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Lie-algebra-assisted quantum simulation and quantum optimal control
via high-order Magnus expansions
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The evolution of a quantum system under time-dependent driving exhibits phenomena that are absent in its
stationary counterpart. However, the high dimensionality and noncommutative nature of quantum dynamics
make this a challenging problem. The Magnus expansion provides an analytic framework to approximate the
effective dynamics on short timescales, but computing high-order terms with existing methods is computationally
expensive. We introduce a scalable approach for Hamiltonians consisting of a time-independent drift term
and a controllable term, in which the high-order Magnus expansion is reduced to a polynomial expression
in the duration and the parameters of the time-dependent control function. For a fixed Hamiltonian model,
the demanding algebraic calculation is performed once and stored in dynamical coefficients, after which the
effective Hamiltonian can be evaluated numerically several orders of magnitude faster than previous techniques.
We first demonstrate the method as a proof of principle for quantum simulation, verifying the expected high-order
error scaling and benchmarking the numerical efficiency of the polynomial representation. We then apply the
same analytically differentiable framework to a state-of-the-art quantum optimal-control problem, designing
continuous control pulses for multiqubit phase gates on a neutral-atom Rydberg platform. Our results show that
this method provides a practical route toward optimal control of challenging driven quantum systems.
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I. INTRODUCTION

Quantum dynamics underpins the development of emerg-
ing technologies, including quantum computation [1,2],
sensing [3–5], and communication [6], as well as serving
as a test bed for fundamental physics [7–10]. Devices ex-
ploiting quantum phenomena are now beginning to appear,
with quantum computers being a prominent example. These
versatile platforms enable experimental validation of quantum
information theory, encompassing topics such as quantum
control [11–13], entanglement generation [14], ground-state
preparation [15,16], and quantum error correction [17–20].
Yet, in the current noisy intermediate-scale quantum (NISQ)
era, available qubits remain scarce and highly susceptible
to environmental noise, limiting practical advantages over
classical approaches [21,22]. Consequently, the design of effi-
cient quantum operations from inherently complex quantum
dynamics is critical for advancing quantum computing and
overcoming the challenges of this era.

Neutral-atom quantum computing platforms are especially
interesting as a toolbox for studying complex quantum dy-
namics [23–27]. Since the interatomic interactions have a
strong dependence on distance, different geometries serve
as test beds to simulate quantum materials and study the
associated properties [16,26,27]. Coherent rearrangeability

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

through optical means is another prominent feature, allowing
for flexible quantum circuits and quantum error correction
demonstrations [20,28].

Harnessing the intricate dynamics of quantum systems
demands operations that are both precise and coherence pre-
serving. Fundamental tasks in quantum computing—such as
state preparation and gate synthesis—rely on engineered con-
trol pulses to shape the underlying physical evolution. Yet,
the noncommutative nature of quantum dynamics often pre-
cludes closed-form analytical solutions, making simulation
and optimization necessary for designing and understanding
these operations on real devices. Lie groups and algebras
have been found to be effective tools for describing and
studying the noncommutative nature of quantum dynamics
[11,29–35].

The Magnus expansion (ME) is an exponential represen-
tation of the solution operator of the quantum system that
emerges from the study of Lie algebras [36,37]. It is a se-
ries expansion that approximates the solution operator of the
time-dependent quantum system. This solution operator is
represented as a constant Hamiltonian, often referred to as the
effective Hamiltonian, and it evolves the quantum system the
same way as if evolved through the time-dependent dynamics.
The Magnus expansion is also often used as a numerical
integrator due to its convenient property of guaranteeing state
unitarity, even at low orders [36]. However, evaluating the
expansion using standard techniques is unfeasible in practice,
as they rely on high-order time integrals of commutators of
the time-dependent Hamiltonian. The majority of studies that
make use of the Magnus expansion limit themselves to at most
order four, due to the numerical limitations [38,39].
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FIG. 1. In this work we propose a method to efficiently evaluate the Magnus expansion. (a) Diagram of the generation of the dynamical Lie
algebra that stems from the single-control Hamiltonian terms A and B. (b) The control function is represented as a polynomial with maximum
degree m, which allow us to solve high-order integrals analytically. (c) The high-order integrals and commutators from the Magnus expansion
are simplified into a polynomial expression. We use poly(x1, . . . , xn) to denote a generic polynomial with complex-valued coefficients and
corresponding monomials in the (x1, . . . , xn) variables. (d) This enables high-order simulation of continuous-control quantum systems. (e) The
analytically differentiable expression enables quantum optimal-control applications.

One of the first studies that used the ME as a numerical
integrator was performed in Ref. [40]. It validates the error
scaling of the ME approach by comparing with typical Runge-
Kutta integrators, reaching expansion order up to four. More
recent works are able to approximate the evolution under the
Magnus expansion using commutator-free methods, achieving
at most order-eight methods [38,41,42]. Finally, the authors
in Ref. [43] were able to find a method to efficiently express
the continuous Baker-Campbell-Hausdorff formula [44,45], a
particular instance of the Magnus expansion, in terms of the
chained integrals up to order eight. However, they rely on in-
tricate analytic integral expressions, the computation of which
does not scale favorably for higher orders, and a systematic
way to evaluate them is not provided.

The study of Floquet systems revolves around interpreting
the dynamics of a time-periodic Hamiltonian as an effective
(constant) Hamiltonian [46–50]. Consequently, the Magnus
expansion naturally becomes a fundamental tool in this analy-
sis, being called in this setting the Floquet-Magnus expansion
[37]. The study of Floquet dynamics is crucial for the devel-
opment of quantum technologies as it is often present in the
study of quantum materials [51–53]. However, the complexity
of the ME limits these studies to only a few orders, generally
up to four.

The central message of this work is that the difficult part
of the high-order Magnus expansion can be separated from
the repeated numerical evaluation of commutators of the
control Hamiltonian. For a fixed Hamiltonian model, the Lie-
algebraic and integral structure is computed once and stored
in a set of dynamical coefficients. Thereafter, evaluating the
effective Hamiltonian reduces to evaluating a polynomial in
the pulse duration and control parameters. We first use quan-
tum simulation as a proof of principle to verify the accuracy,
scaling, and numerical efficiency of this construction.

Next we show that the same differentiable representation
can be used directly in a demanding optimal-control problem.
Since the resulting expressions are analytically differentiable,

they can be readily incorporated into optimal quantum con-
trol algorithms. Related work has employed the Magnus
expansion in control applications [54,55]. These approaches
typically consider a single propagation step and rely on low-
order truncations of the Magnus series, thereby restricting
the class of dynamics that can be accessed. In contrast, the
framework developed here allows for the systematic inclusion
of higher-order terms and multiple Magnus propagation steps,
extending the applicability of Magnus-based control meth-
ods to more complex dynamical regimes. It corresponds to
an extension of gradient-ascent pulse engineering (GRAPE)
[56] for spline-shaped pulses, using the truncated Magnus
expansion. In this extension we optimize the pulse duration
directly with the fidelity. This work opens the way for alterna-
tive approaches in pulse design for multiqubit controls using
Lie-algebraic techniques.

The article is structured as follows: In Sec. II we introduce
the Magnus expansion. As a precursor to the method, we
introduce the dynamical Lie algebra and consider the control
function to be of polynomial form, corresponding to Figs. 1(a)
and 1(b), respectively. This leads to the main result of this
work in Sec. III, displayed in the central box [Fig. 1(c)] in the
diagram. In Sec. IV, we look at the application of our method
to quantum simulation [Fig. 1(d)], study the error scaling
with increasing orders, and argue for the high scalability of
the method through numerical benchmarking. In Sec. V, we
showcase an optimal control application for a Rydberg-atom-
based system, displayed in Fig. 1(e). Finally, in Sec. VI we
conclude and discuss an outlook for future work.

II. THE MAGNUS EXPANSION

Coherent quantum systems evolve according to the time-
dependent Schrödinger equation [57],

d

dt
|ψ (t )〉 = −iH (t )|ψ (t )〉, (1)
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where the Hamiltonian H (t ) propagates the state of the sys-
tem. The unitary state propagator that evolves the state from
t0 to t f is

U (t f , t0) = T exp

{
−i

∫ t f

t0

dsH (s)

}
, (2)

where T is the time-ordering operator [58]. In this representa-
tion, U (t f , t0) is the propagator, encoding the evolution of an
initial state |ψ0〉 = |ψ (t0)〉 into |ψ (t f )〉 = U (t f , t0)|ψ0〉.

The unitary U (t f , t0) can be interpreted as the propagator
of a constant-in-time evolution of an effective Hamiltonian
HE (t f , t0):

U (t f , t0) = exp{−i HE (t f , t0) (t f − t0)}. (3)

The ME provides a constructive approach for calculating

HE (t f , t0) = 1

t f − t0
lim

kM→∞
M (kM )(t f , t0), (4)

as long as the corresponding series converges [36]. The series
expansion takes the form

M (kM )(t f , t0) :=
kM∑

k=1

Mk (t f , t0), (5)

with

M1(t f , t0) :=
∫ t f

t0

dt1 H (t1), (6)

Mn(t f , t0) := (−i)n−1
n−1∑
j=1

Bj

j!

∫ t f

t0

dt1 S( j)
n (t1), n � 2, (7)

where Bj is the jth Bernoulli number [59]. The S( j)
n (t ) opera-

tors are defined recursively as

S(1)
n (t ) := [Mn−1(t, t0), H (t )], (8)

S(n−1)
n (t ) := adn−1

M1(t )(H (t )), (9)

S( j)
n (t ) :=

n− j∑
m=1

[
Mm(t, t0), S( j−1)

n−m (t )
]
, 2 � j � n − 1, (10)

with the adjoint operator ad1
A(B) = [A, B], and

adn
A(B) = [A, adn−1

A (B)]. For illustrative purposes, the first
three orders of the Magnus expansion are shown below as
time integrals of commutators of H (t ) for varying values of t ,
where Mk := Mk (t f , t0):

M1 =
∫ t f

t0

dt1 H (t1), (11)

M2 = − i

2

∫ t f

t0

dt1

∫ t1

t0

dt2[H (t1), H (t2)], (12)

M3 = −1

6

∫ t f

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3([H (t1), [H (t2), H (t3)]]

+ [H (t3), [H (t2), H (t1)]]). (13)

The Magnus expansion approximates the effective Hamilto-
nian HE (t f , t0) as long as the series converges. A necessary

and sufficient condition for convergence is given by∫ t

0
ds ‖H (s − t0)‖2 < rC = π, (14)

where ‖ · ‖2 is the operator spectral norm and rC is the con-
vergence radius of the Magnus expansion [60]. For a given
time-dependent Hamiltonian, the convergence time is the
largest time, denoted t∗, where the above inequality holds.
Furthermore, the ME is time symmetric, i.e.,

M(t f , t0) = −M(t0, t f ), (15)

which is an important property for numerical integrators, as
it guarantees the preservation of geometric quantities, such as
state unitarity. It is often considered t := t f , t0 = 0, thus writ-
ing M(t ) := M(t f , t0). In numerical studies, the series must be
truncated at some order kM:

M (kM )(t ) :=
kM∑

k=1

Mk (t ). (16)

Due to the time symmetry of the series, the truncation error at
even orders kM = 2s,s ∈ N, is given by

‖M (2s)(t ) − HE (t )‖ = O(t2s+3). (17)

For more details on the Magnus expansion, we refer the
reader to the review paper in Ref. [36].

III. POLYNOMIAL EXPRESSION
FOR THE MAGNUS EXPANSION

We consider the case of Hamiltonian control models con-
sisting of a time-independent, noncontrollable term A and a
single controllable term B,

H (t ) = A + p(t )B, (18)

where both A and B are Hermitian operators. This family
of Hamiltonians is often considered in quantum simulation
or control problems, with the physical systems ranging from
neutral atoms [25] to superconducting circuits [61].

We aim to find the effective Hamiltonian HE (t ) that is
generated from the time-dependent dynamics of H (t ). The
Magnus expansion provides a way to do this for t < t∗, but
it requires the calculation of high-order integrals involving
commutators of H (t ), similar to the ones seen in Eqs. (11)–
(13). The direct calculation is not feasible in practice, and so
it is necessary to find alternative ways to obtain HE .

The control function p(t ) is represented as a polynomial
with maximum degree m,

p(t ) :=
m∑

n=0

pn
tn

n!
, (19)

where pγ are real-valued coefficients of the polynomial p(t )
and �p = (p0, . . . , pm) is its vectorial representation. This fi-
nite representation of the control function as a polynomial
in time is useful as it allows an analytical expression for the
high-order time integrals involved in the Magnus expansion.
As long as the order of the polynomial, m, is greater than the
truncation order of the ME, the dynamics resulting from an
arbitrary control function and from its polynomial approxi-
mation will be practically equal. This allows us to accurately
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represent all realistic control functions. This is represented in
Fig. 1(b).

The next elements of the calculation are the high-order
commutators. The effective Hamiltonian generated from the
time-dependent dynamics of H (t ) belongs to the dynamical
Lie algebra which is generated from the operators A and B
[30]. The dynamical Lie algebra g is a vector space that is
closed under the Lie bracket [A, B] = AB − BA, with

g := i spanR〈{iA, iB}〉Lie = spanR{Lμ}dim(g)
μ=1 . (20)

The Lie closure 〈·〉Lie is the set of elements obtained by
repeatedly applying the Lie bracket until no new linearly
independent elements are obtained [30]. The set {Lμ}dim(g)

μ=1 is
a basis of independent Hermitian elements of the Lie algebra
g. We denote gn the dynamical Lie algebra that is generated
after applying the Lie bracket at most n times. In the truncated
Magnus expansion with order kM, the largest algebra required
is gkM . Often, the size of this dynamical Lie algebra is sub-
stantially smaller than dim(g), which is advantageous for the
efficiency of the algorithm proposed in this work. On the Lie
algebra we can define a structure constant fi jk that describes
the relation between its elements:

[Li, Lj] =
∑

k

fi jkLk, Lk ∈ gn, ∀ Li, Lj ∈ gn. (21)

Thus, when we write the Hamiltonian H (t ) in the basis of
the elements of this Lie algebra, we know a priori all of
the commutation relations that are required by the ME. This
component of the calculation corresponds to Fig. 1(a).

The final step of this process is to find out which integrals
of commutators have to be solved for a given expansion order.
We resort to the proposal from Ref. [40] due to its systematic
nature. Those authors represent integrals of commutators of
H (t ) as binary trees, and the Magnus expansion as a weighted
series of binary trees. This approach is explained in detail in
Appendix A.

Together, these steps yield an explicit expression of the
Magnus expansion, where we can quickly obtain the effective
Hamiltonian. It is expressed as an element of the dynamical
Lie algebra,

M (kM )(t, �p ) =
∑

μ

a(kM )
μ (t, �p ) Lμ, (22)

with truncation order kM, propagation time t , and control
functions represented with �p. The Lie-algebra coefficients
aμ := a(kM )

μ (t, �p ) are polynomials in the evolution time t and
in the control function coefficients

aμ :=
kM∑

k=1

k∑
q=0

m∑
γ1,...,γq=0

T(k,q)
μ,�γ t k

q∏
i=1

(pγi t
γi ), (23)

where the index γi is related to the control coefficient pγi ,
and to the dynamical coefficient T(k,q)

μ,�γ := T(k,q)
μ,γ1,...,γq , with �γ =

(γ1, . . . , γq). The derivation of this expression is detailed in
Appendix A, showing the formula for the coefficients T(k,q)

μ,�γ .
The number of summation terms in this expression can be
improved by setting a time truncation order �, that is, by
neglecting terms in the sum that are smaller than O(t� ). The γi

indices represent terms that are equivalent up to permutation;

thus, we accumulate the dynamical coefficients that represent
the same term into a single term, reducing the total number of
elements in the sum in Eq. (23).

The dynamical coefficients T(k,q)
μ,�γ encapsulate the time-

dependent dynamics that are generated from H (t ), up to a
certain order kM. The calculation of these coefficients is quite
involved, as explained before, but only needs to be done
once for a given control model (A and B). In fact, a given
dynamical coefficient contains contributions from many in-
tegrals of commutators that result in the same Lie-algebra
element Lμ and which correlate the same monomial in �p. In
essence, this efficiently compresses the complexity of the ME
calculation into these dynamical coefficients, instead of the
convoluted integrals of commutators previously mentioned in
Sec. II. The remaining complexity in the calculation is related
to the degrees of freedom given by the evolution time t and
control coefficients �p. So, once the dynamical coefficients
are obtained, calculating the ME is reduced to a much faster
polynomial evaluation.

With the polynomial form of the ME, it is practical to
obtain the effective Hamiltonian for high approximation order.
We will show in the following section that this is in fact
numerically efficient. The polynomial form of Eq. (23) also
allows for analytic derivatives; we will later showcase its use
in optimal control in Sec. V.

IV. QUANTUM SIMULATION

For the purpose of quantum simulation we will consider
two specific Hamiltonian models: "sparse," with nearest-
neighbor interactions, and "dense," with long-range interac-
tions. Recall also the single-control Hamiltonian format from
Eq. (18).

(1) The sparse model is a one-dimensional transverse field
Ising model with n qubits, where the generators of the dynam-
ics are

A :=
n−1∑
i=1

ZiZi+1, B :=
n∑

i=1

Xi. (24)

(2) The dense model is a transverse field Ising model with
long-range interactions,

A :=
n∑

i=1

n∑
j>i

Ji jZiZ j, B :=
n∑

i=1

Xi, (25)

where Ji j = 1/|i − j|.
These models have been selected to allow comparison

between the evolution method’s performance in the regimes
where the dynamics are simple (sparse and/or low n) versus
when they are complex (dense and/or large n). We expect
the performance of the method to scale with the size of the
dynamical Lie algebra.

A. Numerical efficiency

Generating the dynamical coefficients T(k,q)
μ,�γ and evaluating

the polynomials aμ(t, �p) does not involve states or operators
of the full system size. Instead, its numerical complexity
scales directly with the complexity of the dynamics of the
quantum system, obtained from the Lie algebra, resulting in
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FIG. 2. Left axis (blue): Scaling of the size of the Lie algebra
with system size, for the two models and su(n), using kM = 10 and
� = 12. Right axis (yellow): Scaling of the calculation time, in hours,
of the dynamical coefficients T (k,q)

μ,�γ as system size increases.

a scalable method. Moreover, for the generation of the coef-
ficients, we do not require the full Lie algebra, and may only
generate it up to the commutation depth kM that corresponds to
the ME truncation order. Once the Lie algebra and its structure
constants are generated, all of the relevant properties of the
dynamics of the quantum system are accounted for, within the
convergence radius of the Magnus expansion.

There are two numerical timescales associated with this
method:

(1) The calculation time is the time to compute the struc-
ture constant of the dynamical Lie algebra, the integrals and
commutators, resulting in the dynamical coefficients T(k,p)

μ,�γ .
(2) The evaluation time is the time to evaluate the poly-

nomial expression of the Magnus expansion, using the
precomputed dynamical coefficients in the expression of
Eq. (23).

In Fig. 2, we see a strong correlation between the Lie-
algebra size dim(g) and the calculation time. The size of
the dynamical Lie algebra, with limited commutation depth,
scales weakly with the number of qubits, and thus generating
the dynamical coefficients takes comparable time for different
system sizes [62].

In Fig. 3, we show benchmarks on the evaluation time.
Evaluating the ME polynomials is fast, ranging from few
microseconds at small orders to about 100 µs in the larger
orders, which is four orders of magnitude faster than the work
in Ref. [43]. Moreover, the evaluation time remains nearly

FIG. 3. Median evaluation time of the Magnus expansion poly-
nomial, using the expression shown in Eq. (23), with truncation order
kM and � = 12, for both models and various system sizes n.

FIG. 4. Comparison of state errors at different orders, using a
single step of the Magnus expansion. The control coefficients pγ are
sampled from a uniform distribution pγ ∈ [−1, 1]. The sparse model
with n = 3 and time truncation � = 14 is used. The average of 20
samples (random initial state and random controls) is plotted in a
line, and the minimum and maximum samples are plotted as a band
of the respective color. A plateau at around 2 × 10−16 shows up due
to floating-point error.

constant with increasing system size across all considered
models.

Access to higher Magnus expansion orders allows for
coarser time discretization without compromising accuracy.
Consequently, the number of state-propagation steps—and
hence the main computational bottleneck—is significantly
reduced. This makes the method especially suitable for
quantum control applications that demand fast and accurate
propagation.

B. Error scaling and time symmetry

When truncating the Magnus expansion at even orders
kM = 2s, the error relative to the true effective Hamiltonian
is O(t2s+3) [see Eq. (17)]. The ME is used as a single-step
propagator in a Hamiltonian simulation setting to obtain the
truncation error. This is done by comparing the propagated
state when evolving under the effective Hamiltonian,

|ψM〉 := exp {−iM(t, �p)}|ψI〉, (26)

versus a state propagated with an ordinary differential equa-
tion (ODE) method |ψODE〉 with sufficient intermediate time
steps [63], which we consider to be an exact state up to
machine precision [64–66]. The initial state is sampled from
the uniform Haar distribution [67]. The results of this com-
parison for increasing truncation orders are shown in Fig. 4.
The log-log plot reveals polynomial scaling for single-step
propagation, increasing for each even truncation order.

At each truncation order we fit the error metric to obtain
the corresponding apparent power law kapp, considering εM >

10−15 to suppress floating-point errors. These are shown in
Fig. 5 for both models, for different system sizes and �’s. In
Ref. [36], it is shown that kapp = kM + 3 for even-valued kM

due to the time symmetry of the expansion. Our numerical
tests suggest that this scaling is preserved with our method,
as long as � � kM + 2. In contrast, in the specific example
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FIG. 5. Scaling laws for sparse and dense models with n = 10,
where for the sparse model we also compare the order scaling with �.
Dashed lines indicate the time-symmetry threshold at kapp = kM + 3
(black) and the threshold kapp = kM + 1 (gray). Solid lines connect
markers of the color-corresponding model for even-valued kM. Most
models considered follow the time-symmetry scaling kapp � kM + 3.

shown in Fig. 5 with the sparse model, n = 10 and � = 10,
we see that the apparent order does not follow the time scaling
expectation at kM = 10.

V. OPTIMAL CONTROL

Having established in Sec. IV that the polynomial Magnus-
operator representation provides fast and accurate propaga-
tion, we now use the same representation in a substantially
more demanding setting. The purpose of this section is to
benchmark the control framework developed in the previous
sections on a realistic and challenging quantum optimal-
control problem. We focus on the design of fast, high-fidelity
multiqubit gates, which are a key building block for scalable
quantum computing platforms. In contrast to sequences of
single- and two-qubit gates, directly implemented multiqubit
operations can reduce circuit depth and mitigate accumulated
control noise.

Neutral-atom platforms provide a particularly relevant
setting for such gates, as multiple atoms can interact simul-
taneously in a geometry-dependent manner. The quantum
optimal control of mutiqubit gates in these systems is there-
fore an active area of research [28,68–73]. At the same
time, these problems pose substantial numerical challenges
due to increasing pulse durations, high-dimensional control
landscapes, and the computational cost of time-dependent
simulations.

The design of multiqubit gates becomes progressively
more challenging as the number of qubits increases, due to
correspondingly longer pulse durations, a growing number of
control parameters, and extended simulation times. The key
advantage of our method is that the effective Hamiltonian and
its derivatives are available analytically as polynomial func-
tions of the control parameters, allowing continuous pulses
and pulse durations to be optimized directly. This gives the
freedom to include pulse-duration minimization constraints
directly as Lagrange multipliers during minimization [74].
Our method corresponds to an extension of GRAPE for con-
tinuous pulses.

In a given quantum control optimization problem, we aim
to design a pulse that implements the target gate Gtg, such that
U (�x) � Gtg, where �x is the vector of tunable control param-
eters that define the pulse and U (�x) is the unitary propagator
of the pulse. The optimization of the state trajectory consists
of determining �x that minimizes a cost function J[�x]. In this
work we use

J[�x] := 1

2

R∑
r=1

(1 − Re〈φr |U (�x)|ψr〉), (27)

where |ψr〉 and |φr〉 are the initial state and target state,
respectively, for the trajectory indexed by r, and R is the
number of trajectories that are being optimized. A suitable
set of initial states |ψr〉 must be chosen for the design of a
target gate Gtg. This set may be a complete basis of the Hilbert
space, but often it is possible to use a much smaller set while
still addressing all of the symmetries present in the dynamics.
Once these are established, the set of target states is uniquely
determined: |φr〉 = Gtg|ψr〉.

We choose the problem of designing parametrized multi-
qubit gates for neutral atoms to showcase the advantages of
the method. Namely, we aim to show that we can take advan-
tage of the time-adaptive property of the method to efficiently
design gates, by using previous pulse shapes as initial guesses
for gates with similar parameters.

A. Hermite spline control pulse

The convergence time of the Magnus expansion is often
less than the time necessary to design a useful gate. Therefore,
we concatenate multiple ME propagation segments to form a
longer pulse. Each ME segment is comprised of a polynomial-
shape control function, in contrast with GRAPE, where the
propagation consists of a sequence of constant step functions.
Several options exist for selecting both the representation of
the control pulse and its parameters. In this work, we rep-
resent and optimize the control pulse as an Hermite spline
[75]. This representation ensures continuity for the whole
control function, and can be easily converted into the underly-
ing polynomial representation with which we have described
the ME.

An Hermite spline is a function with class CL that consists
of a sequence of segments that split the control function into
S time intervals as such

d (t ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

d1(t ), t ∈ [0, t1]
...

ds(t ), t ∈ [ts−1, ts]
...

dS (t ), t ∈ [tS−1, tS],

(28)

with the time at the end of the segment, ts := ts−1 + �ts, with
t0 = 0. These are defined through the segment time intervals
�ts. The function ds(t ) is a polynomial given by

ds(t ) :=
2L+1∑
n=0

d (s)
n

tn

n!
. (29)

As we will later see, our gate sequence consists of S gates,
one per polynomial segment, where the gate s is given by the
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FIG. 6. Segment s of an Hermite spline. The Hermite nodes are
shown as orange diamonds, and delimit a time interval with duration
�ts. The Hermite polynomials hs(t ) and hs+1(t ) at these nodes are
represented as green lines. The black line that connects the orange
markers is the polynomial that defines the shape of the spline on this
interval.

propagation of the Magnus expansion, exp{−iM(�ts, �d (s) )},
with �d (s) = (d (s)

0 , . . . , d (s)
2L+1). At the start and end of the seg-

ment s there exist Hermite nodes that define a polynomial of
degree L. These polynomials are denoted hs(t ) and hs+1(t ),
respectively. The construction of an Hermite spline involves
determining the polynomial ds(t ) whose lth-order derivatives
match the ones at the start and end of the segment, ensuring
that d (t ) is of class CL:

dl

dt l
ds(t )

∣∣∣∣
t=ts

= dl

dt l
hs(t )

∣∣∣∣
t=ts

, (30)

dl

dt l
ds(t )

∣∣∣∣
t=ts+1

= dl

dt l
hs+1(t )

∣∣∣∣
t=ts+1

, (31)

with l = 0, . . . , L. The polynomial function ds(t ) is of poly-
nomial degree 2L + 1, since the number of constraints on
the segment is 2L + 2, becoming fully determined with
�cs = (�ts, �d (s) ). An illustration of one of these segments is
shown in Fig. 6. An Hermite spline with class CL and S
segments is fully determined with S + 1 nodes hs(t ) and S
time intervals �ts. Each node has L + 1 parameters. Thus, the
number of parameters for such a spline is (S + 1) (L + 1) + S.
These are the Hermite spline parameters �h, in contrast with
the segment polynomial coefficients �c = (�c1, . . . , �cS ) that de-
fine the polynomial function ds(t ) for each of the segments
s = 1, . . . , S.

The Hermite spline parameters �h are the controls that are
used on the numerical optimizer. Since the ME is expressed
in terms of the segment polynomial coefficients �c, the Her-
mite spline parameters �h are transformed into the segment
polynomial coefficients �c through Eqs. (30) and (31). The
Jacobian of this transformation is required for gradient-based
optimization. The mathematical details of this transformation
are discussed in Appendix B.

B. Rydberg atoms

The design problem of the multicontrolled phase gate
CkP(φ) for Rydberg atoms has been tackled in multiple works
[28,68,70–72], with k being the number of control qubits.
Here, we focus on the parametrized variant

CkP(φ) := (I − (|1〉〈1|)⊗n)eiφ + (|1〉〈1|)⊗n, (32)

where n = k + 1 is the number of atoms. Then, the target gate
for the quantum optimal-control problem is Gtg = CkP(φ).
The typical Hamiltonian considered when studying Rydberg
atoms is

H (t ) = 	(t )

2

n∑
i=1

Xi − �(t )
n∑

i=1

|r〉i〈r|i +
∑
i> j

Vi j |rr〉i j〈rr|i j,

(33)
with

Xi := |0〉i〈0|i + |r〉i〈1|i + |1〉i〈r|i, (34)

and where 	(t ) is the Rabi frequency of a global rotation,
and �(t ) is the corresponding off-resonance detuning of the
transition [76]. The states |0〉 and |1〉 are used for single-qubit
operations and storage due to their longevity. The state |r〉 is
the Rydberg state, which allows for entanglement generation
between neighboring atoms. These states interact through the
van der Waals interatomic potential Vi j , which scales with
1/R6

i j , where Ri j is the distance between atoms i and j [25].
When designing gates for this platform it is common

to consider the regime where Vi j 
 	, called the blockade
regime. In the perfect blockade scenario there is a symmetric,
all-to-all blockade interaction, which we can represent with a
simpler Hamiltonian control model [68]:

H (t )/	 = 1

2

n∑
i=1

XiQ[i] + d (t )
1

2

n∑
i=1

Zi, (35)

where

Q[i] :=
n∏

j=1
j �=i

Q j, Qj := |0〉 j〈0| j + |1〉 j〈1| j, (36)

Zi := |0〉i〈0|i + |1〉i〈1|i − |r〉i〈r|i. (37)

The Rabi frequency is kept constant, 	(t ) = 	, and the de-
tuning control function �(t ) is rescaled accordingly: d (t ) =
�(t )/	. The control function d (t ) takes the form of an Her-
mite spline, which corresponds to the control pulse that is to
be optimized. We focus only on a subset of the Hilbert space
of states

|ψi〉 := |1〉⊗i|0〉⊗(n−i), i = 0, . . . , n, (38)

as the system Hamiltonian remains invariant under atomic
permutations, faithfully representing the full Hilbert space.

In gate design for Rydberg atoms it is common to consider
the availability of single-qubit gates that can act before and/or
after an entanglement-generating interaction [16,70]. Then,
the parametrized gate sequence

U (�h, θ ) :=
n∏

i=1

RZi (θ )
S∏

s=1

Ds(�cs(�hs)) (39)

is used for the design of the target gate, where �h are the
Hermite spline parameters as described in Sec. V A, S is
the number of segments, and θ is the rotation angle for the
single-qubit rotations,

RZi (θ ) = I cos(θ/2) − i(I − 2|1〉i〈1|i ) sin(θ/2) (40)
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that act on atom i, and

Ds(�cs) := exp{−iM (kM )(�ts, �d (s) )} (41)

is the unitary propagator obtained from the truncated Magnus
expansion from Eq. (22).

The numerical optimization requires the derivatives of the
propagator ∇�hU (�h, θ ) and ∂θU (�h, θ ). The method to obtain
these is shown in Appendix B.

C. Numerical optimization

For numerical optimization of the cost function J[�h, θ ]
we have used the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
algorithm with box constraints on the time intervals [77]. The
pulse duration is constrained to T ∈ [Tmin, Tmax] by impos-
ing constraints on the time intervals of the Hermite spline,
Tmin/S � �ts � Tmax/S. During the optimization the trunca-
tion error of the ME is estimated with

ε2
M :=

∑
μ

(
a(kM )

μ

)2‖Lμ‖2 � ‖MkM‖2, (42)

where ‖Lμ‖ is the �1 operator norm of the Lie-algebra element
Lμ, computed once before optimization. We set a threshold ε∗
where, whenever

S∑
s=1

ε
(s)
M > ε∗, (43)

the optimization is stopped in order to increase the number of
nodes in the spline, until εM � 0.1ε∗, with ε

(s)
M the truncation

error at segment s. This ensures the truncation error remains
bounded while the spline stays nearly unchanged. The down-
side is that optimization has to be interrupted as the number
of Hermite nodes increases, changing �h. The optimization
converges successfully once J � εM . The duration of the pulse
is improved by including a Lagrange multiplier term,

JT := λT

S∑
s=1

�ts = λT T, (44)

in the cost function, with λT tuned heuristically.
In Fig. 7, an example is shown of how the control pulse

changes throughout the optimization, with the controlled-
controlled-Z (C2Z) gate as the target. The control pulse is
an Hermite spline with Hermite order L = 1. The bounds
	T ∈ [4.0, 18.0] are applied in this optimization. We have
observed that with lower Tmax bounds, the optimizer requires
more iterations to find an adequate control pulse, and often
with J > 10−3. The optimization starts with d (t ) being an
Hermite spline approximation of 0.1 cos(2π	t/3) with 21
segments and with duration 	T = 9.0. As the optimization
progresses, the total truncation error of the ME surpasses
the threshold, leading to a resampling of the spline of the
control pulse, increasing the number of nodes and the number
of control parameters. At iteration 180, the cost function J
decreases substantially and remains at about 10−6 for the
remainder of the optimization. This plateau is likely due to
errors in the gradient of the propagator. During this portion of
the optimization there are spikes in the cost function. These
coincide with the instances where the Hermite spline is re-
sampled to ensure that the truncantion error of the ME is

FIG. 7. Optimization of the C2Z gate, with (Tmin, Tmax, λT , εM ) =
(4.0, 18.0, 10−3, 10−6). (a) Three pulses are shown for iterations 0,
180, and 2106, with respective colors blue, green, and orange. The
orange pulse has two marked high-value peaks which fall outside of
the plotting region. The yellow + symbols show where the Hermite
nodes are placed for that spline. (b) A black line shows how the
dimensionless pulse duration 	T progresses along the optimization.
Vertical solid gray lines indicate where the threshold on Eq. (43) is
triggered. The cost function J[�h, θ ] is plotted in pink.

bounded. From there onward, the pulse duration is gradually
improved through the Lagrange multiplier term JT , leading
to an increase of the sharpness of the peaks of the control
pulse. The final pulse duration is 	T = 11.5, which is 6%
slower than the time-optimal pulse with 	T = 10.8 [28]. This
difference likely arises because we optimize the laser detuning
�(t ) instead of the phase [78]. Explicit values related to the
marked pulses for their duration 	T , number of segments,
S, the number of pulse parameters, dim(�h), and cost function
J[�h, θ ] are shown in Table I. As the optimization progresses,
and the control pulse becomes more detailed, and the number
of parameters increases accordingly. It is comparable with the
400 discrete time steps used in the time-optimality study in
Ref. [68].

We direct our attention now to the optimization of control
pulses for the C4P(φ) gate family. This is inherently a more
challenging problem due to the increased number of qubits.
Prior work on time-optimal pulses has, to the best of our

TABLE I. Parameters and properties of several control pulses for
realizing the C2Z gate.

Iteration 	T S dim(�h) J[�h, θ ]

0 9.00 21 65 3.74
180 14.2 58 176 9.84 × 10−4

500 12.6 95 287 5.05 × 10−6

1000 11.8 123 371 5.64 × 10−6

2106 11.5 208 626 4.91 × 10−6
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FIG. 8. Pulse durations and costs for the different angles. The
colors of the markers indicate the respective costs, related to the color
bar on the right. The size of the markers at a given φ/π showcases
the progress of the pulse duration and cost along the iterations.
Smaller markers indicate earlier iterations. The gray line indicates
the duration of the time-optimal pulse at φ = π from Ref. [28]. For
φ < π , we expect lower optimal times. The upper and lower triangle
markers indicate the imposed pulse duration bounds Tmax and Tmin,
respectively.

knowledge, only considered a single member of this family:
the C4Z = C4P(π ) gate [28]. Beyond the increased computa-
tional cost of simulation and gradient evaluation, the control
pulses themselves exhibit greater structural complexity, re-
quiring more spline segments to be represented accurately.
This results in a higher-dimensional optimization landscape.

Each round of optimization proceeds similarly to the C2Z

case. Our strategy is to optimize the gate family in increments
of �φ = π/10, using warm starting: the optimized pulse for
C4P(n�φ) serves as the initial guess for C4P((n + 1)�φ). We
begin by finding a pulse for the C4P(�φ) gate with ε∗ = 10−4,
tuning Tmin and Tmax heuristically. At this stage we set λT = 0,
as pulse duration is not yet a concern. Once J � ε∗, we
refine by tightening to ε∗ = 5 × 10−6 and enabling duration
optimization with λT = 10−4. This refinement procedure is
then repeated for each subsequent gate up to C4P(π ) = C4Z.
For φ/π � 0.3, we update the duration constraints to improve
optimizer convergence. The optimization results are shown in
Fig. 8. The C4Z pulse obtained is approximately 20% longer
than the time-optimal result of Ref. [28], and this difference
we attribute again to optimizing the laser detuning instead of
its phase. The remaining gates in the interval φ/π ∈ [0.3, 1.0]
exhibit similar durations, a trend also observed for two- and
three-qubit controlled-phase gates [68,71].

VI. DISCUSSION AND OUTLOOK

We demonstrated that the high-order Magnus expansion
can now be used in regimes where the involved computational
cost had made it impractical. We express the solution operator
from the Magnus expansion in polynomial form for Hamil-
tonians consisting of a time-independent drift and a single
control term. This is achieved by systematically solving the
high-order integrals of commutators required by the Magnus
expansion. This polynomial form condenses the dynamics
into a set of coefficients, shifting the computational com-
plexity of the Magnus expansion to the control degrees of

freedom alone. This method enables numerical calculation
of the Magnus expansion in hundreds of microseconds, up
to 12th order, while being 4 orders of magnitude faster than
previous approaches. Naturally, this application is well suited
for tasks involving simulation of time-dependent quantum
systems in classical computers, but can also be an important
analytical tool for the study of these systems.

We further demonstrate the method’s applicability to
quantum optimal control by designing multiqubit gates for
Rydberg-atom systems. The approach enables optimization
of continuous control pulses represented as splines while
maintaining a similar number of parameters when compared
with the state of the art. As the pulse duration is optimized
jointly with the pulse shape, suitable solutions require less
fine-tuning compared to standard GRAPE-based techniques.
Using this framework, we successfully design pulses for the
five-qubit phase gate family, leveraging the adaptive-time ca-
pabilities of our method.

The julia code to generate the dynamical coefficients and
evaluate the respective Magnus expansion polynomial and its
derivatives can be found in Ref. [79]. It also contains the code
for the optimal quantum control methods adopted in this work.
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APPENDIX A: REPRESENTING THE MAGNUS
EXPANSION AS A POLYNOMIAL

The Magnus expansion can be expressed as a sum of inte-
grals of commutators represented as binary trees, proposed by
Ref. [40]. The kth-order term of the ME is

Mk (t ) = (−i)k−1
∑

τ∈Tk−1

α(τ ) Iτ [t, H (t )], (A1)

with the chained-commutator-integral functional taking the
form

Iτ [t, H (t )] =
∫ t

0
dt1

∫ tτ1

0
dt2 · · ·

∫ tτi−1

0
dti · · ·

×
∫ tτk−1

0
dtk [H (t1) · · · H (tk )]τ . (A2)

The set of binary trees with k nodes, Tk , represents the
integrals and commutators of order k. To each binary tree
τ there is a weight α(τ ). Each tree represents the integra-
tion limits tτi ∈ {t, t1, . . . , ti−1} and the order in the chain of
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commutators [H (t1) · · · H (tk )]τ . The specifics of how to con-
struct the chained-integral functional Iτ [t, H (t )] is given
below.

1. Binary trees as integrals of commutators

The set of binary trees is generated recursively
according to

(A3)

where the trivial case is T0 = {•}. Then the first few sets of
trees are

(A4)

(A5)

(A6)

We can identify any tree τ in a unique way:

where τl are the subtrees of τ . For each of the trees in Tk there
is a corresponding weight α(τ ) on the ME given by

α(τ ) = Bs

s!

s∏
l=1

α(τl ), (A7)

where the trivial tree has weight α(•) = 1 and Bs is the sth
Bernoulli number [59]. Each tree represents the integral and
commutation of the Hamiltonian evaluated at different times.
This is done recursively according to

(A8)

The chained-commutator integral from Eq. (A2) then corre-
sponds to the integration of Eq. (A8):

Iτ [t, H (t )] :=
∫ t

0
dt1 Hτ (t1). (A9)

For illustrative purposes, we follow with a few examples in
sequence. The single tree in T1 represents the integral

(A10)

which is the second term of the ME. Then, following to the second element of T2,

(A11)

Another more complex case that shows up at fourth order is illustrated here:

(A12)

Each vertical line represents time integration, and each bi-
furcation corresponds to a commutation. The commutators at
the root of the tree are computed from the leaves, shown as
•, downward. The tree also determines the integration limits.
Each leaf on the tree is uniquely associated with an integration
time ti.

2. Separating the integrals from the commutators

The high-order terms of ME involve an increasingly com-
plex series of integrals and commutators. Evaluating H (t )
independently on these integrals becomes numerically unfea-
sible if no special treatment is taken. We have a single-control
Hamiltonian

H (t ) = A + d (t )B, (A13)

where d (t ) is a polynomial in time t , which allows us solve the
high-order commutators independently of the integrals. The
core of the method involves generating a basis for the Lie
algebra generated by {A, B}, plus approximations neglecting
higher powers in the time t . To help illustrate the process,
consider the third-order commutator that is related to the
second tree in T2:

(A14)
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FIG. 9. Example of evaluating a chained integral defined over a binary tree. The operators A, B,C, and D are placed at the leaves, which
are represented in the Lie algebra with A = ∑

μ aμLμ (equivalently for B, C, and D). We turn it into the Lie-algebra representation at the
second step. Here we also remove vertical branches as they represent integration, which is unnecessary for time-independent operators. The
commutation is evaluated in topological order, and occurs between the members at each end of the branch. Since every operator here belongs
to the Lie algebra, their transformation under commutation is easily described with the structure tensor.

In this calculation we distribute the sums for A and B that
are inside of the chained commutator. In each entry of the
commutator one can place either A or B, and through distri-
bution they are placed in every combination. For a kth-order
chained commutator, there are 2k options for placement of
A, B, although in some of them, the commutation result is zero
due to self-commutation ([A, A] = [B, B] = 0). Depending on
which entry the operator B is placed, the control d (t◦) is
evaluated at a different time index, as illustrated above. Then,
we adopt the notation

[ (A), (d (t◦)B) ]τ,i (A15)

for the element i of a distributed sum, with the commutator
structure given from the tree τ . Here are examples of the
representation of the terms shown in the calculation above,
with i = ik · · · i1∈ {0, . . . , 2k − 1} represented in base 2:

[ (A), (d (t◦)B) ]τ,0012 = [ A, [ A, d (t3)B ] ], (A16)

[ (A), (d (t◦)B) ]τ,0102 = [ A, [ d (t2)B, A ] ], (A17)

[ (A), (d (t◦)B) ]τ,1012 = [ d (t1)B, [ A, d (t3)B ] ], (A18)

[ (A), (d (t◦)B) ]τ,1102 = [ d (t1)B, [ d (t2)B, A ] ]. (A19)

Then, a generic commutator chain that comes from a tree τ is
given by

[(A), (d (t◦)B)]τ =
1∑

ik=0

· · ·
1∑

i1=0

[(A), (d (t◦)B)]τ,ik ···i1

=
2k−1∑
i=0

[(A), (d (t◦)B)]τ,i, (A20)

where some of these terms evaluate to zero due to self-
commutation. The algorithm to evaluate each term of this sum
is explained in Fig. 9. The Lie algebra is expressible only in
relation to the commutators of A and B, and so we need to
separate the time dependence that originates from d (t◦). Due
to the linearity of the commutator, the chain can be written as
the following sum:

[H (t1) · · · H (tk )]τ =
2k−1∑
i=0

⎛⎝∏
j∈Ji

d (t j )

⎞⎠[(A), (B)]τ,i, (A21)

where the product over the set Ji ={ j ∈ [k] | i j = 1} can be
read as all j ∈ {1, . . . , k} such that the jth digit of i in base 2
is 1. The commutator chain [(A), (B)]τ,i can then be efficiently
determined by the Lie-algebra structure tensor, which we will
describe below. The time-dependent term that is the product
of d (t◦) will be integrated under the chained integral defined
from the tree τ .

3. Generating Lie algebras

The chain of commutators [(A), (B)]τ,i can be efficiently
computed a priori by generating an orthogonal basis of oper-
ators via the Gram-Schmidt process. The Lie-algebra set gk of
order k contains all of the independent operators that are gen-
erated from the generator set G = {A, B} up to commutation
order k. The first-order set g1 = {L1, L2}, where

L1 = A, L2 = B − (projL1
B), (A22)

and where projL1
B is the projector of operator B into L1. When

B and L1 are matrices, the projection is computed on the
vectorized representations of B and L1. The set gk is generated
recursively as follows:

gk+1 = {La : La = [g, Lb] − proj{L1,...,La−1}[g, Lb],

Lb ∈ gk, g ∈ G}\{0}, (A23)

where proj{L1,...,La−1}[g, Lb] is the projection of [g, Lb] into the
orthogonal space generated by {L1, . . . , La−1}. The full Lie
algebra generated by G is then the union of all of the sets
of each order g = ∪M

m=1 gm, where the recursive depth is at
most M, where gM = ∅. We say that if a term Q ∈ gk , then
Q shows up at commutation depth k on the Lie algebra.
A cutoff is implemented when calculating this numerically,
neglecting terms La where ‖La‖1 < εL min(‖A‖1, ‖B‖1), with
εL = 10−5. For a finite number of qubits, the number of ele-
ments in g is also finite, and may correspond to the full Hilbert
space of operators.

The structure constant fi jk of the Lie algebra describes all
of the necessary relations between its elements:

[Li, Lj] =
∑
Lk∈g

fi jk Lk, ∀ Li, Lj ∈ g, (A24)

which is enough to compute all of the commutation relations
that show up in ME. The calculation of fi jk takes O(dim(g)2)
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commutator evaluations. Each of those is projected back to
the Lie algebra g using the Gram-Schmidt process. Any chain
of commutators can be represented as an element of the Lie
algebra:

[(A), (B)]τ,i =
∑
Lμ∈g

βμ, iτ Lμ. (A25)

See Appendix A 5 for an illustration of this calculation.

4. Polynomial representation

Now with the Lie-algebra relations, the integral over the
polynomial function needs to be determined. For convenience,

we rewrite the sequence of integrals defined over the tree τ ∈
Tk−1 as

−
∫ t

0
dt[τ ] f (t1, . . . , tk ) :=

∫ t

0
dt1

∫ tτ1

0
dt2 · · ·

∫ tτi−1

0
dti · · ·

×
∫ tτk−1

0
dtk f (t1, . . . , tk ), (A26)

with k being the number of leaves in the tree τ and tτi being the
same ones as defined above. Equation (A1) can be rewritten
using Eqs. (A21) and (A25), yielding the ME at order k:

Mk (t ) = (−i)k−1
∑

μ

[ ∑
τ∈Tk−1

α(τ )
2k−1∑
i=0

βμ,i,τ

(
−
∫ t

0
dt[τ ]

∏
j∈Ji

d (t j )

)]
Lμ. (A27)

Since we have written the control function

d (t ) =
m∑

a=0

da

a!
t a (A28)

as a polynomial, the integral term becomes

−
∫ t

0
dt[τ ]

∏
j∈Ji

d (t j ) = −
∫ t

0
dt[τ ]

∏
j∈Ji

(
m∑

a j=0

daj

a j!
(t j )

a j

)
=

m∑
a j1 =0

· · ·
m∑

a jpi
=0

( ∏
j∈Ji

da j

)(
−
∫ t

0
dt[τ ]

∏
j∈Ji

(t j )a j

a j!

)

=
∑

(a j ) j∈Ji ∈ {0,...,m}Ji

( ∏
j∈Ji

da j

)(
−
∫ t

0
dt[τ ]

∏
j∈Ji

(t j )a j

a j!

)
, (A29)

where a j are the summation indices of the polynomial corresponding to d (t j ), Ji = { j1, . . . , jpi} and pi = dim(Ji ). The product
of sums,

∏
j∈Ji

(
m∑

a j=0

f (a j )

)
=

∑
(a j ) j∈Ji ∈{0,...,m}Ji

∏
j∈Ji

f (a j ), (A30)

has been rewritten as a multidimensional sum. For example, if i = 1012, then Ji = {1, 3}, and the sum becomes

∑
(a j ) j∈{1,3}∈{0,...,m}{1,3}

∏
j∈{1,3}

f (a j ) =
m∑

a1=0

m∑
a3=0

f (a1) f (a3). (A31)

We can rearrange the sum in the i and aj by grouping together the product of the polynomial coefficients da with the same
number of products between daj . That is, the sum transforms

2k−1∑
i=0

∑
(a j ) j∈Ji ∈{0,...,m}Ji

bi

(∏
j∈Ji

f (a j )

)
g(i, (a j ) j∈Ji ) =

k∑
p=0

m∑
γ1=0

. . .

m∑
γp=0

[(
p∏

p=1

f (γp)

) ∑
0<q1<···<qp�k

bq1,...,qpg
′(q1, . . . , qp, γ1, . . . γp)

]
,

(A32)

where we have the change of indices {q1, . . . , qp} = Ji, {γ1, . . . , γp} = (a j ) j∈Ji , and p = dim(Ji ), and g′(·) returns the same as
g(·) according to this index change,

g′(q1, . . . , qp, γ1, . . . , γp) := g(i(q1, . . . , qp), {γ1, . . . , γp}), (A33)

with i(q1, . . . , qp) written in the binary representation

i(q1, . . . , qp) := ik . . . i1, i j (q1, . . . , qp) :=
{

1, j ∈ {q1, . . . , qp}
0, otherwise.

(A34)
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In essence, these q’s indicate the position of the 1’s in ibase 2. To give a simple example with k = 3, this sum corresponds to the
following grouping of the terms:

b0002 g(0, {}) + b0012 f (a1)g(1, {a1}) + b0102 f (a2)g(2, {a2}) + b0112 f (a1) f (a2)g(3, {a1, a2})

+ b1002 f (a3)g(4, {a3}) + b1012 f (a1) f (a3)g(5, {a1, a3}) + b1102 f (a2) f (a3)g(6, {a2, a3})

+ b1112 f (a1) f (a2) f (a3)g(7, {a1, a2, a3})

= [b0002 g(0, {})] (p = 0)

+ [b0012 f (a1)g(1, {a1}) + b0102 f (a2)g(2, {a2}) + b1002 f (a3)g(4, {a3})] (p = 1)

+ [b0112 f (a1) f (a2)g(3, {a1, a2}) + b1012 f (a1) f (a3)g(5, {a1, a3}) + b1102 f (a2) f (a3)g(6, {a2, a3})] (p = 2)

+ [b1112 f (a1) f (a2) f (a3)g(7, {a1, a2, a3})], (p = 3) (A35)

where the sums in a1, a2, and a3 have been neglected for simplicity. The inner sum in Eq. (A27) can then be rewritten as the
following:

2k−1∑
i=0

βμ,i,τ

∑
(a j ) j∈Ji

( ∏
j∈Ji

da j

)
−
∫ t

0
dt[τ ]

k∏
j∈Ji

(t j )a j

a j!
=

k∑
p=0

m∑
γ1,...,γp=0

t k

(
p∏

l=1

dγl t
γl

)[ ∑
0<q1<···<qp�k

βμ,q1···qp,τ −
∫ 1

0
dx[τ ]

p∏
l=1

(xql )
γl

γl !

]
,

(A36)

where we have applied the change of integration variable dti = t dxi, i = 1, . . . , k. Notice the reindexing from the binary
representation of i to the q’s. The term within the square brackets is a coefficient that depends only on μ, γ1 · · · γp, τ for a
specific tree τ , independent of the control function d (t ). Since βμ,α1···αp,τ is a coefficient in this sum, this object also includes the
properties of the Lie algebra. Including now the sum over the trees of order k results in the formula for the dynamical coefficient:

T(k,p)
μ,�γ = (−i)k−1

γl !

∑
τ∈Tk−1

α(τ )
∑

0<q1<···<qp�k

(
βμ,q1···qp,τ −

∫ 1

0
dx[τ ]

p∏
l=1

(xql )
γl

)
. (A37)

The method to systematically solve the integral term is described in Appendix A 6. The Magnus expansion term of order k then
becomes

Mk (t, �d ) =
∑

μ

[
k∑

p=0

∑
γ1,...,γp

T(k,p)
μ,�γ t k

(
p∏

l=1

dγl t
γl

)]
Lμ, (A38)

where the term within square brackets is simply a coeffi-
cient for the Lie-algebra element Lμ. One can consider t < 1
and neglect terms smaller than O(t� ); i.e., we truncate at
chosen time order �. Thus, the tensor T(k,p)

μ,�γ is computed
for all γ ’s such that k + ∑p

i=1 γi � �. This is a reasonable
approximation as long as � > m, kM. Furthermore, since the
evaluation of the polynomial is independent of the ordering
of dγi , the sum over γ1, . . . , γp can be simplified to a sum
where γi � γi+1 with i = 1, . . . , p − 1, resulting in the dy-
namical coefficients S(k,p)

μ,�γ . This yields an expression with a
similar form,

aμ =
kM∑

k=1

k∑
p=0

∑
�γ∈G (k,p)

�

S(k,p)
μ,�γ t k

p∏
i=1

(dγi t
γi ), (A39)

where the dynamical coefficient S(k,p)
μ,�γ is constructed from a

sum over the permutations in �γ of T(k,p)
μ,�γ , and

G (k,p)
� :=

{
(γ1, . . . , γp)|γi ∈ N0; γi � γi+1; k +

p∑
i=1

γi � �

}
.

(A40)

5. Lie Algebra commutators over a tree

In this section we want to define the identity in Eq. (A25).
After generating the independent Lie algebra and the corre-
sponding structure tensor [Eqs. (A23) and (A24)], we can
evaluate the recursive commutators defined over the trees in
a similar fashion as with the chained integrals. Consider two
operators A and B which belong to the Lie algebra g:

A =
∑
Lμ∈g

aμLμ, B =
∑
Lμ∈g

bμLμ. (A41)

Their commutation is easily evaluated using the Lie-algebra
structure tensor:

[A, B] =
∑
μ,ν

aμbν [Lμ, Lν] =
∑

α

( ∑
μ,ν

fμναaμbν

)
Lα

=
∑

α

(ab)α Lα. (A42)

Since the result belongs to the same algebra, this becomes
a simple tensor contraction when evaluated numerically. An
example of evaluating the recursive commutators defined over
a tree is shown in Fig. 9.
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FIG. 10. Example of solving a chained integral defined from a binary tree. Powers of the integration time are placed at the leaves, and
these are worked out downward, in topological order. In the first step, two integrals are resolved, introducing a coefficient, shown at the root
of the tree. The powers are aggregated when there is a branch before computing the following integral. The end result is always t to the power
of the sum of the leaf powers plus the number of leaves (identical to the order of the tree) with a coefficient which depends on the topological
transversal of the binary tree.

6. Integration of polynomials over a tree

In this section we describe how the polynomial integrals

−
∫ t

0
dt[τ ]

p∏
l=1

(tql )
γl (A43)

can be computed systematically. When calculating a chained
integral defined with a tree, we need to label each of the
leaves of the tree, from 1 to k. Then the indices q1 to qp

define where the powers (tql )
γl go on the leaves of the tree.

To solve the integral, we start from the leaves of the tree and
work downward, in topological order, until the root of the
tree is reached. Going down a vertical branch corresponds to
evaluating the integral (see example in Fig. 10). Consider that
q is the label of a leaf which is connected to a vertical branch,
and p is the label of the leaf at the root of the vertical branch.
Then the integral can be directly evaluated:∫ tp

0
dtq (tq)γq = 1

γq + 1
(tp)γq+1. (A44)

This term would be embedded in the integral of leaf p,

1

γq + 1

∫ ta

0
dtp (tp)γq+1(tp)α/β, (A45)

where a is the label of the leaf at the root of vertical branch p,
α is an integer, and β a real coefficient computed from other
branches. It is apparent that this new integral can be evaluated
in a similar fashion, incrementing the power and updating the
coefficient.

APPENDIX B: OPTIMAL CONTROL
OF CONTINUOUS FUNCTIONS

1. Control derivatives of the Magnus expansion

The expressions for the derivatives are polynomials repre-
sented as tensor contractions, and are easily obtained from the
original set of coefficients, T(k,p)

μ,�γ . The time derivative of aμ is
given by

∂aμ

∂t
=

kM∑
k=1

k∑
p=0

∑
γ1,...,γp

T̃(k,p)
μ,�γ t k−1

p∏
q=1

dγq t
γq , (B1)

where

T̃(k,p)
μ,�γ :=

(
k +

∑
q

γq

)
T(k,p)

μ,�γ . (B2)

The derivative with respect to the control polynomial coeffi-
cients �d is

∂aμ

∂dα

=
kM∑

k=1

k∑
p=1

∑
γ1,...,γp−1

D(α,k,p)
μ,�γ t k+α

p−1∏
q=1

dγq t
γq , (B3)

where

D(α,k,p)
μ,�γ := T(k,p)

μ, (α,γ1,...,γp−1 ) + T(k,p)
μ, (γ1,α,γ2,...,γp−1 )

+ · · · + T(k,p)
μ, (γ1,...,γp−1, α) (B4)

are the coefficients for the control derivative of the dynamical
coefficients.

2. Pulse sequence derivatives

The pulse sequence U (�c) with the set of controls �c is
composed of S segments,

U (�c) =
S∏

s=1

Us(�c), (B5)

where Us is the propagator at segment s and �c is a set of
tunable parameters. The gradients of Us(�c) are easy to eval-
uate when these are generated by Pauli operators. When the
propagator Us(�c) is generated by a dynamical evolution with
singular control [Eq. (18)], we can use the derivatives of the
ME we obtained above [Eqs. (B1) and (B3)]. More specif-
ically, consider that Us is generated from the evolution of a
time-independent operator, similar to an effective Hamilto-
nian,

Us(�cs) = e−iHs (�cs ), (B6)

where its derivative is

∂�csUs = −iUs(�cs)
kD→∞∑

k=0

ik

(k + 1)!
adk

H (∂�cs Hs), (B7)

with the adjoint action ad1
A(B) = [A, B] and adk+1

A (B) =
[A, adk

A(B)], for any operators A, B. This effective Hamil-
tonian Hs(�cs) can be approximated by the truncated ME
when t < t∗, and so H � M (kM ) =: M. We consider that the
derivative is accurately approximated when kD � kM, and thus
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choose kD = kM. The derivatives ∂�cM have been obtained
in Eqs. (B1) and (B3) when �c = (t, d0, . . . , dm) describes a
single control function d (t ) expressed as a polynomial in
time. Since ∂�cM are expressed in terms of the Lie-algebra
elements, evaluating the adjoint action can be done using only
the structure constant fi jk instead of the full Hilbert space.

3. Transformation to the Hermite spline

The control pulse d (t ) to be designed is manipulated us-
ing Hermite spline nodes. Consider that we have S spline
segments. Then, there are S + 1 nodes placed at times
(0, t1, . . . , tS ), where tS is the total duration of the pulse.
Each node

h(s)(t − ts) =
L∑

l=0

h(s)
l

(t − ts)l

l!
(B8)

is a polynomial that matches the value and L first derivatives
of d (ts):

h(s)
l = dl

dt l
d (t )

∣∣∣∣
t=ts

(l = 0, . . . , L). (B9)

The shape of the control pulse is fully parametrized with

�h = (
�t ′

1, . . . ,�t ′
S, h(0)

0 , . . . , h(S)
L

)
. (B10)

The segment duration is tuned with the time intervals �t ′
s =

ts − ts−1,s = 1, . . . , S. To each of these segments, indexed by
s = 1, . . . , S, there is a polynomial

ds(t ) =
m∑

n=0

d (s)
n

tn

n!
, t ∈ [0,�ts], (B11)

that matches its derivatives at the past node hs−1(t ) and the
derivatives at future node hs(t ), where m = 2L + 1. This leads
to the constraints

�t ′
s = �ts (s = 1, . . . , S), (B12)

h(s−1)
l = d (s)

l (s = 1, . . . , S; l = 0, . . . , L), (B13)

h(s)
l =

m∑
n=l

d (s)
n

(�ts)n−l

(n − l )!
(s = 1, . . . , S; l = 0, . . . , L),

(B14)

where Eqs. (B13) and (B14) are solved by constructing a
linear system of equations. We can evaluate the ME and
its derivatives using the segment duration and polynomial
coefficients at each segment �cs(�h) = (�ts, d (s)

0 , . . . , d (s)
m )(�h).

These must be transformed into the polynomial coefficients
�c(�h) = (�c1, . . . , �cS )(�h) so that M and ∂�cM can be evaluated
at each segment. This is a change of coordinates �c(�h), where
the Jacobian of the transformation is ∂�c/∂ �h and is obtained
from the constraints in Eqs. (B13) and (B14), such that the
derivatives ∂�cU ,

δU =
(

∂U

∂�c
)T

· δ�c = (δ�c)T ·
(

∂U

∂�c
)

, (B15)

are transformed into ∂�hU . Since δ�c = (∂�c/∂ �h) · δ�h, we get

δU = (δ�h)T ·
(

∂�c
∂ �h

)T

·
(

∂U

∂�c
)

⇔ ∂U

∂ �h =
(

∂�c
∂ �h

)T (
∂U

∂�c
)

.

(B16)

The variational of the constraint equations

δ(�t ′
s ) = δ(�ts) (s = 1, . . . , S), (B17)

δh(s−1)
s = δd (s)

l (s = 1, . . . , S; l = 0, . . . , L), (B18)

δh(s)
l =

m∑
n=l

(�ts)n−l

(n − l )!
δd (s)

n +
⎛⎝ m∑

n=l+1

d (s)
n

(�ts)n−l−1

(n − l − 1)!

⎞⎠δ(�ts)

(s = 1, . . . , S; l = 0, . . . , L), (B19)

is used for the calculation of the Jacobian ∂�c/∂ �h. This set of
equations can be written as A δ�h = B δ�c with A, B matrices
obtained from these equations. Then, the Jacobian is simply

∂�c
∂ �h = B−1A, (B20)

where B−1 is the pseudoinverse of B.
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