetic-
dimension interactions dramatically changes the structure of
the condensate state from that seen for contact interactions
[cf. Fig. 7(a)]. A key feature of these new states is the appear-
ance of a strong local density modulation along the synthetic
dimension with a period of 3 sites, reflecting the periodicity
associated with the magnetic flux α = 1

3 , even while the den-
sity along the real dimension is (approximately) uniform.

For the smaller system size in Fig. 8(a), the ground state is
a Meissner-type state, albeit with currents that flow along the
real spatial dimension instead of along the synthetic dimen-
sion (cf. Sec. III). As can be seen, this state is characterized
by a row of high-density sites with negligible currents, al-
ternating with rows of low-density sites hosting equal and
opposite currents; we henceforth call this a “Meissner stripe”
state. We have found, by analyzing different subsets of the
synthetic-dimension interactions, that including only dipole-
like interactions again leads to a Meissner stripe state, while
having either onsite or correlated pair-tunneling interactions
instead reproduces the standard contact-interaction vortex-
lattice case (see Appendix B). This suggests that dipolelike
interactions play a key role in determining the ground-state
structure of the condensate with the full RWA synthetic-
dimension interactions for these parameters.

Interestingly, for the particular system size of Nλ = 23, we
find both a Meissner stripe state but also the state shown in
Fig. 8(b), which is energetically degenerate with the former to
within the accuracy of our calculations, but which instead has
some identifiable circulating plaquettes. This is reminiscent
of the “vortex lattice” found for standard contact interactions
[cf. Fig. 7(a)], although here the largest current circulation
is clockwise rather than counterclockwise. This state is not
found for the larger system sizes we tested, so further study
would be necessary to discern if it is a true ground state of
the system. However, similar states can sometimes be found
as the sole ground state by ramping up the interaction strength
(see Appendix D). This suggests that while the Meissner stripe
state usually dominates for α = 1

3 , it is possible to tune system
parameters to realize a more vortex-lattice-like state.

Turning next to α = 1
4 , we find ground states such as those

shown in Figs. 9(a) Nλ = 19, 9(b) Nλ = 23, and 9(c) Nλ = 31,
with other parameters as above. Similar to the case of α = 1

3 ,
the ground-state density appears to be uniform along the real
dimension, but strongly modulated along the synthetic dimen-
sion, albeit now with a period of 4 sites, reflecting the larger
magnetic unit cell. For a small system size as in Fig. 9(a), we
again find a type of Meissner stripe state, with currents flow-
ing along the real dimensions. The main difference between
this state and that observed for α = 1

3 is the appearance of
an extra very low density row of sites between the current-
carrying rows, as required by the larger magnetic unit cell.
By analyzing different subsets of interactions separately, we
again find that the same Meissner stripe state appears with
dipolelike interactions, suggesting that these interactions are
dominating (see Appendix B).
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FIG. 9. Ground states of the HH model with RWA synthetic-
dimension interactions for α = 1

4 and Nx = 12, and for (a) Nλ =
19, (b) Nλ = 23, and (c) Nλ = 31, with all other parameters as in
Fig. 8. As Nλ increases, the ground state changes from a Meissner
stripe state to one with arrays of plaquettes, with strong alternating
currents.

However, we also observe that, as the system’s length
along the synthetic dimension increases, the Meissner stripe
state is superseded as the ground state by states like those
shown in Figs. 9(b) and 9(c). In these states, there are residual
counterflowing Meissner-type currents on the rows nearest the
maxmimum-density rows; however, the dominant current in-
stead now circulates around double-height plaquettes, with an
alternating direction for neighboring plaquettes. The appear-
ance of these alternating plaquettes appears to be due to the
influence of correlated pair-tunneling interactions, while the
residual Meissner-type currents likely stem from dipolelike
terms (see Appendix B). This indicates that the competition
between different interaction effects sensitively depends on
the synthetic dimension length for α = 1

4 with the parameters
tested.

Finally, for α = 1
5 , we find ground states like those

shown in Figs. 10(a) Nλ = 19 and 10(b) Nλ = 34 and other

FIG. 10. Ground states of the HH model with RWA synthetic-
dimension interactions for α = 1

5 , Nx = 10, and g = 0.1, and for (a)
Nλ = 19 and (b) Nλ = 34 with all other parameters are above. As Nλ

increases, the ground state changes from a Meissner stripe state to
one with strong density modulations in both directions and currents
circulating around different plaquettes.

parameters as above. As expected, we observe that the density
for these states is now modulated with a period of 5 sites along
the synthetic dimension, again reflecting the larger magnetic
unit cell. Continuing the above trends, we also observe for
small system sizes [cf. Fig. 10(a)] that the ground state is a
type of Meissner stripe state. As compared to the similar states
above, this Meissner stripe state now has two very low-density
rows of sites carrying small opposed currents, reflecting the
larger unit cell. We again find the same state when including
only dipolelike interactions (see Appendix B). However, for
larger system sizes, we also again observe a more inhomoge-
neous ground state, as shown in Fig. 10(b); here the density
is strongly modulated also along the real dimension and the
system is dominated by circulating currents (with alternating
directions) rather than Meissner-type currents. Interestingly,
we have also found that in this case, increasing the interaction
strength g can instead lead to the reemergence of the Meissner
stripe phase (in this case, however, most of the density vacates
the center of the synthetic dimension), showing the rich com-
petition between different effects.

V. DISCUSSION AND CONCLUSIONS

In this paper, we have studied finite-size interacting hybrid
Harper-Hofstadter systems in which one direction is provided
by a real-space optical lattice, while the other is composed of
a synthetic dimension of atomic trap states. For the quasi-1D
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HH ladder, we then found that including synthetic-dimension
interactions did not significantly change the main features
of the well-known Meissner and vortex-lattice phases, com-
monly also found in both single-particle and interacting
systems. Instead, the main effects of the unusual interactions
were, first, to introduce an overall modulation of the parti-
cle density, causing particles to accumulate near the system
edges, and, second, to defavor the biased ladder phase which
otherwise can emerge in interacting HH ladders.

For the 2D HH model, we observed much more dramatic
effects from the synthetic-dimension interactions, as these
fundamentally changed the nature of the ground state. In
particular, we identify a large class of states that we term
“Meissner stripe” states, which are characterized by Meissner-
type counterflowing currents along the real dimension and
strong density modulations along the synthetic dimension, and
which are present particularly for small synthetic-dimension
lengths. In these cases, the structure of the Meissner stripe
state repeats along λ and is controlled by the magnetic length,
with the finite size of the system inducing a density envelope.
This structure often leads these states to appear symmetric
along λ, however, the presence of slight shifts of the cen-
ter of mass in fact breaks such a symmetry. This Meissner
stripe phase forms when the dipolelike interactions dominate
over the other contributions [see Figs. 2(d) and 2(e) and
Appendixes B and C].

Interestingly, we also found that the ground state can
change significantly as we change the length of the synthetic
dimension, transitioning to states, e.g., with some features
more reminiscent of vortex-lattice-like states with currents
circulating around plaquettes, albeit in opposite and/or al-
ternating directions. The interacting physics of these hybrid
systems is therefore strongly system-size dependent; this
is due to the inhomogeneity and long-range nature of the
synthetic-dimension interaction terms as well as the compe-
tition between different subsets of these effects.

Although here we have focused on small finite systems,
which will naturally be those most relevant to experiments, it
will be interesting in the future to extend this work to larger
synthetic dimensions, with the aim of beginning to explore the
phase diagram in the thermodynamic limit.

In the future, it will be important to go beyond this pre-
liminary theoretical study to make a realistic experimental
proposal, taking into account both experimental details and
observables. For example, in Appendixes E and F, we have
studied the effects of inhomogeneous hopping amplitudes,
which arise from realistic shaking potentials used to couple
the synthetic dimension, and have found, e.g., similar Meiss-
ner stripe states to those shown above. Going further, it will
be essential to also consider how these ground states could
be prepared experimentally, and how robust they would be to
the effects of heating from the Floquet driving used to create
the synthetic dimension. While we have shown all ground
states in this paper in the hybrid x-λ plane, experimental
measurements will be made in the real x-y plane. As discussed
in Refs. [27,63], it is possible to translate certain observables,
such as the real-space center-of-mass position, into synthetic
space, in order to infer information about the occupation of
the atomic trap states from the real-space measurements. For
states like the Meissner-stripe state discussed here, it is likely

that the states will have very distinctive real-space density
patterns as only a few trap states are significantly populated
at a time (cf. Sec. IV).

Going further, another interesting avenue for future re-
search is to go beyond mean-field physics to study the effects
of strong interactions along the synthetic dimension, and the
potential emergence of analogs of interesting strongly cor-
related states, such as fractional quantum Hall states. For
the HH ladder, the states we have found are very similar to
those with other types of interactions, which may suggest that
similar strongly interacting physics could be found [75,77,87].
However, for the HH model, the states are fundamentally
different from those previously studied, and can be sensitive
to both system parameters and the strength of the interac-
tions (see Appendix D). These therefore may lead to novel
types of strongly correlated states in the presence of strong
interactions.
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APPENDIX A: EFFECTIVE FLOQUET HAMILTONIAN

As reviewed in the main text, the stroboscopic dynamics of
a single particle in a shaken harmonic trap can be captured by
an effective time-independent stroboscopic Floquet Hamilto-
nian [Eq. (4)] [13,84,85]. To calculate this explicitly, we start
from the 1D Hamiltonian

Hb = 1
2∂2

y + 1
2 y2 + V (y, t ), (A1)

where V (y, t ) is the periodic driving potential with period
T and we have set h̄ = m = ω = 1 [63]. From this, we
then numerically construct the stroboscopic evolution op-
erator Û (T, t0 = 0) which evolves the wave function from
t = 0 up to t = T . The effective Hamiltonian Heff is then
extracted as

Heff ≡ i

T
loge[Û (T, t0 = 0)]. (A2)
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FIG. 11. (a) The driving potential [Eq. (3)] at t = 0 plotted for ar-
bitrary parameters to show the structure of the modulation. The value
of the magnetic flux ϕ controls the length scale of the modulation
along the x direction. (b) The nearest-neighbor hopping amplitudes
found from the calculation of the Floquet Hamiltonian [Eq. (A2)] for
the driving potential from (a) with x = 0, ω = ωd = 2π × 166.5 Hz,
and V0 = −2.08 nK. We normalize these hopping amplitudes by the
magnitude of the largest nearest-neighbor hopping amplitude for
comparison purposes.

In the main text, we focused on the driving potential [Eq. (3)]
which is shown at t = 0 in Fig. 11(a). Experimentally, such a
driving potential could be engineered by using, for example,
a DMD [91,92]. Using this potential to calculate Eq. (A2), we
find that for any fixed value of x, the effective Floquet Hamil-
tonian can describe nearest-neighbor hopping processes, i.e.,
as denoted by Jλ: the matrix element between the λ − 1 and λ

state. An additional complication is that an effective onsite
potential arises from this driving, however, apart from the
first few values of λ these terms are essentially constant. All
other terms of the Floquet Hamiltonian are negligible. These
nearest-neighbor hopping amplitudes have the desired com-
plex spatial dependence on x, i.e., exp[−iϕx]. In Fig. 11(b),
we plot these hopping amplitudes for x = 0; as can be seen,
these amplitudes oscillate around a constant value, with the
magnitude of oscillations decaying quickly as λ increases.
Note that for illustrative purposes we have set V0 = −3.14,
such that these hopping amplitudes tend toward −1 in the
large-λ limit. In the main text, this behavior led us to approx-
imate the nearest-neighbor hoppings as uniform, i.e., setting
Jλ = −t . However, we have also explored the effects of keep-
ing the full variation of these amplitudes, as discussed in
Appendix E.

APPENDIX B: DIFFERENT INTERACTION-TERM
SUBSETS

To better understand the dominant interaction effects for
the results shown in the main text, we have also numerically
found the ground states for different subsets of synthetic-
dimension interaction terms (cf. Sec. II C). Here we include
examples of these ground states, illustrating the main features
referred to in the main text.

First, for the Harper-Hofstadter ladder (cf. Sec. III), ex-
amples of the ground states obtained with only correlated
pair-tunneling interactions are shown in Fig. 12, for the same
parameters as used in Sec. III. As can be seen, these results
are essentially the same as those found for standard contact
interactions (cf. Fig. 5), except for the replacement of the

FIG. 12. Example ground states obtained for α = 1
3 , t = 1, Nλ =

59 and only correlated pair-tunneling synthetic-dimension interac-
tions, with (a) Jx = 0.25, (b) Jx = 1, (c) Jx = 2, (d) Jx = 3.75, i.e.,
parameters corresponding to the silver dots marked in Fig. 3(d). As
can be seen, (a)–(c) are variants of vortex-lattice phases, without the
biased ladder phase (cf Fig. 5), while (d) is a type of Meissner phase.

biased ladder phase with the continuation of the vortex-lattice
phase [e.g., as shown by k = 2 in Fig. 12(c)]. For the same
parameters, we also show the results with only dipolelike
interactions in Fig. 13. These states are qualitatively very sim-
ilar to those found for correlated pair-tunneling interactions
above, except the maximum density is now clearly peaked
toward the upper edge of the synthetic dimension.

Second, for the 2D Harper-Hofstadter model, we show ex-
ample ground states with Fig. 14(a) correlated pair-tunneling
and Fig. 14(b) dipolelike interactions for α = 1

3 , for Nλ = 17
and other parameters as in Fig. 8. As can be seen, corre-
lated pair-tunneling interactions lead to the vortex-lattice-like
state previously observed for standard contact interactions (cf.
Fig. 7), while dipolelike interactions stabilize the Meissner
stripe phase, seen for these parameters with the full RWA
synthetic-dimension interactions (cf. Fig. 8).

Third, the corresponding results for the HH model with
α = 1

4 for Figs. 15(a) correlated pair-tunneling and 15(b)
dipolelike interactions are shown, for Nλ = 19 and other pa-
rameters as in Fig. 9. Again, we can see here that dipolelike
interactions lead to the Meissner stripe phase, which is also
found for full RWA synthetic-dimension interactions with
these parameters (cf. Fig. 9). However, here the correlated
pair-tunneling interactions do not lead to the standard contact
interaction result (cf. Fig. 7), but instead to alternating cur-
rents circulating around double-height plaquettes. These types
of structures begin to emerge for RWA synthetic-dimension
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FIG. 13. Example ground states obtained for α = 1
3 , t = 1, Nλ =

59 and only dipolelike synthetic-dimension interactions, with (a)
Jx = 0.25, (b) Jx = 1, (c) Jx = 2, (d) Jx = 3.75, i.e., parameters cor-
responding to the silver dots marked in Fig. 3(e). These states have
the same structure as those found in Fig. 12, except now with the peak
density shifted toward the upper edge of the synthetic dimension.

interactions in larger system sizes, suggesting that correlated
pair-tunneling interactions may become more important as the
length of the synthetic dimension grows.

Finally, example ground states for the HH model with α =
1
5 for Figs. 16(a) correlated pair-tunneling and 16(b) dipole-
like interactions are shown for Nλ = 24 and other parameters
as in Fig. 10. Here we again observe that the correlated
pair-tunneling interactions reproduce the standard contact in-
teraction result (cf. Fig. 7), while the dipolelike interactions
lead to the Meissner stripe phase (cf. Fig. 9).

APPENDIX C: MEISSNER STRIPE PHASE
AND MAGNETIC EFFECTS

The Meissner stripe phase forms due to the competition
between two effects in the regime where the dipolelike inter-
actions control the behavior of the system. First, the dipolelike
interactions do not contribute to the energy when all the atom
density colocalizes at an arbitrary λ value, which leads the
emergence of a density stripe at sufficiently high interaction
strengths. Second, the magnetic effects are critical for the
emergent periodicity of these stripes along the synthetic di-
mension. This can be seen in Fig. 17 where we show the
ground-state density obtained for a system with only dipole-
like interactions and different values of α. In the case of α ∈ Z
[see Fig. 17(a)] there is zero magnetic flux which results in a
density profile along λ that is similar to that of a single particle

FIG. 14. Ground states of the HH model with α = 1
3 with (a) cor-

related pair-tunneling and (b) dipolelike interactions with Nλ = 17
and other parameters as given in Fig. 8.

FIG. 15. Ground states of the HH model with α = 1
4 for (a) cor-

related pair-tunneling and (b) dipolelike interactions with Nλ = 19
and other parameters as given in Fig. 9.
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FIG. 16. Ground states of the HH model with α = 1
5 for (a) cor-

related pair-tunneling and (b) dipolelike interactions with Nλ = 24
and other parameters as given in Fig. 10.

in a box, albeit slightly modified by the weak long-range
dipolelike interactions. However, when magnetic effects are
introduced we observe the formation of the Meissner stripe
phase where high-density stripes repeat over the magnetic
length of the system lB = 1/α [see Figs. 17(b)–17(d) for ex-
amples with different magnetic lengths].

APPENDIX D: CHANGING THE INTERACTION
STRENGTH

We have repeated many of our numerical calculations for
a range of interaction strengths g ∈ (0, 4]. In most cases, we
find states with the same types of current distributions as those
shown in the main text, albeit with changes in the overall den-
sity profile. As expected, stronger interactions cause particles
to spread out more, redistributing the particle density away
from the central peak and toward the edges of the system.
As a general trend, we also observe that the center of mass
of the density moves upward along the synthetic dimension;
this reflects the inhomogeneity of the interactions along the
synthetic dimension and is reminiscent of the density shifts
observed in the HH ladder (cf. Sec. III). Note that because
of the underlying periodic density modulations along the syn-
thetic dimension (from the magnetic unit cell), the position of
the peak density does not shift smoothly but jumps discontin-
uously. Consequently, we also sometimes find several states
that we cannot distinguish in energy within our numerical ac-
curacy, with peak densities in different positions but otherwise
all the same qualitative features.

However, for strong enough interactions, we also can see
different types of states emerge for certain cases; for exam-
ple, for α = 1

3 , Nλ = 26, and g � 3.6, we find states like
that shown in Fig. 18, rather than the Meissner stripe phase
found for smaller interaction strength with these parameters
[cf. Fig. 8(a)]. This new state has the same structure of local
currents as that previously found as a degeneracy for another
system size [cf. Fig. 8(b)], but with the density more spread
out along the synthetic dimension due to the stronger inter-
actions. This sensitivity to the interaction strength reflects
the complexity of the interplay between different interaction
terms in these small finite systems.

APPENDIX E: NONUNIFORM HOPPING AMPLITUDES

In the main text, we approximate the nearest-neighbor hop-
ping amplitudes in the effective Floquet Hamiltonian to be
uniform along the synthetic dimension for simplicity. For the
specific driving potential given by Eq. (3), this is well justified
for large λ as shown in Appendix A. If we instead include
the inhomogeneous hopping amplitudes for this case, then
we obtain ground states such as those shown in Figs. 19(a)
g = 0.1 and 19(b) g = 4.0 for α = 1

3 , Nx = 12, and Nλ = 20
and all other parameters as given in the main text and in
Fig. 11. In this case all other hopping terms are negligible.
Note that due to the nonuniformity of the hopping amplitudes,
we have also had to modify the definition of the local current
operator used to calculate the currents to

J↑
nλ = −[iJ∗

λ eiϕnψ
†
n,λψn,λ−1 + H.c.]. (E1)

As can be seen, in Fig. 19, for these parameters, the ground
states are Meissner stripe phases, similar to those found for
uniform hoppings [cf. Fig. 8(a)]. The main difference is that,
in this case, the inhomogeneity of the hopping amplitudes
causes the density distribution to shift down along the syn-
thetic dimension by an amount which increases with the
interaction strength.

APPENDIX F: ALTERNATIVE DRIVING SCHEME

In the main text, we have focused on a particular type of
time-periodic potential [Eq. (3)]; however, many other choices
for the driving scheme can also efficiently couple the atomic
trap states into a synthetic dimension. For example, in the
recent experiment of Ref. [27] the following type of driving
potential was utilized:

Vexpt(x, y, t ) = V0	[y sin(ωDt + ϕx)]. (F1)

The effective Floquet Hamiltonian for this driving can again
be calculated using Eq. (A2) using parameters described in
Fig. 20. The resulting largest matrix elements are plotted in
Fig. 20, corresponding to (a) the imaginary and (b) the real
parts of the onsite (green), nearest-neighbor (red), and next-
next-nearest-neighbor (blue) processes. As before the hopping
amplitudes presented here are normalized by the magnitude
of the largest nearest-neighbor hopping term. Other hopping
terms are much smaller and are henceforth neglected.
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FIG. 17. Ground-state density of the HH model with dipolelike interactions for g = 0.5, Nλ = 11, and Nx = 12 and different values of
α = 1, 1

2 , 1
3 , 1

4 for (a), (b), (c), and (d), respectively. We find that for α = 1 the density is like that of a single particle in a box, although
modified by the weak dipolelike interactions. As we decrease α we observe the density stripes repeating over the magnetic length lB = 1/α.
We note that other states can be obtained with similar energies, however, they all share the same repeating structure.

We can therefore construct an extended single-particle
Hamiltonian given by

Hexpt =
∑
n,λ

−Jxψ
†
n−1,λψn,λ + Jλe−iϕnψ

†
n,λ−1ψn,λ

+ Jλ3 e−i3ϕnψ
†
n,λ−3ψn,λ + H.c., (F2)

where Jλ3 now corresponds to the next-next-nearest-neighbor
hopping amplitudes. Note that these processes are accom-
panied by a hopping phase which is three times larger than
that of the nearest-neighbor processes. We have checked this
dependence numerically by substituting different values of x
in Eq. (F1) when calculating the 1D Floquet Hamiltonian. The
local density evolves as

Ṗn,λ = i[Hexpt, ψ
†
n,λψn,λ], (F3)

which leads to a modified current flowing along the synthetic
dimension as

J ↑
n,λ = − [iJ∗

λ eiϕnψ
†
n,λψn,λ−1

+ iJ∗
λ3

ei3ϕnψ
†
n,λψn,λ−3 + H.c.]. (F4)

FIG. 18. Ground state of the HH model with a stronger mean-
field interaction strength g = 4 for full RWA synthetic-dimension
interactions and α = 1

3 , Nλ = 26, Nx = 9 and other parameters as in
the main text. For these parameters, we find that increasing g changes
the ground state from a Meissner stripe phase [cf. Fig. 8(a)] to that
shown here.

Note that as mentioned in the main text, we have neglected
the current contributions stemming from the interaction terms
in the full Hamiltonian as these are much smaller in mag-
nitude. We then numerically find the ground state for the
combined Hamiltonian given by Hexpt + Hint, where the latter
term corresponds to the full RWA synthetic-dimension in-
teractions (cf. Sec. II C). Examples of the resulting density

FIG. 19. Ground states of the HH model with the inhomoge-
neous hopping amplitudes given in Fig. 11 with (a) g = 0.1 and (b)
g = 4.0 for α = 1

3 , Nx = 12, and Nλ = 20, and all other parameters
as in the main text. These are Meissner stripe phases like those
obtained previously for uniform hoppings [cf. Fig. 8(a)], albeit with
an overall downward density shift due to the inhomogenity of these
hopping amplitudes.
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FIG. 20. The (a) imaginary and (b) real parts of the onsite
(denoted by ελ), nearest- and next-next-nearest-neighbor hopping
amplitudes shown in green, red, and blue, respectively, for the ef-
fective Floquet Hamiltonian as calculated for the alternative driving
potential [Eq. (F1)] for x = 0. Here we have chosen ωD = ω = 2π ×
166.5 Hz and V0 = 3.9 nK to obtain the structure of the hopping
amplitudes, however, we normalize all hopping amplitudes by the
magnitude of the largest of the nearest-neighbor hopping amplitudes
so that we can compare with parameters utilized in the rest of the
paper.

and current distributions are shown in Figs. 21(a) g = 0.1
and 21(b) g = 4.0 for α = 1

3 , Nx = 12, and Nλ = 29 and all

FIG. 21. Ground states of the HH model with the hopping ampli-
tudes taken from Fig. 20 with g = 0.1, α = 1

3 , Nx = 12, and Nλ = 20
and all other parameters as in the main text. These are again Meissner
stripe states similar to those shown in Figs. 19 and 8(a).

other parameters as given in the main text and in Fig. 20.
As can be seen, for these parameters, the ground states are
again Meissner stripe phases, similar to those found for both
uniform hoppings and nonuniform hoppings [cf. Figs. 8(a)
and 19, respectively].
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