
PHYSICAL REVIEW A 112, 043521 (2025)

Spin-dependent routing of optical beams in the bulk of twisted anisotropic media
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We theoretically discuss a kind of photonic spin-Hall effect (PSHE) for optical beams propagating inside
an inhomogeneously twisted anisotropic material. The rotation angle plays the role of an effective gauge field.
When the twisting distribution is odd symmetric, the optical beams move along mirror-symmetric trajectories
according to their helicity. Connection of this volumetric PSHE with the geometric phase and the Kapitza effect
is elucidated.
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I. INTRODUCTION: ANALOGOUS OF MAGNETIC
EFFECTS IN OPTICS

Magnetism is one of the most fascinating classes of phe-
nomena in physics, with several deep implications concerning
both fundamental phenomena and applications. For the pur-
poses of the current paper, we focus on two specific effects,
the Stern-Gerlach (SG) experiment [1,2] and the spin-Hall ef-
fect (SHE) [3]. In their historic experiment, Stern and Gerlach
proved how the deflection of magnetic atoms in an inhomoge-
neous magnetic field produces two main lobes. Given that the
magnetic energy can be cast in the Zeeman form μ · B, such
an experiment shows that only two discrete values are allowed
for the spin magnetic moment μ. The SHE is instead the
generation of a spin current once a charge current is flowing in
a material. Such a current is due to a spin-dependent deflection
stemming from the spin-orbit interaction of the material [4].
Although both the effects consists of a spin-dependent deflec-
tion, there is an essential difference to distinguish them: the
SHE and the SG effect come from an inhomogeneity in the
magnetic field in the reciprocal and real space, respectively
[5]. Interestingly, a beam of atoms subject to a gradient in
optical intensity has been used to demonstrate experimentally
an all-optical SG effect [6]. Another all-optical case has been
recently demonstrated in parametric nonlinear crystals subject
to a spatial gradient in their nonlinear properties [7].

On the other side, due to relative ease of optical experi-
ments with respect to other fields, optics have been widely
used to investigate general phenomena [8–10], or even as a
workbench for analogs of effects which cannot be empiri-
cally tested in a controllable manner in other physical fields
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[11]. Magnetic phenomena are not excluded from this list,
including the observation of topological insulators [12,13], the
observation of the Landau levels [14], the direct observation
of the Laughlin states [15], and so on. Actually, a natural
connection between light propagation in anisotropic materi-
als and evolution of spin-1/2 particles under the influence
of a magnetic field has been explicitly outlined [16]. Pho-
tonic SG deflection and photonics SHE (PSHE) are not an
exception to this general trend: several different types of spin-
or polarization-dependent trajectories have been reported in
literature [7,17–20]. Spin-orbit interaction indeed became a
field of extreme interest in optics [21,22].

A large number of the examples of PSHE are based upon
gradients in the geometric phase, both in the real and in the
reciprocal phase space [17]. In the first case, it is related with
the rotation of the polarization for a fixed wave vector, and
it is called a Pancharatnam-Berry phase (PBP). In the second
case, the geometric phase is due to the rotation of the wave
vector, and it is called a spin-redirection phase (SRP). SRP
can for example induce a spin-dependent trajectory in inho-
mogeneous isotropic materials, also called as optical Magnus
effect [23–25]. Bliokh and Bliokh in 2007 demonstrated that
SRP can explain the tiny polarization-dependent shifts oc-
curring at optical interfaces [26], already known in optics
as the Imbert-Fedorov shift [27]. Such an effect has been
later demonstrated borrowing weak measurement theory from
quantum mechanics to optics [28]. On the other hand, an-
gular deflections due to the PBP have been introduced some
years earlier using subwavelength, spatially varying gratings
[29], to be then vastly investigated using liquid crystals [30],
laser-written nanostructures [31], and metasurfaces [18], for
example, showing a huge enhancement in the presence of a
PT -symmetric system [32].

Beyond these two most famous examples, optics provides
a plethora of material responses and experimental settings
where this kind of effects can be observed: even in free
space, optical surface waves show a spin-momentum locking
[33]. Spin-dependent coupling has been explored in plas-
monic devices [34,35]. PSHE can also be observed when a
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tight focused beam crosses a tilted but homogeneous uni-
axial material [36]. Focusing on anisotropic materials, in a
simple homogeneous crystal the extraordinary component in
the general case does not overlap with the ordinary compo-
nent due to the walk-off angle [37], an effect which can be
described as induced by the presence of a homogeneous po-
tential vector [38]. Generalizations have been explored along
different directions: by considering the wave vector degrees
of freedom, inhomogeneous magnetic effects in the recipro-
cal space have been shown in homogeneous crystals [39,40];
by using electro-optical modulation, either yielding a twisted
[41] or an inhomogeneous magnetic field proportional to the
propagation constant mismatch [42]; by using materials en-
compassing a bianisotropic response, examples of nontrivial
bidimensional potential vectors have been discussed [43];
by filling up optical cavities with liquid crystals to engineer
spin-orbit Hamiltonians [44], yielding, e.g., an analog of SG
effect [45]. Finally, PSHE due to nonlinear effects has been
observed using reorientational nonlinearity in liquid crystals
[46], whereas the equivalent of a SG effect has been demon-
strated in second harmonic generation in nonlinear structured
crystals [7].

The goal of the current paper is to demonstrate theoreti-
cally and numerically a kind of spin-dependent trajectories in
twisted anisotropic materials, the latter being homogeneous
along the propagation direction. Unlike PSHE based upon thin
(with respect to the Rayleigh distance of the beam) twisted
samples matching the half-wave-plate condition, the effect
emerges in the bulk of the material as an interplay between
the natural diffraction and a longitudinally periodic gradient
in the geometric phase. By rewriting the wave propagation in
a reference system everywhere parallel to the local orientation
of the crystal, we show that light evolves under the action
of an effective gauge field proportional to the gradient of
the rotation angle. With respect to PSHE occurring at abrupt
interfaces, we will show that deflections much larger than the
beam widths can be easily achieved, the maximum deflection
being actually related to the overall length of the samples.

The paper is structured as follows. In Sec. II we expose
the basic idea and provide the basic model based upon a geo-
metrical optics model. In Sec. III we confirm the existence of
the PSHE using finite-difference time-domain (FDTD) simu-
lations. The analogous with respect to a matter wave subject to
a static magnetic field is discussed in Sec. IV. The polarization
structuring of the beam and the dependence on the material
birefringence is investigated in Secs. V and VI, respectively,
using a paraxial model in the rotated framework where the
dielectric tensor is locally diagonal. In Sec. VII the interpreta-
tion in terms of spin-orbit interaction and an inhomogeneous
magnetic field in the reciprocal space is finally provided.

II. THE BASIC IDEA AND THE INTUITIVE
EXPLANATION OF THE EFFECT

Let us consider a twisted anisotropic material, where the
rotation angle varies only along one direction, x. The optic
axis is locally determined by a vectorial field called director,
denoted with n̂. In this paper we will consider only rotation of
the optic axis in the plane normal to the initial wave vector,
the latter taken parallel to the axis z. The local rotation is

determined by the angle θ (x) formed by the optic axis with
ŷ, in turn providing n̂ = (sin θ, cos θ, 0) in Cartesian coor-
dinates. The rotation angle θ is supposed to be odd on the
transverse plane, θ (x) = −θ (−x). We start our considerations
by taking a circularly polarized plane wave impinging on the
material with a wave vector parallel to the axis z. Polarization
will then change in a different pathway in any point x. When
the length of the material is such that the phase delay be-
tween the principal components is π (i.e., the half-wave plate
condition), beam polarization will become once again homo-
geneous along x, but with an inverted helicity with respect
to the input state. Jones formalism [47], which neglects the
action of the diffraction operator, shows that also an additional
phase delay �φgeo(x) = ±2θ (x) appears, the sign being fixed
by the input helicity [48,49]. Ultimately, such a counterin-
tuitive delay is associated with a peculiar type of geometric
phase [50], first discussed by Pancharatnam [51]. Going back
to the behavior of light after crossing a structured anisotropic
material, left and right circular polarizations (LCP and RCP,
respectively) undergo a phase gradient opposite in sign, thus
being deflected at the exit of the slab of anisotropic material
along opposite directions. This idea has been largely inves-
tigated in the last few years to realize polarization gratings
[52,53], in some cases called polarization-dependent prisms
or beam splitters [29] and interpreted as an SHE [54].

The primary question addressed in this paper revolves
around light propagation in a long anisotropic structured
material, that is, extending well beyond the half-wave-plate
length. We consider an anisotropic material where the two
eigenvalues of the dielectric tensors ε⊥ = n2

⊥ and ε‖ = n2
‖ are

homogeneous, but the direction of the optic axis varies only
along one direction, dubbed x. The material birefringence is
�n = n‖ − n⊥. We consider monochromatic fields of wave-
length λ and wave number k0 = 2π/λ. We start by using
a generalized formula for the phase difference between two
electromagnetic waves E1 and E2 (or two portions of the
same wave), valid also when the polarization is not identical.
Following Pancharatnam’s original intuition, Berry proposed
the formula �φ = arg(E1 · E∗

2 ), where the asterisk indicates
the complex conjugate [55]. Such a formula is applied to two
circularly polarized waves propagating in two slabs made of
the same anisotropic material but rotated with respect to each
other by an angle �θ . The relative phase delay for small �θ is
then �φ(δ) = ±2�θ sin2( δ

2 ), where δ = k0�nz is the phase
retardation associated with the birefringence. By straight-
forward generalization to a continuously twisted material,
we find

φ(x, z) = ±2θ (x) sin2

(
k0�nz

2

)
. (1)

Equation (1) tells us that the transverse phase modulation
in the wave front is proportional to twice the rotation angle
2θ (x), but it is also modulated periodically in propagation.
The periodic modulation along the propagation direction z
features a nonvanishing averaged value: we thus expect that
optical beams of finite size accumulate a transverse shift while
propagating in the twisted material, with a direction of the
transverse motion (basically, left or right deflections) depen-
dent on the initial helicity. The local wave vector kl (x, z) is
given by the gradient of the phase front; using Eq. (1) in the
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FIG. 1. Beam trajectories on the propagation plane xz predicted
from Eq. (3) for different values of n‖ (reported in the legend) and
for n⊥ = 1.5 fixed. The twisting angle is θ = θ0x/L, with θ0 = 360◦

and L = 40 µm; wavelength is 1064 nm. Only one helicity is plotted;
trajectories for the other CP are simply found by changing the sign
of x0.

definition of kl (x, z) yields

kl · x̂ = ±2 sin2

(
k0�nz

2

)
∂θ

∂x
. (2)

In the paraxial limit, due to the fact that the walk-off stays
negligible for beams propagating forming a small angle with
ẑ, the wave vector is parallel to the Poynting vector. We first
call x0(z) the position of the beam at each z: in an isotropic
material encompassing a refractive index n(x, z) geometri-
cal optics (or equivalently the Ehrenfest theorem) provides
d2x0/dz2 = ∂xn/n0, where n0 is the background value of
n(x, z). Remembering that dx0/dz = kx/kz ≈ kx/(k0n0), in
the limit of invariant ∂xθ along z (see Appendix A for the
solution in the general case), we find

x0(z) = ± 1

k0n

∂θ

∂x

[
z − sin (k0�nz)

k0�n

]
, (3)

where n = (n⊥ + n‖)/2 is the refractive index perceived by
circular polarizations. Equation (3) firmly establishes the
physical phenomenon at the core of this paper: the beams
move along a tilted trajectory, with a slope dictated by the
local gradient ∂xθ in the rotation angle. Beam paths for a
wavelength of 1.064 µm are shown in Fig. 1. The beams
bend toward the left or right direction according to their input
helicity, with the two trajectories being mirror symmetric to
conserve the overall parity of the system. Our simple model
predicts that the average deflection angle does not depend on
the medium birefringence �n but only on the geometrical
properties of the sample and on the average refractive index
n. The oscillating term in the trajectory decreases either if
the material birefringence is increased (see Fig. 1) or shorter
wavelengths are employed. The model implicitly assumes
that the spreading due to diffraction is negligible over one
birefringence length: for small birefringence we expect that
Eq. (3) fails to accurately capture the full wavelike propaga-
tion of the field. Despite that, in the limit �n → 0 the beam
propagates straight; as a matter of fact, in an isotropic material

the twisting cannot affect the wave evolution. Examples of the
role played by diffraction can be found in Ref. [56] in the case
of a full-wave-plate–long sample.

Several proposals of PSHE are plagued by tiny
polarization-dependent transverse shifts, often in the order of
the wavelength itself [28,32]. Regarding the spin-dependent
deflection discussed here, Eq. (3) allows the estimation of
the expected deflection in a straightforward manner. To fix
the ideas, let us focus on the case n⊥ = 1.5 and n‖ = 1.7
for this discussion (violet curve in Fig. 1). Already from
Fig. 1, the shift is typically several times the wavelength for
thick enough samples. For a more realistic length of 100 µm,
the shift decreases to 2 µm. The slope of the trajectories is
directly proportional to θ0 and inversely proportional to L.
Thus, for an angle θ0 = 45◦, deflections plotted in Fig. 1
reduce by 25%. On the other side, smaller L greatly increases
the slope: for L = 2 µm a slope of 2.4◦ and 19◦ is achieved at
θ0 = 45◦ and θ0 = 360◦, respectively.

In our previous work [57] we showed that, in the geometry
investigated here, light perceives an effective potential pro-
portional to (∂xθ )2 regardless of its input polarization, arising
from the so-called Kapitza effect. In essence, the periodic
modulation of the phase [see Eq. (2)] implies a periodic
modulation of the kinetic energy [58], the latter having a non-
vanishing average due to the quadratic relation with respect
to k2

x . After this initial explanation based upon ray-optics, in
this article we will improve the old model based upon the
Kapitza effect by describing the full polarization structure of
the wave in propagation, showing how the input handedness
can be used to select different optical paths.

In our treatment we implicitly assumed that the gradient
in the twist angle does not change as the beam shifts its
position along the transverse direction x. This assumption is
true only when θ is linear versus x, θ (x) = αx. For a more
generic distribution of the twisting angle, higher-order effects
will take place, ranging from a z-dependent bending in the
wave front to the emergence of more complex polarization
structures [59]. We will refine in the following sections the
model by a mix of numerical simulations and interpretation in
terms of fictitious magnetic fields.

III. VERIFICATION VIA FDTD NUMERICAL
SIMULATIONS

Whereas thin twisted anisotropic materials have been
manufactured in the last two decades using different technolo-
gies including metasurfaces [60,61], patterned liquid crystals
[62,63], and laser-written nanogratings [64], currently it is
quite challenging to manufacture a twisted anisotropic ma-
terial long enough to permit the direct observation of the
PSHE we described above. We thus resort to full numerical
simulations of the Maxwell’s equations based upon a FDTD
algorithm, which can be considered as ab initio simulations
for electromagnetic waves in the classical regime. Specifi-
cally, we used the open access software Meep [65]. If not
stated otherwise, hereafter we will make the following ansatz
for the rotation angle:

θ (x) = θ0 tanh

(
x

L

)
. (4)
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FIG. 2. FDTD simulations for CP inputs when θ0 = 180◦,
L = 20 µm, and an input Gaussian beam of width 10 µm. Top row:
distribution of the z component of the Poynting vector on the plane xz
for LCP (left side) and RCP (right side) inputs. Bottom panel: behav-
ior of the non-normalized Stokes parameters vs x at z = 250 µm for
RCP (black lines) and LCP (red lines) inputs. Solid, dashed, dotted,
and dash-dotted curves correspond to S0 (i.e., the intensity), S1, S2,
and S3, respectively. Here n⊥ = 1.5 and n‖ = 1.7.

Although the details of the beam trajectories depend on the
shape of θ (see below), the spin-dependent deflections are in-
sensitive to the selected shape. The hyperbolic tangent is thus
a perfect candidate to model a steplike jump in the twisting
angle.

We start by simulating the optical propagation when a
Gaussian beam of width 10 µm and circular polarization
is injected into the twisted material with L = 20 µm and
θ0 = 180◦. Figure 2 shows the comparison for fields at the
entrance of opposite helicity, i.e., LCP (left column) and RCP
(right column). In agreement with the theory, beams are per-
ceiving a net transverse shift whose sign depends on the initial
handedness. The average trajectory is almost rectilinear. A
small periodic wiggling around the average trajectory with a
period equal to � is present, even if not visually perceivable in
the scale of the plotted figure. Due to the birefringence of the
material, the Stokes parameters oscillate periodically along
z. In the first approximation, the local values of the Stokes
parameters follow the local rotation of the optic axis, present-
ing nodal lines (i.e., vanishing values) parallel to the axis z
where either S1 (zones where θ = mπ ) or S2 (zones where
θ = π/4 + mπ ) are vanishing. When the input handedness is
switched, the Stokes parameters transform as

SRCP
1 (x) = SLCP

1 (−x), (5)

SRCP
j (x) = −SLCP

j (−x), ( j = 2, 3). (6)

FIG. 3. FDTD simulations vs the rotation angle θ0. Cross sec-
tion of the Poynting vector sampled in z = 500 µm (top panel) and
the corresponding trajectories on the plane xz (solid lines in the
bottom panel) for different values of θ0 as provided by the legend.
Dashed lines on the bottom panel are the theoretical predictions from
Eq. (3). Here input is RCP, L = 20 µm, n⊥ = 1.5, and n‖ = 1.7.

As a matter of fact, a switch in the handedness corresponds to
a mirror reflection with respect to x = 0 due to the odd parity
of θ .

A more quantitative comparison with the theory can be
performed if we consider the behavior of the beam with θ0,
that is, as the gradient in θ gets larger. The profiles of the
Poynting vector in z = 0.5 mm and the trajectories x0 are
plotted in Fig. 3. As predicted, the beam shift is proportional
to the maximum rotation angle θ0. At the same time, the cross
section of the beam is deformed as the gradient increases.
Simultaneously with such a partial reshaping, the trajecto-
ries move away from the theoretical predictions provided by
Eq. (3). The discrepancy will be explained below in detail: we
can anticipate that this is due to the inhomogeneous gradient
in the twisting angle seen by the beam as it propagates along z.

We finally test the behavior of a Gaussian beam as the
material anisotropy εa is varied. Results are shown in Fig. 4.
In agreement with Fig. 1, the beam is transversely shifted by a
very similar amount, regardless of the medium birefringence;
the biggest difference is indeed a periodic wiggling of the
beam, with a period corresponding to the birefringence length
in agreement with Eq. (3). Such a periodic transverse motion
significantly impacts the intensity profile only when the bire-
fringence length is comparable with the Rayleigh length of
the beam, that is, a snakelike behavior takes places at low
anisotropies.

IV. PSEUDOSPIN IN THE PRESENCE
OF A ZEEMAN-LIKE INTERACTION

Owing to the definition of θ , the dielectric tensor elements
are then εi j (x) = δi jε⊥ + εani(x)n j (x) (i, j = x, y, z), where
εa = ε‖ − ε⊥ is the optical anisotropy, ni are the components
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FIG. 4. Distribution over the plane xz of the component along
z of the real part of the Poynting vector vs the material anisotropy
as computed by FDTD simulations. Here n⊥ = 1.5, L = 20 µm, and
θ0 = 180◦.

of the director field, and finally δi j is the Kronecker delta
[66]. As discussed above, PSHE requires an odd symmetric
distribution for the rotation angle, that is, θ (x) = −θ (−x). In
previous works [57] it has been theoretically demonstrated
that even distributions can yield to optical waveguides based
upon the geometric phase, but polarization-independent, due
to the Kapitza effect.

The finite-size optical beams of interest are supposed
wide enough to be in the paraxial limit. The electromag-
netic field can then be described as a two-component vector

ψ = (Ex; Ey). The Maxwell equations reduce to [59]

∇2ψ + k2
0

{
εI + εa

2
[σ1 sin(2θ ) − σ3 cos(2θ )]

}
· ψ = 0, (7)

where σ i (i = 1, 2, 3) are the Pauli matrices and ε =
(ε⊥ + ε‖)/2. Equation (7) shows the close similarity between
the optical propagation in a twisted anisotropic medium and
the propagation of charged particles in a magnetic field.
Introducing the standard vector of Pauli matrices σ, the
Hamiltonian term accounting for the magnetic interaction can
be indeed written in the form

HZeeman = εa

2
[σ1 sin(2θ ) − σ3 cos(2θ )] = 1

2
σ · Beff , (8)

where Beff = εa[sin(2θ )ê1 − cos(2θ )ê3] represents an ef-
fective magnetic field [14,16,67,68], here defined within
a three-dimensional vector space spanned by unit vectors
êi (i = 1, 2, 3). In doing that, we assumed the equivalent
magnetic moment to be unitary. For vanishing εa, Eq. (8) turns
into the well-known Helmholtz equation for light propagating
in an isotropic material. In close analogy with the Zeeman
effect, a nonvanishing anisotropy εa breaks the degeneracy
between the ordinary and the extraordinary component, now
propagating with a different refractive index. With respect to
the standard SG experiment, the gradient in the Zeeman-like
potential energy stems from a spatially varying rotation of
the pseudomagnetic field, whereas its magnitude is uniform
along x.

According to Eq. (8), the spin flips with a period � fixed by
the birefringence �n = n‖ − n⊥, � = λ/�n, thus remaining
constant along the transverse direction x. The equivalent force
acting on the wave is periodic along z, yielding a vanishing
net-shift along the transverse plane. On the other side, a spin-
dependent odd phase modulation proportional to 2θ appears
at z = �/2, which has been extensively used to demonstrate
spin-dependent deflectors or polarization gratings once these
beams propagate out of the structured material [29,52–54].
Such a behavior is therefore in agreement with our intuitive
model discussed in Sec. II.

Both the intuitive explanation (see Sec. II) and the full
numerical simulations shown in Sec. III show a prominent
role played by the two circular polarizations. We thus try
to rewrite Eq. (7) using the LCP and RCP as basis for ex-
pressing the field ψ. Calling ψLR the field in the CP basis
(see Appendix C for details about the transformation), we
find that

∇2ψLR + k2
0εψLR + k2

0εa[σ2 sin(2θ ) − σ1 cos(2θ )] · ψLR

= 0. (9)

Equation (9) is in the same form of Eq. (7). The most
important difference is that the effective magnetic field is
now directed along e1 and e2, a clear major difference with
respect to the case of matter waves subject to a magnetic
field.

V. PARAXIAL MODEL AND SIMULATIONS
IN THE ROTATED FRAMEWORK

It thus seems that we are in the presence of a mag-
netic field inhomogeneity only in the real space, furthermore

043521-5



JISHA, MARRUCCI, NOLTE, AND ALBERUCCI PHYSICAL REVIEW A 112, 043521 (2025)

providing a vanishing transverse momentum to the photons
when averaged over an integer number of birefringence peri-
ods �. An alternative and more complete view on the system
can be achieved when Eq. (8) is rewritten in a reference
system where the dielectric tensor is diagonal in each point.
The required pointwise rotation is

ψ′ = R(θ ) · ψ = eiσ2θ (x) · ψ. (10)

A similar kind of rotation has been implemented in Ref. [69]
to address the spin-flip of atoms confined by magnetic traps.
Furthermore, such an approach is conceptually similar to
Ref. [25], where the case of a beam propagating along 3D
trajectories in an isotropic material was investigated: a coor-
dinate transformation aligning everywhere the framework to
the local wave vector was employed to find the expression
for the spin-orbit interaction, in that case stemming from a
Coriolis-like force. The major difference is that here we are
using a transformation acting on the field itself, whereas the
spatial reference system stays untouched.

Starting from Eq. (7), we find the vectorial paraxial equa-
tion [57,70,71]

2ik0N · ∂u
∂z

= − ∂2u
∂x2

+
(

∂θ

∂x

)2

u + i
∂2θ

∂x2
σ̃2 · u

+ 2i
∂θ

∂x
σ̃2 · ∂u

∂x
, (11)

where u is the slowly varying envelope, whose components
are parallel in each point to the local principal axes of the
crystal thanks to the rotation determined by Eq. (10). We
further defined the diagonal matrix N = (n⊥, 0; 0, n‖) and
the modified Pauli matrix σ̃2(z) = e−ik0Nz · σ2 · eik0Nz. Even
though written in a rotated system following the local axes of
the material, Eq. (11) includes z-dependent terms through σ̃2,
essentially due to the coupling between different transverse
positions intrinsic to diffraction.

We simulated the vectorial paraxial equation (11) using a
BPM code described in Appendix B. We start by discussing a
generic example showing the mirror symmetry of the optical
propagation when the input helicity is inverted, the results
being shown in Fig. 5. PSHE is evident, with the beam moving
along a rectilinear trajectory with a slope of around 1◦, yield-
ing a transverse shift of around 18.5 µm at z = 1 mm. When
helicity is switched, the electromagnetic field undergoes an
exact mirror reflection with respect to the propagation axis
z. With respect to the simple model elaborated in Sec. II,
both the CP components do not completely vanish anywhere
inside the material, despite a single helicity is launched into
the sample. We thus define the intensity on the two CPs as
IRCP = |ψLR(1)|2 and ILCP = |ψLR(2)|2, plotted in the middle
row of Fig. 5; their transverse distribution is different, thus
demonstrating an additional structuring of the beam along the
transverse plane. In particular, the Stokes parameters S2 and S3

switch their sign when input helicity is inverted, in agreement
with Eqs. (6) and (9).

In agreement with the FDTD simulations (see Sec. III),
Fig. 5 shows a complex structured polarization not accounted
for in the simple model presented in Sec. II. Figure 6
provides a more complete overview on the polarization, in-
cluding its transverse structuring and its evolution along z.

FIG. 5. Propagation calculated using Eq. (11) for a Gaussian
beam LCP (left column) and RCP (right column), an input waist
10 µm, and λ = 1064 nm. First row: intensity |ux|2 + |uy|2 on the
plane xz; the white dashed lines are the theoretical trajectories ac-
cording to Eq. (3). Second (third) row: intensity of the LCP and
RCP (non-normalized Stokes components) components calculated
vs x at z = 1 mm. The material parameters are n⊥ = 1.5, n‖ = 1.7,
θ0 = 180◦, and L = 20 µm.

The Stokes parameters are oscillating periodically with the
birefringence length �/�n. Although not clearly perceived in
the figure, the equipolarization planes (i.e., the longitudinal
fringes in the plots) are slightly tilted due to the bending
in the wave vector. In an anisotropic material, a CP will
become linear after a quarter-wave-plate distance given by
λ/(4�n), with the direction depending on the direction of
the optic axis θ . Accordingly, S1 and S2 are vanishing in
the transverse positions where θ = mπ and θ = π/4 + mπ

(m ∈ N), respectively. Summarizing, the optical propagation
in the rotated system used by Eq. (11) is very similar to
the propagation in a homogeneous material along z, but
the rotation R given by Eq. (10) induces periodic changes
in the polarization, the inhomogeneous rotation thus being
the main cause for the transverse structuring of the beam
polarization.

We now proceed to investigate the influence of the trans-
verse gradient on the beam propagation. To accomplish this
task, Fig. 7 shows the intensity of the two CPs versus x taken
at their local maxima nearest to the end of the simulation win-
dow, placed at z = 1 mm. Such cross sections are moreover
plotted for different values of the maximum rotation angle

043521-6



SPIN-DEPENDENT ROUTING OF OPTICAL BEAMS IN … PHYSICAL REVIEW A 112, 043521 (2025)

FIG. 6. Non-normalized Stokes parameters on the plane xz in the
interval 0.9 mm < z < 1 mm. Geometry and material values are the
same as in Fig. 5. Input polarization is RCP. Dashed and solid white
lines are the center and the FWHM positions, respectively.

θ0. As a matter of fact, the whole beam is rotated due to
the transverse deflection (see Fig. 13); thus the longitudinal
z position corresponding to the cross sections changes with
the angle θ0. The shift along x due to the PSHE increases
with θ0, with no substantial change of energy between the two
circular polarizations. A long tail on the side opposite to the
deflection (i.e., negative x in the figure) emerges as θ0 gets
larger. Although the two CP components undergo a tiny os-
cillatory motion dependent on their helicity, the maxima (i.e.,
when S3 reaches its maximum value in absolute value) are
placed at the same position. The overall trend is summarized
in the bottom panel of Fig. 7; for large angles θ0 the beam
undergoes stronger deviations than predicted by the raylike
model providing Eq. (3).The question now is the origin behind
the transverse structuring observed in the simulations and why
the agreement in the trajectory between wave equation and the
ray theory developed in Sec. II worsens as the θ0 gets larger,
see the bottom row of Fig. 7.

VI. DEPENDENCE ON THE BIREFRINGENCE

This section is aimed to the investigation of how the wave
evolution depends on the material anisotropy, that is, on the
amplitude of the effective magnetic field in Eq. (8). The

FIG. 7. Behavior with respect to the maximum rotation angle θ0

at z = 1 mm. Intensity distribution for the RCP (top panel) and LCP
(middle panel) components vs x; each curve corresponds to θ0 from
0◦ to 360◦ in steps of 45◦, from dark to bright, respectively. (Bottom
panel, left axis) Peak of the RCP (blue dashed line) and LCP (blue
solid line) vs θ0. Right axis: same but the position of the components,
now in red color. The red circles represent the theoretical prediction
from Eq. (3). Input polarization is RCP, input beam waist is 10 µm,
and L = 20 µm.

corresponding FDTD simulations have already been shown
in Fig. 4. Numerical simulations of the light behavior com-
puted via Eq. (11) are plotted in Fig. 8, where the intensity
carried by each CP is reported in the laboratory framework.
In our numerical investigation we fixed n⊥ and varied n‖. A
spin-dependent lateral deflection is observed for any value
of the birefringence, accompanied by a periodic modulation
of the CP components following the birefringence length.
When the birefringence is too low (�n = 0.001), the beam
strongly diffracts in one birefringence length, thus encom-
passing an appreciable transverse motion already in that
propagation range. When �n = 0.005 and �n = 0.01, a clear
PSHE is visible, but the intensity profiles still undergo ap-
preciable transverse modifications, as clearly visible in the
cross sections. At �n = 0.05 and for �n up to 0.6, the two
components possess a nearly identical cross section, behaving
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FIG. 8. Intensity distribution in the plane xz for the LCP (top row) and the RCP component (middle row) when a RCP is launched at the
input. Bottom row: cross section vs x cut at the closest local maximum near the output (that is, z = 0.5 mm), for the LCP (blue solid line)
and RCP (red dashed line) components. Each column corresponds to a different value for n‖, shown as a title at the top. Input wavelength is
1064 nm, win = 10 µm, n⊥ = 1.5, θ0 = 180◦, and L = 20 µm.

very closely to the theoretical model discussed in Sec. II. For
further increases in �n (see the case n‖ = 2.5 in Fig. 8), the
two-component distribution starts to differ slightly: the larger
the anisotropy the larger the difference is. The corresponding
behavior for the field u is presented in Appendix E.

To explain the three different regimes reported in Fig. 8, we
bring Eq. (11) to a more standard form. The term containing
the derivative along z in Eq. (11) is a matrix, differently
from what happens in the Pauli equation where the temporal
derivative is scalar. To recast Eq. (11), we can develop N as
a power series with respect to the normalized birefringence
γ = �n/n. Following the same steps of Ref. [59], up to the
quadratic terms in γ Eq. (11) provides

2ik0n
∂u
∂z

=
(

I + γ

2
σ3

)
· Q̂(x)u + σ̃2 · P̂(x)u

+ iγ

2
[σ2 sin(k0�nz) − σ1 cos(k0�nz)] · P̂(x)u,

(12)

where we defined the operators Q̂(x) = − ∂2

∂x2 + (
∂θ
∂x

)2
and

P̂(x) = i( ∂2θ
∂x2 + 2 ∂θ

∂x
∂
∂x ). Equation (12) shows that the depen-

dence on �n is not solely due to the modified Pauli matrix
σ̃2. A direct analysis of Eq. (12) permits us to understand the
existence of the three regimes described above. For small γ ,
the modified Pauli matrix σ̃2 varies slowly along z with respect
to the Rayleigh distance, thus inducing a wave transverse
motion already inside a birefringence length λ/�n. For inter-
mediate γ , σ̃2 varies fast enough to not impact significantly on
the wave propagation. Once the smallness of γ is accounted
for, the optical propagation is thus mainly determined by the
operator IQ̂(x). When γ is comparable to unity, the term
proportional to the Pauli matrix σ3 turns out to be relevant,
leading to a different behavior for the extraordinary and the or-
dinary components. More details are provided in Appendix E.

VII. A WAVE MODEL FOR THE SPIN-ORBIT COUPLING

Given that the momentum operator p̂x and the rotation
operator R(θ ) = eiσ2θ (x) do not commute, Eq. (11) contains
terms where the transverse gradient of the wave function is
coupled with the spin via a Pauli matrix. Thus, in the rotated
reference system an effective magnetic field inhomogeneous
in the reciprocal space arises.
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In a more formal way, after the local rotation Eq. (7) can
then be recast in a form similar to the Pauli equation [72–74],

∂2ψ′

∂z2
+ k2

0

(
ε⊥I − εa

2
σ3

)
· ψ′ = [σ · (p − A)]2ψ′ + φψ′,

(13)
where we defined the potential vector A = i∂xθ ẑ, the
scalar potential φ = 2(∂xθ )2, and the momentum operator
p = −ix̂∂x in the one-dimensional approximation. The RHS
in Eq. (13) represents the spin-orbit interaction in our system.
Thanks to the gauge transformation, the effective magnetic
field in the Zeeman term is now uniform in space.

A clearer picture can be extracted if the same operation
is carried out in the circular basis: now the rotation reads
RLR(θ ) = eiσ3θ , and Eq. (9) turns into

∂2ψ′
LR

∂z2
+ k2

0 (εI + εaσ1) · ψ′
LR = [σ · (p− A)]2ψ′

LR + φψ′
LR.

(14)

The effective scalar potential and potential vector φ and A
are unvaried, whereas the dielectric tensor differs due to the
different polarization used to write down the pseudospinorial
field. Thanks to Eqs. (13) and (14), we are now able to connect
the intuitive explanation provided in Sec. II to the numerical
results we presented until now. The eigenvalues of the rotation
operator are the two circular polarizations: when a CP is enter-
ing into the material, it will acquire a phase gradient equal to
±θ in the rotated framework. This term provides the average
slope in Fig. 1 and in all the simulations shown in this paper.
While propagating inside the material, the potential vector A
will act on the wave, resulting in changes in the transverse
momentum kx following

kx → kx ∓ ∂θ

∂x
. (15)

The Fourier transform of the field thus undergoes a simple
linear phase modulation if θ ∝ x, resulting in a position shift
in the real domain. The variations in the momentum in turn
yield a change in the trajectory: whereas for θ linear in x this
is a simple change in trajectory in agreement with Sec. II,
more complicated transverse structuring for θ (x) imply all the
higher-order effects observed with the numerical simulations.
Given that the polarization is continuously flipping due to the
medium anisotropy, such changes in the wave vector will be
periodic with period λ/�n. Mathematically, the flipping is
due to interaction with the terms proportional to the dielectric
tensor ε in Eq. (14), which indeed are independent from x.
For εa → 0, the oscillation period diverges toward infinity:
the tilted wave front stemming from Eq. (15) is perfectly
compensating the tilt induced by the rotation operator at the
entrance of the material, with the optical beam propagating
straight, as it should be in an isotropic material. Hence, we
can safely associate A with the periodic oscillations along the
average trajectory.

To unveil the effects related with the wavelike nature of
the field, we first consider a linear profile for θ , thus imply-
ing a constant A and a constant scalar potential φ. Typical
transverse profiles of ILCP are plotted in Fig. 9. Differently
to the case of a nonhomogeneous A (see Fig. 7), the beam
stays Gaussian and conserves the initial parity symmetry.

FIG. 9. Optical propagation in a linear gradient θ (x) = θ0x/L.
Left side: Intensity profile vs x of the RCP component at the max-
imum nearest to z = 1 mm. Right side: beam trajectories x0 vs the
propagation distance z; circles correspond to the theoretical predic-
tion derived from Eq. (3). Different colors correspond to different
angles θ0 reported in the legend and valid for both panels. Here
λ = 1064 nm, L = 20 µm, and win = 10 µm.

Nonetheless, on the plane xz the Stokes parameter S3 presents
a tilted distribution (with respect to the z axis) of its negative
and positive regions related to the bending of the local wave
vector, very similar to what is shown in Fig. 13 in the Ap-
pendix. Similarly, the trajectory is now in perfect agreement
with the theoretical prediction given by Eq. (3). This proves
that a point-dependent effective potential vector A deforms
the shape of the beam in propagation: the symmetry with
respect to the beam center is broken by the variations in the
phase front. Therefore, such variations are finally driven by
the modulation of the local wave vector kl (x), see Eq. (15).

In the case of inhomogeneous A, the beam is deflected
more than the theoretical prediction for large θ0 (see Fig. 7).
Evidently, such a difference cannot be ascribed to the linear
approximation for θ , which should indeed predict a larger
overall shift than the real one. The discrepancy comes from
the fact that, until now, we neglected the role of the scalar
potential φ, whose weight is actually quadratic with θ0. Such a
potential applies an additional force to the wave, which tends
to push the beam toward positive x, that is, to enhance the
SHE. Quantitatively speaking, the potential φ adds a new term
to the Ehrenfest’s theorem determining the beam trajectory,
now reading

d2x0

dz2
= ±�n

n

∂θ

∂x

∣∣∣∣
x0

sin (k0�nz) ± 2

k0n

dx0

dz

∂2θ

∂x2

∣∣∣∣
x0

× sin2

(
k0�nz

2

)
− 4

k2
0n2

∂θ

∂x

∂2θ

∂x2

∣∣∣∣
x0

,

(16)

bundled with the initial condition dx0/dz = 0. The first two
terms on the RHS of Eq. (16) comes from the derivation with
respect to z of Eq. (A1), whereas the last term is the gradient
of the Kapitza potential. Figure 10 shows the trajectories
computed from Eq. (16) versus θ0 in a given material. When
compared to the approximated trajectories given by Eq. (3),
the Kapitza effect pushes the beam away from the center
x = 0, in fact altering the average of the transverse wave
vector kx, as witnessed by the changes in the slope observed
even at large z.
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FIG. 10. Trajectories computed via Eq. (16) (solid lines) and via
Eq. (3) (dashed lines) for different values of θ0. Here λ = 1 µm,
n⊥ = 1.5, n‖ = 1.7, and L = 20 µm.

To check this idea, we simulated the beam behavior with
the BPM for different input beam widths win, thus modifying
the spatial overlap of the beam with the distribution of θ (x).
Results for the output profile and beam trajectories are shown
in Fig. 11. Regardless of the beam size, the shift is larger
than what is predicted by Eq. (3), the difference increasing

FIG. 11. Intensity profile of the RCP components at its max-
imum closest to z = 1 mm (left column) and the corresponding
trajectory in the plane xz (right column). Each row corresponds to
a different value of the input beam width win, reported on the left
panels. Each curve corresponds to a different value of θ0, provided
by the legend in the middle row. Circles are predictions from Eq. (3).
Here RCP is launched at the input, λ = 1064 nm, and L = 20 µm.

for larger θ0. The trajectory depends on the beam width due to
the different spatial overlap with the gradient in the geometric
phase, proportional to ∂xθ . For large θ0 and narrow enough
beams, the deviation from the ray-optics prediction is small at
short z and suddenly increases when x0 ≈ 15µm, correspond-
ing to the point where ∂2

x θ reaches its maximum, in agreement
with Eq. (16). The beam profiles show how the potential A
strongly affects the shape of the beam. For win = 5 µm, the
diffraction cone is wide enough to have a substantial coupling
of light with the left side of the barrier. Accordingly, the
deformation decreases with increasing θ0 because the light
perceives an additional force due to the Kapitza effect directed
toward positive x. For win = 10 µm, the leak of power toward
negative x is smaller due to the narrower diffraction cone.
For win = 20 µm, the beam is broad enough at the input to
substantially overlap with the left side of the barrier. This
portion of the energy is then subject to a SHE on the opposite
direction. In agreement with our interpretation, the leaked
energy does not change abruptly with θ0, and a local minimum
is observed between the two peaks of the beam. Finally, in
accordance with Fig. 10, the final slope of the beam differs
from the ray-optics prediction, the divergence being greater
for narrower beams, somehow recalling the so-called angular
Goos-Hänchen shift occurring at interfaces between different
materials [27].

VIII. CONCLUSIONS

In this work we have presented a type of PSHE occurring in
bulk twisted anisotropic materials capable of achieving trans-
verse shifts of several wavelengths and angular deflections on
the range of degrees. We showed how the trajectory of circu-
larly polarized optical beams splits into two mirror-symmetric
beams according to their input helicity. We explained the
effect in terms of a gauge field associated with the pointwise
rotation of the principal axes of the anisotropic material. Both
paraxial simulations and full numerical simulations based
upon FDTD confirm the existence of this effect, eventually
providing a good reciprocal agreement as well. We also dis-
cussed how this spin-dependent deflection depends on the
anisotropy of the material, proving how the average beam tra-
jectory is almost independent from the material birefringence,
if the latter overcomes a given threshold value.

With respect to future works, on the theoretical side gener-
alization to the full 3D case, thus including the role of orbital
angular momentum [75], is currently underway; on the exper-
imental side, we are planning to investigate the effect using
laser-written nanogratings [64], or alternatively, the so-called
type-X modification recently discovered by the Kazansky’s
group [76]. Indeed, laser-writing techniques allow a point-by-
point control of the optic axis. On the negative side, beyond a
quite low birefringence, a transverse, high resolution implies
strong spherical aberration in thick samples. An alternative
approach consists in inserting a structured liquid-crystal cell
[63] in a cavity, therefore artificially increasing the propa-
gation length using a multipass configuration [77]. Finally,
all along the paper we emphasized the strong resemblances
between optical propagation and matter waves propagating in
the presence of a twisted magnetic field. This PSHE could
represent a way to realize spin filters for both elemental
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and composite particles [72]. Further computations, including
the full Lorentz force, can then be used to determine if the
proposed configuration is capable of polarizing a beam of
electrons using a gradient in the magnetic field [78–80].
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APPENDIX A: COMPUTATION OF THE TRAJECTORY
VIA RAY-OPTICS

The wave-front evolution allows us the computation of the
local slope of the trajectory as follows:

dx0

dz
= ± 2

k0n

∂θ (x0)

∂x
sin2

(
k0�nz

2

)
. (A1)

Taking x0(z = 0) = 0, direct integration provides

x0(z) = ± 2

k0n

∫ z

0

∂θ (x0)

∂x
sin2

(
k0�nz′

2

)
dz′. (A2)

For large enough birefringence we find

x0(z) ≈ ± 1

k0n

∫ z

0

∂θ (x0)

∂x
dz′. (A3)

The last equation is an integral equation, which needs to be
solved numerically in the general case. Figure 12 compares
the exact solutions provided by Eq. (A2) with the analytical
expression (3) computed assuming a twisting angle linear in x,
with a slope equal to the hyperbolic tangent case in the origin
x = 0. The two solutions are similar up to the point where
the beam moves far enough from the center, where, indeed,
the first-order Taylor expansion for the hyberbolic tangent
ceases to be valid. Accordingly, the differences are larger
for small �n and when the overall rotation angle increases
(see the inset).

APPENDIX B: DETAILS ON THE DERIVATION
OF THE PARAXIAL MODEL

Substitution back into Eq. (7) yields [57,71]

∂2ψ′

∂z2
+ k2

0εDψ′ = − ∂2ψ′

∂x2
+

(
∂θ

∂x

)2

ψ′ + i
∂2θ

∂x2
σ2 · ψ′

+ 2i
∂θ

∂x
σ2 · ∂ψ′

∂x
. (B1)

FIG. 12. Beam trajectories x0 vs z for three different values of
birefringence �n when n⊥ = 1.5, λ = 1064 nm, and θ0 = 180◦.
Solid lines and dashed lines with circles are computed using
Eqs. (A2) and (3), respectively. Inset: output position taken in
z = 1 mm vs θ0 when �n = 0.2.

In the next step, we need to transform Eq. (B1) into a
first-order equation after applying the paraxial approximation
[71]. To eliminate the dielectric tensor εD in Eq. (B1), we
find inspiration from the interaction picture in quantum me-
chanics [70]. We indeed use the transformation ψ′ = eik0Nz ·
u with N = (n⊥, 0; 0, n‖) [70]; in terms of Pauli matrices,

eik0Nz = eik0nze−iσ3
k0�nz

2 . This transformation factors out the
polarization variation due to the material birefringence, thus
acting as the unperturbed Hamiltonian in quantum mechanics:
in other words, the field u does not change in propagation
when the material is homogeneous. The Pauli matrices σ2 and
σ3 do not commute, and thus the two last terms in Eq. (B1)
change their form after the transformation. Using the standard
algebra of Pauli matrices, we find σ̃2(z) = σ2 cos(k0�nz) +
σ1 sin(k0�nz).

Let us now discuss briefly the numerical method imple-
mented to solve the paraxial vectorial equation. Equation (11)
is now a first-order, diffusionlike equation that can be solved
assuming unidirectional propagation as in a standard BPM.
Numerically, we implemented an operator splitting, where the
Crank-Nicolson (CN) scheme is used to solve the diffraction
operator. The term proportional to ∂xθ is included in the CN
algorithm opportunely modified, whereas the term propor-
tional to ∂2

x θ is solved together with the scalar potential using
an exponential matrix.

APPENDIX C: TRANSFORMATION
TO THE CIRCULAR BASIS

To pass from the linear to the circular basis, we use the
transformation ψLR = P · ψ, where P = (1/

√
2)(1,−i; 1, i).

In terms of Pauli matrices P = 0.5e−iπ/4(σ1 + σ2 + σ3 +
iI) and P−1 = 0.5eiπ/4(σ1 + σ2 + σ3 − iI), I being the 2×2
identity matrix. We finally find the new expression in the CP
(or LR) basis for the matrix operators in Eq. (7) by using the
identities P · σ1 · P−1 = σ2 and P · σ3 · P−1 = σ1.
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FIG. 13. Left column: Stokes parameter S3 plotted around
z = 1 mm for an interval of four birefringence lengths well inside the
material. Right column: corresponding five cross sections cut across
z, selected equally spaced into a single birefringence length (see the
legend).

APPENDIX D: BEHAVIOR OF THE POLARIZATION
OVER ONE BIREFRINGENCE LENGTH

Figure 13 shows the distribution of the Stokes parame-
ter S3 in the interval 0.98 mm < z < 1 mm, corresponding
thus to approximately four birefringence lengths given that
�n = 0.2 and λ = 1064 nm. The profile of θ is a hyper-
bolic tangent, with L = 20 µm and θ0 = 0, 180◦ and 360◦
from top to bottom. The PSHE induces a tilt in the wave
vector, in turn inducing a rotation on the distribution of the
Stokes parameter. Despite the inhomogeneous twisting angle,
S3 oscillates periodically in propagation with a period given
by λ/�n.

More details on the transverse profile of S3 can be evinced
from the right column of Fig. 13. The cross section demon-
strates that the beam profile develops a long tail toward
negative x for large enough θ0. Furthermore, for small θ0 the
transverse profile is always bell shaped, whereas for large θ0

negative and positive values for S3 are observed in a fixed
plane z = const. This can be mainly ascribed to the strong tilt
induced in the averaged wave vector.

APPENDIX E: BEHAVIOR VERSUS THE BIREFRINGENCE
MATERIAL IN THE ROTATED FRAMEWORK

Figure 14 shows the intensity profile for the field com-
puted in the rotated framework using Eq. (11). For very
low birefringence (�n = 0.001), diffraction is dominating
into a single birefringent length, and the spatial distribu-

FIG. 14. Plot of |u(1)|2 (left column, the local ordinary compo-
nent) and |u(2)|2 (right column, the local extraordinary component)
on the plane xz for six different values of n‖ (see label in each panel).
Wavelength is 1064 nm, input is RCP, θ0 = 180◦, win = 10 µm, and
L = 20 µm.

tions of the two polarizations are very different. Already for
�n = 0.005 the two polarizations almost overlap during prop-
agation, but the intensity is longitudinally modulated due
to the diffractive spreading along one birefringence length.
At �n = 0.01 the two profiles are now similar, with a
small residual longitudinal periodic modulation in the in-
tensity. At �n = 0.05 the two profiles are nearly identical,
and the fields in the rotated basis are quasihomogeneous
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along the propagation distance z. At very large birefringence
(�n = 1), the component locally parallel to the extraordinary
axis starts to spread less than the other component and to
slightly bend toward the z axis. As a matter of fact, Eq. (12)
shows that the extraordinary component perceives a Kapitza

potential barrier lower than the ordinary component by a
factor 1−γ

1+γ
, thus explaining the smaller repulsion with respect

to the center x = 0. Noteworthy, the profile of the other com-
ponent remains practically unvaried with respect to the lower
anisotropy case.
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