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Self-induced transparency and optical transients in atomic vapors
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The rapid turn-on of a strong, resonant, continuous wave laser field may trigger the formation of a transient
oscillation akin to a train of damped solitons, before the vapor-field system relaxes into a stationary state. We
study this transient dynamic on theoretical models of a rubidium vapor. We also consider doubly resonant V
systems, for which the transients take the form of trains of damped simultons. We compute the propagating
field(s) by solving the Maxwell-Bloch equations, taking homogeneous broadening, Doppler broadening and the
full hyperfine structure of the atoms into account. We also compare the actual fields to the stationary dnoidal
fields predicted by the Maxwell-Bloch equations in conditions of self-induced transparency. A similar dynamics
is expected to occur in any atomic vapor at the turn-on of a strong resonant continuous wave field provided the

turn-on is sufficiently fast compared to relaxation.
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I. INTRODUCTION

The interplay between optical fields and atomic vapors
gives rise to a number of remarkable nonlinear phenomena.
Some have attracted much attention in recent years, in partic-
ular electromagnetically induced transparency (EIT), dipole
blockade and various cooperative effects. Others, such as
self-induced transparency (SIT), do not figure as prominently
in current research on atomic vapors. SIT is a strong field
phenomenon quenched by homogeneous broadening [1-7]. It
is rarely relevant for the propagation of laser fields through
thermal vapors such as those used in quantum technology ap-
plications, as these fields are typically too weak or applied for
too long for this nonlinearity to play arole. As a consequence,
much of the current experimental work in this area does not
require consideration of SIT. However, beams controllable on
a time scale of the order of the nanosecond and achieving GHz
Rabi frequencies are sometimes used, which are parameters
for which SIT may be relevant. The significance of this effect
in atomic vapors has been considered in recent investigations,
and prospects for harnessing this additional nonlinearity have
been outlined [8—10]. SIT also occurs in a variety of other
media [11], and SIT-related effects in the propagation of fem-
tosecond or attosecond pulses have also been studied [12].

SIT stems from the intrinsically nonlinear response of any
atomic system to an applied electromagnetic field. Its best
known manifestation is the formation of solitons in inhomo-
geneously broadened resonant two-level media: as long as
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spontaneous decay and other sources of homogeneous broad-
ening can be neglected, a short and sufficiently strong laser
pulse can propagate through a medium over arbitrarily long
distances in the form of one or several shape-conserving hy-
perbolic secant pulses [1]. The medium absorbs energy from
the field on the raising edge of these pulses and entirely returns
this energy on the trailing edge. These solitons thus propagate
without damping. They are not destroyed by inhomogeneous
broadening because this cycle occurs in the same way for all
the atoms or molecules forming the medium. Homogeneous
broadening is deleterious to the effect, though, which in prac-
tice limits the range and lifetime of these solitons [1,8,13,14].

SIT solitons were discovered and first studied for single-
color fields. However, it was later noted that doubly resonant
V systems may also support twin pairs of solitons, called
simultons, whereby two different fields resonant on different
transitions copropagate in the form of solitons with identi-
cal trajectories [15—17]. Mathematically, these solitons and
simultons are related to more general analytical solutions of
the Maxwell-Bloch equations in which the field is described
by a dnoidal Jacobian elliptic function dn(n, k), where 7 is
a variable depending both on time and on position and k is
the elliptic modulus of the function [2,3,18]. Except in the
limiting case of an elliptic modulus equal to 1, where they
reduce to a single soliton, these solutions take the form of
infinitely long pulse trains.

Such dnoidal solutions are particularly relevant to the
present work, which is a numerical study of the nonlinear
transients, akin to a train of solitonlike pulses, which develop
when a strong continuous wave (CW) field is suddenly applied
to an atomic vapor [19-21]. While some of the details of
our results are model specific, these nonlinear transients are
generic. However, they may be so suppressed by decoherence
as to be irrelevant if the applied field is too weak or is not
turned on fast enough.

Although they may arise in a broad variety of systems,
at least in some form, these nonlinear transients have not
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been as extensively studied as SIT solitons, dnoidal waves
and simultonlike twin pulses. The response of a medium to
a resonant step pulse has been studied primarily in respect of
the fast transients developing immediately after the incident
pulse is applied, in advance of the main field (the Sommer-
feld and Brillouin precursors and Oxpulses) [20,22-29]. The
delay in the arrival of a field propagating under self-induced
transparency has been analysed in detail [19,20,28,30]. It is
also known that the reshaping of a square pulse into a train
of solitonlike pulses is an exactly solvable problem within the
inverse scattering transform approach [31]. To the best of our
knowledge, however, these solitonlike transients have been
systematically studied only for single-color fields and, with
the exception of Ref. [28], only within calculations neglecting
homogeneous broadening. The present article addresses the
role of the latter both for single-color fields and for two-color
fields.

Specifically, we concentrate on the case of a thermal vapor
interacting with a resonant optical field turned on from zero
to a constant intensity on a nanosecond scale, such as a CW
beam switched on by a fast Pockels cell. The rise time of
the applied field is thus long compared to an optical period.
However, it is short compared to the longitudinal relaxation
time of the medium. We assume that this field, although
strong, is nonetheless amenable to a description neglecting
far off-resonance transitions and based on the rotating wave
approximation. Besides two-level systems interacting with a
single field, we also consider V systems of three or more
states addressed by two different fields. We do not consider
the cases of A or ladder systems, as SIT in those systems
depends sensitively on the initial populations and coherences,
which are experiment specific. We stress that the transients
studied in the present work originate from an applied field
whose phase and intensity are constant once it has been turned
on. Similar trains of solitonlike pulses may also develop under
propagation of a periodically pulsed applied field [32].

Our theoretical approach is standard in this context. It is
outlined in Sec. II and in more detail in the Appendix (this
Appendix focuses on the case of a pair of fields interacting
with three-level systems in a V configuration and extends
previous work on the topic). Numerical results illustrating the
occurrence of transient pulse trains in two-level systems and
in V systems are presented and discussed Secs. III and IV.
Further results can be found in Ref. [33]. The main body of
the paper ends with brief conclusions, in Sec. V.

II. MATHEMATICAL FRAMEWORK

A. SIT in two-state systems

We start by concentrating on the simple case of a twotwo-
state system consisting of a ground state (state 1) and an
excited state (state 2) coupled to each other by a linearly
polarized field resonant on this transition. V systems are con-
sidered in Sec. IV. We treat the field classically and write
its electric field vector, E, as the product of a slowly varying
envelope and a plane-wave carrier. For simplicity, we neglect
transverse effects including diffraction and self-focusing and
make the plane wave approximation (we briefly comment on
the relevance of the transverse inhomogeneity of the field in

Sec. V). That is, taking the unit polarization vector € to be real
and the field to propagate in the z direction, we set

E(z,1) = €&z, t)exp[—in(t —z/c)] +cc. (1)

The electric field amplitude £(z, t) may be complex. In gen-
eral, the spatial and temporal variation of E(z, t) is governed
by the equation
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where P is the medium polarization and g is the vacuum
permeability. As commonly done in this context, we simplify
this equation by making the ansatz

P(z.1) = 1 & P(z, 1) exp[—iw(t —z/c)] +cc.  (3)

and taking into account the fact that the complex amplitudes
E(z,t) and P(z, t) vary slowly compared to the carrier. This
yields the wave equation [34]
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As the polarization depends on the electric field in a compli-
cated way, this equation is nonlinear. This dependence is not
amenable to a treatment based on nonlinear susceptibilities in
the case of SIT.

We assume that the medium is homogeneous and com-
posed of a single species of atoms, treat it quantum
mechanically, and describe its state by the density operator
p(z, t). For a thermal vapor,

oo
Pz, 1) = / Ju)po(z, 1, uz)dug, )
—00
where p,(z, t, u,) is the density operator describing the state
of the atoms moving with a velocity u, in the zdirection
(the direction of propagation of the field), and f(u,) is the
Maxwell-Boltzmann distribution function:

f(uz) =

1
- exp ( — uzz / ufms), (6)
where iy is the root-mean-square velocity of the atoms. For
a vapor of temperature 7 composed of atoms of mass M,
Urms = ~/2kpT /M, where kg is Boltzmann constant. Neglect-
ing Doppler broadening amounts to replacing f(u,) by the
delta function 6(u;,), in which case

p(z, 1) = po(z, 1, u; = 0). (7

We assume that state 2 decays to state 1 at the rate I'j,,
that state 1 is stable, and that there is no other decoherence or
dephasing mechanism. Accordingly, the u,-dependent density
operator p,(z, t, u;) evolves in time according to the Lindblad
master equation

9y i L
5 = 7 [H, 6]
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where C = /T'1; |1)(2|. This collapse operator is absent in the
calculations neglecting homogeneous broadening, for which
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Eq. (8) reduces to

A
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We treat the coupling of the atoms with the field within the
electric dipole approximation, make the rotating wave ap-
proximation, and pass to slowly varying variables. For each
velocity class, doing so reduces the Hamiltonian to

H(z,t) = —hA2)(2] — (h/2)[Q(z, D)]2)(1] + h.c.] (10)
with

A
=5 H. bl €))

Q(z.1) =&z, 1)(2]&-D]|1)/h, an

where D is the dipole operator. For simplicity we assume that
the field is on resonance (A = 0) for u, = 0. However, the
thermal velocity of the atoms gives rise to nonzero values of
the detuning A in the present calculations: for a velocity u, in
the zdirection,

A = —owu,/c. (12)

We denote the coherence (2|p(z, t)|1) by p21(z, ¢). In terms
of this quantity,

Pz, 1) =2Ng (1]&-D|2) pn (2, 1), 13)

where Ny is the number density of the atoms in the medium.
Combining this last equations with Eqs. (4) and (11) gives

8524_18&2_. @1 (14)
3z ¢ ot =1 012, 1),
where u is the propagation coefficient:
a)Nd ~ A
p=r—12le-DI)P (15)
€oC

The propagation of the field through the medium is governed
by Eq. (14) together with Egs. (8) or (9). It is worth noting
that Eq. (14) admits real solutions in the present case because
the coherence p,(z, t) is purely imaginary when A = 0.

As long as homogeneous broadening can be neglected,
these propagation equations admit stationary solutions de-
pending on z and ¢ only through the combination ¢ — z/v,
where v is a certain velocity. Of particular interest here are
dnoidal wave solutions described by Jacobian elliptic func-
tions, i.e., solutions for which [2,3,35]

E(z, t) = Edn(n, k) (16)
and
Q(z,1) = Qodn(n, k) (17)

for a constant elliptic modulus £ (0 < k£ < 1). These solutions
depend on z and ¢ through the variable 1 defined by the
equation

n=—-z/v)t (18)
with
7 =2/Qp. (19)
&v, o and the elliptic modulus k of the dn function are
constants. Moreover
1 1 pt?

=7 20
v c+2k2 (20)

if Doppler broadening is ignored, or

2 [}
1 = ! + M- 8(A)dA . 2D
v ¢ 2 J_oo [(K2 — A272)2 4 4A272]1/2
if Doppler broadening is taken into account [2]. The
function g(A) appearing in this last equation is the Maxwell-
Boltzmann distribution expressed as a function of the
detuning:

8(A) = (c/w)f(cA/w). (22)

In terms of the corresponding inhomogeneous transverse re-
laxation time 7,* = cﬁ/a)urms,

T2>)< * 2
Nor exp[—(T,"A)/2]. (23)
For 0 <k < 1, this dnoidal wave solution takes the
form of a stationary and infinitely long train of identical
shape-conserving pulses repeating themselves periodically
and traveling through the medium at the k- and €2y-dependent
speed v. The electric field amplitude £(z, t) oscillates between
(1 —k»)'72&, and &, through each pulse. The period of this
oscillation (e.g., the time interval between two consecutive
maxima) is 27K (k), where K(-) is the complete elliptic in-
tegral of the first kind [36]. This infinite pulse train morphs
into a single pulse when k = 1 since K (k) — oo when k — 1
and

g(A) =

%in} dn(n, k) = sech(n). 24)

Equations (17), (20), and (21) thus reduce to the well known
relations describing an SIT soliton in this limit [1].

As seen from the above, Doppler broadening changes the
speed at which the field propagates in the medium but not the
functional form of €2(z,t). The propagation speed is always
faster than in the absence of Doppler broadening since

[(K* — A%t?)? +4A% 712 > k2 (25)

for any At # 0. Physically, the increase in v can be under-
stood as arising from an effective reduction in the density of
the atoms interacting with the field.

We also note that Eq. (21) can be simplified in the limit
where the time parameter 7 is much larger than the inhomoge-
neous time T,". The function g(A) indeed varies more slowly
around A = 0 than the denominator of Eq. (21) in this case,

and therefore
1 1 72 dA
-~ -4 K

oo
BT ¢
Tt st )/,OO (K2 — A202)2 + 427212

1 prg0) K( 2@)

~ — 26
+ T r (26)

c 1+ k&
where k' = (1 — k?)!/2. The speed v in general decreases
when the temperature of the vapor increases because the prod-
uct Ny normally increases faster with 7' than g(0) decreases.
This speed also varies with the elliptic modulus &: v increases
with k and is largest for k = 1 (i.e., in the limit where the
dnoidal wave reduces to a sech soliton).

These dnoidal solutions (with k # 1) only apply to cases
where the field can be treated as being perfectly stationary
and where homogeneous broadening is negligible. They are
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also unphysical in that they have no beginning, no end and
an infinite spatial extension. These solutions are nonetheless
useful as they provide some insight on the behavior of more
realistic systems, as we discuss in Sec. III.

B. SIT in three-state V systems

SIT is not restricted to single fields. In particular, Konop-
nicki and Eberly have shown that doubly resonant three-level
V systems may support pairs of copropagating sech pulses,
called simultons [15,16]: each of the two fields propagates as
a single soliton of the same width, speed, and position, but not
necessarily of the same amplitude, as for the other field. It is
not necessary for this to happen that both fields are sufficiently
strong to propagate as solitons in the absence of the other field.
A strong pulse resonant on one transition may thus transport a
very weak field resonant on another transition over distances
much exceeding those predicted by the Beer-Lambert law. The
former may thus control the propagation of the latter in this
case, in a form of electromagnetically induced transparency
in the broad sense of the term. The effect has been called
“soliton-induced transparency” [37]. The underlying mathe-
matical theory guarantees the stability of these simultons only
for systems for which the two transitions have the same os-
cillator strength, are inhomogeneously broadened in the same
way and relaxation can be ignored, which are conditions diffi-
cult to meet in experiments. However, these conditions are not
stringent and can be relaxed without suppressing the coprop-
agation of twin pulses over significant distances [8,38—46].

Simulton analytical solutions of the Maxwell-Bloch equa-
tions for such systems are limiting cases of more general
solutions in which the two fields copropagate as twin pairs of
waves described by Jacobian elliptic functions [18]. The rel-
evant mathematical details are given in the Appendix for the
case of a three-level V system addressed by two fields. A first
field, the “probe field”, couples states 1 and 2; a second field,
the “coupling field”, couples states 1 and 3. Each of these
fields is resonant on the corresponding transition. We denote
the respective Rabi frequencies by €2,(z, 1) and Q.(z, ¢). In the
ideal case where 11, = ., the distribution function g(A) is the
same for the two fields and homogeneous broadening is neg-
ligible, this system can support twin dnoidal waves for which

Qp(z, 1) = Qo dn(n, k) 27)
and

Qc(z,1) = Qo dn(n, k), (28)
with n and v defined as above but with Eq. (19) replaced by

v =2/(Q% + )" (29)

The speed at which these twin waves propagate, v, is related
to the temporal width t in the same way as for a single-field
dnoidal wave. However, this speed is the same for the two
fields, here, and depends on the Rabi frequency amplitudes
Q0 and ¢ only through the combined Rabi frequency
amplitude (ng + Q2)!/2. Soliton-induced transparency thus
generalizes into a ‘“dnoidal-wave-induced transparency”
whereby a strong coupling field carries a weak probe field
through the medium as a copropagating twin dnoidal wave.

We show, in the Appendix, that these analytical solutions
can be extended to the case where the two transitions have
different oscillator strengths if one of the two fields is much
weaker than the other. The stronger field is still described by
Eq. (17) whereas the weaker one has the more complicated
functional form given by Eq. (A61). These analytical solutions
only apply to systems for which all broadening mechanisms
are negligible and the two fields can be treated as being
perfectly stationary. However, and as we show in Sec. IV,
switching on a doubly resonant CW field may create transient
pulse trains akin to a twin pair of dnoidal waves even when
these conditions are not met.

III. NONLINEAR TRANSIENTS

We first consider the case of a twotwo-state medium ex-
posed to an incident field smoothly turned on from O to a
constant intensity /™. The medium extends in the zdirection
from z = 0 (the point at which the incident field is applied)
to arbitrarily larges values of z. Given £(z,¢) at z =0, we
calculate the field inside the medium by numerically inte-
grating Eq. (14) and either Eq. (8) or Eq. (9) [8,47]. The
numerical methods we used to this effect are described in
detail in Ref. [47].

The results presented in this section are calculated for a
linearly polarized 780-nm laser field propagating in an iso-
topically pure ®*Rb vapor. The field is resonant on the D,
transition. We assume a temperature of 80°C. Accordingly,
we set Ng = 1.55 x 10"® m=3 and e =263 m s™!, I'jp =
2w x 6.067 MHz and

(11&-D2) = (552 er||5P32) /3 (30)

with (581/2” er ||5P3/2> =3.584x107¥ Cm [48]. The
atoms forming the vapor are initially in their ground state. We
also assume that

E(z=0,1)=EMF(1), (31
where ™ is a constant and

0 t <0,
cos’[m(2ns —t)/4ns] 0<r<2ns (32)
1 t > 2 ns.

F(t) =

The applied field is thus smoothly turned on over 2 ns, be-
tween t = 0 and ¢t = 2 ns, after which it is stationary and has
the constant intensity

'™ = eyc |EM2)2. (33)

While slow compared to an optical period, this 2-ns turn-on
is rapid compared to the longitudinal and intrinsic transverse
relaxation times of the medium, 7} = 1/I"j, =26 nsand T, =
2T, respectively. We focus on the case of fields strong enough
for driving Rabi oscillations whose period is short compared
to Ty and 7>. The time of arrival of the transmitted field
as a function of depth in the medium for such twotwo-state
systems has been studied both theoretically [19,21,25,28,30]
and experimentally [20,21]. These earlier publications, partic-
ularly Ref. [30], also noted and commented on the oscillatory
character of the envelope of the transmitted field, although not
always in much detail. Its variation for the system described
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0 T T
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FIG. 1. (a) The applied field in the two-state model discussed
in Sec. III. (b) The field at z = 3 mm as obtained when homoge-
neous broadening and Doppler broadening are both neglected and
I'™ =5 W cm™2. (c) The same as (b) but for a propagation distance
of 30 mm. (d) The same as (c) but now with Doppler broadening
taken into account. (e) The same as (d) but for I™ = 15 W cm™2.

above is illustrated by Fig. 1. (In this figure as in the rest of
the paper, the time represented on the horizontal axis is the
absolute time, ¢, rather than the retarded time, t' = — z/c.)
Figure 1(a) of the figure shows the electric field amplitude
of the applied field at the front of the medium. Figures 1(b)
and 1(c) show the transmitted field after propagation over a
distance of 3 mm or 30 mm respectively, as obtained when
all broadening mechanisms are neglected. A value of 5 W
cm~2 is assumed for /'™, which is far larger than the saturation
intensity for this transition, 2.5 mW cm~2 [48]. At first £(z, 1)
oscillates nonharmonically about zero, forming a train of low
intensity Om pulses [22,23,49-51]. In this initial stage, the
transmitted intensity is roughly proportional to I'™". These ini-
tial transients are then followed by the arrival of the main field,
whose electric field amplitude also oscillates. This oscillation

0
50 60 70 80 90 100
t (ns)

FIG. 2. Solid curve: The intensity of the field at a distance of
3 mm inside the medium for /™ = 5 W cm~2, as obtained when ho-
mogeneous broadening is neglected (Doppler broadening is included
in the calculation). Dashed curve: the dnoidal function best fitting the
solid curve at ¢ ~ 55 ns.

continues indefinitely here because decoherence is neglected.
As shown by Figs. 1(d) and 1(e), by Fig. 2 and by Fig. 3,
including Doppler broadening in the calculation suppresses
the initial Or pulses but not the oscillations of the main field.

z (mm)

I(z,t)/

z (mm)

I(z,)/ ™

z (mm)

I(z,t)/ "

0 60 120 180
t (ns)

FIG. 3. The variation of the field in the two-state model dis-
cussed in Sec. III. Doppler broadening is included in the calculation.
(a) The field for /™ =5 W cm™ when homogeneous broadening
is neglected. The dashed line indicates the velocity of the dnoidal
wave that most closely matches the field between + = 120 ns and
t = 180 ns at z = 25 mm. (b) The same as (a) but here with ho-
mogeneous broadening taken into account. (c) The same as (b) for
I'™ = 500 mW cm ™2,
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As was already recognized in the early 1970s [19], the
oscillation of the electric field amplitude of the main field for
such systems is similar to that of a dnoidal solution of the
Maxwell-Bloch equation, i.e., a solution of the form £(z, 1) =
&y dn(n, k) where n is defined by Eq. (18). For example, we
show, in Fig. 2, that £(z, t) can be closely approximated by a
dnoidal function over a sufficiently small range of values of ¢
even when Doppler broadening is included in the calculation.
The dnoidal wave model does not capture all the features of
the solution for a finite step pulse, though: contrary to this
model, the actual field is not infinite in spatial extension, is
zero before the incident pulse is applied to the medium, and
does not have a constant group velocity. The latter is related to
the amplitude & and the elliptic modulus & by Egs. (18)—(21),
and for the analytical solution of best fit these two parameters
both vary with z and ¢. In particular, k increases with z: as it
travels through the medium, the incident step pulse morphs
into a train of isolated solitons more and more spaced in
time, compare, e.g., Figs. 1(b) and 1(c). The effect is clearly
visible in Fig. 3(a). The time separation between the maxima
of £(z, t) does not remain constant as the field propagates. Our
results disagree with the conclusions of Ref. [30] on this point.

The relation between the oscillation of the main field and
the time variation of its area,

t
0(z,1) :/ Q(z, 1) dt’, (34)
—00
is analyzed in Ref. [33]. Numerical calculations show that
each of the pulses forming the main field is in one-to-one
correspondence with an increase of 6(z,t) by 2, as in the
case of SIT solitons. The rate of formation of these pulses
therefore increases with I'", as is readily noticed by comparing

Fig. 1(d) to Fig. 1(e).

While the analytical theory does not capture all the features
of the numerical solution, it is nonetheless consistent with
the latter in predicting (1) that inhomogeneous broadening
increases the group velocity of the main field and (2) that
the group velocity increases and the width of the pulses de-
creases when the intensity increases, e.g., compare Fig. 1(c)
to Fig. 1(d) and Fig. 1(d) to Fig. 1(e). The analytical theory is
also consistent with the numerical results in correctly predict-
ing the group velocity, as shown by the close agreement of the
dashed blue line with the numerical solution in Fig. 3(a) [this
dashed line represents the trajectory a maximum of the field
would follow if its velocity was given by Eq. (21)]. It is worth
noting that the field propagates in the medium at a speed much
smaller than c in all these results.

Comparing Figs. 3(a) and 3(b) shows how spontaneous
decay affects the propagation dynamics. The parameters of
the system are the same in these two sets of results, but
spontaneous decay is taken into account in Fig. 3(b) and
neglected in Fig. 3(a). One can observe that the calculated
field does no longer keep oscillating indefinitely when spon-
taneous decay is included. The conspicuous oscillation found
in the absence of homogeneous broadening instead reduces to
a short train of transients. Also, the group velocity of the field
now decreases rather than increases as the field propagates. As
time progresses, the oscillation of £(z, t) disappears, the field
tends to a stationary state, and the propagation regime changes
from self-induced transparency to strong field absorption. As

2
a
£o
=
&
~
0
25 2
(b)
20+
Ea
E 15 =
g o
w107 , \%
- ~
U
0 ///:;" ’ . 0
0 60 120 180
t (ns)

FIG. 4. (a) Coupling field with [" =5 W cm™2. (b) Probe field
with Il;" =1 uW cm~? when copropagating with the coupling field
shown in (a).

expected from the above, reducing I™ leads to fewer and
broader transients and to a more rapid absorption of the field
[Fig. 3(c)].

Similar transients may also occur in experiments using
combinations of fields of different frequencies, as shown in
the next section.

IV. TRANSIENTS IN V SYSTEMS

These calculations are extended to multistate systems ad-
dressed by a pair of step pulses in this section. As in Sec. III,
we assume that these two fields propagate in an isotopically
pure 33Rb vapor at a temperature of 80°C. To start, we de-
scribe the atoms forming the medium as three-state systems
consisting of a single ground state (state 1), a single 5Py,
state (state 2 here) and a single 5P, state (state 3 here). One
of the fields (the probe field) is resonant on the D; transition,
the other (the coupling field) is resonant on the D, transition.
Both are linearly polarized. In the notation of the Appendix,

(11&,-D|2) = (5512l er ||5P12)//3 (35)
with (5S2|| er ||5P;/2) = 2.538 x 1072 C m and
(11& - D3) = (5512l er |I5Ps2)/v/3 (36)

with (5Si,2|| er||5Ps,2) = 3.584 x 1072 C m [48]. The
corresponding propagation coefficients differ significantly:
tp/ e = 0.49 here. The spontaneous decay rates, I';» and
I'13,are 2 x 5.750 MHz and 27 x 6.067 MHz, respectively
[48]. We assume that the applied fields are simultaneously
turned on to constant intensities Ili)n and I as per Eqgs. (31)
and (32). Figures 4 and 5 illustrate how these two fields
propagate through the medium in this three-state model. The
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FIG. 5. (a) Coupling field when propagating in absence of the
probe field for " =5 W cm™2. (b) Probe field when propagating
in absence of the coupling field for I];“ =5W cm2. (c) Coupling
field when copropagating with the probe field for [" =1 =5W
cm~2. (d) Probe field when copropagating with the coupling field for
I = I]i" =5Wcem™2,

calculation includes both homogeneous broadening and
Doppler broadening.

The probe field is considerably weaker than the coupling
field in the results shown in Fig. 4 (these results were calcu-
lated for Ili)n =1uW cm~2 and I'™ = 5 W cm~2). The probe
field does not significantly affect the coupling field here, and
the latter propagates as if the former was not present. In
agreement with Sec. III, the coupling field initially undergoes
a transient oscillation before settling into a CW steady state
[Fig. 4(a)]. By contrast, the weak probe field would be almost
completely absorbed over the first few mm of propagation
in the medium if the coupling field was not present [52].
However, and as seen from Fig. 4(b), the probe field travels
significantly farther when the latter is present and undergoes
the same transient oscillation. The strong coupling field ef-
fectively transports the weak probe field. Qualitatively, the

effect is similar to the “dnoidal-wave-induced transparency”
discussed in the Appendix, although the mathematical the-
ory outlined in the Appendix assumes no homogeneous or
Doppler broadening. Since this theory also assumes that the
probe field is very weak, it does not apply either when both
fields are strong even when broadening is negligible.

How the two fields copropagate when both are strong is
illustrated by the results presented in Fig. 5 (Iri)n =I"=5W

cm ™2 for these results). Figures 5(a) and 5(b) show the cou-
pling and probe fields, respectively, when propagating in the
absence of the other field. While both fields exhibit transient
oscillations and penetrate far inside the medium at these high
values of I;“ and ", the transients oscillate with a slower
period for the probe field (the slower period of oscillation is
consistent with the slower increase of the incident pulse area
for this field, due to the smaller transition dipole moment).
However, both fields travel significantly farther when coprop-
agating together, and their transients oscillate with the same
period and phase [Figs. 5(c) and 5(d)].

These transients and SIT in general differ from EIT in
the usual sense of the term in being time-dependent and
not arising from a destructive interference between excita-
tion pathways. The transparency observed in the steady-state
regime which develops as these transients subside is often
referred to as EIT, although EIT in V systems [53] arises
primarily from Autler-Townes splitting: a sufficiently strong
coupling field splits the energies of the dressed states of the
system out of resonance with a weak probe field, and the latter
can then propagate through the medium as though it were
transparent [54-56].

The intensities of these two fields in the steady-state regime
are plotted as functions of z in Fig. 6(a), for the same pa-
rameters as in Fig. 4. These results are calculated for the
largest time available from the simulation, # = 180 ns. The
steady-state regime is not yet reached for z > 20 mm at that
time, which explains why the intensity of the probe field
does not vary monotonically in this region. The intensity of
the coupling field does not exponentially decrease, except in
the large-z region, because I, much exceeds the saturation
intensity of the respective transition for z < 20 mm: if not for
Doppler broadening, I, would decrease linearly [33,57].

The Hamiltonian of this three-state system is given by
Eq. (A7) of the Appendix. Its eigenenergies are plotted in
Fig. 6(b) for the z-dependent values of €2, and 2. correspond-
ing to the intensities plotted in part (a). The detunings A,
and A, are both taken to be zero in these calculations. It can
be seen that these energies are split by almost 200 MHz at
z = 0 (the entrance of the medium), which far exceeds the
5.750 MHz natural linewidth of the D, transition. The probe
field is thus far off-resonance at z = 0. These two eigenener-
gies both approach zero when z increases, as the coupling field
is absorbed and €2, decreases, which results in an increasingly
fast absorption of the probe field.

The corresponding results for the case of a strong probe
field are shown in parts Fig. 6(c) and 6(d). The parameters of
the system are the same as in Fig. 5 here. Both fields contribute
significantly to the AC Stark shift now, which leads to a still
larger gap between the eigenenergies at the entrance of the
medium, to a slower reduction of this Autler-Townes split-
ting when z increases, and therefore to a longer distance of
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FIG. 6. The fields and the eigenenergies of the rotating-wave
Hamiltonian in the steady state regime. (a): The intensity of the
probe field (solid curve) and of the coupling field (dashed curve) for
Ili“ =1uW cm~? and ICin =5Wecm~2 att = 180 ns. (b): The three
eigenenergies of the rotating-wave Hamiltonian for the same fields
as in (a). (c) and (d): The same as (a) and (b) but for [ = I\ =
5Wcm™2.

propagation in the medium. Each field thus induces a trans-
parency on the other field. The energy eigenstates of this
system can be thought as being doubly dressed in this situation
[58].

Copropagating transients also occur in more complex V
systems, as illustrated by Fig. 7. The medium is a 3>Rb vapor
of the same density and Doppler temperature as in the above
calculations; however, the system now comprises 46 states
as the full hyperfine structure of the 5S;,5, 5Py, and 5P3),
states is now taken into account. The probe and coupling fields
are resonant on, respectively, the 5S> (F = 3)-5P»(F = 3)

130

Intensity (W cm™2)

(b)

Intensity (uW cm™2)

130

Intensity (W cm™2)

o

130

Intensity (W cm™2)

t (ns)

FIG. 7. The coupling field and the probe field as obtained when
the hyperfine structure of the 5S;,,, 5P/, and 5P;/, states is taken
into account. The two fields copropagate. (a) the coupling field
and (b) and the probe field for /" = 50 W cm™? and ;" = 10 uW
cm 2. (c) the coupling field and (d) the probe field for I* = I =
50 W cm™2.

and 5S;,,(F = 3)-5P3,2(F = 4) transitions. The calculation
follows Ref. [8], however here with the two fields being step
pulses turned on simultaneously as prescribed by Egs. (31)
and (32). As seen from the figure, the incident fields spawn
trains of transient pulses similar to those found in the three-
level model. However, the probe field does not follow the
coupling field as closely. The difference is particularly marked
when the applied probe field is weak [Figs. 7(a) and 7(b)],
although even in this case the probe field still propagates
significantly farther inside the medium than predicted by the
Beer-Lambert law [52]. The two fields also copropagate in
step when both are sufficiently strong, although one can note a
time- and position-dependent variation of the relative intensity
of each pulse of the train [Figs. 7(c) and 7(d)].
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V. CONCLUSIONS

In summary, we have studied the transient pulse trains
triggered by the sudden turn-on of a strong CW field applied
to an atomic vapor. We have extended previous works on the
formation of these transients both by examining the role of
homogeneous broadening and by addressing their occurrence
in more complex V systems.

For the case of two-level media with no homogeneous
broadening, our results depart from the conclusions of pre-
vious investigations [19,30] in showing that the average
time separation between the pulses increases with distance.
However, we have confirmed that the pulse trains found in
this system are well described by dnoidal solutions of the
Maxwell-Bloch equation over a sufficiently short time inter-
val. Incorporating homogeneous broadening into the model
does not entirely suppress the formation of a dnoidallike os-
cillation, which is consistent with experiment [20,21] and has
been observed in previous calculations [28]. However, each
pulse then slows down and broadens as it propagates. The
ensuing oscillation of the field is damped and transient, and
disappears as the system evolves into its normal steady state.

Similarly, we have shown that switching on a doubly reso-
nant CW field may create transient pulse trains akin to a twin
pair of dnoidal waves. Soliton-induced transparency in V sys-
tems generalizes into a “dnoidal-wave-induced transparency”
whereby a strong field carries a weak field of a different fre-
quency as a copropagating dnoidal wave. An analytical model
of this effect is outlined in the Appendix for the case where all
broadening mechanisms are negligible. However, our numer-
ical results show that doubly resonant fields may propagate
in step even in the presence of homogeneous broadening and
Doppler broadening. Stable analytical dnoidal twin waves are
also exact solutions of the Maxwell-Bloch equations in the
case where the two fields are both strong, although then only
under the conditions set by Eqs. (A21) and (A30); however,
our numerical results also show that similar transients may
form for two strong fields even when neither of these con-
ditions is fulfilled. The mode of transmission of the incident
light changes from SIT to V-EIT as the system evolves into a
steady state and the initial transients disappear. As shown by
the results of Fig. 7, these effects can also be found in more
complicated multistate systems than those usually considered
in this context.

Depending on the experimental conditions, representing
the applied field by a plane wave, as done here, may not
be appropriate for predicting the results of actual measure-
ments. For example, the duration and period of the transients
may significantly vary across the width of the applied beam
due to its transverse inhomogeneity [21,28]. The transient
pulses described above may also undertake significant trans-
verse reshaping due to diffraction and/or self-focusing [59].
Nonetheless, these effects do not preclude the existence of the
SIT transients considered in the present work, even if they
may obscure their manifestation.
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APPENDIX: DNOIDAL WAVES IN V SYSTEMS
1. Two-color fields

This Appendix extends Sec. IT A to the case considered in
Sec. IV, namely that of two fields copropagating in a same
direction and addressing a three-level system in a V configu-
ration. As usual in this context, we refer to one of these fields
as the probe field and to the other as the coupling field. The
former and the latter couple the ground state (state 1) to two
different excited states (respectively state 2 and state 3). We
neglect homogeneous broadening throughout this Appendix.
We therefore assume that these two excited states are stable
over the time scale considered in this work.

We start by deriving the equations of motion for this partic-
ular case. We describe each of the two fields by a real electric
field vector, namely E,(z, ¢) for the probe field and Ec(z, t) for
the coupling field, the total electric field at time # and distance
z from the front of the medium as being E(z, ) with

E(z,t) = Ep(z,t) + Ec(z, 1).

We assume that these two fields are both linearly polarized
and set

(Al)

E (z,1) = %ép &z, t)exp[—iwp(t —z/c)] +c.c.,  (A2)

Ec(z,1) = 3 & Ec(z, 1) exp[—iwc(t —z/c)] +cc.,  (A3)

with real unit polarization vectors €, and &.. Correspondingly,
we make the following ansatz for the medium polarization,

P(z,1) =1 & Pylz, 1) exp[—iwy(t — z/c)]
+ 3 & Pz, 1) expl—iwc(t —z/c)] +cc.. (Ad)
Equation (4) then generalizes to a pair of wave equations,
8_gp + la_gp — i
9z c ot 2¢pc
& 10& iwy
P i ek AL

These two equations are coupled to each other through the de-
pendence of P, (z, t) and Pc(z, t) on both &,(z, t) and E.(z, 1).

As in Sec. II, we treat the coupling of the atoms with the
fields within the electric dipole approximation, make the rotat-
ing wave approximation and pass to slowly varying variables.
This results in the Hamiltonian

H(z, 1) = — hAy|2)(2] — hA:I3) (3]
= (R/2)[Qp(z, DI2)(1] + Qc(z, HI3)(1] + h.c.],
(AT)

Po(z, 1), (AS)

(A6)

with

Q(z,1) =&z, 1) (2]&, -D|1)/h (A8)
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and

Qe(z,1) = E(z, 1) (3] & -D| 1) /A, (A9)

where D is the dipole operator. We assume that the fields
are on resonance in the absence of any Doppler shift. The
detunings A, and A. may nonetheless differ from zero if
Doppler broadening is included in the calculation: for atoms
with a velocity u, in the zdirection,

Ap = —wpuzfc, A= —wcu/c. (A10)

In terms of the coherences p;;(z,t) and p3;(z, t), which are
respectively equal to (2|p(z,)|1) and (3]|p(z,t)[1), where
0(z, 1) is the density operator for this three-state system,

Pp(z, 1) =2Na (11&,-D[2) pai(z, 1), (ALD)

Pe(z,1) =2Ng (11&-D[3) p3i(z, ). (A12)

As in Sec. II, N; denotes the medium number density. Com-
bining these last two equations with Eqgs. (AS), (A6), (AS),
and (A9) gives

o L o) (A13)
9z c o Lp 0212, 1),

092 1 092 .

-—+- = ilc p31(2, 1), (Al4)
0z c ot

where 1, and p. are the respective propagation coefficients:

abAh R A~ )
= 2|é,-D|1)]°, AlS
p = e 121& DI )| (A15)
wcN, A
e =——13& D12 (A16)

ﬁGoC

It has long been recognized that these equations can be
solved analytically when p, = (i, in the absence of relax-
ation and as long as inhomogeneous broadening is negligible
or can be taken to be described by a same distribution function
g(A) for both fields. (In the case of Doppler broadening,
the latter is possible only if their frequencies are sufficiently
close.) The solutions relevant to this paper are derived in the
rest of this Appendix.

2. The Maxwell-Bloch equations without homogeneous
broadening

As noted in Sec. II, calculating the density operator p(z, t)
involves calculating the velocity-specific density operators
Ou(x, t, uy) for all the relevant velocity classes. Since we ne-
glect homogeneous broadening here, we set

pul(z,t,uz) = Wiz, 1)) (W(z, 1) (A7)
with

W(z, 1)) = ci(z, DI1) + 2(z, D|2) + c3(2,1)[3),  (A18)

where the coefficients ¢(z, ), ¢2(z, 1), and c3(z, t) are com-

plex functions such that
le1@ O + ez DI + les(z, DI = 1. (A19)

Like p,(r,t, u;), the state vector |W(z,?)) and the functions
ci(z, 1), c2(z, t) and c3(z, t) depend on u, as well as on z and

t. Given Eq. (A7), these coefficients and the two fields evolve
in time according to the equations

29 Lo naen - Lot neen
l—— = —= ) C 3 - A 3 C 3 3
o 5 B ez 5 S22 D)esz
(A20a)
,3C2 1
e = —Apea(z, 1) — 2 Qp(z,t)ei(z, 1), (A20b)
.dc3 1
ks —Acci(z,t) — 3 Qc(z, )1z, 1), (A20c)
9, 109,
0z c ot
o0
= iup / fluz) ca(z, )i (z, t) dug, (A20d)
—0oQ
092 n 1 092
9z c 0t
o0
=il / Sfluz) es(z, t)ci(z, t) du;. (A20e)
—0o0

Equations (A20a)—-(A20e) do not have an analytical solution
when A, # A.. As is commonly done, we will assume from
now on that

Ap=A.=A. (A21)
This condition amounts to taking wp, = w. = w and is ful-
filled only approximately for the systems for which numerical
results are presented in this article. We note, however, that
this condition is unnecessary if inhomogeneous broadening is
neglected, in which case Eqs. (A20a)-(A20e) reduce to the
following system:

i% = ! Q(z,)ea(z, 1) — 1 Q¥ (z,1)c3(z, 1)
ot 2 e e T Metn G )
(A22a)
22 _ Lo e (A22b)
ot 2P o
i% = —% Qc(z,1)c1(z, 1), (A22c¢)
% l& =iu,ca(z, t)ci(z, 1) (A224)
9z ¢ ot p e o R
082 1 02, .
+ - = ipe c3(z, 1)l (2, 1). (A22e)
0z c ot

It follows from Eqs. (A20a)—(A20e) and (A21) that
Q1> 13|27
2P 1012

o0 8|c|2
= —ZMp/ 2L g(A)daA,

9z c ot 0o Ot
(A232)
Q> | 19| /OO d)cs|?
- = -2 A)dA,
0z Py He e Ot §(4)
(A23b)

where we treat the coefficients ¢, (z, ¢) and c3(z, t) as functions
of A rather than &, and, as in Sec. II,

g(A) = (c/w)f(=cAjw). (A24)
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We consider solutions which depend on z and 7 only
through the dimensionless variable (t — z/v)/t, where v and
T are two constants. For such solutions,

L_1)IsE [oo Ueal” o ayan,  (a2sw)
I = , a
v o c ot Ho oo Of §

1 1) 9| > 9cs)?

1 T\aIl _ 2MC/ 151 o(Ayda.  (A25b)
v oc dt oo Ot

In the case of solitonlike solutions, for which ,(z, 1),
Qc(z, 1), c(z,1), and c3(z, t) vanish for t — 400, but not
in the case of dnoidal wave solutions, these last two equa-
tions imply that

1 1 2 * 2
1€2p(2, 1) =2Mpf lea(z, D)I” g(A) dA,

v c

(A26a)
1 1 2 *© 2
S XY =2uc/_00 le3(z. D g(A) dA.
(A26b)

We also note that when inhomogeneous broadening is ne-
glected, Eqgs. (A23a)—(A23b) reduce to

3> 10|12 dcal?
- =-2 , A27
iz o Mo (A272)
Q) 10|/ dcs|?
Z = -2 , A27b
2z "o He ™o (A270)
Equations (A25a)-(A25b) reduce to
1 1) 022 dca?
I =2 , A28
(v c> at He at (A282)
1 1\ 0| ) dcs|? (A28b)
v o) o T M
and Egs. (A26a)—(A26b) reduce to [38]
1 1 ) )
T3 192:(z, D" = 2uplea(z, £)I7,  (A29a)
1 1 ) )
5o [2:(2, D" = 2peles(z, ). (A29b)

3. Equal propagation coefficients

The above equations can be solved in closed form when
the propagation coefficients 1, and 1. are equal. In particular,
setting

Hp = Hhe = [L. (A30)

makes it possible to seek solutions of either Eqs. (A20a)—
(A20e) or Egs. (A22a)-(A22e) for which the two fields are
in a constant ratio, i.e., solutions for which

Qp(z,1) =1Q(z, 1), (A31)

where r is a real constant. For instance, setting c,(z,¢) =
rc3(z,t) and passing to the dependent variables a(z,t),
b(z,t), and Q(z,t) such that c¢(z,t) = a(z,t), c3(z,1) =
b(z.1)/(1+rH)'2, and Qc(z,1) = Q@ 1)/(1+rH)"? re-
duces Eqgs. (A22a)-(A22e) to the following system, which

describes the propagation of a single field in a two-level
medium [61]:

9 _ o b (A32a)
_ = —— a
Yor T T toet)
b LG naen (A32b)
lat = ) z,r)az, 1),
0 1
— 4+ —— =iubz,t)a*(z, ). (A320)
0z c ot

Taking a(z,t), b(z,t) and Q(z,t) to correspond to the
sech-soliton solution of this last system of equations yields
Konopnicki and Eberly’s sech-simulton solution for a V sys-
tem [61]. Other choices are also possible. In particular, the
dnoidal solution is obtained by taking

a(z,t) = —sn(n, k), (A33a)
b(z,t) =icn(n, k), (A33b)
Q(z,t) = Qpdn(n, k), (A33c)
where

n=(—-z/v)/t (A34)

with
% = % + ';L—]:zz (A35)

and
T =2/Q. (A36)

The corresponding Rabi frequencies for the probe and the
coupling fields are, respectively, €250 dn(n, k) and ¢ dn(n, k)

with
,/Qf’o + ng = Q.

This solution corresponds to the twin pair of copropagating
dnoidal waves described by Egs. (20), (27), (28), and (29). It
is a particular case of a still more general solution found for
V systems in the absence of any broadening mechanism [18].
Taking k — 1 yields the simulton solution of Konopniki and
Eberly [15], namely Q,(z,1) = Qposech(n) and Q.(z,1) =
Qo sech(n).

Similarly, expressing Eqs. (A20a)—(A20e) in terms of the
coefficients a(z,t) and b(z,t) and of the Rabi frequency
Q(z, t) reduces these equations to the system

(A37)

;04 Lo b n (A38a)
l— = —— 3 3 ) a
ot 2 ‘ ¢
b 1
i = —Ab(z,t) — 3 Q(z,t)a(z,t), (A38b)
IR 19 [ .
AL AL / 2(Ab(z, 1)a*(z, 1) dA. (A38c)
0z c ot S

The dnoidal solution is now given by the following equations,
where X (1), Y(n), and Z(n) are the functions defined by
Egs. (8b)—(8d) of Ref. [2]:

az, 1) = V1 =Zm1/2 explie(n)],  (A39)
b(z, 1) = /[1+Zm)]/2 explif(m)],  (A3%)
Q(z,1) = Qodn(n, k), (A39¢)
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with [62]
. "X(m')dn(n' k)
and
B(n) = a(n) — arctan[Y (n)/X(n)] + 7. (A41)

The time parameter t is still given by Eq. (A36), and Q2(z, 1)
is still given by Eq. (A33c), but v is now defined by Eq. (21)
of Sec. II.

The coefficients c;(z, 1), c2(z, t), and c3(z, ¢) and the elec-
tric field amplitudes &,(z,¢) and £c(z, t) so defined depend
on z and ¢ only through the variable 1. These five functions
are periodic in n with period 2K (k). They are thus periodic
in ¢ with period 2tK (k) and in z with period 2vtK(k), and
the coefficients ¢ (z, t), c2(z, t), and c3(z, t) oscillate in phase
across all the velocity classes. The two fields also satisfy the
area relation

K (k) 2 K (k) 2
/ Qp(z,t)dr | + / Q(z,t)dt | =2m,
—tK (k) —tK (k)

(A42)

which generalizes a similar relation applying only to single
sech simultons, i.e.,

00 2 oo 2
\/U QP(Z,t)dti| +[/ Qc(z,t)dt] —2r. (A43)

This dnoidal wave solution does not exhaust the possibili-
ties. For instance, a cnoidal wave solution would be obtained
by setting

Q(z,t) = Qoen(n, k) (A44)

and taking the functions X (1), Y (n), and Z(n) appearing in
the above equations to be those defined by Eqgs. (16b)-(16d)
of Ref. [2]. In the absence of inhomogeneous broadening, V
systems also support the propagation of pairs of fields for
which both €,(z,¢) and Q.(z, ¢) are linear combinations of
a cn function and a dn function but are not in a constant
ratio [18]. Solutions of this latter type have no counterpart in
two-level systems and might not exist for Doppler-broadened
systems.

4. Unequal propagation coefficients

Whether inhomogeneous broadening is taken into account
or not, £2,(z, t) and 2.(z, t) cannot be obtained in closed form
without further approximation if the propagation coefficients
pp and pic are unequal. Exact results applicable to the case
where 11, # pi. are scarce. To the best of our knowledge, they
are limited to the following relations, which pertain to the
solitonlike solutions of Eqs. (A22a)—(A22e¢) [38]:

Qc(z,1) = Qo expl&(n)],
Q,(z, 1) = QpoexplyE(m)],

where £(n) is a certain function of 1 (not known in closed
form) which goes to zero for n — 300 and

Y = (p/ 1) (A46)

(Ad5a)
(A45b)

This system can thus support twin pulses copropagating in-
definitely even when the two propagation coefficients are
different, with the probe pulse being longer (shorter) than the
coupling pulse if y < 1 (>1). Unfortunately, these results are
of limited applicability here, as their derivation assumes that
Q,(z, 1), Qc(z, 1) and the coefficients c;(z, t) depend on z and
t only through the variable 1 defined above, with constant
values of v and 7, and that Qp(z,1), Qc(z,1), c2(z, 1), and
c3(z,t) vanish for t — —oo. The first assumption excludes
the transients studied in this work, for which the effective
pulse velocity is not constant. The second excludes stationary
dnoidal waves. Also, it seems unlikely that these results can be
generalized to the inclusion of inhomogeneous broadening.

However, solving the Maxwell-Bloch equations analyt-
ically for a V system with u, # p. is possible for zero
inhomogeneous broadening if one assumes that the probe field
is too weak to affect the propagation of the coupling field.
To the best of our knowledge, this was first done by Kozlov,
Polynkin, and Scully, for a pair of fields copropagating as a
sech simulton [43]. In the following, we generalize their cal-
culation to the case where both fields copropagate as dnoidal
waves, although working in terms of wave functions rather
than populations and coherences. The approach followed here
may not be applicable to cases where inhomogeneous broad-
ening needs to be taken into account.

Besides ignoring all broadening mechanisms, the key ap-
proximation is to replace Eq. (A22a) by

.86‘1 1 o*
lg = _E C(Z, t)cs(z, t).

Equations (A22c), (A22e), and (A47) can then be solved sep-
arately from Eqgs. (A22b) and (A22d), to obtain the dnoidal
solution

(A47)

ci(z,t) = —sn(n, k), (A48a)
c3(z,t) = icn(n, k), (A48b)
Qc(z,1) = Qo dn(n, k), (A48c)
here with 7 and v defined by the equations
T=2/Q00 (A49)
and
L (A50)
v ¢ 2k?

In turn, we seek a solution of Egs. (A22b) and (A22d) which
depends on z and ¢ only through the variable . Combining
these two equations gives

I 1\ 1d€
c v/t dpn

1 "
Z_EMpCT(n)TI:/n Qp(n’)cl(n/)dn’+c}, (ASD)

where 7 is a constant and C = —2ic,(1p)/t. That is, in view
of Eq.(A50) and the fact that ¢;(n) is real,

e,

n
an Vzkzcl(n)[/ Qp(n)er(n')dn’ + C], (A52)

Mo
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or, after rearrangement, differentiation and division by c; (1),

1 d 1 d, 2.2
— —— =Yk (). (AS53)
c1(n) dnci(n) dn
At this stage, we introduce a function x(7) such that
dx
— =ci(n), (A54)
dn

and write £, as a function of x rather than a function of 7.
Given that ¢;(n) = —sn(n, k) here,

1 dn(n, k) +k Lk ,
x(n) = 1 J1og | RO RGO o ass)
k k'
where C’ is a constant and

K =+v1-k2 (AS6)

It can be shown that the function dn(n, k) + kcn(n, k) is
positive for any n when 0 < k < 1 and varies monotonically
on the interval 0 < n < 2K (k). We, therefore, exclude the
limiting case of k = 1 from our analysis and, for the time
being, restrict ourselves to seeking a solution of Eq. (A53) on
that interval of values of 1. Rewriting this equation in terms
of the variable x yields

szP 27,2
i = V). (A57)
Thus
dn(n, k) + ken(n, k)1
201 =c+[ — }
dn(n, k k T
N C[ n(n )4]—(/ cn(n )} ’ (A58)

where C; and C_ are two constants. Eq. (A58) can also be
written as

Q1) = C+[

k/

dn(n, k) — kcn(n, k)i|y
k/

dn(n, k) 4+ kcn(n, k)]y

+ C_ [ (A59)

141
- 1~2‘\/W\/\/\/
< 104
e
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n

FIG. 8. The ratio 7/, (solid curve) and the ratio /97
(dashed curve) for k=0.6 and y =0.7 as calculated from
Eqgs. (A48c) and (A61).

in view of the identity
K __dn(n, k) — ken(n, k)
dn(n, k) + ken(n, k) k' '
Since dn(n, k) is periodic in n with period 2K (k) whereas
cn[n + 2K (k), k] = —cn(n, k), continuing Q,(z, ¢) as a peri-
odic function of n with the same period as €2.(n) requires that
C; = C_. Thus
Qp(z, 1) = Qpoildn(n, k) + ken(n, k)1
+ [dn(n, k) — ken(n, k)]7}/27 (A61)
with Qp0 = (2/k")” C;.. It then follows from Eqs. (A22b) and
(A54) that
c2(z, 1) = i(Qpo/Qe0){[dn(n, k) + kcn(n, k)]”
—[dn(n, k) — ken(n, k)I7}/ (2" y k).
These results are consistent with those obtained above for y =
1, bearing in mind that we assume that Qp0 < €0 here. As
illustrated by Fig. 8, €,(z, t) oscillates with the same period

and the same phase as €2.(z, ) even when y # 1. We also note
that

(A60)

(A62)

Qp(z,1) = 20 [sech(n)]” (A63)

in the limit k — 1, in agreement both with Eq. (36) of
Ref. [43] and with Eqgs. (A45a) and (A45b) above.
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