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Classical simulation of noisy quantum circuits via locally entanglement-optimal unravelings
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Classical simulations of noisy quantum circuits are instrumental to our understanding of the behavior of
real-world quantum systems and the identification of regimes where one expects quantum advantage. In this
work, we present a highly parallelizable tensor-network-based classical algorithm, equipped with rigorous
accuracy guarantees, for simulating n-qubit quantum circuits with arbitrary single-qubit noise. Our algorithm
represents the state of a noisy quantum system by a particular ensemble of matrix product states from which
we stochastically sample. Each pure state evolved under a single-qubit noise process is then represented by the
ensemble of states that achieves the minimal average entanglement (the entanglement of formation) between the
noisy qubit and the remainder. This approach lets us use a more compact representation of the quantum state for
a given accuracy requirement and noise level. For a given maximum bond dimension yx and circuit, our algorithm
comes with an upper bound on the simulation error, runs in poly(n, x )-time, and improves upon related prior
work (1) in scope by extending analytic methods from the three commonly considered noise models to general
single-qubit noise, (2) in performance by deriving an exact, closed-form solution to the local entanglement
minimization problem, previously approached via variational heuristics, thereby guaranteeing local optimality
without numerical optimization overhead, and (3) in conceptual contribution by showing that the fixed unraveling
used in prior work becomes equivalent to our choice of unraveling in the special case of depolarizing, dephasing,
and amplitude damping noise acting on a maximally entangled state.
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I. INTRODUCTION

Quantum computers have the potential to outperform clas-
sical computers in certain structured computational problems.
Significant effort has been directed towards delineating the
boundary between those that admit an efficient classical so-
Iution and those that can be used to demonstrate quantum
advantage. Some important results in this direction have fo-
cused on the specific structure of a problem necessary for
achieving a quantum advantage [1—4]. Others have shown the
hardness of efficient classical simulation [5—11] by relying on
plausible complexity-theoretic assumptions and an anticon-
centration property of certain classes of quantum circuits [11].
However, the bulk of scientific effort has focused on the clas-
sical simulation of quantum computation.

Classical simulation has served as an invaluable tool
for the prediction and study of quantum phenomena as
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well as the precise exploration of the quantum advan-
tage boundary. Efficient classical simulation algorithms for
stabilizer circuits [12,13], matchgate circuits [14,15] (also
known as noninteracting fermions), and nonentangling cir-
cuits identify necessary resources for quantum computational
speedup. Extensions of these classical simulation techniques
beyond the polynomial runtime regime have established op-
erationally meaningful quantifications of these resources.
Prominent examples include the stabilizer rank [16,17], the
stabilizer extent [18,19] which has been generalized to the
mixed-state setting [20], extended to measures of nonmatch-
gateness [21-23] and measures related to entanglement such
as a matrix product state’s (MPS) [24-26] bond dimension
in a tensor network description [27-29]. As the quantum
computational task moves away from the islands of classically
efficiently simulable quantum circuits, these resources quan-
tifiably bound the exponential runtime growth of classical
simulators, breaking the direct exponential dependence on the
number of qubits.

Particularly relevant to the recent thrust of quantum tech-
nological development is the deep and fascinating nuance
introduced by the presence of noise in quantum computation.
At sufficiently low noise levels, in principle, quantum error
correction addresses the challenges posed by the inevitable
presence of quantum noise, but it introduces significant over-
heads [30]. Without error correction, the stochastic nature of
noise can diminish quantum computational resources such
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as nonstabilizerness (also known as magic) [20,31,32] and
entanglement [31].

Growing evidence suggests that, at logarithmic depth or
beyond, typical quantum circuits in certain families that are
hard to efficiently classically simulate become efficiently
classically simulable in the presence of local depolarizing
noise [33-38], so that an eventual quantum advantage would
disappear. However, these results are limited in scope, both
in the types of circuits and noise that they can accommodate.
Indeed, they apply to typical random quantum circuits, lim-
iting the insight one can draw about what quantum circuit
properties computationally challenge a classical approach.
Also, beyond the standard depolarizing noise model, even less
is known about how noise affects the hardness of classical
simulation.

Generalization to the rich landscape of local noise models
is crucial for turning a largely numerical and model-specific
picture into a unified and principled theory that delineates
the classical-quantum boundary. First, this landscape exhibits
stark phenomenological differences. Indeed, while local de-
polarizing noise appears to aid classical simulability, local
coherent noise can hinder it.! Thus, in the absence of this
generalization, a quantitative or even qualitative characteri-
zation of classical simulability in the presence of noise is
incomplete. Second, such generalization can be invaluable in
connecting the well-understood pockets of parameter space
and facilitating the transfer of tools and observations between
previously disconnected settings.

In this work, we focus on and build on matrix-product-
state-based (MPS-based) unraveling simulators from an
entirely new perspective. This is a classical simulation tech-
nique that is highly parallelizable and amenable to large-scale
simulation [40,41]. Importantly, this approach makes explicit
use of the fact that noise can decay entanglement, making
it particularly well suited to simulation via tensor network
techniques.

This work, and MPS-based unraveling simulators more
generally, focus on utilizing the presence of noise to find a
low-entanglement representation of the quantum state. This
approach is underpinned by the observation that, in con-
trast to pure quantum states, a mixed quantum state p can
be nonuniquely decomposed into a convex combination of
pure quantum states p = Y, p; |¢:X¢;| also known as an
unraveling. In some sense, this degree of freedom in the
decomposition of p “grows” as the purity of p decreases,
and this can be utilized to reduce entanglement.2 However,
this beautiful idea brings with it significant implementation
challenges. In an n-qubit system, it is not obvious how to
choose a suitable entanglement-based cost function that both
lends itself to optimization and connects to meaningful prop-

'For example, Ref. [39] has tackled the nontrivial task of classically
simulating stabilizer circuits in the presence of low levels of single-
qubit coherent noise.

2An extreme but illustrative example is to note that the maximally
mixed state on two qubits can be decomposed as a uniform mixture of
four Bell states (each of which has maximal entanglement); however,
it can also be decomposed as a uniform mixture of computational
basis states (each of which has zero entanglement).

erties of a classical simulator, such as runtime or simulation
accuracy. This is exacerbated by the vast degree of free-
dom in the mixed-state decompositions. Prior works have
predominantly dealt with this complexity either by simplify-
ing the system [42—45] or resorting to heuristic optimization
algorithms [45-47]. These simplifications involve restricting
consideration to specific noise models combined with simpler
systems, such as translationally invariant systems or random
circuits. The alternative approach also suffers from significant
drawbacks, as heuristic optimization algorithms such as gra-
dient descent can be slow and lack a proof showing that local
minima can be avoided.

Our work turns the central promise of MPS-based unrav-
eling simulators into a rigorous local optimization principle:
minimizing the entanglement between the target qubit for the
noise channel and the rest of the system. While Ref. [45]
identified this objective and approached it using variational
heuristics, we tackle the problem analytically. We make the
crucial observation that an n-qubit mixed state generated in
this way can be mapped, via an isometry, to a two-qubit
mixed state where, by utilizing Ref. [48], we can compute
closed-form solutions that easily map back to the provably
entanglement-optimal unraveling of the n-qubit system. With
this approach, we achieve two highly desirable and competing
goals. First, and most crucially, we attain a highly flexible
simulation algorithm where we do not need to compromise
the generality of the noise model or impose restrictions on
the class of circuits (except one-dimensional spatial locality).
Second, we attain closed-form analytical solutions that not
only make performance improvements upon the prior art but
also lend themselves to analytical investigation that can aid
future progress on this topic. We demonstrate this by using
the conceptual insights gained from our analysis to connect to
and generalize previous results for random circuits.

Our work makes a conceptually enlightening connection
to other important works on this topic. Our entanglement-
optimal mixed-state decompositions depend not only on the
single-qubit noise channel and its target location but also on
the state of the n-qubit system immediately prior to the action
of the noise channel. We show that when this state is fixed
to be Haar random, then our unraveling reduces to that of
prior works [44,45]. These works focus on random circuits
and specific single-qubit noise models and claim optimality
(with respect to the Rényi 2-quasientropy) in this setting. Ad-
ditionally, we present another conceptually meaningful cost
function that is minimized by our unraveling applied to Haar
random states. In a precise sense, this new cost function
minimizes the unitarity of the Kraus decomposition, favoring
Kraus operators that act like rank-1 operators that disentangle
the target qubit from the rest of the system. This generalizes
fixed unraveling strategies for random circuits to arbitrary
single-qubit noise while unifying two conceptually very dis-
tinct approaches.

Our final significant contribution is to provide circuit and
bond dimension-specific upper bounds on the trace distance
error between the final state of the true system and that of
any given MPS-based unraveling simulator. Our error bounds
are not generic. Rather, they are sensitive to the MPS-based
unraveling simulators and apply to the previous body of
work on the topic [42—47]. This contribution addresses a
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shortcoming of all MPS-based unraveling simulators and may
be of potential interest beyond this setting.

This work is structured as follows. In Sec. II, we introduce
key theoretical background covering unravelings, entangle-
ment measures, and matrix product states. In Sec. III, we
focus on performance guarantees. There, we characterize a
broad class of simulators, state our theorem bounding the
errors committed by such algorithms, and connect this to
bounds on errors in sampling and expectation estimate type
classical simulation tasks. In Sec. IV, we present our locally
entanglement-optimal unraveling algorithm and compare it to
relevant prior work. In Sec. V, we consider our unraveling in
restricted settings, such as noisy random circuits and Lind-
bladian systems. There, we also discuss our “least unitary”
unraveling. In Sec. VI, we present numerical results com-
paring our MPS-based unraveling simulator to other similar
work. We also touch on conditions for efficient classical simu-
lability and discuss other simulation methods (including other
tensor network methods and Pauli propagation methods) in
comparison to MPS-based unraveling simulators. In Sec. VII,
we discuss some limitations of our work and conclude in
Sec. VIIIL.

II. PRELIMINARIES

In this section, we recap a few notions that help understand
the principles of quantum trajectory unraveling. We introduce
the tool set that is necessary to understand how to unravel open
system dynamics into trajectories.

A. Mixed-state decompositions

A quantum state which is not pure can always be written as
a convex combination of normalized pure states

-
p = pilp)il. (1)
i=1
We call this an ensemble decomposition of the state p. A fa-
miliar example is the eigendecomposition, which also satisfies
the orthonormality condition (¢;|¢;) = &, ;. However, a richer
family of decompositions can be found when an orthogonality
condition is not imposed. These decompositions are related
by a unitary. Given the eigendecomposition {A;, |v;)}/_; of
p, by choosing any ' € {r,r + 1, ...} and unitary U € U(r'),
one can construct another decomposition {p;, |¢,-r)}{,/=1 of p
defined by the equation

Vol =Y Ui/hilv) Yile(l,....r). @)
i=1

This also implies that any two decompositions of p are also
related by a unitary in a similar way.

B. Quantum channel descriptions

Any completely positive map (also called a quantum chan-
nel) has a Kraus representation. That is a set of operators
{K;};_, such that

N:p Y Kipk. 3)

i=1

This is trace preserving if and only if ) |, K;Ki =1.Sucha
Kraus decomposition induces an ensemble decomposition of
the output state. Say we apply a quantum channel A/ to some
state vector |). Then the outcome is given by

r r
NUYXU =) K lWXwI K =" pilgdeil, (4
i=1 i=1
where {p;}; forms a valid probability distribution with p; =
| K; ) ||§ = (Y] K;Ki [¢r) and the normalized state vectors
|¢;) are |¢;) = pi_l/ 2I(,~ |[¥r). Those are the pure-state trajec-
tories when unraveling the noisy evolution, and they are not
unique. Like ensemble decompositions, Kraus decomposi-
tions have a unitary (or rather, isometric) degree of freedom.
Given two decompositions {K;}/_, and {Ki’,}{,/:l of the same
channel, there exists a unitary such that

K, =Y UK Viell,...r} (5)
i=1
This freedom, which we will also refer to as the choice of
unraveling, is essentially synonymous with the steering of
quantum channels.

Definition I (Unraveling). Given a channel A/ and an ini-
tial state vector |¢), we call {p;, |¢;)}; an unraveling of the
evolution of |y) under N' when Eq. (4) is satisfied.

We will employ this freedom in the choice of unraveling
to aid classical simulation by reducing the entanglement. The
choice of Kraus decomposition in Eq. (4) that minimizes
entanglement will generally depend on the state |/). By slight
abuse of nomenclature, we sometimes refer to any specific
Kraus decomposition of a channel N as an unraveling of this
channel.

Consider the example of the dephasing channel. It is often
described by its mixed-unitary representation

Nlpl = (1 - 3)/) +22pz (©)

2 2
with Kraus operators {K;}2, = {/T — p/21, \/p/2Z} and
noise rate p € [0, 1]. This is a probabilistic application of a
unitary gate. For a given input |v), the mixed-unitary un-
raveling results in the two state vectors |¢) and Z |i) with
probabilities 1 — g and g, respectively. The same channel can
also be written in terms of projectors on the computational
basis

Nlpl = (1 = p)p+ pl0XO0 o [0XO0] + p [1X1] p [1X1]  (7)
with  {K/}2, = {/T—=pL, /pl0X0|, /pII1X1]}.  In

this case, the outcome of the noise process is un-
raveled into {|y),|0),|1)} with probabilities {1 —
p. plO|¥) %, pl(1|¥)|*}. This second decomposition can
be obtained from the first through the unitary

/22
K| 2—5 0

\/ﬁ K
| = N L 1-p
Rl=lm= v+ vV |[|®] ®
K w1 [1ip ] \O
V22-p) V2 2—p

Note that the study of the specific unraveling of the dephasing
channel into the |0)0| and |1)(1| projectors, when applied
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FIG. 1. Effect of single-qubit dephasing noise on the Bloch
sphere (a) and two interpretations of the unraveling of single-qubit
dephasing noise into pure-state trajectories. Circuit corresponding to
the unraveling of one trajectory in the (b) mixed-unitary picture and
(c) projective picture. The trajectories (and their entanglement) have
very different behaviors in both.

to random circuits, is known as the field of measurement-
induced phase transitions (see, e.g., the references within
Refs. [43-46]). A representation of the loss of phase infor-
mation in the computational basis, as well as examples of
circuits resulting from the unraveling of single trajectories, are
represented in Fig. 1. Any other unraveling (i.e., any Kraus
decomposition) can also be interpreted as the coupling of the
target qubit to an auxiliary system followed by a measurement
thereof.

In the Supplemental Material [49] (Sec. I, including
Refs. [50-57]), we discuss more details and a simple example
where the unitary degree of freedom of unravelings affects
entanglement. We also demonstrate how the relations above
are derived and discuss some implications.

C. Entanglement measures

Here we define notions of entanglement that are central to
our work. For pure states, given a partition A : B of the sys-
tem, it can be quantified by the von Neumann entanglement
entropy

E(|Y)ap) = —Tr[palog pa]l where

pa = Trg [[Y X1
©)

In the case of mixed states, for each decomposition of the

form (1), one can define an ensemble-averaged entanglement

entropy

En((pis 160D = Y piE(Idi)ap) with D piloi)il = p.

(10)
These values can vary vastly, and the minimal reachable one
over all decompositions is the entanglement of formation of
the state, defined as

Eoppp) = inf = 3 piE(#ap) (D)

o pileiteil=p !

as the convex hull of the reduced entropy function, also
known as the convex roof extension of the entanglement en-
tropy [53,58]. Note that although one can construct ensemble
decompositions with an arbitrary number of elements, it is
sufficient to consider decompositions with > elements where
r is the rank of p [58-60].

D. Matrix product states

A matrix product state (MPS) [24-26,61] is a representa-
tion of a quantum state where the coefficient of each element
(usually expressed in the computational basis) of the state
vector is given by a sequence of matrix products as

ly)= > AlAR . Al|o). (12)
oe{0,1}"

When viewing the basis label as an open index, an MPS
is thus a linear tensor network where the contraction of the
tensor train gives the full state vector. Note that all A are
rank-3 tensors AKl € €24+t except for A and A" which
are rank-2 tensors.> In the worst case, the bond dimensions
[dimensions of the contracted indices, i.e., dimensions of
the matrices in Eq. (12)] can scale exponentially with d; <
omintk,n=k) S]], these constructions are commonly used when
dealing with states with low entanglement [62,63]. As one is
most often given a fixed computational budget, the matrices
are truncated. The error committed in this procedure can be
bounded using the singular values of the tensors. Indeed, the
Schmidt decomposition of the state foranycut 1 : k |k +1:n
of the line can be obtained via an adequate singular value
decomposition of one tensor. Then the truncation error when
retaining the dj largest singular values (which are the Schmidt
coefficients) s; (from di max = 2min(k,n=k)y jg given by

dk.max

eld)= Y s (13)

i=dy+1

Truncating all bonds for all bipartitions along the line, the 2-
norm difference between the true state and the approximation
is upper bounded by

n—1
) — 193 <2 eldr), (14)
k=1

where |1/") denotes the (subnormalized) approximate version
of |¢) where each bond has been truncated (represented
graphically in Fig. 2, top right).

For simplicity, let us consider that all bonds are truncated
to a maximum bond dimension x. MPS then allow for the
efficient computation in poly(n, x ) time of many quantities of
interest. These include inner products with other MPS of bond
dimension <y, expectation values of MPO observables, in-
dex marginalization, and, importantly, computing the Schmidt
decomposition across a cut in the MPS. The latter implies
the computation of the entanglement entropy across any cut
of the linear structure, as the squared singular values over
the cut (after adequately shifting the orthogonality center) are
the eigenvalues of the reduced density matrix obtained from
tracing out the left or right part of the cut.

3Here the word rank is used for the number of indices of a tensor, so
a scalar is a rank-0 tensor, a vector is rank 1, and a matrix is rank 2.
It does not refer to concepts related to the rank of a matrix (maximal
number of linearly independent columns).
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FIG. 2. Graphical representation of the unraveling of quantum trajectories based on matrix product states, for noisy circuits. Consider the
setting of one-dimensional noisy circuits, composed of (two-)local unitary gates, followed by single-qubit noise channels (top left). The unitary
gates are dealt with by the standard MPS contraction. The noise results in a statistical mixture of pure states. This mixture is then unraveled to
sample one trajectory, and the resulting state is truncated to the allowed bond dimension. The trajectory sampling results from computing the
probabilities of each path and sampling one of them, thus applying the corresponding Kraus operator (bottom). Before that, the unraveling is
chosen. In our case, we do so based on the computation of the entanglement of formation of the affected effective two-qubit state (top right).

III. SIMULATION THROUGH UNRAVELED QUANTUM
TRAJECTORY SAMPLING

This section introduces a general class of MPS-based
classical simulation algorithms that contains our proposed
algorithm as a special case. We call these trajectory sam-
pling simulators, but these connect to long-established tech-
niques [64-70] also referred to as quantum-jump methods
or Monte Carlo wave-function methods. Trajectory sampling
simulators have a controlled runtime but an uncontrolled sim-
ulation error parameter € € [0, 1]. That is, the runtime of the
algorithm can be directly controlled by an initial parame-
ter choice that, in the special case of our algorithm, is the
MPS bond dimension. In contrast, the simulation error is not
directly controlled. In our algorithm, the error is indirectly
dependent on the MPS bond dimension and approaches zero
at or before the MPS bond dimension approaches its maximal
value of 2"/2,

Algorithms in this class perform a task we call truncated
trajectory sampling to varying degrees of error €. In this sec-
tion, we state one of our main results. We show that all such
simulators can be used to compute an a posteriori probabilis-
tic upper bound on this, circuit-dependent, simulation error.
Our error bound is based on an estimator computed during the
simulation procedure, which has a mean that can vary signif-
icantly depending on the specific properties of the simulator.
Here, we also relate the output of this class of algorithms to
more commonly used notions of classical simulation, such as
simulators that sample from the output distribution of a quan-
tum circuit and simulators that estimate expectation values
with respect to a given observable.

After defining the concept of truncated trajectory sampling
in Sec. III A and describing an abstract class of algorithms
performing such a simulation in Sec. III B, we give our bounds

on the errors committed by such algorithms in Sec. Il C and
show how it results in bounds on errors in simulation tasks like
sampling from the Born distribution or estimating expectation
values of observables, Sec. III D.

A. Truncated trajectory sampling task

At a high level, trajectory sampling simulators break state
evolution into layers and perform the following process at the
level of each layer:

(1) Use an appropriate data structure to classically repre-
sent the quantum state inputted into the computation layer.

(2) Apply the quantum channel associated with the com-
putation layer.

(3) Decompose the (mixed) state into a convex combina-
tion of (usually pure) states.

(4) Sample a state from the decomposition.

(5) Approximate the sampled state with a nearby state that
has preferable memory and runtime properties, and use this
approximation as input to the next computation layer.

This procedure is represented graphically in Fig. 3. Our
work focuses on utilizing the MPS data structure as described
in point 1 above. Matrix product states are a powerful tool
to simulate pure quantum states with little entanglement, in
particular in one spatial dimension (1D). This provides a
natural data structure for the trajectory state vectors. As dis-
cussed in Sec. II, mixed states provide an isometric degree of
freedom in the choice of unraveling or decomposition in point
3 above. Since, typically, states with low entanglement can
be approximated more accurately by a low bond dimension
MPS, we employ this isometric degree of freedom to choose
unravelings that lead to lower entanglement states in point
4 (and hence also incur small approximation errors when
approximated by a low bond dimension MPS in point 5). We
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FIG. 3. (a) Simple layered process of quantum channels (rep-
resented as colored boxes, although they may be nonunitary) and
(b) the corresponding Kraus tree, with Kraus elements of each edge
possibly depending on the history of the path. (c) Each node has an
input and an output state, related by some approximation procedure
(represented as a wiggly line).

now properly define what we mean by an algorithm perform-
ing truncated trajectory sampling.

Let D be a classical description of a noisy quantum circuit
on n qubits consisting of

(i) a qubit ordering: a linear ordering of the n-qubits by
labeling them from 1 to n;

(ii) an initial state: an initial state vector | (?)) given as an
MPS (e.g., |0)®") with respect to the given qubit ordering;

(iii) and a string of transformations: a sequence of ef-
ficiently representable and applicable quantum channels on
n qubits (for instance, each comprised of one or two qubit
unitary gates on disjoint sets of qubits composed with single-
qubit noise channels).

We use p to denote the final quantum state associated with
D. Given x € N and a classical description D, the goal is to
sample from an ensemble of MPS states with bond dimension
at most x such that the expected state with respect to this
ensemble approximates p in trace distance.

To be more precise, we first define a key concept that we
then use to define truncated trajectory sampling.

Definition 2 ((e, x)-convex MPS). Let p be an n-qubit
quantum state with a specified qubit ordering. Let € > 0 and
x € IN. Then we say that p is an (€, x)-convex MPS with
respect to its qubit ordering iff there exists a probability dis-
tribution {g;}; and a corresponding set of pure quantum states
{|vi)}; such that

(1) forall i, |v;) admits a classical description in the form
of an MPS with bond dimension <y with respect to the
specified qubit ordering, and

(2) the ensemble {g;, |¥;)}; satisfies

<e. (15)

p— Y a1yl
i Tr

We call any such ensemble, {g;, |;)};, an (€, x)-convex
MPS witness for p.

Note that each MPS representation has an inherent qubit
ordering, and different choices of qubit ordering are possible.
Further, the minimal bond dimension of the MPS representa-
tions of the same state with respect to different qubit orderings
can be extremely different. For this reason, we specify the

qubit ordering of the MPS representations. In many settings,
however, a natural ordering is already imposed by the system’s
geometry. That is the case when studying one-dimensional
quantum circuits or open systems with nearest-neighbor in-
teractions on a line.

Definition 3 (Truncated Trajectory Sampling). Given a
noisy circuit description D on n qubits (as specified above), let
p be the final quantum state. Given a maximal bond dimension
X, we say that an algorithm performs e-TTS(D, y) iff p is an
(e, x)-convex MPS, and for some {g;, |;)}; that is an (e, x)-
convex MPS witness for p, with probability ¢g;, the algorithm
returns a classical description of a state vector |1/;) in the form
of an MPS with bond dimension at most .

Below we define a general class of algorithms that perform
truncated trajectory sampling to varying degrees of accuracy
€ € [0, 1]. We discuss how these algorithms are constructed
and how to bound € for any given algorithm, y, and D.

B. Class of truncated trajectory sampling algorithms

We now describe a general class of classical simulation
algorithms that perform truncated trajectory sampling. The
simulators in this class use three key subprocedures, which
we refer to as the layering, Kraus tree, and the approximation
subprocedures. Although other implementation details and
inputs may vary, conditioned on the details of these subpro-
cedures, these algorithms all perform an equivalent high-level
procedure, which we will describe shortly.

(1) Layering subprocedure: This algorithm specifies how
the circuit appearing in the circuit description D is to be
broken up into a string of transformations (unitary gates or
noisy processes) that will be applied, in order, to a quantum
state representation.

(2) Kraus tree subprocedure: Each time a transformation
is applied, this can be represented by one of (potentially)
many Kraus decompositions.* We will consider a simulation
procedure where a Kraus element is sampled from a particular
Kraus decomposition associated with each noisy transfor-
mation. After the first Kraus operator is sampled from the
decomposition of the first noisy transformation, subsequent
Kraus decompositions may depend on the sampled Kraus ele-
ment. This defines a tree structure where the following apply:

(i) Each node is associated with an input and out-
put state (for now, these can be treated identically; this
distinction will become relevant when we introduce the
approximation subprocedure), with the initial state of the
system equal to the input state of the root node.

(ii)) Each edge from a node to one of its children is asso-
ciated with exactly one Kraus element, where the choice of
Kraus decomposition defines the set of all such edges. The
latter can depend on the unique path from the root to the
parent node. The update of the state along an edge follows
Eq. (4). Given the output state of the parent node, |/), and
a Kraus element K; associated with an edge to a child node,
the probability of that edge is p; = ||K; |¥) ||, and a state

“We note that unitary transformations are represented as a single-
element Kraus decomposition.
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pi_l/ ’K |[vr) is associated with the input state of the child

node.

We refer to the tree labeled with Kraus operators, input and
output states, and transition probabilities as the Kraus tree.
Although the number of nodes in this tree may be growing
exponentially in the circuit gate count, it never needs to be
explicitly constructed and can be fully specified by an al-
gorithmic procedure that, given a node and the output state
associated with that node, determines how to choose the Kraus
decomposition for the next transformation to be applied. We
refer to this as the Kraus tree subprocedure. As a simple
example, one can consider Kraus tree subprocedures, where
the Kraus decomposition is independent of the node and state,
depending only on the next transformation to be applied, with
each type of transformation in the circuit assigned a fixed
Kraus decomposition.

(3) Approximation subprocedure: This subprocedure de-
termines the mapping from the input state to the output state
of each node of the Kraus tree. This subprocedure is intended
to be used to simplify a state’s representation by employing
a suitable approximation. In our setting, where an MPS data
structure is employed, a natural example is an approximation
subprocedure that truncates the input state to one with a max-
imum permitted bond dimension.

We consider the set of all algorithms that specify a layering,
Kraus tree, and approximation subprocedure and implement
a simulation by sampling a complete path from the root to
a leaf of the Kraus tree based on the transition probabilities
assigned to the edges. These algorithms ultimately return the
output state at the leaf of the sampled branch of the Kraus tree.
We call this one (truncated) trajectory.

We observe that if the approximation subprocedure is cho-
sen to be the trivial identity map (i.e., the state is always
represented exactly), then the expectation value over trajec-
tories is exactly the (mixed) state p produced immediately
prior to measurement. However, if nontrivial approximations
are made at any point in the Kraus tree, the output state p" will
generally differ from p.

In the Supplemental Material [49] (Sec. IL.B, including
Ref. [71]), we show how to construct a probabilistic upper
bound for the total trace distance between p and p’ using only
a polynomial number of samples from branches of the Kraus
tree. At a high level, we sample a branch from the Kraus tree
and consider the sum of trace distances between the input
and output states of each node along the branch. We show
that the expectation value of this random variable (and related
constructions) acts as an upper bound on the trace distance
between p and p’. This permits us to estimate an upper bound
of the expectation value as the mean of a number of samples
of these random variables. To produce a probabilistic upper
bound, we add a small buffer term to this mean to ensure that,
with high probability, we are overestimating the expectation.
This buffer term can be made smaller by increasing the num-
ber of samples used.

In this work, we focus on the setting of the MPS data
structure where the approximation subprocedure is used to
impose an upper bound on the bond dimension of the output
states at all nodes. With this additional restriction, the set
of algorithms consistent with the above description perform
truncated trajectory sampling to varying degrees of accuracy

€ € [0, 1]. Theorem 1 adapts our probabilistic upper bound
on the accuracy € to the truncated trajectory sampling setting.
We emphasize that although our accuracy upper bounds apply
to a broad class of algorithms, the size of the upper bound
is strongly dependent on the specific details of the algorithm.
Hence, sharper algorithms can achieve a smaller upper bound
on the trace distance between p and p’. In Sec. IVB, we
present our algorithm, a special case of the set of algorithms
described here. This provides a specific example of how
unraveling can be used to reduce the accuracy parameter €
associated with truncated trajectory sampling. But first, we
introduce some more commonly used notions of classical
simulation and discuss their connection to truncated trajectory
sampling.

C. Upper bounds on the simulation errors

In this section, we present our main contribution to the
rigorous analysis of the errors committed in such quantum
trajectory protocols (Theorem 1). Let us start by giving labels
to the key quantities, and then state the main result.

Each trajectory [v/;) is drawn from the decomposition
of some state o =), g; |¥;}¥;|. This equates to saying
E[|/;:)v:]] = o. In the case of no approximations, one has
o = p, the exact state resulting from the noisy evolution,
while ||p — ot = 0 otherwise. And although the error is
hard to compute exactly efficiently, given N trajectories sam-
pled independently, there is an estimator £y that can be
computed in poly(n, x, N) time. This is associated with the
accuracy of trajectory sampling simulation algorithms.

For a trajectory |;) with sappmx(lfri, £) the approximation
error at layer ¢, we can define a function of the errors at each
layer bounding the cumulated error of the trajectory. This
(bounded) total error of the trajectory is the sum of errors
Ebound (V) = Zle eappmx(t/}i, £) if this sum is smaller than
some threshold eq.x — 2 and is set to &nax Otherwise. With
this, averaging over the sampled trajectories, one can compute
an estimator of the error on the simulated state

N
1 .
éN = N E Sbound(Wi)- (16)
i=1

Here, e,y 1S the maximum tolerated approximation error in a
single trajectory, which can be freely chosen between 2 and
2L. This allows us to state our first main result (selecting
Emax = 2)

Theorem 1 (Truncated trajectory sampling error). Given a
noisy circuit description D with a final state p and a max-
imal bond dimension x € N, there exist an € > 0 such that
with runtime poly(n, x, N) the trajectory sampling algorithm
returns samples from an (e, y)-convex MPS witness for p.
Furthermore, for any § > 0, with probability at least 1 — 4§,

2 1
e <&y+ Nlog((g). (17)
We note that when x > 272 foralln=1,2,...,8y = 0.
This bound is composed of a systematic error and a statis-
tical error. First, the systematic error is due to the truncations.
Even in the hypothetical case where one would compute
all (exponentially many) possible trajectories, each would
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be only an approximate representation of the real trajecto-
ries. The difference between the real noisy state p and the
mixture of all unraveled trajectories o = E[|V:)(¥;]] is the
systematic error of the simulation. This error can be bounded
by limy_ o &v. The resulting accuracy can be improved by
reducing the approximation errors of each trajectory, i.e., by
increasing the bond dimension of the MPS. Second, there is
the uncertainty due to finite sampling, the statistical error. The
systematic error is constructed from the sampled trajectories,
as a cumulation of the errors in each. The exact computa-
tion would require computing all trajectories, which can not
be done efficiently. As a result, one needs to estimate the
systematic error itself. The bound &y obtained by av-
eraging the errors of the sampled trajectories holds
with high probability when adding the ‘“statistical buffer”
\/[efmx/(ZN)] log(1/8). The tightness of the bound (or the
probability of failure) can be reduced by increasing the num-
ber of samples. When using MPS, the approximation error
sappmx(lﬁi, £) of the trajectory |1ﬁi) at depth ¢ due to the trun-
cations can be computed using that || |y Y| — [§NP| I =
V1 —|(¥|¢)|* at the cost of having to also compute the

nontruncated evolution, or using the bound from Eq. (14),

resulting in
Eapprox (Vi ) <4 (2D e (x). (18)
k

The full proof of Theorem 1 and details about the MPS-
based errors can be found in the Supplemental Material [49]
(Sec. II).

Note that, in general, the bound from Theorem 1 is not
tight. For some noise models of interest, it can be made tighter
using concentration arguments. Then, the error contribution of
each layer is scaled by a factor decaying exponentially with
the depth of the circuit. In this case, we obtain a new bound
(omitting the bounding with &,,,x — 2 for simplicity)

l N L n ~
éN — ]V Z (Z aLilEapprox(wiv E)) (19)
i=1 \t¢=1

for some noise-dependent factor ¢ < 1. See the Supplemental
Material [49] (Sec. I1.D) for a presentation of the argument
and examples of specific values of «.

We are now ready to introduce some more commonly
used notions of classical simulation and demonstrate how our
results on truncated trajectory sampling result in bounds on
simulation errors.

D. Target classical simulation tasks

In this section, we define two commonly used notions of
classical simulation, which we call output distribution sam-
pling and observable estimation, and show their connection to
truncated trajectory sampling.

Given

(1) aclassical description D of a noisy quantum circuit on
n qubits,

(2) an accuracy parameter € > 0 and a failure probability
5 >0,
the goal is to perform the following tasks with probability at
least 1 — §, over the randomness of the algorithm:

(i) Output distribution sampling: Sample from any proba-
bility distribution within the e-ball (in total variation distance)
of the outcome distribution

Px|p):=(x]p]x) (20)

associated with measuring the final state p in the computa-
tional basis {|x)}..

(i) Observable estimation: Given an observable O in the
form of an MPO of bond dimension upper bounded by
poly(log n), estimate (O) = Tr[Op] up to e in additive error.

We denote an instance of each of these problems using
SAMP(D, €, §) and OESTIM(D, O, €, §), respectively.

In general,” we cannot expect to find an efficient clas-
sical algorithm for these simulation tasks that works for
all instances. This is because solving the output distribu-
tion sampling task in poly(n, €', log 6~!) time is as hard as
SAMPBQP, the class of sampling problems efficiently solv-
able by a (noiseless) universal quantum computer. It is also
easy to show that solving the observable estimation task in
poly(n) time for any € +8 < 1/6 and O = |0)(0] ® I®"~! is
BQP-hard.® Note that the estimation of Born probabilities and
marginals (the probabilities of outcomes in the computational
basis) is a special case of observable estimation. For a detailed
discussion of how these notions of classical simulation relate
to each other, see Ref. [8].

Before introducing our algorithm in more detail, we out-
line how algorithms for truncated trajectory sampling can be
used to perform output distribution sampling and observable
estimation.

Lemma 1 (Output distribution sampling from trajectory
sampling). An algorithm performing e-TTS(D, x) with prob-
ability 1 — § can, with poly(n, x )-time classical processing,
produce a solution to SAMP(D, %6, 8).

Lemma 2 (Expectation value estimation from trajectory
sampling). For any n > 0, N = 2||0||§p;7’2 log(28”1) inde-
pendent outputs of an algorithm performing e-TTS(D, x ) with
probability 1 — § can, with poly(n, x )-time classical process-
ing, produce a solution to

(i) OEsSTIM(D, O, €', §') where €' = [€ 4 26]||O||op + 1 or

(i) OESTIM(D, O, €, § + ') where €’ = €||Ollop + 1.

Lemma 1 derives from the fact that each trajectory, inde-
pendent of the choice of unraveling, is a pure state drawn
from a valid ensemble decomposition of the approximate out-
put state of the circuit. With this, the measurement statistics
averaged over the elements of the decomposition match those
of the mixed state. Leveraging the fact that any bound on the
trace distance between states is a bound on the 7V distance
between the respective distributions leads to the result above.

For Lemma 2, one also has to take into account that the
finite sampling of trajectories does not fully reconstruct the
approximate state. Since not all trajectories are sampled but
only a subset, one can only guarantee that the unraveled mixed

SWithout placing specific restrictions on the level and nature of
the noise model, this class of circuits includes universal noiseless
circuits.

®BQP is the class of decision problems efficiently solvable by a
(noiseless) universal quantum computer.
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state is within a ball around the target state with high probabil-
ity. The incurred statistical error is reflected in the additional
term. The detailed proofs of these statements can be found in
the Supplemental Material [49] (Sec. II1, including Ref. [72]).

With this, Theorem 1 allows us to state bounds on the errors
of the simulation tasks presented above.

Corollary 1 (Output distribution sampling). Given the set-
ting of Theorem 1, N samples from the trajectory sampling
algorithm allow for computing N samples from a probability
distribution P’ which is close to P,

/ A 8I21'1'dX 1
TV(P,P) < éy+ AN log(a), (21)
with probability 1 — § where P := {P(x|p)}, is the distribu-
tion of outcomes generated when the noisy circuit described
above is applied to the |1/©) state and all qubits are subse-
quently measured in the computational basis.
Proof. This is a direct application of Lemma 1 to the result
of Theorem 1. |
Corollary 2 (Expectation value estimation). Given the set-
ting of Theorem 1 and a bounded observable O with ||O]|q, <
1, N samples from the trajectory sampling algorithm can be
used to construct an estimator O for the expectation value (O)
with

O 1<tvt m0s (D)1 [21og(2) @2
- & og| = —log| =
SEVT N 8 N %\

with probability at least 1 — & — §'.

Proof. This is a direct application of Lemma 2 to the result
of Theorem 1. [ ]

We can now focus entirely on how MPS-based quantum
trajectories allow us to compute solutions to truncated trajec-
tory sampling tasks. We argue that our algorithm achieves a
state-of-the-art performance among unraveling-based simula-
tors of noisy quantum circuits.

IV. OUR ALGORITHM

In this section, we will dive into the details of our
algorithm. For this, we review MPS-based trajectory sam-
pling algorithms (as presented in Sec. III B and studied in
Refs. [42-47]) in Sec. IV A. We then present our locally
entanglement-optimal choice of unraveling and how it is de-
rived in Sec. IVB. In Sec. IVC, we give an overview and
comparison of state-of-the-art choices of unraveling for MPS-
based trajectory sampling.

A. Details of MPS-based trajectory sampling

The central idea of quantum trajectory unraveling is to
interpret open system evolution as a stochastic process over
(nonunitary) normalized pure-state evolutions. For each layer,
starting from a state vector |{) the effect of the computa-
tional layer A is unraveled by specifying a particular Kraus
representation {K;}; of the channel and obtaining the induced
ensemble decomposition as per Eq. (4). Put into words, Eq. (4)
is a statement that the output state is a probabilistic average
over the distribution p = {p;}; of normalized state vectors
{lpi) = p;I/ 2Ki |)};. This procedure is represented graphi-

cally in Fig. 2 (bottom left). Note that one has the freedom to
choose the Kraus decomposition of the channel. This different
choice of unraveling is synonymous with a different U in
Eq. (5), and it is precisely this freedom we will leverage to
optimize the algorithm in Sec. IV B.

We now expose how to perform the update efficiently
when using MPS and few-qubit unitaries, followed by single-
qubit noise channels. From here on out, we consider 1D
architectures of geometrically local, few-qubit, unitary gates
composed with local (single-qubit) noise channels, like for
instance the brickworklike circuit structure shown in Fig. 2
(top left). This setting could be made more general, but it
already contains all the key elements to set the stage for our
locally entanglement-optimal unraveling. Let us describe each
block individually.

Given a pure state represented as an MPS of bond dimen-
sion yx, the action of a unitary gate is obtained by contracting
the (four-legged) tensor with the affected MPS tensors and
then recovering the MPS structure through singular value
decomposition (SVD):

One layer of two-qubit, nearest-neighbor, unitaries acting on
disjoint sets of qubits will result in a new MPS with increased
bond dimension of at most 2.

Each single-qubit noise channel is also applied locally.
They can be represented by a three-legged tensor K =
> Ki ® (i], then Eq. (3) can be formulated as

Nio) = KoK = -Oar)-

After selecting the Kraus decomposition (the unraveling), the
probabilities of each path (at most four in our choice of unrav-
eling) are computed

pi = (K/K:) = (WIK/Ki |¥) (23)

and one of them is sampled. The nonunitary evolution is then
implemented by contraction of the respective Kraus operator
and renormalization by the corresponding probability:

W) = ——K: ) = & - -
e - L _

This sampling is repeated for each qubit, giving a valid trajec-
tory of the full first layer.
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The MPS may then be truncated to remain within the max-
imum allowed bond dimension. This is done by discarding
the smallest singular values of each bond (i.e., the smallest
Schmidt coefficients of each bipartition) [62]:

One is thus given a tradeoff between cost and simulation error.
The approximation error for the layer, computed efficiently, is
added to the cumulated error of simulating the trajectory. Note
that in practical implementations, not focused on deterministic
calculations, one could variationally look for the closest MPS
with the target bond dimension and compute an approxima-
tion error from the resulting overlap [41,73].

Repeating this procedure (unitary evolution, noise process,
truncation) for every layer returns one of the (at most 4"F)
trajectories of the full noisy circuit, as visualized in Fig. 2.
An algorithmic description of the MPS-based unraveling of a
single noise channel is presented in Algorithm 1.

ALGORITHM 1. Channel unraveling subprocedure.

INPUT
initial state vector |¢) as an MPS with bond dimension x
noise channel description
location of qubit affected by noise ¢
OUTPUT
state |1') as an MPS with bond dimension x’
PROCEDURE
choose Kraus decomposition:
{K;}; < Kraus Unraveling(N, |¥o) , ¢)
9: compute path probabilities: p < {(V/| K;K,- [¥) )i
10: sample a trajectory: i <— i ~ p
11: apply Kraus operator: |') <« ﬁK,- [r)

A A T ey

Note that the layering process also affects the accuracy
and cost of the simulation. Although not central to our work,
we outline two methods for interleaving unitary action, noise
process, and truncation to illustrate the concept. One layering
option is to define the unitary layer as |n/2] two-qubit unitary
gates, the noise layer as the tensor product of n single-qubit
noise channels, and then a truncation on all bonds

Trunc®”" ON®H o Z/{® ln/2] ) (25)

Alternatively, one can choose to perform the unitary, noise,
and truncation locally on the two qubits affected by the unitary

(Trunc®! oN®2 o 1f)®1/2], (26)

The first strategy will result in lower truncation errors, as the
noise on the last qubit may affect the first bond. However,
it requires an intermediate representation of the state as an
MPS with bond dimension 2y on every second bond. The first
approach does not leverage the effect of the noise on all qubits
to reduce the bond dimension before truncating, but never
needs to construct an MPS with a bond dimension larger than
x- In general, the intermediate bond dimension will depend
on the interplay between the channel layers and the truncation

imposed by the choice of layering. This results in a tradeoff
between computational cost (bond dimension) and precision
(truncation error).

B. Locally entanglement-optimal unraveling

Like previous works, we aim to minimize the entanglement
in the trajectories to reduce the computational cost of simulat-
ing those with MPS. In this section, we present the method for
obtaining a locally entanglement-optimal unraveling. We will
specify the optimization problem we aim to solve and state our
result on the optimality of our unraveling in Sec. IVB 1. The
remainder of this section will serve to elucidate the steps of
the argument by showing how to map the n-qubit problem to a
two-qubit problem (Sec. IV B 2), for which one can obtain the
optimal decomposition of the mixed state using long-standing
results (Sec. IV B 3) and finally how to recover the optimal
unitary (the optimal unraveling) from that (Sec. IV B 4).

1. Problem statement and main result

As their name suggests, bipartite measures of entangle-
ment, as defined in Sec. II, are always relative to a partition of
the state. One could pick any bipartition, e.g., the one between
the target qubit and the next, or the half-system partition. Both
of these translate to optimizing one specific bond of the MPS.
In this work, we target the minimization of the entanglement
between the noisy qubit and the rest of the state (both right
and left). This local optimization objective was previously
independently proposed in Ref. [45] in the context of a heuris-
tic variational search. Here, we show that this minimization
problem admits an exact analytical solution.

Formally, given an initial state vector |¢) and a Kraus
description of a single-qubit noise channel {K;};, we find the
optimal unitary U,y for the noisy state p = Y, K; | (/| Kf
such that

Eav({p‘i)ptv ¢?Pt>targetzrest }) = EoF(ptarget:rest)
with [62%) = —=K |y and p™ = | K1)
Ve
for K™ = [Uopl} K;- @7)
j

Theorem 2. Given some state vector |i), in a representa-
tion where computing its Schmidt decomposition is efficient
(e.g., an MPS),

lY) = |u0>target ® |V0)rest + V1 — 52 |u1)mrget ® |v1)resl28
(28)
and a single-qubit noise channel N [-]=)", Ki(-)KiT, there
exists an efficient and deterministic algorithm that returns the
von Neumann optimal local unraveling. That is, it returns the
unitary Uy, transforming the Kraus representation [according
to Eq. (5)] such that

| < 1,
Uopt = argémn ; P;‘E <\/_]7:Kl |1//>targel:resl) ) (29)

where E is the von Neumann entanglement entropy.
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This unraveling is optimal in that it minimizes the
ensemble-averaged von Neumann entanglement entropy be-
tween the noisy qubit and the rest of the state by reaching the
entanglement of formation. To build up to this result, we will
first show how to reduce the problem stated in Eq. (27) to an
effective two-qubit problem. With this observation and some
long-standing results on the computation of the entanglement
of formation at hand, we show that this problem can be
solved exactly, resulting in the optimal choice for the unitary
freedom.

2. Reduction to the effective two-qubit problem

We start from an arbitrary pure state on n qubits and
compute the Schmidt decomposition with respect to the cut
isolating the target noisy qubit from the remaining n — 1
qubits, i.e.,

) =s |u0>larget ® |U0>rest +vI1-— 52 Iul)target ® |U1)rest .
(30)

Here, we have that |u;) € C* and |v;) € C*"' for all i. We are
then interested in the action of Marget ® Liest ON | )XYr|, where
T is the identity channel. Since the noisy map only affects
the first qubit, the resulting noisy state remains within Hilbert
space of C? ® span{|vg), |v1)}, which is four dimensional.
This is a consequence of the Schmidt decomposition having
(at most) two nonzero singular values. With this, we can
interpret the process as an effective two-qubit evolution. We
make it explicit by constructing the isometry which rotates
the single-qubit states {|0) , |1)} to {|vo) , |v1)} as

V= [vo)0[ + v )(1]. €2y

With that, we can write

V) =M @V)(slug) ®10) + 1 —s%ur) ®[1)).  (32)

two-qubit state

This isometry could be completed to form a unitary, but it is
unnecessary and would even be detrimental to our analysis.
Note, however, that for any state in C? ® span{|vo) , |v1)}, the
operation (1 @ V)(1 ® V') leaves the state invariant. It acts
as the identity on the subspace of interest.

Now let us define the channels V[-] = V(-)V T and V[-] =
VT(-)V which respectively map from {|0), |1)} to {|vo), |v1)}
and back. Let us also slightly abuse notation and use V for
(Ila.rget & Vrest) and N for (A/targel ® Irest) when dealing with
either the two- or n-qubit state. Then, the noise channel and
the isometric transformation act nontrivially on disjoint sets
of qubits (the noise on the first qubit and the isometry on the
rest) and therefore commute. Consequently,

VoNoVIy)yl=V oV o NIy )yl = NIy )yl
(33)
The first equality is due to the commutation relation, and
the second is due to the restriction to the four-dimensional
subspace. We can now see how this helps us find the optimal
decomposition of the n-qubit state when the noise channel acts
only on a single qubit. Defining the effective two-qubit state

vector |¢°) € C? ® C? as

W) = W@V 1Y) =slug) ®10) + V1 —s2Jur) ® 1),
(34
the optimal unraveling of the channel A for | is also
optimal for |y).

Now, V is in principle a 2 x 2"~! matrix, thus not practical.
We can, however, take advantage of the matrix product state
structure. When starting with an MPS, obtaining the isometry
V is almost free: one only has to sever a bond and later
stitch it back together. Graphically, on an MPS, the Schmidt
decomposition above is given by the SVD of a single tensor
between the physical and the bond indices (up to bending
some wires):

(35)

Here U = |uo)0| + |uy 1|, S = 5 |0%0| + /1 — 52 |1)(1], and
V = |vo)0| + |vi)(1]. The state vector |°T) is then simply
obtained by keeping only the U and S tensors, and bending
the index between S and V to act as the effective second qubit

) = { (36)

In that sense, the isometry V is already defined by the rest of
the matrix product state and does not need to be calculated
(nor applied) explicitly.

e

3. Wootters’ optimal decomposition

The optimal unraveling can then be obtained using Woot-
ters’ method for computing optimal convex decompositions of
two-qubit states [48]. Given a two-qubit state in its eigende-
composition p = Y ;2j 1221, Wootters shows how to find

the optimal decomposition p = 3, p™ [¢" )™ | such that

Eo({p™. |6™)}) = Eor(p) 37)

as well as the unitary as per Eq. (2) that maps from one to the
other. See the Supplemental Material [49] (Sec. VI, including
Refs. [74-76]) for an introduction to Wootters’ decomposi-
tion and a practical (numerically friendly) implementation.
The idea of how to use this to find unravelings of channels
is straightforward. We begin by rotating the non-noisy part
from the pure state to its single-qubit equivalent subspace,
obtaining |°T) as per Eq. (36). Then, we apply the noise to
the target qubit, resulting in the mixed state

P = (N ®@ D[y (v). (38)

From this, one can apply Wootters’ method to obtain the
optimal convex decomposition

peff — 24: p;)Pt |¢?ff) (¢ieff
i=1

, (39)

where |¢fff) are two-qubit states and this decomposition min-
imizes the average entanglement entropy. Rotating back gives
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FIG. 4. Graphical representation of the procedure to find the
optimal single-qubit unraveling.
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Since the rotation is a local operation with respect to the
bipartition of interest (it does not affect the target qubit in any
way), it also does not change the entanglement between the
two subsystems. We have therefore found an optimal decom-
position of the noisy n-qubit state when the noise channel is
only applied to a single qubit.

In practice, on MPS, after applying the single-qubit noise
model and finding the optimal decomposition, one can sam-
ple one state from the decomposition (39) and then contract
the nonphysical index back with the rest of the MPS from
Eq. (35). This is sampling one state vector |¢fff) and re-
trieving the sample of the n-qubit evolution by computing
l¢™") = (1 ® V) |¢¢T). A graphical overview of the complete
procedure is shown in Fig. 4.

4. Optimal unraveling unitary

The procedure presented is fully functional and imple-
mented for the numerical simulations shown in Sec. VIA.
However, Wootters’ method for computing the optimal de-
composition of a two-qubit state takes the eigendecomposition
as input, not any arbitrary decomposition. That is, it returns a
unitary Uwootters SUch that the decomposition

VPP 67) = [Uwooters]}iv/A7 12) (41)
j=1

is optimal. This is no major issue since the eigendecompo-
sition of a two-qubit state can be computed, but it does not
fully solve the problem stated in (27) of finding the optimal
unitary Uy since, in general, the induced decomposition from
Eq. (4) will not be the eigendecomposition. Thus, we want to
find the unitary that maps the induced decomposition to the
eigendecomposition

p=Y Kly)y|K
=Y pilogil 2> p =Y 0. (42)
i j

We will show here that this can also be done efficiently. Doing
so, we will obtain the optimal unitary to apply directly to the
Kraus decomposition of the noise channel instead of only one
valid sample from the optimal distribution, thus allowing us
to implement the procedure depicted in Fig. 2.

For the rest of this section, we will use the matrix notation
of ensemble decompositions presented in the Supplemental
Material [49] (Sec. V). Wootters” method starts with the
eigendecomposition of some input state p, i.e.,

p = Ailn)hl=vo' with v=""Va|nXil. 43)

However, in general, we are given an arbitrary decomposition
of the state

p =D piloXeil =d¢" with ¢ =" /pilgiNil,
1 1 (44)

and want to apply Wootters’ method. The question now is,
how we can find a mapping from the arbitrary decomposition
¢ to the eigendecomposition v, i.e., some unitary Uy, such that

v = oU]. (45)
To this end, we identify
v’ = VAV with V=" |n)il and A=) xli)il
i=1 i=1

(40)

and find v = V4/A. Combining this with the target unitary
freedom (45) results in the equation to satisfy

VVA = ¢U] & ¢ = VVAU,, (47)

which resembles a singular value decomposition of ¢. Indeed,
we can associate

V=U
¢7

SVD(¢) =U, %V, =VVAUy = {A=%2  (48)
v Uo=V,.

From this, we find that the optimal unitary freedom to apply to
the Kraus decomposition of the channel to solve (27) is given
by Uopt = UwoottersUo-
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TABLE I. Comparison overview of the state-of-the-art choices of unraveling based on several criteria: System: (restricted vs general): the
kind of system the results apply to time-independent translationally invariant Lindbladian systems (TITIL), random circuits (RC), or arbitrary
systems. Adaptive (fixed vs adaptive): whether the unraveling is fixed or adaptive (state dependent). Analytical (numerical vs analytical):
whether the unraveling optimization (if any) is computed using analytic or numerical methods. Cost function: what measure of quality of the
unraveling is used and optimized (for entropy-based measures, the bipartition is specified: MC for middle cut or NQR for noisy qubit vs rest of
the system). Noise model: to which single-qubit noise models the results apply (DP: depolarizing, DF: dephasing, AD: amplitude damping, *:
applicable even to nonfixed noise models, possibly changing for each qubit and each depth). Note that Ref. [45] appears twice: once for their

analytical fixed unraveling (spin-model mapping) and once for their adaptive heuristic strategy (numerical optimization).

Work System Adaptive Analytical Cost function Noise model
Vovk and Pichler No. 1 2022 [42] TITIL entropy rate (MC) any
Kolodrubetz 2023 [43] RC X X N/A DF
Cheng and Ippoliti 2023 [44] RC X quasientropy unital & AD
Chen et al. 2024 [45] RC X quasientropy DF & AD
Chen et al. 2024 [45] any X entropy (NQR) any™
Vovk and Pichler No. 2 2024 [46] any X entropy (MC) any™
Daraban ef al. 2025 [47] any X “unitarity” any™
This work any entropy (NQR) any™

C. Comparing unraveling strategies

In recent years, several works have explored trajectory
sampling algorithms, aiming to reduce computational cost and
ideally find or improve noise thresholds, resulting in efficient
classical simulations. As mentioned above, sampling a tra-
jectory from an evolution under a quantum channel admits a
degree of freedom in the decomposition to sample from (the
choice of unraveling) and the precise value of the heralded
error from Theorem 1 strongly depends on this choice. For
the same evolution, some unravelings result in large truncation
errors while others produce states that can be well represented
as MPS. Some motivating examples of the impact of this
choice of unraveling are presented in the Supplemental Ma-
terial [49] (Sec. I.D). In this section, we present and compare
the state-of-the-art choices of unraveling. An overview of the
unravelings considered here is presented in Table 1.

We say that statements about an unraveling are general if
they hold for any evolution within the setting considered in
Sec. IV A, while they are system restricted if further restricting
assumptions are made. That would be the case for average-
case results over brickwork circuits of Haar random gates,
or if the statements only hold for translationally invariant
systems. We call an unraveling choice fixed if it is indepen-
dent of the current state of the system. Nonetheless, one is
generally not restricted to unraveling the noise in the same
way at every application of the noise. An unraveling choice
is said to be adaptive if it depends on the state to which the
noise is applied. We also distinguish methods that determin-
istically find a cost-function optimal unraveling from those
obtained from a numerical optimization without guarantees
(e.g., gradient descent). This is particularly relevant for the
adaptive unravelings, where the optimization happens at every
application of the noise. We also emphasized whether the
obtained unraveling is computed by analytical methods or by
numerical optimization and describe the target cost function
used to optimize the unraveling. Finally, we specify the noise
models that can be handled by each of the unraveling methods.

Physically motivated or handpicked unravelings have been
studied, in particular in the setting of time-independent trans-

lationally invariant Lindbladian systems [42] or noisy random
circuits [43]. Different fixed unravelings have been shown
numerically to result in significantly different performance,
in particular different growths of average entanglement. To
provide analytical insights on how to choose a good fixed
unraveling, approximate mappings of random circuits to clas-
sical spin models have been leveraged [44,45], resulting in
fixed unravelings with improved performance for random cir-
cuits. However, these methods really optimize a quasientropy
which is only indirectly related to the cost of the simulation.
On the other hand, adaptive unravelings have first been con-
sidered in restricted settings (time-independent translationally
invariant Lindbladian systems), where it was shown that to
minimize the (continuous) entanglement change rate it is suf-
ficient to consider only two choices (homodyne and number
measurements), resulting in an efficient greedy optimization
algorithm [42]. Adaptive unravelings can also be computed
with numerical methods, like gradient descent on the unitary
freedom in Eq. (5). Versions thereof have been implemented
to pick adaptive unravelings minimizing different cost func-
tions, like entanglement entropies [44,46] or measures of
nonunitarity [47].

Adaptive unravelings offer greater freedom than fixed
ones, potentially leading to better performance. In particular,
in addition to their analytical fixed unraveling, Ref. [45] also
presents an adaptive heuristic strategy that employs the same
cost function as our work but uses numerical optimization
to compute the unraveling. However, numerical approaches
such as gradient descent are often nondeterministic, have the
risk of not finding a good minimum for their cost function,
and can be significantly slower to implement on each of the
numerous calls of the unraveling subprocedure. Thus, it would
be valuable from both practical and conceptual perspectives
to find analytically motivated choices of adaptive unraveling.
Our unraveling achieves precisely that. We provide an effi-
cient adaptive unraveling strategy with analytical guarantees
for any single-qubit noise channel. Our unraveling can be
computed deterministically in constant time [as opposed to
the O(x?) or O(x?) scaling of previous adaptive unravelings]
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and optimally disentangles the target qubit from the rest of the
state.

V. APPLICATION TO SPECIFIC SYSTEMS

In this section, we discuss the application of trajectory
sampling methods and the impact of our results on two
frequently considered settings: time-independent Lindbladian
systems (Sec. VA) and noisy random circuits (Sec. V B).
In particular, we define a measure of unitarity of (Kraus)
operators, demonstrate how to compute an unraveling that
minimizes this measure, and show that this fixed unraveling
is near optimal for random circuits.

A. Time-independent Lindbladian systems

Our method can also be applied to Lindblad equations with
single-qubit jump operators. In this section, we discuss how to
construct a quantum circuit that matches the language above,
starting with Trotterizing the evolution of the open system.
Then, the choice of unraveling can be directly applied to the
resulting Kraus operators.

The Lindbladian description of the evolution of open quan-
tum systems is given by equations of motion of the form

p . !
J

where H is the Hamiltonian governing the coherent evolu-
tion and {c;}; are the jump operators. We explicitly show in
the Supplemental Material [49] (Sec. IX.A) how to compute
the noisy quantum circuit corresponding to a Trotterization of
the evolution above exactly. For a coherent part composed of
two-local nearest-neighbor interactions

H=> hi with hiyeC™Vi (50)

i=1

the gates from the resulting brickwork circuit are simply
Us.on = e~ For the incoherent part, the Kraus operators of
the corresponding noise channel are obtained by computing
the eigendecomposition of the Choi state of the local jump
process. The Choi state in this setting is given by a reshaping
of the vectorized jump superoperator e’¢' with

szyj(cj®c’;—%c;cj®]l—%]l@c;rcf). 51

This standard procedure returns an exact (and orthogonal)
Kraus decomposition of the noise channel resulting from the
Trotterized jump process.

We also show in the Supplemental Material [49] (Sec.
IX.B) that, for a jump rate y and Trotterization time step

dt, choosing ¢ = ((1) g) results in a dephasing channel with
rate pPF = 1 — e 7¥/2 and choosing ¢ = (] ) results in an

amplitude damping channel with noise rate yAP = 1 —e™7%,
Additionally, the resulting Kraus decomposition coincides
with the decomposition typically found in textbooks (labeled
in the remainder as mixed-unitary decomposition for dephas-
ing and orthogonal decomposition for amplitude damping, see
also Table I).

B. Noisy random circuits

In this section, we look at the example of random quantum
circuits. This setting has been heavily studied in the trajectory
unraveling literature and the related field of measurement-
induced phase transitions. We show in Sec. VB 1 how our
unraveling fits in this literature by explaining how previous
unravelings can be shown to be near optimal using our ar-
guments based on entanglement of formation. This is done
by observing that, when restricting to random circuits, our
protocol can be simplified by approximating the effective
two-qubit states with a Bell state (maximally entangled state
on two qubits). With this, we give analytical footing to the
proxy proposed in Ref. [43] and obtain that the unraveling
choices presented by Chen et al. [45] and Cheng et al. [44]
happen to be optimal in our sense for the noisy Bell state.
We also address one open question from Ref. [44] about the
improvement of thresholds when using locally and adaptively
optimized unravelings. In the setting of Haar random circuits,
such improvement appears to be minimal, as the two strate-
gies converge. In Sec. VB 2, we then relate this optimality
statement to the “projectiveness” or “unitarity” of the obtained
Kraus decompositions.

1. Near-optimal fixed unraveling for random circuits

This argument is based on the observation that states in
random circuits are locally approximately maximally entan-
gled. As presented in Sec. IV B, the problem of finding a
good unraveling for single-qubit channels can be reduced to
a two-qubit problem. The Schmidt coefficients in Eq. (28)
characterize the entanglement of the initial effective two-qubit
state.

If the singular values are equal (thus both 1/+/2), then the
state is effectively maximally entangled. This case may seem
very specific and unlikely, but it is close to what happens
for Haar random states. Indeed, it is already well known
that, for sufficiently large Haar random states, any subset of
qubits is “more or less maximally entangled” with the rest
of the system. For a Haar random state, the distribution of
eigenvalues of the reduced density matrix (squared singular
values) follows a Marchenko-Pastur distribution [77,78]. For
states drawn from a 2-design ensemble [79, Example 50] and

a single target qubit, we have
+0 ! (52)
2)1

where v is a 2-design ensemble and Tr[p?] = A7 + A3 is the
purity of the reduced density matrix on that qubit. Now, since
Trlpi] = A1 + A2 =1, we have 4; = 1 + 0(\/1—27). Since the
eigenvalues of the reduced density matrix are the squared

Schmidt coefficients,

1 1

Interpreting the rest of the n — 1 qubits as a single effective
qubit as we did in Sec. IV B 2, we obtain

L
V2

242 1

E [Tr[p?]]= "2 ==
\w>~v[ i) m4+1 2

Wy &~ —(Jur) ® [v1) + [u2) ® |v2), (54)
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which is a maximally entangled state. Furthermore, in the
case of two degenerate Schmidt coefficients sy = s, = 1/ \/E,
the local basis is irrelevant and one can enforce that one of
the two Schmidt bases is the computational basis. Using this,
we choose the form |{/) ~ \/%(|O) ® |wy) + |1) ® |wy)). This
can be seen from the singular value decomposition of the
matrix of coefficients (from which the Schmidt decomposition
is computed), as the matrix of singular values is proportional
to the identity, and thus commutes with the two basis-defining
unitaries. With this, the case sy =s, =1/ V2 reduces to
considering |y °T) = |dT):

When dealing with random circuits, one can simplify the
unraveling procedure: computing the optimal unraveling of
the noise channel of interest for the Bell state once. We
call this unraveling Haar optimal. This yields a near-optimal
unraveling in a state-independent manner. We show in the
Supplemental Material [49] (Sec. VII.A) that the unravelings
proposed in Refs. [45] and [44] are optimal in this sense. Our
argument offers a different intuition for why the Kraus decom-
positions found in the literature perform well in unraveling
noisy random circuits based on MPS. Additionally, if one
lacks information about the state and consequently assumes
it to be random, this decomposition is the best estimate. In a
sense, they are the best state-agnostic choice of unraveling.

2. Least unitary unraveling

As a consequence of the result in the previous section,
we also find the (state-independent) unraveling, which can be
interpreted as being as far as possible from a mixed-unitary
unraveling. Finding the optimal unraveling for the Bell state
(and thus also for random circuits) is equivalent to computing
the optimal decomposition of the Choi state of the noise
channel [see the Supplemental Material [49] (Sec. VIII) for
details]. One can then ask about input-independent properties
of unravelings. In particular, single-qubit channels are spe-
cial in that they cannot create entanglement and only reduce
entanglement by projecting out part of the state. Multiqubit
channels, on the other hand, can disentangle states in a unitary
way. We ask if one can find the Kraus decomposition of a
single-qubit channel that is as far from being mixed unitary as
possible, i.e., where each Kraus operator is as close to rank-1
as possible.

Corollary 3 (Least unitary unraveling). Let us quantify the
unitarity of an operator K by the uniformity of its normalized
singular values {o;/|| K ||}, measured by the Shannon entropy

d o \? o\
itarity(K) = — — ) 1 W)
unitarity(K) Z(||K|IF> 0g2<||K|IF> (55)

i=1

Then, given a single-qubit channel as in Eq. (3), the locally
entanglement-optimal unraveling for the Bell state is also the
Kraus decomposition which minimizes the average unitarity

of the operators
1
unitarity,, ({Ki}) = ~ Z |IK; || unitarity (K;). (56)

The normalization with the Frobenius norm guarantees that
we compute the entropy of a valid probability distribution.
Note that the unitarity, as defined above, reaches its maximal
value of 1 for unitary operators and the minimum O for rank-1
operators, e.g., rank-1 projectors. A longer reflection on the
choice of definition as well as the full derivation of this result
can be found in the Supplemental Material [49] (Sec. VIII).
During the writing of this paper, we were made aware of
Ref. [47] where a different notion of (non) unitarity is intro-
duced, which is then optimized numerically for an adaptive
unraveling.

VI. PERFORMANCE

In this section, we discuss the performance of our unrav-
eling choice relative to other quantum trajectory sampling
methods and in the broader context of classical simulation
algorithms for noisy quantum dynamics. We first present nu-
merical results for Lindbladian systems and random circuits
and compare the numerical performance of our unraveling to
alternative unravelings. To convey a sense of the scale of noise
rate sufficient for efficient simulability using our algorithm,
we discuss known noise thresholds from the trajectory sam-
pling and measurement-induced phase transition literature.
Finally, we compare the family of methods based on sam-
pling of trajectories with other simulation methods, including
the Pauli path method and other tensor network methods
based on matrix product operators and locally purified density
operators.

A. Numerical performance comparison

To verify the performance of our algorithm, we present
numerical simulations comparing our choice of unraveling to
other unraveling algorithms under various settings. In Fig. 5,
we considered an open quantum system evolving under a
particular Hamiltonian, while in Fig. 6, we present aggregated
results based on many randomly generated Hamiltonians. In
line with the literature on the simulation of noisy quantum
circuits, in Fig. 7 we simulated random one-dimensional
quantum circuits with independent local noise and variants
thereof.

The various noisy quantum dynamics are simulated using
our locally entanglement-optimal unraveling algorithm and
three other types of unraveling algorithms that we refer to
as the orthogonal, projective, and Haar optimal unravelings.
Here, our numerical comparison focuses on three commonly
considered noise models (depolarizing, dephasing, and am-
plitude damping), Table II provides a Kraus decomposition
associated with these unravelings [see the Supplemental Ma-
terial [49] (Sec. L.LE) for more details]. We point out that
this comparison alone does not fully capture the performance
advantages of our unraveling, which applies to arbitrary
single-qubit noise models. In contrast, an explicit construction
of the Haar optimal unraveling, the more competitive of the
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FIG. 5. Simulation of a 16-qubit system evolving under a Heisenberg Hamiltonian H = ), ;Y1 + 0.35X; + 0.35Y; 4+ 0.5Z; (open
boundary conditions) with amplitude damping noise. All results are an average of 500 independently sampled trajectories and repeated for the
orthogonal and Haar optimal fixed unravelings (see Table II) as well as our locally entanglement-optimal unraveling. (a) Average entanglement
as a function of circuit depth plotted for various noise rates and unravelings in a simulation with bond dimension x = 50. (b) Average upper
bound on truncation error [Eq. (14)] as a function of circuit depth, plotted for various bond dimensions in a simulation with noise rate

yAP = 0.002. (c) Scaling of the truncation error (at depth 600) with bond dimension for various noise rates.

three alternatives, is only known for specific noise channels
and lacks this level of generality.

Kraus decompositions can always be constructed from en-
semble decompositions of the Choi state of the completely
positive and trace-preserving (CPTP)CPTP map [80, Sec.
6.4], [81, Sec. 2.2]. The orthogonal Kraus decomposition is
defined as the set of operators obtained from the eigende-
composition, which are necessarily orthogonal. In the case of
unital noise channels such as the depolarizing and dephasing
noise, the eigenoperators are unitary and hence we call these

mixed-unitary unravelings. In the case of amplitude damping
noise, the eigenoperators are not unitary. This is the repre-
sentation typically given in standard expositions of quantum
noise for the three noise channels considered here.

We also consider the Haar optimal unraveling, obtained
by rotating the orthogonal Kraus representation using the
Hadamard matrix as the unitary freedom in Eq. (5). This
unraveling is derived in Refs. [44,45] via an approximate map-
ping of random circuits to classical spin models. As discussed
in Sec. V B, our locally entanglement-optimal unraveling also
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FIG. 6. Simulation of a 12-qubit open quantum system under random translationally invariant and time-independent Lindbladian evolutions
with amplitude damping noise. For each random evolution, we consider a brickwork circuit composed of a fixed gate repeated at each site. The

gate itself is obtained by a short-time unitary evolution U = e~

of a random Hamiltonian H (a random Hermitian matrix with normally

distributed real and imaginary parts of each entry) and a time step dt = 0.01. Each trace is the average of 1000 independently computed
trajectories truncated to a fixed bond dimension. (a) Average entanglement as a function of circuit depth plotted for various noise rates and
unravelings in a simulation with bond dimension x = 20. (b)—(d) Average upper bound on truncation error [Eq. (14)] as a function of circuit
depth, plotted for various combinations of bond dimensions and noise rates.
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FIG. 7. Average entanglement entropy across the middle bond of the MPS in the numerical implementation of the trajectory unraveling
algorithm to different random circuits on 12 qubits with noise for different choices of unraveling. Each run results from one unraveled trajectory
of a newly sampled circuit, and each data point is the average over 1000 runs. For all settings, we computed the average entanglement after each
layer. (a) Shows the growth of the entanglement with circuit depth for some noise rates of depolarizing noise on low-entangling random circuits.
Note that the shaded area labeling noise rates excludes the mixed-unitary unraveling, as those curves overlap for all noise rates. (b)—(d) Show
the value of the entropy after the last layer (600) as a function of noise rates for (b) low-entangling random circuits with depolarizing noise
[as in (a)], (c) dephasing noise, and (d) low-entangling random circuits with local random rotations with amplitude damping noise. In these
settings, the final value at depth 600 is representative of the relation between the different unravelings for all depths, as in (a). The entangling

angle is set at 0.05 for all simulations.

becomes the Haar optimal unraveling when we restrict to
Haar random states. Finally, in the case of depolarizing and
dephasing noise, we also consider the projective unravelings
defined in Table II.

While Ref. [45] also introduces an adaptive heuristic strat-
egy based on minimizing local entanglement, the source
code for their optimization routine is not publicly available
and we do not include a direct numerical comparison here.
However, because our method provides the exact analyti-
cal solution to the local entanglement minimization problem
approximated by their heuristic, we expect the resulting
trajectories to be identical (assuming the heuristic success-
fully finds the optimum). Our analytical approach finds the
optimum deterministically with O(1) overhead, avoiding the
convergence uncertainties and computational cost of numer-

ical optimization. We focus our comparison to analytically
optimal unraveling methods including the Haar optimal un-
raveling which is state of the art for the noise models we
consider.

1. Time-independent Lindbladian systems

In Fig. 5 we demonstrate that there are settings where our
locally entanglement-optimal unraveling results in a signif-
icant reduction of entanglement cost and truncation errors.
Using a Heisenberg Hamiltonian H = ), ¥;Y;4; + 0.35X; +
0.35Y; + 0.5Z; with amplitude damping noise, we observe a
marked performance improvements when going from the or-
thogonal to the Haar optimal unraveling and again going from
the Haar optimal to our unraveling. We see this pattern more

TABLE II. Overview of some unravelings considered in the literature and implemented in the numerical simulations. We also call the
orthogonal unraveling of the depolarizing and dephasing channels mixed unitary. The Haar optimal unraveling is obtained by rotating the

orthogonal unraveling according to Eq. (5) using the specified unitary, where H is the Hadamard matrix H = ﬁ(} _11). More information

can be found in the Supplemental Material [49] (Sec. LE).

Noise model Orthogonal Projective Haar optimal
Dephasing { 1- 21, \/gz} (WT=p1, JBl0XO0l, /pI1)1]} U=H
Depolarizing {ﬂn, Lx, Ly, 42} {(VT=plL, g|0><0|,\/§|0><1|,\/§|1><0|,\/§|1><1|} U=H®H
Amplitude damping { <(1) \/10*7)/>’ (8 “67 ) } - U=H
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FIG. 8. Construction of the two-qubit unitaries for the three
kinds of random circuits considered in the numerical simulations.
(a) Two-qubit unitaries drawn from the Haar distribution. (b) Little-
entangling gates U(H, §) = e *f where H is a Hermitian matrix
with real and imaginary parts of the entries drawn from a normal
distribution with mean 0 and standard deviation 1. The rotation angle
0 is picked to be small, e.g., 0.1. (c) Little-entangling gates with local
rotation Uyoy = (Unaar ® Unaar)U (H, 6) where the local (single-qubit)
unitaries are drawn from the Haar distribution while the entangling
gate is constructed like in (b).

generally across many instances of Hamiltonians, although
sometimes the separations can be less striking. In Fig. 6, we
demonstrate this by considering the entanglement and trunca-
tion error behavior of competing unravelings when averaged
over many randomly selected Hamiltonians. As per Fig. 5,
we observe a hierarchy of performance where our unraveling
improves on the Haar optimal one, which itself outperforms
the orthogonal one. We note that performance improvements
within this hierarchy tend to be less marked for extremal levels
of noise and bond dimension. As expected, our performance
improvement over the Haar optimal unraveling diminishes in
settings with low noise and strongly coupled nonintegrable
Hamiltonians where the local entanglement structure of the
system tends to be similar to that of Haar random states.

We note that for some instances, our unraveling does not
result in the best performance. This may be explained by the
greediness of our algorithm. As we will discuss in Sec. VII,
a somewhat suboptimal local sampling (such as given by
the fixed Haar optimal unraveling) could result in more fa-
vorable initial conditions for the unraveling in the next time
step.

2. Noisy random circuits

In the case of noisy quantum circuits, we consider one-
dimensional circuits with brickwork layouts of two-qubit
unitary gates, each followed by single-qubit noise channels
on the affected qubits. The unitary gates, as shown in Fig. 8,
are either drawn from the Haar random distribution, small
rotations around the axis defined by a random Hermitian ma-
trix, or the latter followed by local Haar random unitaries. A
graphical representation of such circuits can be found in Fig. 2
(top left). We simulated systems of 12 qubits with 600 layers
of unitary gates and noise channels. For each noise rate, we
show the average of 1000 trajectories. We repeated such sim-
ulations for depolarizing, dephasing, and amplitude-damping
noise models.

Let us first discuss the case where each gate is drawn ran-
domly from the Haar distribution. As discussed in Sec. V B,
for Haar random states, our unraveling and the Haar optimal
unraveling become equivalent. As a consequence, in this Haar
random gates setting we expect and observe these two unrav-
elings to perform similarly. For all three noise models consid-

ered here, the simulations yielded similar ensemble-averaged
entanglement entropy values for our adaptive unraveling and
the Haar optimal one [see the Supplemental Material [49]
(Sec. X)]. For the two unital channels (depolarizing and
dephasing), the orthogonal unraveling is a mixed-unitary un-
raveling and hence does not affect the entanglement growth,
while our unravelings perform best. As previously shown in
Refs. [43-45], we observed that the projective unravelings
result in smaller values of ensemble-averaged entanglement
entropy than the mixed-unitary unravelings but underperform
against our unraveling. For amplitude damping, our unravel-
ing also outperforms the orthogonal one.

We now consider the case of small rotations of random
circuits, where each gate is a small-angle rotation around a
randomly generated Hermitian matrix (as per Fig. 8). For
such circuits, when the acting noise is depolarizing or de-
phasing, our unraveling shows consistently lower values of
entanglement entropies than all other unravelings, including
the Haar optimal one, as shown in Figs. 7(a)-7(c). First,
note that, again, the mixed-unitary unraveling exhibits no
dependence on noise rate. Then, in most simulations, we
observed that the Haar optimal unraveling outperformed the
projective unraveling (or orthogonal unraveling for amplitude
damping). In particular, note that the saturation value of the
entanglement when using the projective unraveling for a de-
polarizing rate of y = 5 x 1073 is nearly the same as that of
the Haar optimal unraveling for y =2 x 1073, In this case,
an evolution with two times less noise can be simulated at the
same “entanglement cost.” The Haar optimal unraveling itself
is being outperformed by our locally entanglement-optimal
unraveling.

Surprisingly, the improvement from the locally
entanglement-optimal over Haar optimal unraveling was not
to be found for amplitude damping in the low-entangling
random circuits [see the Supplemental Material [49]
(Sec. X)]. We associate this observation with the fact
that the Haar optimal unraveling is not only optimal for
Bell states under amplitude-damping noise but for any state
whose Schmidt decomposition is in the computational basis
[see the Supplemental Material [49] (Sec. VIL.B)]. Since
the small rotation unitaries do not rotate the state much,
and the noise pushes it towards the all-zero state, the states
remain close to states with Schmidt decompositions in the
computational basis. This hypothesis is confirmed by slightly
changing the circuit definition to include Haar random
single-qubit rotations after each two-qubit small-angle
unitary, as shown in Fig. 8(c). The single-qubit gates do not
affect the entanglement between qubits, but they randomize
the basis of the Schmidt decomposition. For random circuits
composed of such gates, our unraveling again outperforms
the Haar optimal unraveling, as shown in Fig. 7(d).

We also note that the depth of the simulation is insufficient
to reach the saturation value of the average entanglement for
the smaller noise rates. This is visible in Fig. 7(a) for the
curves corresponding to y =5 x 10™* as opposed to those
for y =2 x 1073 or y = 1072 which saturated (for all except
the mixed-unitary unraveling). For that reason, Figs. 7(b)-7(d)
should be seen rather as an indication of the behavior. Still,
our results indicate that the trend of separations should be
conserved.
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B. Simulability thresholds

In simulations of noisy random 1D circuits based on un-
raveling into trajectories, the average growth of entanglement
with system size can undergo a noise rate-dependent tran-
sition from a volume law to an area law. Based on the
relation between entanglement scaling and representability
using MPS, the entanglement phase transition is interpreted
as a threshold between nonsimulable and efficiently simu-
lable noise regimes (on average over random circuits). The
exact value of the threshold depends, however, on the choice
of unraveling, and is thus used as a criterion for the quality
of an unraveling choice. This directly connects to the study
of measurement-induced phase transitions (MIPT) [82-86].
Indeed, in the setting of noisy random quantum circuits, MIPT
can be understood as one particular choice of unraveling (the
projective unraveling) of the dephasing noise channel into
projectors onto the computational basis (see the example in
Sec. II).

To convey a sense of the scale of noise rate sufficient for
efficient simulability using our algorithm, we discuss known
noise thresholds from the trajectory sampling and MIPT liter-
ature. Since we expect and numerically observe a fairly robust
performance improvement from our unraveling, we expect
our unraveling to achieve noise thresholds matching or below
the MIPT and Haar optimal unraveling thresholds discussed
below.

Mixed-unitary unravelings admit no noise threshold, as
randomly inserted single-qubit unitaries do not affect the av-
erage entanglement dynamics of random circuits. In contrast,
projective unraveling of the dephasing channel was shown
to have a threshold around 0.2 [43,82,83]. The value of the
thresholds was reduced further using the Haar optimal unrav-
eling 0.09 [44,45]. The threshold is expected to be improvable
further using multiqubit unravelings.

In the random circuit setting, Ref. [45] numerically com-
pared their fixed Haar optimal unraveling to their adaptive
numerical optimization unraveling (a heuristic version of our
analytical unraveling method). Somewhat surprisingly at the
time, they estimated similar thresholds for the two unravel-
ings. As a consequence of Sec. V B, we now understand why
the adaptive methods should reduce to the fixed Haar optimal
unraveling in the random circuits setting. It is, however, to
be expected that our strategy would lead to an improvement
of thresholds for other systems compared to the fixed Haar
optimal unraveling. Because our method provides the exact
analytical solution to the local entanglement minimization
problem approximated by the heuristic in Ref. [45], we expect
the resulting simulability thresholds to be identical in the limit
where the heuristic successfully finds the global optimum.
Our contribution is thus unlikely to result in a significant
shift in the physical threshold itself, but instead furnishes
the computation of this optimum deterministically with O(1)
overhead, avoiding the convergence uncertainties and compu-
tational cost of variational optimization.

C. Comparison to other simulation methods
1. Tensor network methods

When trying to generalize tensor network representations
for one-dimensional quantum systems from MPS to mixed
states, one is given several options. The first approach is to
use matrix product operators (MPOs), in which one adds an
open leg to each tensor for the dual space [87-89]. MPOs
represent the density matrix as a train of rank-4 tensors. In ad-
dition to the potential computational overhead associated with
the quadratic increase in dimension, this approach is known
to suffer from technical issues limiting the effectiveness of
SVD based truncation. Indeed, truncations based on the ef-
ficiently implementable SVD’ minimize the 2-norm error of
the post-truncation state. For vector representations of states
such as MPS, this is the relevant metric. However, for matrix
representations of states such as MPOs, the relevant metric is
the trace norm. Furthermore, truncation of MPOs may result
in negative eigenvalues. As checking whether an MPO has
negative eigenvalues is computationally hard [90], one may
also obtain nonphysical results. MPO representations are also
known to suffer from an entanglement barrier when used to
simulate open system evolutions [38,44,91]. It has been shown
that, in certain settings, simulation based on unraveled trajec-
tories can lead to an exponential reduction in simulation cost
compared to MPO simulation and thereby avoid the entangle-
ment barrier plaguing MPOs [46]. Such results are, however,
very sensitive to the specific system being simulated, the rate
of decoherence, and the initial state, among others, leading
to mixed affirmations on the comparison of the efficiency of
both methods [92-95]. However, to the best of our knowl-
edge, none of these comparisons have been performed with
the improved unraveling strategies including the Haar optimal
unraveling from Refs. [44,45].

An alternative representation of mixed states, which is
guaranteed to preserve positivity and which can be truncated
like an MPS, is obtained by (locally) purifying the density
matrix. This gives rise to locally purified density opera-
tors (LPDOs) [89,96-100]® These, however, result in looped
tensor network structures (when tracing out the auxiliary sys-
tems) which can not be optimized locally and for which there
is no entanglement optimal form [101,102]. Additionally, the
required bond dimensions may be unboundedly larger than
for the MPO counterpart [103] (although, albeit only for exact
representations [104]). In this language, trajectory sampling
methods can be interpreted as measuring out the auxiliary sys-
tems, thus destroying the purifying bond of the LPDO. LPDOs
are, however, strictly harder to optimize than trajectory meth-
ods, as one needs to minimize the local entanglement both
within the state and between the state and the environment.

2. Pauli propagation methods

Another increasingly prominent method for the simulation
of noisy quantum circuits is the Pauli propagation method

"For 1D tensor trains, SVDs are efficiently implementable in the dimension of the local tensors.
8Note that the naming of this tensor network construction is highly inconsistent in the literature. Some authors refer to them as matrix product
density operators (which others use for MPOs with trace 1, independently of positivity), locally purified density operators, or purified matrix

product states.
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(also known as the Pauli path method or sparse Pauli dy-
namics) [32,35,36,105—-118]. Pauli propagation and trajectory
sampling methods are expected to perform best in different
settings. While MPS-based trajectory methods are tailored to
systems with low entanglement, Pauli propagation is rather
related to the amount of magic, as they can represent evo-
lutions with (approximately) sparse decompositions in the
Pauli basis. Both methods can be used to perform both ob-
servable estimation and output distribution sampling (see
Sec. III D). However, efficient Pauli path based output dis-
tribution sampling algorithms assume anticoncentration of
the circuit output distribution [36] with some special excep-
tions [119,120].

The Pauli path method has proven to be a great tool for
proving the existence of efficient classical observable estima-
tion algorithms for typical noisy random quantum circuits. A
key strength of this method is that it comes with a priori per-
formance guarantees. However, this method is more limited in
scope, applying to specific types of noise in specific location
and to random circuits. However, progress continues on this
front [32,36]. For example, Ref. [36] relaxed the location
restrictions on the depolarizing noise model they consider and
concurrently improved the random circuit setting to a random
computational basis state initialization. Additionally, in the
observable estimation setting, Ref. [32] removed the circuit
randomization entirely for 2D Clifford plus T circuits and
depolarizing noise.

Several other subtle differences differentiate the applicabil-
ity of each method. While Pauli propagation methods consider
observables that are at most combinations of polynomially
many Pauli strings, MPS trajectories allow for the compu-
tation of expectation values for any observable that can be
represented as a low bond dimension MPO. On the other hand,
MPS trajectory simulations require initial states that can be
represented as MPS states of small bond dimension, whereas
Pauli propagation only requires efficient expectation value
calculation for single Pauli strings. However, most commonly,
the classical simulation literature focuses on simulating cir-
cuits with simple input states, like the all-zero state.

VII. LIMITATIONS

A. Local vs global optimization

The most desirable setting would be to have the ability to
jointly optimize the unitary freedom over all channels, in both
time and space. Indeed, given two single-qubit channels, opti-
mizing over the unitary freedom of the joint two-qubit channel
can lead to better results than optimizing them individually.
Such global optimization, however, is not achievable in prac-
tice, as it involves, in the most general case, an optimization
over a 4*"L_dimensional unitary. Our approach optimizes each
channel individually and can be seen as a time and space-
greedy optimization method. In-between, one can consider
time- or space-only greedy optimization, but it is unclear if
such optimizations are feasible. Take the case of time-only
greedy optimization. Finding the entanglement-optimal de-
composition of the joint n-qubit channel is at least as hard as
computing the entanglement of formation of an n-qubit mixed
state, which is known to be prohibitively hard if one can not

time-space
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FIG. 9. Various possible choices of joint optimization of single-
qubit noise channels.

leverage some symmetry [121-125]. See Fig. 9 for a graphical
representation of the different types of “greediness” referred
to above.

Our unraveling will, in general, perform worse than joint
optimizations would. There is also no guarantee that such a
greedy optimization will work at all, as one can construct
instances where an “optimal” choice in an early step results
in disadvantageous initial conditions in a later step. We found
instances where using a fixed unraveling choice at all steps
(in time and space) outperformed our greedy optimization.
It would be interesting to understand in which settings such
greediness performs well and in which it is disadvantageous.
For instance, in the setting of time-independent Lindbladian
evolutions, one may expect the greedy unraveling to fluctuate
less and less as the evolution thermalizes. An example where
a seemingly irrelevant change in basis significantly affects the
performance of the Haar optimal unraveling is presented in
the Supplemental Material [49] (Sec. XI).

B. Von Neumann entanglement entropy as the choice
of cost function

It is often stated that MPS offer efficient and good approx-
imations of states with low entanglement, while they fail at
faithfully representing highly entangled states. This statement,
however, is not formally correct. Let us first recall that entan-
glement can be measured by the more general class of Rényi
entropies

Sa(p) = logTr[p“], 0<a<oo.  (57)

l -«
They generalize the von Neumann entanglement entropy used
in Eq. (9), which is recovered in the limit of « tending to 1. It
has been shown that classes of states which have entanglement
growing logarithmically with system size as measured by
some Rényi entropy with o < 1 can be represented efficiently
with MPS [62] while those with Rényi @ > 1 entropies that
grow superlogarithmically with system size (~n* even for
k < 1) cannot [63]. For von Neumann entropies, the nonap-
proximability result holds for linearly scaling entropy, but the
remaining guarantees are lost. For constant and logarithmi-
cally scaling von Neumann entropies, there are even examples
of both classes of states, representable states and nonrepre-
sentable states.
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Our algorithm is devised to minimize the ensemble-
averaged (von Neumann) entanglement entropy in the hope
of reducing simulation costs. Since it minimizes the von Neu-
mann entanglement entropy, there will be instances where
these differences in MPS representability emerge. Although
one expects the different Rényi entropies to have similar
behavior in typical settings, there will be examples where
optimization of the von Neumann entanglement entropy, some
Rényi entropy with o < 1, or the truncation error will give
widely different optimal unravelings. In such a setting, opti-
mizing the von Neumann entanglement entropy could lead to
poor performance.

VIII. CONCLUSION AND DISCUSSION

In this work, we have aimed to substantially contribute to
the body of work on the classical simulation of noisy quantum
circuits with trajectory sampling by putting such studies onto
a significantly more quantitative and rigorous underpinning.
Concretely, we improve existing methods in two ways. We
derive rigorous error bounds on the performance of such al-
gorithms based on MPS, particularly for the relevant tasks
of expectation value estimation and measurement outcome
distribution sampling. We also propose ways of computing
good decompositions of noise channels. Our first choice of
unraveling is provably optimal in a state-dependent, greedy
fashion by maximally disentangling the target noisy qubit. At
the cost of computational effort similar to that of an SVD of
a 4 x 4 matrix, we can minimize the average entanglement
between the noisy qubit and the rest of the state. This un-
raveling is not tailored to random circuits but is applicable to
any circuit. It is also not limited to specific noise channels, as
we enable the deterministic treatment of systems where each
qubit is affected by a potentially different noise process.

By readily lending itself to analytic investigation, the same
tools allow for the construction of an even simpler, state-
independent unraveling for random circuits. In this setting,
it provides a conceptually significant perspective on what is
being optimized. It also reproduces the previous results on
fixed unravelings for random circuits and extends these to
arbitrary noise models.

Our unraveling strategy has repercussions of a practical
and conceptual nature. It translates into improved perfor-
mance and perhaps, most importantly, an extended scope by
permitting locally optimal unravelings with respect to arbi-
trary 1D local circuits and single-qubit noise. We believe the
latter is an important extension for future progress relating to
quantum advantage and the noise-driven decay of quantum
computational resources.

While our results comprehensively answer questions about
the optimal (greedy) single-qubit unraveling, many questions
remain open, and we raise new ones. The problem of ana-
lytically motivated unravelings for multiqubit noise processes
remains untackled. Although in the single-qubit setting, one
can focus on disentangling one qubit, which can only be done

using nonunitary operators, the multiqubit case is more nu-
anced. There, one could minimize the entanglement between
the target qubits and the rest of the state or within the target
qubits themselves. The first approach bears some similarities
with our approach, although there are barely any results on
the computation of the entanglement of formation for more
than two qubits. The second opens the door for entanglement
reduction through unitary Kraus operators. Furthermore, it
would be beneficial to lift the limitations of our approach.
Developing unravelings based on Rényi entropies or even the
truncation error would lead to stronger analytical performance
guarantees. Some works also focused on the scaling factors of
the computational cost and, in particular, on how to reduce the
variance in the trajectories. It would be interesting to study our
unraveling from this perspective.

With the flexibility and generality of our approach, we
make progress towards a coherent theory of quantum noise
and its impact on quantum advantage. Over the years, in the
quest for finding quantum advantages, it has been an enor-
mously fruitful endeavor to run quantum platforms against
classical simulations of the same task, usually by resorting
to tensor network models, actually improving both research
fields at the same time [126—130]. For this reason, having
strong predictive power and knowing what the precise limi-
tations are for the classical simulation is important, and hence
our work substantially contributes here. Our work lends it-
self to more detailed numerical studies investigating specific
classes of circuits and their behavior in the presence of single-
qubit noise. Our work provides a posteriori guarantees on
simulation accuracy and, since these can in principle take all
circuit-level data into account, generally speaking, one might
expect such guarantees to be tighter than coarse-grained a
priori guarantees. However, a priori performance guarantees
are very important for identifying regimes or circuit classes
that admit efficient classical simulability. This motivates the
development of new techniques that provide a priori perfor-
mance guarantees on our classical simulation algorithm.
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