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Classical communication over lossy quantum channels is an essential topic in quantum information theory,
with practical implications for optical-fiber and free-space communications. Multiphase Hadamard codes, based
on coherent-state binary phase-shift keying (BPSK) modulation and decoded using vacuum-or-pulse (VP)
detectors, offer a promising approach for achieving high communication rates while relying only on linear optics
and single-photon detectors (SPDs). However, their performance does not reach the ultimate Holevo limit. In
this work, we propose a generalization of Hadamard codes that distributes the signal across multiple modes
with optimized probabilities, rather than concentrating it in a single mode, dubbed probabilistic pulse-position
modulation (PPPM). We derive an achievable communication rate, demonstrating that our PPPM can outperform
traditional Hadamard codes in certain intermediate energy regimes.
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I. INTRODUCTION

Quantum communication (QC) explores the ultimate limits
of information transmission as dictated by quantum mechan-
ics. One of the tasks made possible by QC is the transmission
of bits using quantum states of light at a rate surpassing
the Shannon capacity and achieving the Holevo capacity the
theoretical maximum for transmitting classical information
through quantum channels [1,2]. Achieving this capacity re-
quires encoding classical information into quantum states,
transmitting them over multiple uses of the quantum channel,
and employing an optimal decoding strategy. This process
may involve encoding strategies that utilize entanglement
[3] and decoding methods that employ joint-detection re-
ceivers (JDRs) [4–13]. JDRs perform collective quantum
measurements on sequences of signals, enabling capacities
that surpass those achievable with single-symbol detection
strategies. However, the practical realization of JDRs remains
challenging, constrained by technological limitations in ma-
nipulating continuous-variable quantum states of light.

In the specific case of lossy channels, which accurately
model realistic noise in optical-fiber and free-space transmis-
sion, the authors in [14] demonstrated that entangled states are
not necessary in the encoding process to achieve the Holevo
capacity. Instead, the Holevo quantity can be maximized using
a sequence of coherent states, a method that is relatively
straightforward to implement experimentally. However, to the
best of our knowledge there is no known optimal decoder
that relies solely on linear optics and single-photon detec-
tors (SPDs). For this reason, extensive research [11,13,15–20]
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has been conducted to study coherent-state encodings with
receivers that use only linear optics and SPDs, given their
relevance in practical implementations.

In particular, in binary phase-shift keying (BPSK) each
codeword corresponds to a sequence of coherent states
|α1α2, . . . , αN 〉, where αi is either α or −α, and α is a complex
number. BPSK quantum codes are particularly useful in low-
photon-number regimes, i.e., |α| � 1, as their performance is
close to the Holevo limit.

The code introduced in [21], often referred to as the two-
phase Hadamard code, is designed to discriminate a subset
of BPSK-modulated sequences with SPDs. In this scheme,
2N classical messages (N = 2n, where n is a natural number)
are encoded into a subset of N-mode BPSK coherent states,
whose first moments are orthogonal to each other, and includ-
ing both these states and their oppositely signed counterparts.

It is well-known that, using a series of :50 beam splitters,
these states can be transformed into configurations where the
entire signal is concentrated in a single mode with either a
positive or negative phase, while all other modes remain in
the vacuum state [18,19,22]. Specifically, the final states take
the form of a pulse-position modulation (PPM) [23]

|0〉⊗(i−1) ⊗ |±
√

Nα〉 ⊗ |0〉⊗(N−i), 0 < i � N.

For decoding, vacuum or pulse (VP) detectors are em-
ployed [21,24]. These first identify the mode containing the
signal and then determine its phase using a Dolinar detec-
tor [25–27]. Although the performance of Hadamard codes
does not reach the Holevo limit, in the low-energy regime
(|α| < 0.01), they outperform all other codes that rely solely
on SPDs.

In this paper, we propose a generalization of Hadamard
codes that can be transformed via linear optics into a prob-
abilistic pulse-position modulation (PPPM). In this new code,
the messages are not only encoded into states where the signal
can be concentrated into a single mode, but they also have a
probability 1 − p of being encoded into states where the signal
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can be concentrated in two or more modes. Naturally, in the
limit p = 1 one can recover the Hadamard code, whereas in
the limit p = 0 one can obtain multipulse codes similar to
those studied in [18]. However, it turns out that one can opti-
mize such probability to get an advantage over previous codes
in the literature. We show that there exists an intermediate en-
ergy regime where PPPM codes present a moderate advantage
over Hadamard codes as well as single-mode strategies.

II. PRELIMINARIES

In this section, we introduce several key concepts essen-
tial for presenting our main result. First, we provide a brief
overview of the Dolinar receiver [25,26,28–32], and we dis-
cuss the vacuum-or-pulse detector (VP detector). Finally, we
explore Hadamard codes for lossy channels. We stress that all
the protocols discussed in this article can be realized only by
beam splitters, displacements and SPDs. A beam splitter with
transmissivity parameter 0 � η � 1, B̂η acts as follows on two
coherent states:

B̂η|α〉|β〉 = |√ηα +
√

1 − ηβ〉| −
√

1 − ηα + √
ηβ〉.

The operation of B̂η on state |α〉|0〉 transmits fraction η of the
energy and reflects the fraction 1 − η.

The displacement operator shifts any coherent state by a
fixed amount, i.e., D̂(α)|β〉 = |α + β〉.

A. Dolinar receiver and VP detector

The Dolinar receiver [25] is a quantum-optimal detection
strategy designed to distinguish between two nonorthogonal
coherent states, |α〉 and |−α〉, with the minimum possible
probability of error, achieving the Helstrom limit [33] for the
probability of error, i.e., PHel(E ) = 1

2 (1 − √
1 − e−4E ) where

E = |α|2. It operates using an adaptive feedback mechanism
that dynamically adjusts a displacement operation based on
previous photon detection results. The input state is split
into N smaller-amplitude beams, i.e., | ±α√

N
〉⊗N , each processed

sequentially. The receiver applies a displacement D̂( α
N ) or

D̂( −α
N ) to one of the split states before detection, steering

the state closer to vacuum if the hypothesis is correct. A
SPD measures the outcome of each beam, and the feedback
switches the displacement if photons are detected, indicating
the current hypothesis is likely incorrect. This iterative pro-
cess refines the state hypothesis over time, with the sequence
of detection results providing increasingly accurate informa-
tion about the input state.

Imagine a situation where it is uncertain whether a pulse
exists in a given mode. If a pulse is present, its state is ei-
ther |α〉 or |−α〉. A vacuum-or-pulse detector (VP) detector
[21,24], as represented in Fig. 1, is designed to distinguish
between these scenarios. The VP detector operates as follows.
First, a beam splitter with small transmissivity divides the
received state into two parts. Let us assume that the smaller
fraction has an amplitude of 1√

T
of the original state. This

smaller beam is then measured using a photodetector. If the
photodetector clicks, we can conclude that the original state
is either |α〉 or |−α〉. The remaining beam, with a larger

FIG. 1. Schematic representation of the VP detector. The input
state, either a coherent state | ± α〉 or the vacuum, is sent through
a beam splitter with reflectivity 1 − η0 = 1/T . The reflected part is
measured by an ideal on-off detector photodetector. A click triggers
Dolinar detection on the transmitted part to identify the phase. If no
click occurs, the transmitted part is recycled through updated beam
splitters, and this cycle is repeated until a click occurs. At the t th step,
the beam splitter reflectivity is set to 1 − ηt = 1/(T − t ), ensuring
that each step receives 1/T of the total energy. After T steps, if no
clicks are registered, the receiver concludes that the vacuum was sent.
Adapted from [19].

amplitude, is subsequently fed into a Dolinar receiver to dis-
tinguish between these states.

If the photodetector does not click, the process is repeated
using the beam with the larger amplitude until a click is
observed. This involves passing the beam through a beam
splitter again and performing another measurement with the
photodetector. Note that the transmissivity parameter of the
beam splitter is adjusted in each round such that the smaller
beam always has an amplitude of 1√

T
of the original state,

more precisely the transmissivity parameter at step t < T is
ηt = 1 − 1/(T − t ). If the photodetector clicks during any of
these repetitions, the rest of the beam is sent to a Dolinar
receiver. Conversely, if no clicks are observed after T steps,
we conclude that the input state is a vacuum.

Taking the limit of large T and defining x = t/T one can
show that [22,24] the probability of guessing |α〉 if the input
state is |α〉 or |−α〉 are respectively as follows:

PVP(α|α) =
∫ 1

e−E

1

2
(1 +

√
1 − e−4E/x4)dx, (1)

PVP(−α|α) =
∫ 1

e−E

1

2
(1 −

√
1 − e−4E/x4)dx, (2)

where E = |α|2 is the energy of the input state in Planck units.
Note that it is straightforward to show that PVP(−α|−α) =
PVP(α|α) and PVP(α|−α) = PVP(−α|α). In addition, if the
input state is vacuum one will always guess vacuum. while
if the input state is |±α〉 the probability of guessing vacuum
is equal to the probability of not clicking

PVP(0|α) = PVP(0|−α) = |〈0||α〉|2 = e−E . (3)

B. Hadamard codes with BPSK modulation

In this section, we review Hadamard codes [22] with BPSK
modulation. A Hadamard matrix is a square matrix of size
N × N (with N =: 2n being a power of 2), where each entry
is either +1 or −1, and all rows (and columns) are mutually
orthogonal. This implies that the matrix H satisfies the prop-
erty HH� = NI , where H� is the transpose of H , and I is the
identity matrix of size N .
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A Hadamard matrix of size N can be constructed recur-
sively using the formula

H2N =
[

HN HN

HN −HN

]
,

starting with the base case H1 = [1]. For instance, the
Hadamard matrix of size 4 is

H4 =

⎡
⎢⎢⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥⎥⎦.

A Hadamard code of size N with BPSK modulation maps
2N messages to coherent states across N modes, represented
as |α1, α2, . . . , αN 〉, where αi is either α or −α. The signs
of the coherent states are determined by the rows of the
Hadamard matrix. Additionally, for any state in the code
space, the state with the opposite phase is also part of the code
space.

For example, the code space for N = 4 is

|ψ1〉 = |α, α, α, α〉, |ψ̄1〉 = |−α,−α,−α,−α〉,
|ψ2〉 = |α,−α, α,−α〉, |ψ̄2〉 = |−α, α,−α, α〉,
|ψ3〉 = |α, α,−α,−α〉, |ψ̄3〉 = |−α,−α, α, α〉,
|ψ4〉 = |α,−α,−α, α〉, |ψ̄4〉 = |−α, α, α,−α〉.

(4)

Since the rows of the Hadamard matrix are orthogonal, the
states in the code space can be transformed into a basis where
the signal is concentrated in a single mode using a sequence
of 50:50 beam splitters B̂ 1

2
.

For N = 4, applying the following unitary transformation
achieves this mapping:

Û4 = B̂24
1
2

B̂13
1
2

B̂34
1
2

B̂12
1
2
,

where B̂i j
1
2

represents a beam splitter between mode i and

mode j. After applying Û4, the code-space states transform
into a pulse-position modulation (PPM) with additional phase
modulation on each pulse

Û4|ψ1〉 = |
√

4α, 0, 0, 0〉, Û4|ψ̄1〉 = | −
√

4α, 0, 0, 0〉,
Û4|ψ2〉 = |0,

√
4α, 0, 0〉, Û4|ψ̄2〉 = |0,−

√
4α, 0, 0〉,

Û4|ψ3〉 = |0, 0,
√

4α, 0〉, Û4|ψ̄3〉 = |0, 0,−
√

4α, 0〉,
Û4|ψ4〉 = |0, 0, 0,

√
4α〉, Û4|ψ̄4〉 = |0, 0, 0,−

√
4α〉.

(5)

We define single pulse-position states |k, s, E, N〉 as an N-
mode state where the signal is concentrated in mode k and
the average energy is E , while s = ± determines the phase.
For instance, |2,−, E, 4〉 = |0,−√

4E , 0, 0〉. Note that there
are 2N distinct single-pulse-position states.

After carrying out this transformation, the message can
be decoded using a VP detector. The rate of transmission of
information is given by the mutual information, normalized by
the number of channel uses N . To find the mutual information
we need to calculate the conditional probability distribution
P(E,N )

Had (Y |X ) where x = (kx, sx ), y = (ky, sy):

P(E,N )
Had (Y |X ) =

{
PV P(sy

√
NE |sx

√
NE )δky,kx , if y �= Error,

(1 − e−NE ), y = Error,

(6)

where y = Error corresponds to the outcome where none of
the detectors click. Doing some algebra one can show that the
rate is as follows:

RHad(E, N ) = 2h1

[
1 − e−NE

2N

]
− h1[PVP(

√
NE |√NE )] + h1[PVP(

√
NE | − √

NE )]

N
, (7)

where h1[x] = −x log2[x]. One can compare this rate with
that obtained by simply distinguishing between |α〉 and |−α〉
using a Dolinar receiver on each mode [34]

RDol(E ) = 1 − h2[PHel(E )], (8)

where h2[x] = h1[x] + h1[1 − x]. The Dolinar rate is the
maximum achievable rate using just a single mode. The max-
imum achievable rate with a BPSK modulation is given by
the Holevo capacity for alphabet {|±√

E〉}, which relies on
joint-detection receivers which generally involve complex,
potentially non-Gaussian operations that currently lack prac-
tical implementations

RHol(E ) = h2

[
1 − e−2E

2

]
. (9)

As one can note in Fig. 2, in the low-energy regime, the
performance of Hadamard codes gets better increasing N , and

FIG. 2. The comparison between different rates for the classical
capacity of lossy channel with BPSK modulation. The Holevo rate
RHol in Eq. (9) is the ultimate rate, and RDol in Eq. (8), and the
Hadamard rates RHad in Eq. (7).
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for large-enough N the Hadamard code outperforms Dolinar
in the low-energy regime.

III. PROBABILISTIC PULSE-POSITION
MODULATION CODE

Hadamard codes encode classical messages into states
where the signal is concentrated in a single mode, i.e., equiv-
alent to a PPM code up to a unitary transformation. In this
work, we consider a generalization of thereof: with probabil-
ity p, messages are encoded into states where the energy is
concentrated in one mode, and with probability 1 − p, they
are encoded into states where the signal is distributed across
two modes, while maintaining a constant average energy.
Setting p = 1 reduces this scheme to the standard Hadamard
code, while for p = 0 one can obtain a two-pulse-convertible
code similar to those studied in [18], hence we dub our code
probabilistic pulse-position modulation (PPPM). This gener-
alization increases the code space but also introduces greater
complexity in the decoding process.

We define the two pulse-position states |(k1, k2),
(s1, s2), E, N〉 as an N-mode state where the signal is concen-
trated on modes k1 and k2, with phases s1 and s2, respectively.
For example, |(1, 3), (−,+), E, 4〉 = | − √

2E, 0,
√

2E, 0〉.
The encoding scheme works as follows: with probability p,

classical messages are mapped to single-pulse-position states
(similar to those in the Hadamard code), yielding 2N possi-
ble states. With probability 1 − p, messages are mapped to
two-pulse-position states, of which there are 4

(N
2

)
possible

combinations. Therefore, for N modes, this code can encode
Mtot = 4

(N
2

)+ 2N distinct messages. This is greater than the
number of messages the normal Hadamard code can encode,
which is 2N .

A. Decoding procedure

The decoding process begins with running VP detectors
simultaneously on all modes. Suppose the first click occurs

at time t1 in the VP detector of mode i. At this point, the VP
detector for mode i is frozen, while the others continue. If no
additional clicks occur, the state is assumed to be of the form
|i, s, E, N〉, where the signal is concentrated only in mode i. A
Dolinar detector is then used to determine the phase s of the
state on mode i.

Instead, if a second click occurs at time t2 > t1 in mode
j �= i, the state is identified as |(i, j), (s1, s2), E, N〉, where the
signal is distributed across modes i and j. The remaining state

of the populated modes then is |s1

√
T −t1

T E〉i ⊗ |s2

√
T −t2

T E〉 j .

Therefore, mode i is mapped to |s1

√
T −t2

T E〉i by blocking part
of the signal, which is always possible because t2 > t1.

A 50:50 beamsplitter is subsequently applied between
modes i and j, mapping the state to one where the signal is
concentrated in either mode i or mode j. Finally, another VP
detector is used to determine the phases of the signal in the
respective modes. If the VP detector does not click in this last
stage, we will decode as Error of type 1.

Finally, if we do not get any click at all, we classify the
outcome as an Error of type 2. Note that even if in these
two cases the decoding is not conclusive (this is the reason
that we call them Errors) separating these two Error types is
fundamental because in Error type 1 we retain information
about the position of the signals, whereas in Error type 2 we
lack any information about the received state.

B. Computing the rate

To compute the rate, we need to identify the input-output
conditional probability distribution. For clarity, we intro-
duce a concentration parameter c, which can take values
of one or two. This parameter indicates whether we are in
the code space with states concentrated in one mode (c =
1) or two modes (c = 2). Once again we need to write
the conditional entropy P(E,N )

PPPM (Y |X ) where x can take val-
ues x = [(kx1 , kx2 ), (sx1 , sx2 ), cx = 2] or x = [(kx ), (sx ), cx =
1] and similarly for y. Then we can write

P(E,N )
PPPM (Y |X ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

PVP(sy

√
NE |sx

√
NE )δky,kx , if cx = cy = 1,

(
1−e

−NE
2
)

e
−NE

2

2 δk1x,ky , if cx = 2, cy = 1,

0, if cx = 1, cy = 2,[
PS (E, N )δ(sx1 ,sx2 ),(sy1 ,sy2 )

]+
PE (E, N )

[
1 − δ(sx1 ,sx2 ),(sy1 ,sy2 )

)]
δ(kx1 ,kx2 ),(ky1 ,ky2 ), if cx = 2, cy = 2,

1
2 Pnc(E, N )δ(kx1 ,kx2 ),(ky1 ,ky2 ), if y = Error 1,

1
Mtot

(1 − e−NE ), if y = Error 2,

when cx = cy = 1, the scenario is similar to the Hadamard code, and the conditional entropy is the same. For the case where
cx = 2 and cy = 1, the received state has two modes with signals; one clicks, and the other does not. The probability of this
occurrence is (1 − e− NE

2 )e− NE
2 , and the factor of 1

2 accounts for the fact that half of the time, the phase is guessed correctly. Note
that this is only an approximation of the true strategy and provides a lower bound for the achievable mutual information.

The case where cx = 1 and cy = 2 does not occur because when the received state has one mode with a signal, we can never
observe two clicks in different modes, which simplifies the analysis for this scenario.

032624-4



PROBABILISTIC PULSE-POSITION MODULATION FOR … PHYSICAL REVIEW A 112, 032624 (2025)

The last case where cx = cy = 2 is when we receive a state where the signal exists in two modes and both click. In this case,
we will not make any mistakes in guessing ky1 and ky2 , however, we can still mistake the phases. The probability of guessing
correctly (incorrectly) the phase is PS (PE ) and given by the following expression:

PS (E, N ) = lim
T →∞

T∑
t1=1

T∑
t2=t1+1

2
(
1 − e

−NE/2
T
)2

e
−(t1+t2−2)NE/2

T PVP

(√
NE (T − t2)

T

∣∣∣∣∣
√

NE (T − t2)

T

)
, (10)

PE (E, N ) = lim
T →∞

T∑
t1=1

T∑
t2=t1+1

2
(
1 − e

−NE/2
T
)2

e
−(t1+t2−2)NE/2

T PVP

(
−
√

NE (T − t2)

T

∣∣∣∣∣
√

NE (T − t2)

T

)
. (11)

We explain the derivation of the first PS (E, N ), which represents the probability of obtaining two clicks when the given state
satisfies cx2 = 2, and the phases are guessed correctly.

In this setup, we are running a VP detector with T steps on both modes containing the signal. The clicks can occur at steps t1
and t2, where we assume t1 < t2 < T . Thus, the total probability can be expressed as the sum over all possible events. Here, an
event is defined as the specific scenario in which clicks occur at steps t1 and t2, followed by correct phase guessing.

The factor (1 − e
−NE/2

T )2e
−(t1+t2−2)NE/2

T represents the probability of obtaining a click exactly at step t1 on one mode and another
click exactly at step t2 on the other mode. The additional factor of 2 accounts for the symmetry in the setup, where either mode
could produce the first click. Finally, the PVP term stands for the probability of guessing the phases correctly with the remaining
signal energy.

Instead, the probability of the VP detector not clicking in the last stage (Error 1) is

Pnc(E, N ) = lim
T →∞

T∑
t1=1

T∑
t2=t1+1

2
(
1 − e

−NE/2
T
)2

e
−(t1+t2−2)NE/2

T e
−N (T −t2 )E

T , (12)

obtained similarly to PS but substituting PVP with the probability of not clicking; upon this outcome, we make a random guess
of the possible phase. Finally, the probability of not getting any click at all (Error 2) is (1 − e−NE ). In this case, differently from
Error 1, we have gained no information about the message hence we make a random guess among all possible codewords.

Once we have the conditional probabilities, doing some algebra we can write the mutual information and obtain the rate

RPPPM(E, N, p) = 1

N

{
2N

(
h1

[
p(1 − e−NE )

2N
+ (1 − p) · 4

(N
2

) · 2
N ·

(
1−e− NE

2

)
e− NE

2

2

4
(N

2

)
]

− p

2N
[h1(PV P(

√
NE |

√
NE ))

+ h1(PV P(
√

NE | −
√

NE ))] − (1 − p)

4
(N

2

)
(

4

(
N

2

)
· 2

N
· h1

[(
1 − e− NE

2
)
e− NE

2

2

]))

+ 4

(
N

2

)(
h1

[
1

4
(N

2

) (1 − p)(PS (E, N ) + PE (E, N ))

]
− (1 − p)

4
(N

2

) [h1[PS (E, N )] + h1[PE (E, N )]]

)

+
(

N

2

)(
h1

[
4(1 − p)Pn.c.(E, N )

4
(N

2

) ]
− 4

(N
2

)
(1 − p)h1[Pn.c.(E, N )]

4
(N

2

)
)}

. (13)

Where p is the probability that messages are encoded
into states with c = 1. As mentioned earlier, if p = 1, the
code reduces to the Hadamard code. However, one can
maximize over the parameter p to achieve a better rate
compared to the Hadamard code. Therefore, we define the
function

RPPPM(E, N ) := max
p

RPPPM(E, N, p). (14)

In Fig. 3, it can be observed that, at fixed N , the PPPM code
achieves a significant advantage over the Hadamard code,
effectively extending the advantage of the latter to larger
energies. Furthermore, we observe that the performance of
PPPM at a given N in this region moderately improves over
a Hadamard code of size N/2. This suggests that a PPPM
architecture is able to maintain performance across a wider
energy region without changing N .

FIG. 3. The comparison between the rate of generalized
Hadamard code RPPPM in Eq. (14) and the Hadamard code RHad in
Eq. (7).
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FIG. 4. Comparison between the rate of the PPPM code RPPPM

in Eq. (14), the Hadamard code RHad in Eq. (7), and the best single-
symbol receiver, Dolinar in Eq. (8).

In particular, if we focus on the transition region where
the standard Hadamard code becomes suboptimal with re-
spect to single-symbol strategies such as Dolinar, i.e., E ≈
0.1, as shown in Fig. 4, we can observe that the PPPM
code offers a moderate advantage over all previous strate-
gies, providing a bona fide JDR advantage in this energy
range.

IV. DISCUSSION

This work advances classical communication over lossy
quantum channels by extending Hadamard codes to distribute
signals across multiple modes. While standard Hadamard
codes remain optimal in low-energy regimes, our approach
demonstrates advantages as energy increases. While the over-
all performance gain is moderate, and the increased decoding
complexity poses practical challenges, our PPPM code allows
to use a single device of sufficiently large size across a wide
energy range. Future research could explore expanding the
code-space to include states where the signal is distributed
across more than two modes with varying probabilities.
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