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Spectroscopic footprints of quantum friction in nonreciprocal and chiral media

0. J. Franca®,"-" Fabian Spallek ,! Steffen M. Giesen®,2 Robert Berger 2 Kilian Singer,1
Stefan Aull,’ and Stefan Yoshi Buhmann'*
Unstitut fiir Physik, Universitdit Kassel, Heinrich-Plett-Strafie 40, 34132 Kassel, Germany
2Fachbereich Chemie, Philipps-Universitit Marburg, Hans-Meerwein-Strafe 4, Marburg 35032, Germany

® (Received 23 December 2024; accepted 6 June 2025; published 7 July 2025)

We investigate how the quantum friction experienced by a polarizable atom moving with constant velocity
parallel to a planar interface is modified when the latter consists of chiral or nonreciprocal media, with special
focus on topological insulators. Macroscopic quantum electrodynamics is used to obtain the velocity-dependent
Casimir-Polder frequency shift and decay rate. These results are a generalization to matter with time-reversal
symmetry breaking. Our findings are illustrated by examining the nonretarded and retarded limits for five
examples: a perfectly conducting mirror, a perfectly reflecting nonreciprocal mirror, a three-dimensional topo-
logical insulator, a perfectly reflecting chiral mirror, and an isotropic chiral medium. Different asymptotic power
laws are found for all these materials. Interestingly, two bridges exist between chirality and nonreciprocity
through the frequency shift, which arise as a consequence of the magnetoelectric coupling. Specifically, the
position-dependent Casimir-Polder frequency shift for the nonreciprocal case depends on a geometric magnetic
field associated with photoionization of chiral molecules, while the Casimir-Polder frequency shift depending
on the velocity for the chiral case has the optical rotatory strength as the atomic response, and those for the

nonreciprocal case depend on an analog of the optical rotatory strength.

DOI: 10.1103/jhnk-tpef

I. INTRODUCTION

Quantum friction is closely linked to macroscopic ef-
fects of quantum vacuum fluctuations such as the Casimir
force between neutral bodies [1-4] and the Casimir-Polder
force between an atom and a surface [5]. When two un-
charged polarizable bodies move at constant velocity relative
to each other, they experience a dissipative force opposing
their motion due to the exchange of Doppler-shifted virtual
photons at zero temperature, an effect known as quantum
friction [6-10]. For flat, perfectly smooth surfaces, quan-
tum friction resembles a van der Waals attraction, arising
from quantum-fluctuation-induced electric dipoles on one sur-
face and their lagging image dipoles on the other [6]. It
has also been predicted in particle-surface (Casimir-Polder)
interactions [11-14], with studies analyzing velocity- and
distance-dependent drag forces in three-dimensional bulk ma-
terials and, more recently, in graphene [15].

Quantum friction has a quantum origin and the physics
behind it is related to the quantum Cherenkov effect through
the anomalous Doppler effect [16—19], where real photons
are extracted from the vacuum at the cost of the object’s
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kinetic energy; they are absorbed and emitted by an atom, thus
producing a fluctuating momentum recoil [20]. Considering
only an atomic translational motion, spin-zero photons are ab-
sorbed and reemitted, which translates in an overall quantum
frictional force that opposes the translational motion. In recent
years, this process has been investigated in several scenar-
i0s [21-24] and its outstanding connection to nonequilibrium
physics was recently figured out [25]. Generalizing for atomic
rotational degrees of freedom results in what is called quan-
tum rolling friction [26]. Note that the related phenomenon of
Coulomb drag [27], in which a current in one plate induces a
voltage bias in another via the fluctuating Coulomb field, has
been successfully demonstrated [28].

In order to gain further insights into quantum friction, a
different path has been taken in the works [9,24]. Particularly,
in the article [24], by using the framework of macroscopic
QED [29-32], the authors were able to provide testable quan-
tities with direct experimental contrast in the context of the
Casimir-Polder force leading to the prediction of a velocity-
dependent quantum-vacuum effect. Specifically, this work
reported atomic level shifts and rates of spontaneous decay
for a zero-temperature neutral atom with dipole moment and
nonrelativistic velocity moving next to a perfectly smooth
macroscopic surface, which in principle can be measured.
Also important efforts have recently been made to obtain a
satisfactory description of quantum friction in all timescales
regarding carefully all the typical approximations for this
phenomenon, for example, Markovianity and linear response
theory [33].

Besides the fundamental research of quantum friction, it
has also been studied in innovative setups such as the flow
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of water in carbon nanochannels, where quantum friction is
the dominant friction mechanism for water on carbon-based
materials [34]. This phenomenon has been investigated in
new kinds of materials such as bidimensional topological
materials [10]. For instance, exposing quantum friction to
a two-dimensional topological material enables an increase
of two orders of magnitude in the quantum drag force with
respect to conventional neutral graphene systems [10]. So the
jump to three-dimensional topological insulators (TIs) will
lead to the interplay between quantum friction generated by an
atom with constant velocity and the topological magnetoelec-
tric effect provided by the TI, to which this paper is devoted.

Three-dimensional TIs are materials with an insulating
bulk and conducting surface states protected by time-reversal
symmetry [35-38]. Breaking time-reversal symmetry at a TI-
insulator interface, via magnetic coatings or doping, opens a
gap in surface states, leading to exotic phenomena [35,39-49].
Topological insulators also show promise in hybrid systems,
such as semiconductor quantum dots [50], highlighting their
vast potential for future applications. These effects can also
occur in axion insulators, whose topological properties are
protected by inversion symmetry and arise in magnetically
doped TI heterostructures with opposing magnetization at the
top and bottom interfaces [51].

Due to the fact that TIs break time-reversal symmetry,
they can be regarded as nonreciprocal media [52,53]. Con-
sequently, the theory of macroscopic QED cannot be directly
applied because it is based on Lorentz’s reciprocity principle
(a particular case of the Onsager reciprocity from statistical
physics [54]), which assumes the reversibility of optical paths.
In terms of symmetry, it is equivalent to invariance under an
exchange of positions and orientations of sources and fields.
Thus, media respecting this principle are called reciprocal and
preserve time-reversal symmetry. To deal with nonreciprocal
media, which violate Lorentz’s principle relation [55], macro-
scopic QED was generalized to include the necessary features
of nonreciprocal media in Ref. [52]. The aim of the present
paper is to study the Casimir-Polder frequency shift and decay
rate on a parallel moving atom to a nonreciprocal medium.

Another scenario where quantum friction has been inves-
tigated is in the presence of chiral media as in Ref. [56], to
which this paper is devoted as well. A three-dimensional ob-
ject that cannot be superimposed on its mirror image is said to
be chiral; these distinct mirror images are called enantiomers.
Spectroscopically, enantiomers have identical transition ener-
gies and distinguishing between the two is not trivial. The
characteristic feature of chiral objects is the manner of their
interactions with other chiral objects. For example, the re-
fractive indices of left- and right-handed circularly polarized
light are different in a chiral medium; therefore, the two po-
larizations will propagate at different speeds. The difference
in velocity is related to the phenomenon of optical activity.
Circular dichroism is closely related where the wave with the
“slower” polarization is absorbed more strongly as it travels
through the medium [57].

Many of the processes crucial to life involve chiral
molecules whose chiral identity plays a central role in their
chemical reactions. The undesired enantiomer can react dif-
ferently, thereby not producing the required result. In nature,
these chiral molecules predominantly, or even exclusively,

occur in one enantiomeric form, so their reactions proceed
differently when different enantiomers are present. In con-
trast, artificial production without the addition of enriched
enantiomers or other chiral agents creates both enantiomers
in equal proportions. It is essential to distinguish between
enantiomers and ultimately to separate a racemic mixture, i.e.,
one that contains both enantiomers, into an enantiomerically
pure sample.

A frequently used method to separate enantiomers in an
industrial setting is enantioselective chromatography. The ini-
tial racemic solution is passed through a column packed with
a resolving agent, which by necessity has to be chiral. This
either retards or stops the progress of one of the enantiomers
passing through the column but crucially not for the other
and thus allows the solution to be separated. From an opti-
cal perspective, it has been proposed that a racemic sample
can be purified using coordinated laser pulses. This method
involves a two-step process, where different transitions in the
enantiomers are first driven, followed by a conversion of one
enantiomer into the other. [58]. It has recently been calculated
that in the presence of a chiral carbon nanotube the enan-
tiomers of alanine possess different absorption energies and
it was theorized that this could lead to a method of discrimi-
nation [59]. Furthermore, it has been shown that the van der
Waals dispersion force between molecules can be enantiomer
selective [60,61]. In fact, there has been much effort to provide
a selection and distinguishing method such as the use of the
Casimir-Polder force [62-64]. For all these reasons, we will
also explore how the quantum friction is modified in these
materials.

This paper is organized as follows. In Sec. II we calculate
the time-dependent electric and magnetic fields in the frame-
work of macroscopic QED for nonreciprocal media. This
result is obtained through a direct quantization of the noise
current. Section III is devoted to studying how the internal
atomic dynamics is modified by the nonreciprocal media. To
this end, we present modified equations for the frequency shift
and decay rate that depend on the atom position as well as on
its velocity. In Sec. IV we apply our results to a electrically
neutral polarizable atom moving with constant velocity paral-
lel to five different materials: a perfectly conducting mirror,
a perfectly reflecting nonreciprocal mirror, a strong three-
dimensional topological insulator, a perfectly reflecting chiral
mirror, and an isotropic chiral medium. In Sec. V we provide
numerical results for the frequency shift with electrical dipole
transition via Rydberg states and discuss the viability of an
experimental verification. Section VI comprises a concluding
summary of our results.

II. TIME-DEPENDENT ELECTROMAGNETIC FIELD

Due to time-reversal symmetry violation in nonreciprocal
media, the Lorentz reciprocity principle for the Green’s tensor
[55] is no longer valid

Gr.rio) # G ro), )
where T denotes the matrix transpose. This requires us to
introduce generalized definitions for the real and imaginary
parts of the Green’s tensor G,

RIG(r, v;w)] = %[G(r, r;o)+ G T, ro)], )
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ZIG(r, ;o)) = %[G(l‘, r;0) -G, ro). ()

For a reciprocal medium with
G(r,r0) =G (X, r;w), “)

they reduce to ordinary, componentwise real and imaginary
parts. The general expressions for the field operators read

E@r) = /OO do[E(r; o) + B (r; 0)],
0

B(r) = / ” do[B(r;») + B (r; 0)], (5)
0

where the dagger denotes Hermitian conjugation in operator
space which is distinct from % T, i.e., complex conjugation and
matrix transpose in three-dimensional position space. The fre-
quency components of the electric field (5) can be computed
through the Green’s tensor as

= i1ow[G * jy1(r; )

— 0w / PG vio) jyio),  (©)

E(r; o)

where the star denotes spatial convolution and jy is the noise
current density governed by the quantum fluctuations occur-
ring in the medium and with a vanishing average (jy) = 0.
The corresponding expression for the frequency components
of the magnetic field (5) is obtained by using Faraday’s law in
the frequency space
Brio) = o [ &V x Girrio)-jurio). ()
We will directly quantize the noise current density jy fol-
lowing the noise-current-based schema, as we will show in
Sec. IIA. The Hamiltonian H for the atom-field system is
composed of the atomic part H,, the field part Hp, and a
contribution for the atom-field interaction Hyr, meaning that
H = H, + Hur + Hp. The atomic part is given by

ﬁA = ZEnA\nm (8)

which incorporates the eigenenergies E, for each atomic en-
ergy level and the atomic flip operators A,,, = |m)(n|. The
Hamiltonian Hr comprises the integral over all the frequency-
dependent number operators of the field-medium system

Hp = /d3r/ do kot (r;w) - f(r; 0), )
0

which clearly resembles a quantum harmonic oscillator and
can be cast through the quantization of the noise current (cf.
Sec. IT A). The interaction Hamiltonian A,z for nonmagnetic
atoms in multipolar coupling and long-wavelength approxi-
mation couples the atomic dipole to the electromagnetic field
as

Hyp = —d-E(ry) + 14 - d x B(ra),
= - ZAmn[dmn : I::(rA) +v- dmn X B(I‘A)] (10)

m,n

and contains the electric dipole operator d= D on Ay
with ry the position of the atom and 14 = v its Vélocity. As
the atomic Hamiltonian I—?A and the field operators commute,
only the resulting commutation relations for these operators
with the field Hamiltonian Hr and the interaction Hamiltonian
H,r deserve to be studied to find the expression for the electric
field (5).

A. Electromagnetic field in terms of noise currents

In this section we solve the equations of motion for the
time-dependent creation ft and annihilation f operators, en-
abling us to determine the time-dependent electromagnetic
field. For this aim, the noise current is quantized directly by
expressions for the field operators. In frequency space, Ohm’s
law reads

jr;0) = [Q*El(r; 0) + jy(r; w), (11)

which describes the response of a linear medium with con-
ductivity matrix Q to the electric field E(r; ). Therefore, we
write the Helmholtz equations as

2
(V xV — %)G(r, r';w) —ipow[Q » G](r, r';w)
C
= 5(r — r)1. (12)

We find the formal solution for this equation by employing
the boundary condition G(r, r’;w) — 0 for ||r — r'|| — oo,
which leads to Eq. (6). Next we quantize the noise-current
density jy introduced in Eq. (6) simply by writing it in terms
of creation f' and annihilation f operators

R h ~
vriw) = ,/fﬂ@d](r;w), (13)

where R is a square root of the positive-definite conductivity
tensor and is related to it by [52]
[R +R*T](r, r';0) = RIQ(r, r'; 0)]. (14)

With all the above, we obtain the Heisenberg equation of
motion for the annihilation operator f as shown

X 1 . N
f(r;w) = E[f(f; ), H], (15)

where the three summands of H are given by Egs. (8)—(10).
Nevertheless, it proves convenient to rewrite the interaction
Hamiltonian Hur in terms of field operators,

o o0 ho .
Hyp = —i do,| —Au,
AF Mo mz;/o waw .

Ay - {[G * R+ f](ra; 0) —

+ 1o Z / \/% Amn

XV-dy, x{V x [G*]R*f'](rA;w)
—V x [G* « R* % f7](rs; )} (16)

[G* % R* x 7] (rs; 0))
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In this way, the solution for the annihilation operator fis given

by
)—I—w,/th/ dt’

X (e_iw(t_l/)[G * R]*T(rA(l/), r;o) - dmnAAmn(t/)

f(r;w, 1) = e COf(r;

—iw(t—t")
+ G+ RIT(r, s (s ) x V)
a)

X dmn : VAmn(t/)> ) (17)

where one should notice that V acts on the second argument
of the Green’s tensor. Here we have required that f (r;w, t9) =
f(r;w), ie., the Heisenberg-picture operator agrees with its
time-dependent Schrodinger picture at initial time 7.

Assuming that the atom moves with nonrelativistic speed
v K ¢ will enforce us to seek a solution to the atom-field
dynamics that is correct within leading linear order of v/c.
According to the Born-Oppenheimer approximation, we may
assume the center-of-mass velocity to remain constant on the
timescale relevant for the internal atom-field dynamics so that
[32]

ra(t’) =ra(t) + (t —1")v. (18)

Once this approximation is substituted into the solution for the
annihilation operator (17), discarding quadratic terms in v/c,

we find that
w [ho
w)+ 5= Z/ dr’

x (e‘iw“‘”)[G *RIFT(0a (1), 15.0) - ()

f(r;w, 1) = e COf(r;

—(t —t)e TG x RI*T (ra(r), 15 )
(V- VA ()

eflw(t t")

+ ——5—{G *RI*"(r, r4(1); ®) X V)
a)

X dmn . VAmn(t/)> . (19)

After substituting Eq. (19) into Eq. (13), employing Eq. (14),
and simplifying through the next integral relation for the
Green’s tensor in nonreciprocal media [52]

Z[G(r, r; )] = now(G * R[QI+* G*T)(r, r;w), (20)

we finally obtain expressions for the electric fields
s [
t

X (eiw(tt/)I[G(r, rA(t); (,())] : dmnAAmn(t,)

Er o, 1) = e R o

—(t —t)e I[G(r, ra(t); )]
(V- VYAt

eflw(t —t)

+1—{I[G(I‘ ra(): )] x V)

X iy - VAmn(t/)> 2L

and magnetic fields
B(r;w, 1) = e 00 B(r; w) + —_— Z/ dt’

x (e Y x T[G(r, ra(t); ®)] - Ay (t))
+0(v/c), (22)

where we only considered the zeroth-order approximation in
v/c because the magnetic field appears in conjunction with a
factor v. In Eq. (22) we remark that V acts only on the first
argument of the Green’s tensor.

Brief observations on Egs. (21) and (22) should be given.
First, Eq. (21) extends the result for an atom at rest in nonre-
ciprocal media of the work [53] to a moving atom. Second,
Eq. (22) generalizes the standard magnetic field given by
Eq. (8.11) of Ref. [32] to the case of nonreciprocal media.
Both expressions differ from the usual expressions for recip-
rocal media, for which Eq. (4) applies, only by the redefinition
of the imaginary part of the Green’s tensor defined in Eq. (3).

III. INTERNAL ATOMIC DYNAMICS: FREQUENCY SHIFT
AND DECAY RATE

The internal atomic dynamics can be described by the
Heisenberg equations of motion for the flip operator

AAmn = .l[AAmna H] = .l[AAmna I_?A]+ .l[AAmna I_?AF]s (23)

ih ih ih

which does not include the field Hamiltonian Hy because it
commutes with the flip operator. Our approach follows the
procedure for a reciprocal surface fully detailed in Ref. [32]
and the one applied for a nonreciprocal surface with an atom
at rest of Ref. [53], now extended to a moving atom parallel
to the surface. This leads to

R o i o
Amn =i mnAmn - d
w + 7 ; /(; w

X {(A il — Ay - [B(ra; 0) + v x B(ra; )]
+ B (ra;0) + v x BT (ra; 0)] - (A — dindin)},

which appears in normal ordering and does not show the time
dependence for brevity.

To evaluate the required time integrals, we will make
some approximations. First, we will assume weak atom-
field coupling, which requires that the field spectrum
PTG (ra(t), ra(t); w)] is sufficiently flat [32]. Particularly,
it must not exhibit any narrow peaks in the vicinity of any
atomic transition frequency. Second, we will assume that A,,,
is dominated by oscillations with frequencies @,,,, which are
yet to be determined in a self-consistent manner. Finally, we
will formally carry out the time integrals by means of the
Markov approximation. Thus, we are allowed to neglect the
slow nonoscillatory dynamics of the atomic flip operator A,
during the time interval ¢’ € [fo, t], so we may set A,,,(t") =~
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expli@, (' — )A,um(1), where we foresee that the property
Omn = —®p,m Must be verified. Then we send ) — —o0 in the
time integral, obtaining

mn(t)/ dt e —i(@—@um )t —1")

—Amn(t)/ dt'e —i(w =@ )t —t")

1L> (24)
@ — Wy

By taking the derivative with respect to w of this result, we
determine the remaining time integral

= Amn(t)<n5(w — Opm) —

t
/ dt'(t = 1)e Ay (1)
)
d N
x <L~ + lJT(S(a) - d)nm)>Amn(t)' (25)
do \ w — @,y

For both results P stands for the Cauchy principle value and
the limits of the frequency integral of Eq. (29) will lead to the
appearance of the Heaviside function 9.

By defining the coefficient

Cmn = Cmn(rA) + Cmn(rAv V), (26)

which contains a pure position-dependent component [53]

Cmn (rA ) = % 14 (&)mn )d)yZnnI[G (rA s TA Oy )] : dmn

i > wldw
~2ap | TIG (s, tx: )] - dy,
wh 0 ®— Ok
27
as well as a position- and velocity-dependent one

Cmn (rA ) V)

ino

<«
= —ﬂ(wmn){w ZIG (x4, ra; @)1}, A (V- V)

W=®pn

*®  dw ) , <
+Bp —— {0 Z[G(ra, ra; )]} - dpn(V - V)
wh w — Opm

- 1M_O19(a)mn)(I()nm{:z.[(G’(rA’ Ia; a)nm)] X V} X dmn v

o0
d
- —“"Pf Y TG @A rai )] X VX dyy - v
wh 0 W — Wum

- 1M_O7-9(60mn)a)nmv X {V X I[G(rA, Ia; a)nm)]} dmn

o0
d
- @P/ Y VXY X TG (x4 Az )]} - d,
ah Jo w—
(28)

where primes in the first and second terms denote derivatives
with respect to the respective frequency arguments, we are
able to cast Eq. (24) into the form

A . N i o
Amn(t) = 1wmnAmn(t) + ﬁ Z,/() dow

X{ —iw(t— lo)[ mk(t)d"k —Akn(t)dkm]

[EB(ra; o) + v x B(ry; 0)]
+ Rt 0) + v x Bl (145 0)]
. [dilkAmk(t) - dkmAkn (t)]}

- Z[dnk . CklAAml (t) - dkm :

+ ) ldy -
k,l

where we have used the identity Z[G*(rs, ra;w)] =
Z[G T (ry, ra; )], which is deduced from Eq. (3). The main
difference between Eq. (29) and the equation for the reciprocal
case, for which Eq. (4) applies, lies in the redefinition of
the imaginary part of the Green’s tensor (3) introduced by
the coefficients (27) and (28), as can be contrasted with the
coefficients for reciprocal media given by Eqs. (5.52) and
(8.17) in Ref. [32].

Next we take expectation values of Eq. (29) assuming
that the electromagnetic field is prepared in its ground state
at initial time #y, which implies that E(r;w)|{0})) = 0Vr, w.
This also means that the involved density matrix reads py =
[{0})({0}|. As a consequence of normal ordering, the free
contributions of the electric and magnetic fields will be zero.

Now we need to solve Eq. (29). To this end, we assume the
atom to be free of quasidegenerate transitions. Additionally,
the atom is assumed to be unpolarized in each of its energy
eigenstates, i.e., d,, = 0, as well as that its states of a degen-
erate manifold are not connected by electric dipole transitions
d,, = 0. Both conditions are guaranteed by atomic selec-
tion rules [32]. Under these conditions, the fast-oscillating
off-diagonal flip operators decouple from the nonoscillating
diagonal ones as well as from each other [32].

For m # n, under the above assumptions, we obtain that

(A (1))

CuAp ()]

ChAR@) — dy - CLAL D], (29)

= lwmn <A111n (t )>

- Z(dnk Ckn + dkm
k

t) A (). (30)

For m = n, the diagonal flip operators are nonoscillating and
mutually coupled. After retaining only diagonal terms in
Eq. (29), we find

(Am(0) = Z(dnk Cin + di - C1,) (A1)

+ Z(dkn :
k

By virtue of Eq. (3), the two terms d -
Z[G(ra, rps )] - diy = Im[dyi - G(ra, 145 0) - dir] and
din - ZIG T (ra, va; @)] - dyg = Im[dyy - G(ra, 143 0) - dyy ]
are equal and real. This will occur for the real parts too.

At this point it is worth mentioning that the Green’s tensor
G can be split into a bulk part G® and a scattering part
G, Here we will assume that the Lamb shift associated
with the free-space Green’s tensor G? is already included
in the bare transition frequency w,,, by making the replace-
ment G — G, which refers only to the atom and does not
consider the material properties of surrounding matter [29].
Hence, the remaining frequency shift stems from the presence
of electromagnetic bodies around the atom.

Coe + due - Ci) (A (). (31)
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So, taking real and imaginary parts of the coefficients in
Egs. (30) and (31) according to

Tn .

> du - Ciy = 5 +ido, (32)
L.

> din - G, = 5+ —ido, (33)

we are able to identify the decay rate

F = Fn(rA)"'F (rA, V)

= Z o = ) Tui(ra) + Z Fu(ra, V) (34)

k<n

and the frequency shift
dwy, = dwy(ry) + (Swn(rAs v),

= Zawnk = Zawnkm) + Y Swu(ra,v), (35

k<n

with the position-dependent contributions [53]

20
rnk<rA)—7w Amldy - GV (e, vas o) - diyl,  (36)

w*dw
See(a) = ——P/ p——
xIm[dy - GV (ra, ras0) - dis] — (37)

and the position- and velocity-dependent contributions

2 ® d
Fnk(rAa V) = ﬂ,P/ ai
wh 0 ®— @
Ao’ Ildy - (v - V)GV (14, 14 0) - di]Y
_ 2oy f v _wdo
wh 0 ®— @On
(1) ) v
Xy - AZIG YV (ra, ra;0) ] X V}xd, - v
_ 2o, / T _wdo
wh 0 W — Oy
X dye - v x {V x Z[GV (s, 43 )]} - di,
(38)
8a)nk(rAa V)
= ﬁ[wzdlm (v VGV, 1) - du] s,
r=r'=ry
Ho - o N (DT /. /
- _[a) dnk . (V -V )G (I’, r :(1)) : dkn] =00,
2ih r=r’=n£A
Mo
h nk
X Im{v : dkn X [V X G(I)T(r/v r; d)nk)] ‘ dnk}r:r’:r
Mo
+ 7 Wk
xIm{v - dye x [V x GO, ¥ @) - dipbrmr—r, -

(39)

From Egs. (38) and (39) we observe that the second and
third terms can be traced back to the last four terms of the
coefficient C,,,(r4, v) defined in Eq. (28). In fact, for an atom

with a time-reversal-invariant internal Hamiltonian and hence
real dipole matrix elements, such terms will cancel pairwise
and will not contribute. However, in the present work we take
into account all these terms of C,,,,(r4, V), because we choose
dipole moments such that the atom is sensitive to chiral media
or the violated time-symmetry of the nonreciprocal media.
Our choice is based on Curie’s principle, which states that
a system consisting of a crystal and an external influence,
each having a specific symmetry, only maintains the sym-
metries that are shared by both the crystal and the external
influence [65].

With the definitions (38) and (39), the equations of motion
(30) and (31) for the expectation values of the atomic flip
operators take the final form

A 1 o
(An(1)) = [Iwm — 5T + m] (Apn(0)),  (40)
Aun(®) = ~Tulhu@®) + Y Tuldu@). @)

k<n

where we have identified the frequencies
Omp = Wy + 8wm - (Swn» (42)

which verifies the property &, = —®, previously men-
tioned. For the appearance of the shifted frequency @, in
the expression for Sw,; through the contributions Sw,(ra)
(37) and Sw,i(ra, v) (39), the frequency shift is given as a
self-consistent result from the implicit equation.

Henceforth we restrict our analysis to the frequency shifts
(37) and (39), which can be further simplified by using the
redefinition of the imaginary part of the Green’s tensor (3),
the Schwarz principle valid for nonreciprocal media too,

G*(ra, ra;w) = G*(ra, 145 —00"), (43)

and the substitution w — —w in their second integrals arising
from Eq. (3). Each of the integral contours along the positive
and negative axes has one real pole and is evaluated in the w
complex plane. The path along the quarter circle does not con-
tribute because limy, o @*GV(r4, ra; w)/c? = 0. The part
along the the imaginary axis leads to the position-dependent
nonresonant frequency shift [53]

nreS(r ) /oo é3dé
a h 0 §2+5’3k

x Im[d, - GV (ra, 145i8) - do]

§2a)nkd€
JTh E + wnk

x Re[d, - G“>(rA, raié) - dwl,  (44)

with a Green’s function GV with imaginary frequency w —
i&. The evaluation of the poles gives the resonant contribution
associated with the real-photon emission and a real-frequency
expression @y [53],

re? M
e (Xa) = _fwnkRe[dnk GV (ra, rasm) - diyl. (45)

From Eq. (44) we observe that the matrix-vector product
of the Green’s tensor and the dipole moments is real for a
reciprocal medium and therefore only the second contribu-
tion remains in this case [53]. Additionally, in Eq. (39) we
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FIG. 1. Quantum friction experienced by an atom moving with
constant velocity parallel to a planar interface made of vacuum and
a nonreciprocal medium or of vacuum and a chiral medium. The
experienced force is F(z4, v), but is not treated in this work. Instead
we study the frequency shift and decay rate induced in the atom.

appreciate another requirement for a nonzero contribution,
which is that the Green’s tensor of the corresponding material
must have a curl different from zero. Remarkably, this last
condition is satisfied for certain reciprocal media, opening the
possibility to probe quantum friction in chiral materials, for
example. The case of chiral media will be analyzed in detail
in the following section.

IV. APPLICATIONS

Once we have derived expressions for the frequency shift
(39), (44), and (45), we proceed to apply our findings for
three ideal media: a perfectly conducting mirror, a perfectly
reflecting nonreciprocal mirror, and a perfectly reflecting chi-
ral mirror. Afterward, as more realistic examples, we illustrate
our results for a strong three-dimensional (3D) TI and an
isotropic chiral medium. In this work we consider the con-
figuration depicted in Fig. 1, where we consider a bilayer
configuration with the vacuum as the upper layer and the
nonreciprocal medium or the chiral medium as the lower layer.
For this selection of five media, we restrict ourselves to real
and constant permittivity, permeability, and cross susceptibil-
ity unless the contrary is specified.

The scattering part of the Green’s tensor GV of a single
planar surface has the form [66]

) i d? k“
GYW(r,r;w) = 802 Z Z To.o"

o=s,po’'=s,p

X €y ® e0/_elku-(r—r )elkL(z-i—zr)’ (46)

where e, and e, _ are the polarization unit vectors for o-
and o’-polarized waves in the upper layer of Fig. 1. The
indices s and p refer to perpendicular or parallel polarization,
respectively. Here k| represents the parallel component of the
wave vector, k,; stands for its perpendicular component, and z
denotes the vertical distance to the interface.

As noted in Sec. III, Curie’s principle [65] dictates that
to probe an atom’s sensitivity to the broken time-reversal
symmetry of a nonreciprocal medium or the parity symmetry
breaking of a chiral medium, its dipole moments must share
the same symmetry violation. To be as general as possible, we
choose the dipole moments

X T
dnk = (dnkv d,{k» dZ ) ) dkn = d:ka (47)
where d,, d’,

- d5 € C, implying that such dipoles are not
invariant if the direction of time is reversed t — —t as long
as two of their components are not null. Actually, if d), =
due/V2, &, = idy /~/2 and d%, = 0 give circularly polarized
dipoles, which were employed in the article [53], and their
fields propagate in the z direction. Additionally, due to our
interest in quantum friction closer to the interface between the
materials, we will take the velocity of the atom with v, = v -
e, = 0, meaning that all the velocity-dependent quantities will
depend only on v| = v,e, + v,e,. Also we have to consider
another constriction for the dipole moments and the velocity
V) - dy = 0, which is imposed by Maxwell equations.

A. Perfectly conducting mirror

The reflective coefficients for a perfectly conducting mir-
ror are rp, =1, 1o =—1, and 1,5 = rsp = 0. This set of
coefficients is obtained from the reflective coefficients for a
general material in the limit ¢ — oo, which is explained in
detail in Ref. [53]. For this mirror the Green’s tensor (46) is
only diagonal with

GY(r rw) = (—L - + ¢ )ezm/c,
8rz l16mwz?  32mw?Z?
(48)
G(l)(r r;o) = G, r;0), (49)
ic c? .
G rio) = <_ 87 wz? * 167thz3)e2m/6. G0

The contributions to the frequency shift (35) for the dipole
(47) in the retarded limit (@xz4/c > 1) read

2 ~
Swres ret(rA) — /'LOw,,k [ld kl cos (20)nkZA>

8 h 4 c
2%
_cldif s1n( “’”"Z’A)], (51)
wnsz c
d)?
Swnres ret( ) — il—k[’ (52)
3272 higo@urzy,
G, v) = 0@ Suk (V) sin <250nkZA)
A hezy c
=0, (53)

where dl‘lk =d; e+ dnkey and z,4 is the distance of the atom
to the interface. For the nonretarded limit (&,xz4/c < 1) we

find
S - —|d”| +dE ). 69
167 higgzy \ 2 ™ "

1
S nres, nret — - || , 35
a) (rA) 327’[2]7[80?2 ( | k| + | k| ( )

WS nret(r )=
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TABLE I. Behavior under parity P and time reversal T of the five media considered in this work and their atomic electric dipole d,; and
its corresponding medium. The second and third columns display the behavior under P and T of the five materials. Each medium is coupled to
an atomic response whose behavior under P and 7 is shown in the fourth and fifth columns. The last column shows that the coupling of each
material with its atomic response gives a P- and T'-even frequency shift. The B; is given by Eq. (66), T, (v, ) is defined in Eq. (70), and R, (v))

is in Eq. (93).

Medium Atom P T SWyk
Perfectly conducting mirror + + |d, | + + +
Nonreciprocal mirror - 2 T (V) - - +
3D topological insulator - - B., Tu(vy) - - +
Chiral mirror - + R (v)) - + +
Isotropic chiral medium - + Ry (v)) - + +
DS (V 2
nret(rA, V) = HoWnk Vlkz( ||) —0. (56) nll;es rel(r )= — 3c BZ , 61)
87 hiz3 @n 3272 heo@?, 23
~ 2 ~
. _ Mo 20 k<A
We obs.erve that the relevant vectorial structure of the fre 8 (ry, V) = T (V) cos < n )’ (62)
quency shifts (51), (52), (54), and (55) depends only on the 4m hcz c

moduli of the dipole moments components, meaning that they
will contribute to the whole quantities given in Eqgs. (34) and
(35) regardless of whether the dipole moments are real or
complex. This reflects that the perfectly conducting mirror
and its corresponding dipole moments do not exhibit parity
breaking or time-reversal symmetry breaking, i.e., they are P
even and T even. In Table I we summarize the behavior that a
perfectly conducting mirror and its dipole moments d,;; must
have under P and T transformations. Meanwhile, the shifts
(53) and (56) are governed by

Suc(v)) = Im[(d}, - e)(dy - V)] =0, (57)

which has the same units as the optical rotatory strength found
in chiral molecules [61,62] but is a vanishing quantity because
Maxwell equations require that v -d,x =0 so the P-even
and T-even behavior of this material is respected. Finally, we
remark that due to our approximation at first order in v/c, the
sign of the velocity could lead to an increase or decrease in
the velocity-dependent frequency shifts.

B. Perfectly reflecting nonreciprocal mirror

This mirror is characterized by vanishing polarization pre-
serving reflection coefficients for incoming perpendicular or
parallel polarization and outgoing perpendicular or parallel
polarization rss = rp, = 0 and therefore the mixing terms
7p,s and rg , can be chosen to be either 1 [53,67]. We will
restrict ourselves to the case r, s = 7, = —1. Under these
conditions the Green’s tensor (46) results in the antisymmetric
GV (r,r;w) = —GV(', r; w), whose only nonzero com-
ponents are [53]

Gy (r,r0) = (—
G;i)(r, r,w)=

1 ic diwz/c
- 1. L, 58
87z 16mz2)e 68

—-G\)(r, r;0). (59)

The contributions to the frequency shift (35) for the dipole
(47) in the retarded limit (@,xz4/c > 1) read

~ 2 B 2 ~
MHow,,; O sin WnkZA ’ (60)
47 hiza c

80)1‘88 ret (rA) - _

where the dominant contribution to the frequency shift (62)
comes from the electric interaction d,,, - E(r,). For the non-
retarded limit (@,xz4/c < 1), we find

HoCOnk

Ze]: nrel(r ) — _ 8]_[}.1 2 (63)
B
5 nres,nret — _ Z , 64
(ra) 1672hegz) 9
T (v))
nret , . 65
(04, v) = ~ 16mhegez] )

For this mirror, we identify that the relevant vectorial struc-
ture of Egs. (60), (61), (63), and (64) depends on

B, = Im(dyd)) = —(dnk xdi)- e, (66)

which is T odd and shows that d,x, d;,, and e, must not
be coplanar. In this way, the time-reversal symmetry break-
ing for such position-dependent quantities becomes explicitly
manifest in comparison with the previous study [53] because
only circular or elliptical polarizations parallel to the xy plane
will give a nonzero contribution. In other words, linear po-
larizations are ruled out because they give dx x d, =0 asa
consequence of their invariance under time-reversal symmetry
and collinearity. Important to highlight is the cross product
of Eq. (66), which in the framework of chiral media can
be understood as a geometric magnetic field B associated
with photoionization of chiral molecules [68,69] and whose z
component is only relevant here. This offers another first con-
nection between the physics of chirality and nonreciprocity.

On the other hand, Egs. (62) and (65) share the same
vectorial structure for the atomic response

Tu(vy) = Re{(d}; - e)[(v) x d) - €]}, (67)

which is 7' odd and does not vanish if v, d,x, and e, are not
coplanar and if df, # 0. These conditions imply the necessity
of a superposition of linear polarizations to obtain a nonzero
contribution for the velocity-dependent quantities opposed to
what the position-dependent ones required via B, (66). Be-
sides d7, # 0 this vectorial structure needs either d;, # 0 or
d’, # 0, which results in the surprising possibility to turn off
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only the position dependence of Egs. (60), (61), (63), and
(64). More specifically, if we choose the polarized dipole in
the xz plane d,; = dnk/«/z(O, 1, )T, for which dy =0, then
Eq. (66) is zero but Re{(d}, - e,)[(v x d,;) - e.]} # 0, leading
to nonzero velocity-dependent quantities.

Given the significance of this vectorial structure, as a next
step we examine its origin. In this way, we recall the inter-
action Hamiltonian and regard only the Rontgen interaction,
which can be rewritten as

Hrongen = V - d x B(ry) = —1hr - B(ry), (68)
where
m=—-vxd. (69)

This means that an effective magnetic moment is induced.
In this way, the vectorial structure for the velocity-dependent
quantities takes the form

Re{(d} - €)[(v) x dy) - €]} = —Re(d5ims,)
= Tu(v)), (70)

which resembles the optical rotatory strength R, =
—Im(d;my;) of chiral molecules [61,62], but this one needs
the real part, implying the necessity of real dipoles. The form
of T (vy) is in agreement with the Casimir-Polder poten-
tial perspective studied in Ref. [67], where for nonreciprocal
media it is required that d,; ® my,, must be real as part of
the crossed polarizability. In order to distinguish between the
nonreciprocal and the ordinary rotatory strengths, we denote
by T, (v)) the nonreciprocal optical rotatory strength. This
constitutes the second connection found in this work between
the physics of chirality and nonreciprocity. In Table I we sum-
marize the behavior that a perfectly reflecting nonreciprocal
mirror and its dipole moments d,; must have under P and T
transformations.

Our two final remarks for this section are as follows. First,
without velocity the nonreciprocal optical rotatory strength
T, is zero; thus there is no magnetic moment, so the whole
velocity-dependent effect is zero. Second, due to our approx-
imation at first order in v/c, the sign of the velocity could
lead to an increase or decrease in the velocity-dependent fre-
quency shifts, as happened to the perfectly conducting mirror
discussed in the preceding section.

C. Three-dimensional topological insulator

For these materials, the electric anq magnetic fields are
connected with the displacement field D(r; @) and the mag-
netic field H(r; w) via

. . a®(r; w)
D(r; ®) = goe(r; w)E(r; o) + ?B(r; )
+Py(r;0), (71)
H(r: o) = B(r; w) _ aO(r; a))fi(r;w)
Hop(r; w) T UoC
—My(r; o), (72)

where « is the fine-structure constant and e(r; ), u(r;w),
and O(r;w) are the dielectric permittivity, magnetic
permeability, and axion coupling, respectively. Here the

Py (r;w) and My (r; ®) terms are the noise polarization and
magnetization, respectively. These are Langevin noise terms
that model absorption within the material [31]. The topolog-
ical nature of these materials provides a distinction between
strong TIs (odd number of surface states per surface) from
weak ones (even number on all but one surface) [37,70]. The
axion coupling ®(r; w) takes even multiples of 7 in weak
three-dimensional TIs and odd multiples of & in strong three-
dimensional TIs, with the magnitude and sign of the multiple
given by the strength and direction of the time-symmetry-
breaking perturbation. Although the weak class of TIs is under
active research, it provides more complications because lattice
translation symmetry together with time-reversal symmetry
protect the conducting states at the boundaries of a weak 3D
TI, which requires one to take into account also disorder and
anisotropies [37,71,72]. For these reasons, in this work we
will only consider the strong class of them. When © is re-
stricted to a nondynamical field, the theory is usually referred
to as ® electrodynamics [45,73,74], which has the necessary
topological features to model the electromagnetic behavior of
strong 3D TIs [43] and also naturally existing magnetoelectric
media [75,76] such as Cr,O3 with ® ~ 7 /36 [41,77].

The modified Fresnel reflective coefficients for nonrecip-
rocal media r, , involved in Eq. (46) can be derived from the
application of the boundary conditions to the above consti-
tutive relations. These reflective coefficients can be found in
Ref. [66] in their general form. However, we will particularize
them for the case of an interface constituted by vacuum in the
upper layer of Fig. 1 and a strong three-dimensional TI with
real permittivity in the lower layer as shown by

_ (uaki =k )pa(eakit + ky) — A%kiks

&“XMH+@mmmuwﬁ+MH@’ag

Fsp = 1 1 _zuzkikéAJ_ 2Ll L (74)
(oki + ky a2k + k3 ) + A2ki ks

oy = (gzkllL — kzt)m(mki + kzi) + Azkﬁkzl’ 75
(toki™ + k3 )pa(eaki™ + k3 ) + AZkiky

Tps = Tsps (76)

where the subscript 1 denotes the corresponding quantities in
the vacuum and conversely the subscript 2 is for the strong 3D
TI. The perpendicular parts of the wave vector are denoted by
ki- and k3" for the corresponding medium. For the general case
when two semi-infinite magnetoelectric media with different
axion couplings constitute the planar interface, the topological
parameter A takes the form [66]

A =ap (0 —0y)/m. 77

Nevertheless, for the selected interface of the strong 3D TI
with ®; = 7 and vacuum with ®, = 0, the topological pa-
rameter takes the next form

A=alm+1), (78)

where m is an integer depending on the details of the time-
reversal symmetry breaking at the interface.
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The contributions to the frequency shift (35) for the dipole
(47) in the retarded limit (@,xz4/c > 1) read

~2 ret ~
Ho®, Fsp . [ 20mza
Swres ret(rA) — nk BZ S,p sin n
4 h ZA c

-
+mepws(3ﬂﬁ>
ZA c
ret ~
2w,
n< ‘”"ZA) . (79)
C

)
ol
Z(Z)nkZi
ret|dn | >
(80)

26,
”k“),<M>
C

where S,k (v) = 0 from Eq. (57) was used and the nonrecip-
rocal optical rotatory strength 7,4 (v ) was defined in Eq. (70);
both of them will be subsequently employed. The retarded
limit of the Fresnel coefficients is given in Appendix A. Once
again, the dominant contribution to the frequency shift (81)
arises from the electric interaction d,,,,, - E(rA), similar to the
frequency shift of the perfectly reflecting nonreciprocal mirror
(62). For the nonretarded limit (@,xz4/c < 1), we obtain

80)1’11'69 ret (rA) —

ret
c S.p

3212 ket \ @
TTZNENWnk Ty wnkZA

~2
How;;

rel Iy, V
(T4 V) = A hczy

t
r;f’pT,,k(vH ) cos (

~2 nret nret nret .2
Lo@ T C 7, ry, C
5wres ret ey nk | g, =P 4 d” 21 Zss + PP
(ra) 8 h Zd)nkZi A 224 opzy
2 nret d”
82
ansz ®2
nres nret( A) _ ; B rnret
1672hegz) | P
s
+%;n< Bul Ll | @3
S (e, v) = TS T (V) 84)
AT ligoczy

where the nonretarded limit of the Fresnel coefficients is given
in Appendix A.

For the strong 3D TI, we observe that the resulting
frequency shifts are a superposition of the corresponding
quantities of the perfectly conducting mirror of Sec. IV A
and the perfectly reflecting nonreciprocal mirror of Sec. IVB
determined by the Fresnel coefficients 7, .. As a result, all the
previous discussions and mainly the conditions over vy, d,y,
and e, discussed previously apply. Moreover, the reflective
coefficients are functions of the permittivity ¢ and the topolog-
ical parameter A, which could help to modulate the behavior
of the spectroscopical quantities. For instance, we could in-
crease A by substituting the strong 3D TI by a magnetoelectric
like TbPOy4 with &, = 3.4969, uy = 1, and A = 0.22 [78,79].
Similarly to the sign of the velocity discussed for the perfectly
conducting and the nonreciprocal mirror, the topological pa-
rameter A can acquire a different sign for certain strong
3D TIs. This can be easily seen from the crossed reflective

coefficients in Appendix A, which are proportional to A in
the retarded and the nonretarded limits. This would lead to an
increase or decrease in the corresponding contribution. How-
ever, the whole frequency shift is 7 even once T is applied
to T, (v)). In Table I we resume the behavior that a strong
3D TI and its dipole moments d,; must have under P and T
transformations, where both the atom and medium are falsely
chiral. Furthermore, due to the internal connection between
the frequency shift and the Casimir-Polder force, one is also
able to switch from an attractive force to a repulsive force
between the atom and medium. Notwithstanding this possi-
bility, an extremely large axion coupling will approximate
these results to those of the perfectly conducting mirror be-
cause in that limit r, s = r,p, — 0, rss — —1, and rp, , — 1,
as discussed in Ref. [53].

D. Perfectly reflecting chiral mirror

Now we proceed towards chiral media. Although media of
this type are reciprocal, meaning that they verify the Lorentz
reciprocity principle for the Green’s tensor given by Eq. (4)
[62,80,81], our result for the velocity-dependent frequency
shift (39) shows that the curl of the Green’s tensor must
not be zero. This feature is indeed satisfied by chiral media
[62], justifying such a choice. At this point, we note that the
application of our results for chiral media will only require the
use of Eq. (4) in all the required formulas, which means that
chiral media are a particular case of nonreciprocal media. The
resulting expressions are

8a)nk (rA P V)

{a)ZIm [dy, - (V- VG (ry, ras0) - dy ),

W=k

Mo

—E@medmxwxGm@mm@m}mu

+ %@nklm{v dug % [V x GV(ra, 145 )] - din}
(85)

and the quantities given by Eqs. (44) and (45) remain the
same.

Turning to the perfectly reflecting chiral mirror, which dif-
fers from the perfectly conducting mirror in Sec. IV A and the
perfectly reflecting nonreciprocal mirror in Sec. IV B, it has
the mixing terms rp, s = —rs p, = =i and therefore ry s = 1, , =
0 [56]. Here we adopt the convention that a left-handed mirror
or a mirror of positive chirality rotates the polarization of an
electromagnetic wave in a counterclockwise direction upon
reflection when traveling alongside the wave defining the re-
flection coefficients rp s = —rs, = i, whereas a right-handed
mirror of negative chirality rotates it in a clockwise direction
specified by 7, = —7r, = —i. Under these conditions the
Green’s tensor (46) results [62]

: 2
1¢ / meikn'(r—r')eih(ﬁz’)
82w ki

X (rspes ® €y + rpseps @ €).  (86)

The contributions to the frequency shift (35) for the dipole
(47) in the retarded limit (@,xz4/c > 1) read

O ret(r ) =0, (87)

CO(r, ;) =
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S (ry) =0, (88)

2,
0s < Dniza ) (89)
c

where the dominant contribution to the frequency shift (89)
arises from the electric interaction d,,, - E(rA), as in the
frequency shifts of the perfectly reflecting nonreciprocal mir-
ror (62) and the 3D TI (81). For the nonretarded limit
(@prza/c <K 1) we find

~72
O, R (v
S (ry, v) = £ 1% V)

4 hiegc?zy

S (1) = 0, (90)
S™ ™ (x4 = 0, o1
Ry (vy)

S (Xa, V) = F 92)

8mligoczy

For this mirror, we observe that all the position-dependent
spectroscopical quantities are zero. This is explained by
means of Curie’s principle [65] mentioned in Sec. III, which
applied for this situation establishes the necessity of a chiral
source to probe the chirality of the mirror. This means that we
need not only an electric dipole but also a magnetic dipole,
for which our effective magnetic dipole of Eq. (69) does not
work because velocities are not taken into account by the
position-dependent frequency shifts (44) and (45). This can
be traced back to the origin of these quantities, which arise
only from the electric dipole interaction of the interaction
Hamiltonian given in Eq. (10).

In spite of that, all velocity-dependent quantities are
nonzero because now our effective magnetic dipole (69) and
the electric dipole serve to probe the chirality of the mirror
leading to nonzero results. All these quantities depend on

Ruk(v)) = Im{(dy, - e)[(vy x dut) - €]}
= im(d@5m,). ©3)

where we identified in the last line the optical rotatory strength
by means of the Rontgen interaction Hamiltonian (68) being
a P-odd quantity appearing naturally for any chiral molecule
[61,62]. Therefore, we can interpret an effective circular
dichroism of the transition n <— k between the electric dipole
and the effective magnetic moment of Eq. (69). This means
that we are observing motion-induced chirality.

Because the optical rotatory strength R, (v)) (93) is a pure
imaginary number, it needs circularly or elliptically polarized
dipoles, which contrast strongly with the required ones for
its nonreciprocal counterpart T, (v}) (70). Due to its vectorial
structure, the noncoplanarity condition over v, d,«, and e, and
the condition v - d,x = 0 discussed previously are valid. The
form of R, (v)) (93) is in agreement with the Casimir-Polder
potential perspective studied in Ref. [67], where for chiral
media it is required that d,;; ® my, must be a pure imaginary
number as part of the crossed polarizability. In Table I we
resume the behavior that a perfectly reflecting chiral mirror
and its dipole moments d,;; must have under P and T transfor-
mations.

Similarly to our discussion for the previous nonreciprocal
materials, we also observe that these quantities could increase
or decrease the corresponding contribution depending on

which handedness for the mirror is used. This is a significant
difference with the nonreciprocal mirror of Sec. IV B, whose
quantities lack this freedom. The final comment for this sec-
tion is that the frequency shift of Eq. (92) reproduces the z~°
dependence of Ref. [66] obtained through perturbation theory
for the circularly polarized dipole d,;z = di/+/2(0, 1,1)7.

E. Isotropic chiral medium

For these materials, the electric and magnetic fields are
connected with the displacement field D(r; ») and the mag-
netic field H(r; w) via the Boys-Post constitutive relationships
[52,62,82,83]

ﬁ(r;w) = sos(r;w)ﬁ(r; w) — 1£I:I(r;a))
c
A K A
+Py(r; o) — ?MN, (%94)
N . K A
B(r; ) = pou(r; o)H(r; o) + ?E(r;w)

+ pop(r; )My (r; o), (95)

where « is the chiral cross susceptibility, a magnetoelectric
susceptibility that in general is a tensor. The chiral cross
susceptibility of the medium has the effect of “rotating” a
magnetic effect to contribute towards an electric response and
vice versa. The similarities and differences between the above
constitutive relations and those of the 3D TI, as given by
Egs. (71) and (72), can be examined from the perspectives of
true and false chiralities [48,84,85]: In this context, the above
chiral medium is truly chiral, whereas the 3D TI is falsely
chiral [86].

The modified Fresnel reflective coefficients for nonrecipro-
cal media 7, - involved in Eq. (46) can be found in Ref. [80]
in their general form. Nevertheless, we will particularize them
for the case of an interface consisting of vacuum in the up-
per half space of Fig. 1 and an isotropic chiral medium in
the lower half space. By employing the same notation as in
Sec. IV C where subscript 1 denotes the corresponding quan-
tities in the vacuum and conversely subscript 2 is for the chiral
medium, we have

1
Fss = 5[(1 +ar)(1 —bL) + (1 +aL)(1 —br)], (96)
AT ( KRR ) ©7)
1
Tpp = 5[(1 —ar)(1+bL)+ (1 —aL)(1+br)], (93)
Tps = —Tsps 99)
where D = (1 + ar)(1 + by) + (1 + ar)(1 + br) and

_ Jakik” _ Jmkiky "
Uk T ek
with P = R, L referring to the right and left circular polariza-

tions of the wave, respectively. Within the chiral medium the
wave vectors are

R\2 o’ 2
(k) = C—z(«/r‘?zuz +K2)",

ap p (100)

(101)
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Ly2 _ w_2 Ry
(k)" = = (Veaa — k2)”, (102)
(k") = ()" — ()™ (103)

For the vacuum, which is at the achiral region 1, the wave
vectors are the standard free-space ones
ki=—, () =k—(K), (104)
c
where kl = k2 + k}z,.
The contributions to the frequency shift (35) for the dipole
(47) in the retarded limit (@,xz4/c > 1) read

-2 14l -
o ld,, * 20n24

8 res,ret r — cos Re ret _ ret

@ (4) 167 fizy c (”p,p rs,s)
20y,
+ sin (—“’ A )Im(r;j; ~ rgeg)]
ret za)’lsz
c
200,
+Im m cos( @ kZA):|

2
327 heownsz

2
(- -

2

¢ |d kl ret ret

- 2 ~ 4 Re(rs,s - rp,p)
32w ligo@urzy 2

i PR ))

a)ﬁkRnk(V“) [Re( ret) «in (2&),,sz>
c

41 heoc?za

+Im( ret) cos <2ibnkZA)j|’
Cc

where S,x(v)) =0 from Eq. (57) was used and the optical
rotatory strength R,;(v)) was defined in Eq. (93); both of
them will be subsequently employed. In this limit, we find that
for iy € C, r{S, will not vanish. For this reason, we consider
the more general case of &;,k; € C to analyze the chiral
effects in this retarded limit. The retarded limit of the Fresnel
coefficients is given in Appendix B. Again, the dominant con-
tribution to the frequency shift (107) comes from the electric
interaction d,,,, - E(rA), as in the perfectly reflecting nonrecip-
rocal mirror (62), the 3D TI (81), and the perfectly reflecting
chiral mirror (89). For the nonretarded limit (@,;z4/c < 1)
we obtain

nrel nret .2
W nret(r )y = Mownk d\ }2 Ts, + "o €
8mh |k 2ZA %z

2 _.nret
C rp P

2?2 sz

Mownk |
8 hcz

(105)

Swnres ret (rA) —

5 P ;f;))

(106)

S (ra, V) =

(107)

dﬁk

) (108)

- 12
Swnres,nret(rA) — Sf;t |d”k|2 + d;zk (109)
nk l6mhigozs \ 4 2 )

Rkn Im ( m'et)

Beonic (ka, v) = 8 higpcz
062y

, (110)

where the nonretarded limit of the Fresnel coefficients is given
in Appendix B.

For the isotropic chiral medium we appreciate that the
resulting frequency shifts are a superposition of the cor-
responding quantities of the perfectly conducting mirror
of Sec. IVA and the perfectly reflecting chiral mirror of
Sec. IVD determined by the Fresnel coefficients r, . AS
a result of that, all the previous discussions and mainly the
conditions over v, d,x, and e, discussed previously are valid
here too. In Table I we resume the behavior that an isotropic
chiral medium and its dipole moments d,; must have under
P and T transformations, where both atom and medium ex-
hibit true chirality. Moreover, the reflective coefficients are
functions of the permittivity e, the permeability u, and the
chirality «, which could help to modulate the behavior of the
spectroscopical quantities. In the same spirit as the role of the
velocity’s sign discussed for all the previous examples, the
handedness of the crossed Fresnel coefficients could increase
or decrease the corresponding contribution just as found for
the chiral mirror, but now they are more complicated func-
tions. Furthermore, in the nonretarded limit the contribution
of the imaginary part of the crossed Fresnel coefficients in
Eq. (110) becomes relevant because they could be more sig-
nificant than the perfectly conductor behavior. Again, due to
the internal connection between the frequency shift and the
Casimir-Polder force, one can also switch from an attractive
force to a repulsive force between the atom and medium.

V. DISCUSSION

As a first step towards observing motion-induced chirality
and quantum friction with Rydberg atoms, we will discuss the
magnitude of some key observables introduced above.

The central indicator of motion-induced chirality is the
associated rotatory strength (93). Table II shows its magnitude
for hydrogen in Rydberg states with a range of principal
quantum numbers 7 for the transition from |700) to |72111) and
a velocity parallel to the plate of vy = 300 m/s.

It is interesting to compare this motion-induced rotatory
strength with typical rotatory strengths of chiral molecules:
For the Sp-S; transition in the chiral carbonyl compounds
fenchone and camphor, for instance, the rotatory strength
corresponds to about 9.5 x 107> and 1.5 x 107>* C>m?/s,
respectively [87,88]. Helicenes and their derivatives are
known for comparatively large rotatory strengths, which
range, depending on the specific transition selected, between
around 1 x 107 and 1 x 1073 C?m3/s for [4]-helicene,
[5]-helicene, and [6]-helicene [89-91]. The accompanying
large isotropic optical rotatory dispersion of helicene deriva-
tives qualifies them, for instance, as candidates for sensitive
matter-wave interference studies on chiral molecules as pro-
posed in Ref. [92]. For the Rydberg atoms, we find that
the associated rotatory strength is very high compared with
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TABLE II. Associated rotatory strength R, (93), bare and motion-corrected frequency shifts (64) and (65) for a nonreciprocal mirror,
and motion-induced frequency shift (92) for a chiral mirror. The nonreciprocal frequency shift is given for an electrical dipole transition via
Rydberg-type states d,;, = (i1,[,m, d|figlme) = (711]d|700), where the bare value is quantized in the z direction, while for the motion-induced
shift the quantization axis is chosen parallel to v;. The chiral frequency shift is calculated for an electrical dipole transition via Rydberg-type
states d,; = (r‘z,ll,lm,,|&|fzklkmk) = (ﬁ10|fi|ﬁ00), with the quantization axis along e, + e, for vy = vje,. All values are in standard SI units;
[R] = C*m?/s and [$w] = rad/s. Note that the velocity-dependent values are linear in v/c, with v = |v;|, and the frequency shifts scale with

z,°; the given values are calculated for the velocity |v;| = 300 m/s and at a distance z4 = 107 m.

Parameter in— 20 40 60 80

Rk 1.291 x 107! 2.069 x 1070 1.048 x 107% 3312 x 107%
S 2.918 x 10’ 4.677 x 10® 2.369 x 10° 7.487 x 10°
8w, (v) (nonreciprocal) 9.173 x 10! 1.470 x 10° 7.446 x 10° 2.354 x 10*
8w (v) (chiral) 1.835 x 10? 2.941 x 10° 1.489 x 10* 4.707 x 10*

regular rotatory strengths in chiral molecules, as it scales with
the fourth power of the principal quantum number. However,
this scaling is rooted in the typical quadratic scaling of elec-
trical dipoles in Rydberg systems, and thus, in relation to the
electrical properties, the associated rotatory strength is still
suppressed by a factor of v/c of the order of 107°,

To estimate the magnitude of motion-induced frequency
shifts as evidence for quantum friction, we consider the bare
and motion-corrected frequency shifts in Egs. (64) and (65),
respectively, of an atom at nonretarded distances z4 = 1 um
from the surface of a perfectly reflecting nonreciprocal mirror.
The results for a velocity v = 300 m/s are also displayed in
Table II. Note that in (65) we need to choose the quantization
axis in the v direction parallel to the plate, which results in
vanishing (64). In Table II we evaluate (64) therefore with
respect to a quantization axis normal to the plate to allow for
a useful comparison of the different frequency shifts.

Additionally, Table II also gives values for frequency shifts
in the analog case of a chiral mirror (92), with adjusted tran-
sition states and quantization axis. A concrete scenario for the
measurement of such frequency shifts would consist in direct-
ing a tightly focused atomic beam through a wedge-shaped
gap, as done in pioneering measurements of the Casimir-
Polder forces [93]. In order to implement chiral mirrors, the
gap walls need to either consist of nanofabricated chiral meta-
surfaces [94] or be coated with chiral molecules [95]. Recent
progress in the measurement of the transition frequency of
Rydberg states has shown an accuracy of a few megahertz
using electromagnetically induced transparency [96]; thus
static dipole related energy shifts are resolvable starting from
i 2 60. Motion-corrected frequency shifts for a nonreciprocal
mirror and a chiral mirror should be observable starting from
ii 2 40, as kilohertz accuracy with Rydberg microwave Ram-
sey spectroscopy can be achieved when resorting to circular
states [97]. Frequency shifts are advantageous for measure-
ment because frequencies can be measured with very high
accuracy [98]. In principle, laser excitation of Rydberg states
is frequency selective to the width of the corresponding tran-
sition, where subkilohertz resolution in Rydberg states can be
achieved for sufficiently high 7. In the current application,
state-selective laser excitation might not be possible because
of the proximity of the chiral mirror. Frequency measurement
during free evolution of an atom excited to a Rydberg can be
done via Ramsey interferometry. Interaction-induced energy
shifts lead to accumulated phase shifts, which can be projected

to populations in a coherent excitation process, using other
Rydberg states or a highly stable ground state as a reference.
Measurements of interaction-induced frequency shifts in Ry-
dberg atoms have been implemented [99] and proposed to be
used in the application of chiral discrimination [56].

VI. CONCLUSION

In this work macroscopic QED was used to derive expres-
sions for the Casimir-Polder frequency shift and spontaneous
decay rate for a moving atom parallel to nonreciprocal (falsely
chiral) and (truly) chiral media. The former violate Lorentz’s
reciprocity principle, meaning that time-reversal symmetry is
broken, and the latter are reciprocal media breaking parity.
Nonreciprocal media are included by using generalized real
and imaginary parts of the Green’s tensor which reduce to the
standard definitions in the reciprocal case, including (truly)
chiral media.

The basis of our study lies in the interaction Hamiltonian
between the atom, the field, and the nonreciprocal or chiral
medium, which enables us to obtain an expression for the
electric and magnetic fields. To this end, noise currents were
quantized directly, yielding one set of field operators for the
combined electric and magnetic fields. The result for both
fields allowed us to analyze the internal atomic dynamics.
Through the redefinitions of the real and imaginary parts of a
tensor, we provided general expressions for the atomic decay
rate and the frequency shift, which can be split into two kinds
of terms. One depends only on the position and the other
one depends on the position and the velocity of the atom.
Also, we found that such terms can be split into resonant
and nonresonant contributions. These results reproduce and
extend the previous results for a static atom of Ref. [53] to
a polarizable atom moving parallel to nonreciprocal or chiral
media.

By regarding only a moving nonmagnetic atom, we ana-
lyzed five different materials: a perfectly conducting mirror,
a perfectly reflecting nonreciprocal mirror, a strong three-
dimensional topological insulator, a perfectly reflecting chiral
mirror, and an isotropic chiral medium. We found different
power laws for all these materials in the nonretarded limit
and oscillating functions whose amplitudes decay with the
distance in the retarded one.

Let us begin by summarizing the results for the static
frequency shift of nonreciprocal media. By employing an
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arbitrary dipole moment, we were able to generalize the
results of Ref. [53]. We found that for the perfectly con-
ducting mirror there is no difference between any special
polarizations because its frequency shift depends only on
the magnitude of the dipole moments, i.e., all of them will
always contribute. More interesting are the results for the
nonreciprocal mirror, because its frequency shift depends on
Im(d.d>7), which rewritten as Eq. (66) can be identified as
the z component of the geometric magnetic field B, associ-
ated with photoionization of chiral molecules [68,69]. This
constitutes the first bridge between the physics of chirality
and nonreciprocity obtained in this work: Nonreciprocal me-
dia couple to the falsely chiral response of the molecule.
For the strong 3D TI we found that its frequency shift is a
superposition of the perfectly conducting mirror and the non-
reciprocal mirrors but modulated by the Fresnel coefficients.
The latter provide the possibility to modulate the behavior of
the spectroscopical quantities by adjusting the permittivity &
and mainly the topological parameter A because it can be
negative for certain strong 3D TIs. All these results repro-
duce the same algebraic power laws and fading-out functions
found in Ref. [53] for the nonretarded and retarded limits,
respectively.

Now we discuss the results for the static frequency shift
of the chiral media. For the perfectly reflecting chiral mir-
ror and the isotropic chiral medium these spectroscopical
quantities are identically zero. According to Curie’s principle
[65], these results are reasonable because our chosen dipole
moments do not share the same symmetry. The square of
the transition dipoles constitutes an achiral response that is
unable to resolve the chirality present in both materials. So,
to probe the chirality in this static case, one should employ
a molecule with a magnetic moment as well as an electric
one.

On the other hand, we have the velocity-dependent fre-
quency shift of the nonreciprocal media. After employing
again an arbitrary dipole moment, we found that for the
perfectly conducting mirror the relevant vectorial structure
is Sy (vy) = Im[(d}, - e;)(d, - v))], which is zero from the
Maxwell equation conditions leading to a vanishing shift
and guarantees the P-even and T-even behavior of this ma-
terial. For the nonreciprocal mirror the vectorial structure
can be understood in terms of the nonreciprocal optical ro-
tatory strength T, (v)) = Re{(d}, - e.)[(v| x dx) - €;]} given
by Eq. (70), which needs a superposition of linear polarized
dipoles to not vanish. Because of its similarity to the optical
rotatory strength of chiral media, this constitutes the second
bridge found in this work between the physics of chirality
and nonreciprocity. Then we analyzed the frequency shift of
a strong 3D TI. In this case, we found again that its fre-
quency shift is a superposition of the perfectly conducting
mirror and the nonreciprocal mirrors but modulated by the
Fresnel coefficients. However, the sign of the velocity could
lead to an enhancement or decrease in the effect for the three
materials, but for the strong 3D TI the topological parameter
A is another quantity that has this feature. Algebraic power
laws in the atom’s distance z4 to the interface were pro-
vided for the three materials in the nonretarded limits, which
could be useful for experimental verification. All these results
are consistent with Curie’s principle because T is a T-odd

quantity and also the strong 3D TI breaks time-reversal sym-
metry via the topological parameter A being a T-odd quantity.
For this reason, this study is significant for ongoing investi-
gations into dark-matter detection, where axions emerge as a
promising candidate [100]. In this pursuit, condensed-matter
physics offers novel avenues through TIs [101], antiferro-
magnetically doped TIs [102,103], or multiferroics [104],
utilizing the magnetoelectric effect which underpins our
results.

Regarding the velocity-dependent frequency shift of the
chiral media, let us first describe the results for the perfectly
reflecting chiral mirror. Here we found that this spectroscop-
ical quantity is determined by R, (v)) = Im{(d}, - e.)[(v) x
d,) - e.]}, which is the optical rotatory strength [61,62] given
by Eq. (93). Therefore, we can interpret an effective circular
dichroism of the transition n <— k between the electric dipole
d,x and the effective magnetic moment m,; = —v| X dy.
Although we did not employ a chiral source, the rectilinear
uniform motion of our electric dipole induced an effective
magnetic moment through its velocity as found in Eq. (69);
therefore, a chiral source was indirectly used to probe the
chirality of this mirror explaining the nonzero results, i.e.,
here occurs a motion-induced (true) chirality. Finally, for the
isotropic chiral medium, its frequency shift is a superposi-
tion of the perfectly conducting mirror and the chiral mirrors
but modulated by the Fresnel coefficients. For both chiral
materials the sign of the velocity and the handedness of the
media could lead to an enhancement or decrease in the effect.
Algebraic power laws in the atom’s distance z,4 to the interface
are provided for these two materials in the nonretarded limits,
which could be useful for experimental verification. Neverthe-
less, for the isotropic chiral medium, the complex character
of the Fresnel coefficient can enhance the power law of the
distance to the surface. All these results are consistent with
Curie’s principle because R, is a P-odd quantity, if circular
or elliptical polarizations are selected, and also the isotropic
chiral medium breaks the parity symmetry via its chirality «
being a P-odd quantity.

It is worth making a few comments before closing this
section. First, for the current interface A is proportional to the
fine-structure constant o as mentioned in Eq. (78). Neverthe-
less, we could replace the strong 3D TI by a magnetoelectric
such as TbPOy4, whose A = 0.22 [78,79] increases the in-
fluence of the nonreciprocal medium. However, we focused
in the present work only on strong 3D TIs. Second, the
present work provides general results for the frequency shifts
either resonant or nonresonant, but we remark that all the
concrete results for the five materials are valid only for con-
stant permittivities and nonmagnetic strong 3D TIs, i.e., for
the five materials their susceptibilities do not have frequency
dependence. Third, due to a more exhaustive analysis of the
frequency derivative involved in the velocity-dependent decay
rates, we have left their study for these materials for future
work. Fourth, of course, the study of the perpendicular motion
(v; # 0) can be investigated, but it has problems and we will
leave it for further studies, which resembles the classical sit-
uation of transition radiation studied previously in Ref. [46].
Finally, all these results are obtained within the Markovian
framework, meaning that they are only valid for times that
verify the constraints described in Ref. [33].
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APPENDIX A: FRESNEL REFLECTION COEFFICIENTS
FOR A VACUUM-STRONG 3D TI INTERFACE

To the purpose of this article being self-contained, in this
Appendix we provide the necessary details of the reflective
coefficients in the retarded and nonretarded limits for nonre-
ciprocal media.

The Fresnel coefficients for an interface consisting of a 3D
topological insulator with u, = 1 and vacuum in the retarded
limit (®,rz4/c > 1) whose main contribution comes from the
region due to small kj are [53]

et 1 —e—A? (AD)
re=—
RERCENCI R
g 28 (A2)
P+ a4 A

oy = ~Tess (A3)

t o ret
r;ep = r}rfs, (A4)

where A is given by Eq. (78). On the other hand, these coef-
ficients in the nonretarded limit (@,xz4/c < 1) whose leading
contribution comes from the region due to large k| are [53]
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APPENDIX B: FRESNEL REFLECTION COEFFICIENTS
FOR THE VACUUM-ISOTROPIC CHIRAL MEDIUM
INTERFACE

The corresponding Fresnel coefficients for an interface
consisting of an isotropic chiral medium and vacuum in the
retarded limit (@,xz4/c > 1) whose main contribution comes
from the region due to small k are [105]
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where we recall the definitions for kg and ki given in
Egs. (101) and (102). To obtain these coefficients, the approx-
imations k! = 0 and

kt ~now/c = e(w)uw(w)w/c (B2)

were applied to their general expressions given in Ref. [80].
On the other hand, these coefficients in the nonretarded limit
(@nkza/c < 1) whose leading contribution comes from the
region due to large kj are [62]
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