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Characterizing quantum measurement through environmental stochastic entropy
production in a two-spin-1/2 system
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Quantum state diffusion is a framework within which measurement may be described as the continuous and
gradual collapse of a quantum system to an eigenstate as a result of interaction with its environment. The
irreversible nature of the quantum trajectories that arise may be characterized by the environmental stochastic
entropy production associated with the measurement. We consider a system of two spin-1/2 particles undergoing

either single-particle measurements or measurements of the total z-spin component S,. The mean asymptotic
rates of environmental stochastic entropy production associated with collapse can depend on the eigenstate
of S, selected and on the initial state of the system, offering an additional avenue for characterizing quantum

measurement.
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I. INTRODUCTION

Entropy is a quantifier of the subjective uncertainty of the
state of a system and its rate of production is a measure of the
irreversibility of a process. It can arise when a system interacts
with an underspecified complex environment according to
dynamics characterized at a coarse-grained level [1,2]. The
modern understanding of entropy production was influenced
particularly by the development of fluctuation theorems [3-9].
Systems driven by external noise can be characterized by
a stochastic entropy production that can be divided into a
system stochastic entropy production and an environmental
stochastic entropy production, each with particular behavior
in a variety of circumstances [10-20]. The application of
such ideas to quantum systems has contributed to the field
of quantum thermodynamics, from which technologies such
as quantum heat and measurement engines and refrigerators
have emerged [21-23].

Stochastic entropy production in the processing of quan-
tum systems has recently been explored, including studies of
a two-level bosonic system undergoing time-dependent cou-
pling to a harmonic environment, an open three-level quantum
system in a nonequilibrium steady state, and entropy produc-
tion associated with the quantum Zeno and quantum anti-Zeno
effects [24-28].

The main focus of this paper is to consider the stochastic
entropy production when a system of two spin-1/2 particles
is subjected to measurement, extending work by Clarke and
Ford on the stochastic entropy production associated with
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measurements of a single spin-1/2 particle [25]. New fea-
tures emerge, for example, requiring us to compute stochastic
entropy production within a framework developed to handle
singular diffusion matrices [26].

Since average system evolution obscures the irreversibil-
ity of measurement, we focus on single evolution pathways
or quantum trajectories. A variety of methods for generat-
ing quantum trajectories exist such as stochastic Schrodinger
equations, hierarchical equations of motion, and quantum
jump trajectories comprised of piecewise deterministic dy-
namics interrupted by stochastic discontinuities [18,29-37].
The Liouville-von Neumann equation offers an alternative
approach but does not produce physically meaningful trajec-
tories since the evolution does not preserve the unit trace
[24,38]. Many methods for generating quantum trajectories
arise from unravelings of the Lindblad master equation [39].
A more recent development has been jump-time unravelings,
whereby quantum trajectories are averaged at points where
quantum jumps emerge [40].

Projective measurements on quantum systems are dis-
continuous and instantaneous, resulting in difficulties when
attempting to find an associated stochastic entropy production.
In contrast, quantum state diffusion (QSD) produces continu-
ous stochastic quantum trajectories without jumps and it is this
framework that we use to generate trajectories [10,36,41-43].
The quantum system is considered to interact with an environ-
ment which causes it to exhibit a diffusive evolution. A large
environment requires knowledge of many degrees of freedom,
so its state cannot be specified and instead its influence on
the system is taken to be stochastic. The system’s behavior
is therefore akin to that of a classical Brownian particle. For
the measurement process, we consider the environment to
act as a measurement apparatus whose interaction with the
system causes it to diffuse towards an eigenstate of the system
observable being measured.

The coupling between the system and the environment
characterizes the strength of measurement. In the limit of
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infinitely strong coupling, the system would seem to ex-
hibit the conventional discontinuous quantum jumps, while
at low coupling it undergoes weak measurement, resulting
in ongoing extraction of partial information about the sys-
tem. The evolution of the quantum system may in some
circumstances then be described by a stochastic differen-
tial equation (SDE), or an It6 process, featuring a noise
term that represents the influence of the environment on the
system [36,41,44-46].

Utilizing QSD, we generate quantum trajectories for a sys-
tem of two spin-1/2 particles undergoing either measurements
of single-particle spin components or measurements of a com-
ponent of the total spin of the two particles. We calculate the
rate of environmental stochastic entropy production associ-
ated with each measurement process and compare the mean
asymptotic rates of production for approach towards different
eigenstates and for different initial conditions.

The plan for the paper is as follows. Section II intro-
duces the framework of QSD, with Sec. III describing the
key concepts relating to stochastic entropy production in a
situation characterized by singular diffusion matrices. Sec-
tion IV considers single-particle spin measurements of the
particles, while Sec. V extends this to measurements of to-
tal spin. A summary is given and results are discussed in
Sec. VL.

II. QUANTUM STATE DIFFUSION

In QSD, measurement is modeled as an interaction be-
tween a system and its environment that causes the system to
evolve continuously and stochastically towards an eigenstate
of the measured operator [44-46]. The evolution of p, the
reduced density matrix of the system, in a time step dr, is
described in terms of Kraus operators M; [47,48],

Mp(t)M!
p(t +dt)=p(t)+dp=————, (1)
Tr[M;p(1)M]]

and such a transition is considered to occur with probability
pj = TelM; p(t)M]] [27].

In order to generate continuous trajectories, Kraus opera-
tors that differ incrementally from a multiple of the identity
are used,

1
M; =My = —2(]I + A1), 2)

5
with
A = —iHydt — i Ldr + LV, 3)

where the system Hamiltonian is denoted by H, and Lind-
blad operators by L; and each Lindblad channel is associated
with two Kraus operators labeled by + [24,25,27,49-51].
These Kraus operators satisfy the completeness condition
Zj M;T'M ; = I. Since the future state of the system depends
only on its current state p(t), the evolution is Markovian.

A map with a Kraus operator of the form given in Egs. (2)
and (3) has been demonstrated to preserve positivity [27]. A

sequence of such transitions then yields a stochastic trajectory
which corresponds to the solution to the SDE

1
dp = —i[H,, pldt + ) ((Lka,I - Sl p})dt
k

+{pL} + Lip — Trlp(Le + L] )]p}dwk), )

where 7 has been set to unity [10,36,41,42,44,45]. The evo-
lution of p is thus an Itd process with Wiener increments
dW;, the index k denoting the Lindblad operator [45]. The
stochasticity arises from system-environment interactions. In
the absence of such interactions with the environment, the
evolution of p reduces to the von Neumann equation.

It has been demonstrated that the average evolution over all
possible system transitions and over all possible system states
satisfies a Lindblad master equation [24,27,51]

1
dp = —ilH,, pldt + ) (LkﬁL,i = Sl z)})dr (5)
k

for an ensemble-averaged reduced density matrix p(¢). We
employ an overbar as a reminder of the averaging, though
this is not the usual notation in the literature. In spite of the
invariance of the right-hand side of Eq. (5) under unitary trans-
formations among the Kraus operators, the requirement that
the underlying stochastic trajectories are continuous means
that the Kraus operators are uniquely given by Egs. (2) and
(3) in this case.

III. ENVIRONMENTAL STOCHASTIC
ENTROPY PRODUCTION

A. Dynamics of entropy production

The von Neumann entropy is an extension of the Gibbs
entropy to quantum systems and provides a measure of the
uncertainty over the possible outcomes associated with a pro-
jective measurement of a system starting in a given state.
It is defined as — ), PInP;, where P; is the probability of
projection onto an eigenstate i of the measured observable
[48]. It can also be written as —Trp In p in terms of the density
matrix. The relative entropy or Kullback-Leibler divergence
characterizes the difference between two probability density
functions or density operators p [52,53]. These forms of
entropy concern the average system evolution, but we wish
to characterize the irreversibility of continuous single real-
izations of system behavior in Hilbert space, not projective
measurement, so the von Neumann entropy is not suitable. It
is stochastic entropy production that provides this: a change
in subjective uncertainty of the quantum state of the system
and its environment arising from our inability to make precise
predictions when the state of the environment and its influence
on the system is underspecified [13,16]. The von Neumann
entropy has an upper limit of In2 for a spin-1/2 system,
since it represents the uncertainty of the state of a system
with respect to the possible eigenstates available upon mea-
surement, but the stochastic entropy production is unbounded
since it concerns the uncertainty of adoption over a contin-
uum of possible state vectors, not just those associated with
eigenstates.
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Moreover, as the system approaches an eigenstate, its
stochastic entropy production will decrease, reflecting the
reduction in uncertainty with regard to the adopted state. To
adhere to the second law, the stochastic entropy production
in the environment must therefore increase, reflecting an in-
creasing uncertainty in its state. Under the QSD framework,
the system only reaches an eigenstate in the limit of asymp-
totic time, and therefore the environmental stochastic entropy
production will continue to increase even as the system state
is refined.

The von Neumann entropy can be considered thermo-
dynamic, since it represents uncertainty in the adoption of
eigenstates, which are stationary states that could be asso-
ciated with a Boltzmann distribution of probabilities, with a
clear connection to energy. In contrast, stochastic entropy pro-
duction characterizes uncertainty with respect to a continuum
of state vectors which are for the most part nonstationary.
There is no clear association with a Boltzmann distribution
of probabilities and therefore with energy; thus the stochastic
entropy production represents informational rather than ther-
modynamic entropy.

To be specific, the (total) stochastic entropy production
Asyy associated with a trajectory is defined by the ratio of
probabilities of the (forward) trajectory and the reverse se-
quence of events driven by a reverse protocol of external
forces:

(6)

Aslot =In A
prob(reverse trajectory)

prob(forward traj ectory))
This can be separated into two contributions, system Asys and
environmental Ase,,. The former depends on the probability
density function (PDF) over the space of system microstates,
while the latter may be derived from the stochastic dynamics
that govern the system evolution.

We employ the following framework. A set of N co-
ordinates x = (xy, X2, ..., Xy) specifies the configuration of
a system, and their evolution is modeled using Markovian
stochastic differential equations, or It6 processes, of the form

M
dx; = Ai(x)dt + ) Byj(x)dW;, (7)
j=1

where the dW; are M independent Wiener increments. Defin-
ing an N x N diffusion matrix D(x) = %B(x)B(x)T, the
Fokker-Planck equation for the PDF p(x, t) is given by

ap d d

L — (A — (D

ot Z 8x,~( p)+ ,Xj: Bx,-ax_,-( ip)

i

a ap
=—=) —\Gpr—-Dij— | 8
zl_:ax,( P Jaxj') ( )
where

Ci=A— Z 8_xj ©)
J

The evolution of the system stochastic entropy production

is given by d Asgys = —d In p(x, t), but for simplicity we focus

our attention only on the environmental stochastic entropy

production. We consider coordinates with even parity under

time reversal. The evolution of Ase,y, is then governed by the
SDE, given in Stratonovich form [12,15,16]

d(D;'C
dASeny = ZDi_lejdx,- + ZD,’j%dl‘

)
= ZDi_ledexi. (10)
ij

A general expression suitable for systems with odd as well as
even parity coordinates is given in Appendix A.

B. Procedure for singular diffusion matrices

Singular diffusion matrices arise for systems where there
are more coupled Itd processes than independent Wiener noise
increments. At points in the coordinate space of the system
there are directions for which the rate of diffusion is zero.
These directions are parallel to eigenvectors of the diffusion
matrix with zero eigenvalues, referred to as null eigenvectors.
The singularity in the diffusion matrix can be attributed to
the existence of a time independent or a deterministically
evolving function of the variables x; [26]. The procedure
for dealing with singular diffusion matrices involves focus-
ing on a subset of the total phase space spanned by M
coordinates, which we refer to as dynamical variables. The re-
maining L = N — M coordinates will be regarded as spectator
variables.

Such a distinction between dynamical and spectator vari-
ables is arbitrary since the total entropy production does
not depend on which variable is chosen to be dynamical,
but a careful choice can greatly simplify the computa-
tion. The reduced diffusion matrix defined in the coordinate
subspace with dimensions M x M is nonsingular, so anal-
ysis using Eq. (10) can proceed. The spectator variables
nevertheless still play a role in computing the entropy produc-
tion. The main implication is that the derivatives dD;;/dx,,
are replaced by a new expression involving derivatives
with respect to dynamical variables x, and the spectator
variables x;,

lev

dD;;  9D;; oD;; d oD;; aD;;
o J +Z jaxr J +Z j

dx,, 0x,, ax; dx,  0xp 0x;

1

Y

where R;,, is a matrix formed of components of the null eigen-
vectors of the full N x N diffusion matrix. See Appendix B
and [26] for further details.

IV. TWO SPIN-1/2 PARTICLES UNDERGOING
SEPARATE MEASUREMENTS

A. System specification and dynamics

The density matrix describing a system of two spin-1/2
particles may be constructed as

p=id+s-2), (12)

using the 15 component coherence vector s =
(s1,82,...,815) =Tr(pX) and the vector ¥ of generators
¥, withi=1,..., 15, built using Pauli matrices (details are
given in Appendix C).
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The density matrix may then be written as

L +s34 5120+ 515

o= 1 isy + 813 +is14 + 51
4 S4+Sy+ng+iS11

S5 + iS¢ + iS9 — S10

I — s34 512 — 515
S5 — iS¢ + 1S9 + S10
S4 — 87 + isg — IS

Stochastic trajectories of p are generated from SDEs for the
components of the coherence vector, s;, produced from

ds; = Tr(dpX)), (14)

with dp defined in Eq. (4). We now consider different sce-
narios of single-particle measurements performed on the
two-spin-1/2 system, corresponding to particular choices of
Lindblad operators.

B. Case 1: z-spins of each particle

We first consider simultaneous measurements of the z
component of each of the two spins in the system. The sys-

tem starts in the singlet state |W~) = Lz(|1)z| 1), — |-

1),]1);), where | £ 1), are the eigenstates of the z-spin for
each particle. We use Eq. (4) to model the evolution of the re-
duced density matrix p, with system Hamiltonian H; = 0 and
Lindblad operators L; = a;30.1 ® I and L, = [ ® a230- 5,
where the scalar coefficients a; and a, represent couplings be-
tween the system and the environment. Insertion into Eq. (4)
yields 15 SDEs for the coherence vector components, given
in Appendix D. The SDEs feature two noises, one for each
measurement in the system. The so-called expectation values
of the individual z-spin components may be considered to be
physical attributes of the quantum state [27,51] and can be
expressed as

(S..1) =Tr[ (301 ®I)p] = 1512,
(S.2) =Tr[(I ® 30.2)p] = 353 (15)

The SDEs take the form dx; = A;dt + B;1jdW; + BjpdW,,
where dx; is identified as the ds; in Eq. (14) and the diffu-
sion matrix elements are D;; = %(B,-lB j1 + BinBj), with the
expressions for B;; and Bj; given in Appendix D.

There is only one nonzero eigenvalue, so we use the
method outlined in Sec. III B, choosing s, as the dynamical
variable since its associated SDE has A, = 0, which simpli-
fies the calculation. The reduced (scalar) diffusion coefficient,
for a; = a, = 1, is written

D= 1(—1+s12)" + 3(s3s12 — 515)°, (16)
and Eq. (10) reduces to
dA 1 db dZDdt + L (4D 2dt (17)
Senv = —75 54812 — 55 = ’
Ddsu 12 ds%z D dslz
J
D=-

2

—isy + 513 — is14 + 51

1 <(— 1+ s%)2 + (s1812 — 513)°
2
(=24st+sh) 52 —513) (= 1+57,) + (51512 — 513)

S5 — iS¢ — 1S9 — S10
sS4 — 87 — isg + is11

S4 + 87 — isg — IS
S5 + iS¢ — 1S9 + S0

. . 1
L+s3 =510 —815  —isp —S;3+isyg+ 51 (13)
isy — 813 — iS14 + 8 1 — 53 — 512 + 515
[
with the derivative dD/ds, given by
dD oD oD
N YR 18
dSlz 8512 Z 8s1 L1 ( )

1#£12

The diffusion coefficient only depends on the variables s)», 53,
and s;5, so from Eq. (11) the dynamical variable labeled m is
s12 and the relevant spectator variables labeled / are s3 and
s15; thus the relevant R matrix components to consider are
R3.12 and Ry5,12, which from Eq. (11) are expressed as follows,
usinga; = a; = 1:

(53512 — $15)dW; + (53 — D)W,

R3 10 = )
(s3, — 1)dWi + (53512 — 515)dW>
(512815 — $3)dW) + (3515 — 512)dW)
Risin=—7 )
(s3, = 1)dW; + (53512 — 515)dW>
Starting in |W™) = JLE(|1)Z| — 1), — | = 1);]1),), there are
only two possible measurement outcomes |1),| — 1), and
| — 1),|1), such that s3 = —s|, throughout. Furthermore, it

may be shown that s;5 remains equal to —1; thus we find
that R3 1, = —1 and R;s» = 0. Hence, using Egs. (16)—
(18) and these values for R;j» and R;s 2, the evolution
of the environmental stochastic entropy production may be
written as

dAseny = 4(53, + 1)dt + 4s1(dW; — dWs).  (20)

C. Case 2: z-spins of particle 1 and x-spins of particle 2

Next we consider the case where particle 1 undergoes a
z-spin measurement and particle 2 an x-spin measurement.
Using Lindblad operators L; = aléaz, 1 QI and L, =1 Q®
az%ax,z, and once again H; = 0, leads to 15 SDEs, shown
in Appendix E. The SDEs contain two noises dW, and dW,
relating to the measurements on the first and second particles.
The expectation values of the z-spin of the first particle and
the x-spin of the second particle are

(S21) =TI'(%CTZ’1,0) = %512,

(Sv.2) =Tr(30v20) = 351. (21)

The diffusion matrix this time contains two nonzero eigenval-
ues, implying two dynamical variables that we choose to be
s1 and s1,. The reduced diffusion matrix in the basis of s; and
s12 variables is

(=245 + 531512 —m>>. 22

032210-4



CHARACTERIZING QUANTUM MEASUREMENT ...

PHYSICAL REVIEW A 112, 032210 (2025)

12

—_
<

ASeny (1)

ONd @

0.0 0.5 t 1.0 1.5

FIG. 1. Mean environmental stochastic entropy production for
case 1: two spin-1/2 particles, each undergoing z-spin measurements
starting at = 0, with the initial state |W~) = %(ll)zl -1, — |-
1).|1),), measurement strengths a; = a, = 1, and an average over
326 trajectories using a time step of 0.0001.

Since sy, 512, and 513 form a closed group of equations, s;3
is the only spectator variable we need to consider. We can
express the derivative of the diffusion matrix inverse for use
in Eq. (10) using

a(D~'D aD! oD ol
( ): D+D ' =" —y, (23)
0x; 0x ox  Oxx
and hence
oD™! D
=-D'—p7 L (24)
axk 3)Ck

We do not present a full analytic expression for the environ-
mental stochastic entropy production due to its complexity.

D. Environmental stochastic entropy
production for cases 1 and 2

The mean environmental stochastic entropy production as-
sociated with case 1 is illustrated in Fig. 1. The mean rate
associated with measurements of the z-spin of each particle
is approximately double that arising from measurement of
the z-spin of a single particle [25]. Since the particles start
in the singlet state, there are only two possible measurement
outcomes |1),| — 1), and | — 1),|1), such that s3 = —s;, and
asymptotically s3 — *1. The expression for the stochastic
environmental entropy production in Eq. (20) suggests an
asymptotic mean rate of environmental stochastic entropy
production of d(Aseny)/dt — 8, which is reflected in the
slope in Fig. 1. Note that the mean rate of entropy production
is considered to be asymptotic when the entropy production
exhibits a linear increase with time and the system is close to
an eigenstate.

Figure 2 illustrates a set of example trajectories for case 2,
where a z-spin measurement is performed on particle 1 and
an x-spin measurement is performed on particle 2. The initial
state is |W~) = ﬁ(llkl — 1), — | = 1),]1),), which lies at
(Sx.2) = (S;.1) = 0. Particle 1 has two possible measurement

—0.501_ ' ' . .
—0.50-0.25 0.00 0.25 0.50

Sx,z)

FIG. 2. Illustration of 500 example stochastic trajectories in
the space of (S.,) and (S,;) for case 2: two spin-1/2 particles
where a z-spin measurement is performed on particle 1 and an
x-spin measurement is performed on particle 2. Trajectories be-
gin at the state |V ™) = %(HM — 1), — | — 1),|1),), corresponding
to (Sy2) = (S;.1) =0, and proceed towards the tip of one of the
"petals." Measurement strengths a; = a, = 1 and the time step is
0.0001.

Superposition loci )
® |1),[1), and | - 1)[1)
® |- 1)[-1) and |1),| - 1)
[ ) |1)2]1)x and |1)z] = 1)x
| =1);| = 1)x and | = 1),|1)x

1.0

0.5 .. .
ool S
~0.5] : :
—1.0;

~-1.0 =05 0.0 05 1.0
(Sx.2)

FIG. 3. Projections onto the ({(Sy»), (S;1)) space of superpo-
sitions (with real amplitudes) of two of the four measurement
outcomes for case 2. Blue denotes |1),]|1), and | — 1),]1),; green,
| = 1):I — 1)x and |1)| — 1),; red, [1).[1), and |1)| — 1),; and gray,
| =1); = 1)y and | — 1),|1),. Points represented by darker shades
signify states that are dynamically accessible to the system under
the specific measurement scheme. Points illustrated by lighter shades
are not accessible but illustrate the broader pattern. The dynamics
constrains the stochastic trajectories to lie in the overlap regions
between the circles, forming the petal shapes in Fig. 2.
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1.01
Eigenstates

0.8
o ® [1).[1)
g O 6 |1)2|_1)x
,_g . ® | —1),]1)x
e L] |_1)z|_1)x
2 0.4
=

0.2

0.0

0.0 0.5 1.0 L.5

t

FIG. 4. Example evolution of the probability amplitudes of the
possible measurement outcomes in case 2: the two-spin-1/2 system
undergoing a z-spin measurement on particle 1 and an x-spin mea-
surement on particle 2. Red denotes the probability amplitude of the
[1).]1), measurement outcome; orange, the |1),| — 1), measurement
outcome; green, the | — 1),|1), measurement outcome; and blue,
the | — 1),| — 1), measurement outcome. The initial state |W~) =
%(ll)zl — 1), — | — 1),|1),), measurements strengths a; = a, = 1,
and the time step is 0.0001.

outcomes |1), and | — 1), and similarly particle 2 has possible
measurement outcomes |1), and | — 1),. Hence there are four
possible joint outcomes |1).[1),, |1).| — 1)y, | — 1);]1),, and
| — 1),| — 1), which lie at the tips of the petal shape in Fig. 2.

The pattern arises because the stochastic trajectories are
constrained to lie between loci defined by superpositions (with
real amplitudes) of pairs of measurement outcomes | & 1),| &
1),, depicted in Fig. 3. The blue circles illustrate a superpo-
sition of the |1),|1), and | — 1),]1), measurement outcomes;
green, | — 1):| — 1)c and [1):| — 1)y; red, [1)|1), and |1)| —
1)y; and gray, | — 1),| — 1), and | — 1),|1),. Points on the cir-
cles represented by lighter shades in Fig. 3 cannot be reached
by the dynamics of the system because they concern values of
(Sx.2) and (S, 1) with a magnitude greater than % In contrast,
the points represented by darker shades are accessible.

The petal pattern appears as a result of a multistage col-
lapse cascade depicted in Fig. 4. The system is initiated with
nonzero probability amplitudes for all four possible mea-
surement outcomes, but this reduces to three, then two, and
finally just one significant contribution. The system evolves
towards one of the superposition circles depicted in Fig. 3
and eventually to the tip of the corresponding petal. For
the probability amplitudes depicted in Fig. 4, the trajectory
approaches the blue circle in Fig. 3 defined by nonzero proba-
bility amplitudes for the |1),[1), and | — 1),]|1), measurement
outcomes. The system then travels along the circle and col-
lapses at one of these measurement outcomes: in Fig. 4 it is the
probability amplitude for the |1),|1), measurement outcome
that approaches unity. The regions outside the petals remain
unexplored since the system begins at the center, (Sy.) =
(S:.1) = 0, and cannot pass across a superposition circle.

The mean environmental stochastic entropy production as-
sociated with case 2 is depicted in Fig. 5. After an initially
slow rate of entropy production, the mean rate rises to around
three to four times that of a single particle undergoing a z-spin
measurement and nearly double that of case 1. The rate of

0 1, 2 3
FIG. 5. Mean environmental stochastic entropy production for
case 2: two spin-1/2 particles undergoing a z-spin measurement
on particle 1 and an x-spin measurement on particle 2, with the
initial state W) = L (|1),] — 1), — | — 1).]1),), 314 trajectories,

2
measurement strengths a; = a, = 1, and a time step of 0.0001.

entropy production for case 2 is higher than for case 1 possibly
because there are four rather than two potential measurement
outcomes the system could adopt. Furthermore, in case 1,
the system already starts on a superposition circle, while in
case 2 the system requires time to reach a superposition circle
and complete the first stage of the measurement process. This
could explain the initially slow rate of production exhibited by
case 2.

V. MEASUREMENT OF TOTAL Z-SPINS
OF TWO SPIN-1/2 PARTICLES

A. Dynamics

We now perform measurements of the z component of the
total spin of the two-spin-1/2 system, S. = 10,1 ® I + I ®
%61,2 where subscripts 1 and 2 label the two particles. The
system Hamiltonian is once again zero H; = 0. The Lindblad
operator L, = aS,, where a is a coupling strength, is used in
Eq. (4) to obtain SDEs for the 15 variables parametrizing the
density matrix. The full set can be found in Appendix F. It
is convenient, however, to consider the evolution in terms of
fewer variables. Using (X) = Tr(X p), we obtain

53+ 512 sS4+ 51
S.) = - A5 Sx = =~ >
(S2) ) (Sx) >
s+ s 1
(Sy) = %, ($%) = §(3+Ss+510+515),
1 1
(Sz1) = 55127 (Sz2) = 5S3, (25)

where (Sy) and (S,) are defined in a similar manner to (S.),
§? = Sf —i—Sf, —i—Szz, and (S, ) and (S,,) are the z-spins of
particles 1 and 2, respectively.
By noting that d(X) = Tr(Xdp), we can write the SDE for
(S?) as
d(8?) = Ya(ss +s12)(1 — 55 — 510 — 515)dW.. (26)
Note that in three of the five cases that follow, we restrict
the dynamics by starting the system in one of the triplet

eigenstates of S> with (S?) = 2, or a superposition of them.
For a general superposition of triplet eigenstates (with real
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amplitudes) we can compute the s; using s; = Tr(ouip %),
where the state is represented by puip, and show that ss +
510 + s15 = 1. Thus the term in the second set of parentheses
in Eq. (26) is zero and d(S?) = 0 throughout, implying that
(S?) remains constant and the system can never reach the
singlet state at (S?) = 0. We consider real amplitudes only
since for the initial states we explore in this section, the vari-
ables s, = 56 = 5§ = 59 = 511 = $14 = 0 and remain so for
all of time since ds, = ds¢ = dsg = ds9 = ds;; = ds14 = 0.
Therefore, only the real elements in the general expression
for p [Eq. (13)] are nonzero. When starting in an initial state
that is a triplet eigenstate of S2, the system of two-spin-1/2
particles is therefore equivalent to a single-spin-1 system, and
the three possible eigenstates of S, are |1),|1), correspond-
ing to (S;) =1, %(UH — 1), + | —1),|1);) corresponding
to (S;) =0, and | — 1),| — 1), corresponding to (S,) = —1.

z z
Z Z

B. Environmental stochastic entropy production

The environmental stochastic entropy production is again
calculated using an appropriate reduced diffusion matrix. We
note that there is a closed set of three SDEs associated with

J

the protocol of S, measurement,
dsi» = a( — 51, — s3s12 + s15 + 1)dW, = —akdW,,
ds; = a( — s% — 53512 + 815 + l)dWZ = —avdW,,
dsis = a(—s3515 + 53 — s12515 + s12)dW, = —aydW,, (27)

where compact notation in terms of x, v, and y is introduced.
The reduced diffusion matrix is given by

1 v VK vy
Ds = —d> 2
5, = 2a VK K vy |,
vy ky y?

and since this matrix is singular, we follow the procedure out-
lined in Sec. III B. The diffusion matrix has only one nonzero
eigenvalue, and so we require a single dynamical variable. For
simplicity, we choose s3 to be the dynamical variable with
s12 and s15 acting as spectator variables. The scalar diffusion
coefficient is then Dg, = 1a?v?. The environmental stochastic
entropy production is found using the correction terms for the

derivatives in Egs. (11) and (17) and may be expressed as

1
dAseny = a* (—;[—(4S3 + 2s12)y + (4S§ + 4s3s12 — 2s15)K ] — (6S§ + 853512 + 257, — 4s15 — 2)

1
+§(16s§ + 3252515 + 165352, — 3253515 — 1653 — 16512s15)2>dt

1
+ ;a(4s§ + 8s§s12 + 453s%2 — 8538515 — 4s3 — 4s12s15)sz. (28)

Note that when the system is close to an eigenstate, the expres-
sion for d As.ny is vulnerable to exhibiting singularities due to
numerical inaccuracies. The longer the duration of measure-
ment, the more likely this will occur. Trajectories that gave
rise to singularities were not considered in the calculation of
mean environmental entropy production.

C. Results for various cases

Stochastic trajectories are generated as the two-spin-1/2
system undergoes a measurement of S, and Fig. 6 depicts
example trajectories in the ({Sy), (S;)) coordinate space. We
first initiate the system in one of the three triplet eigenstates of
Sy, either the [1)|1)y, | — 1)x| — 1), or the \/%(|1)x| — 1)+
| — 1)y|1)y) eigenstate (represented as the two purple and one
gray crosses in Fig. 7) or any superposition of the three triplet
eigenstates of S;, such that the system remains in the triplet
state space with (S?) = 2.

The |1)./1), and | —1),] — 1), eigenstates lie at the
turquoise crosses at the top and bottom of Fig. 7.
The %(H)A —1):+1—=1):[1):) and %(Il)xl —De+1-
1),|1),) eigenstates lie at the center of the plot (the gray
cross in Fig. 7), though they are orthogonal. The avoidance
of the figure-8-like region in Fig. 6 can be understood using
a measurement collapse cascade model [51] and the loci of
superpositions (with real amplitudes) between pairs of eigen-
states of S,. The red and blue ellipses in Fig. 7 describe

(

a superposition between the |1),|1), and %(H)A - 1), +
| — 1).]1),) eigenstates and the | — 1),| — 1), and \/Li(|l)z| —
1), + | — 1);]1),) eigenstates, respectively. The green line

represents a superposition between the | — 1), — 1), and
[1),]1), eigenstates. The black outer circle represents a fur-
ther evolution pathway for collapse to the | — 1),| — 1), and

[1).]1), eigenstates.

The empty regions result from a two-step measurement
collapse cascade. Starting from the | — 1),| — 1), eigenstate,
for example, the system has nonzero probability amplitudes
for collapse to any of the three eigenstates of S,. The de-
crease of one of these probability amplitudes to zero is the
first step in the collapse process such that the system arrives
at one of the superposition loci, either the red or the blue
ellipse. The system is not able to recover a nonzero probability
amplitude for the third eigenstate, and it then moves along
the ellipse towards one of the two eigenstates to complete
the collapse. The empty regions cannot be reached from a
starting point at one of the eigenstates of S, since this would
involve crossing a superposition locus. Further discussion of
this pattern formation can be found in the work of Walls and
Ford [51].

Note the similarities between the avoidance of regions in
Fig. 6 for the system undergoing measurements of S, and the
pattern formation in Fig. 2 for simultaneous measurement of
Sxyz and Sz.l-

032210-7



WALLS, BLOSS, AND FORD

PHYSICAL REVIEW A 112, 032210 (2025)

1.01

0.51

A

' 0.0

~N

0.57
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FIG. 6. Stochastic evolution of the system of two spin-1/2 par-
ticles undergoing measurement of total S,. The 50 trajectories are
illustrated in terms of the spin components (S,) and (S.). Each tra-
jectory starts in one of the three triplet eigenstate of S, represented
as the purple and gray crosses in Fig. 7, and terminates in the vicinity
of one of the triplet eigenstates of S, at the top, bottom, and center
of the plot. The measurement strength @ = 1 and the measurement
duration is six time units with a time step of 0.0001.

We now consider the environmental stochastic entropy
production associated with measurement of total S; of the two-
spin-1/2 system. In particular, we compare the mean rates of
asymptotic environmental stochastic entropy production when

1.0

0.51

_0.5_

~1.01_ | — |
-1.0 =0.5 0.0 0.5 1.0
(Sx)

FIG. 7. Curves represent superpositions (with real amplitudes)
between different eigenstates of S,. The upper and lower ellipses
describe a superposition between the |1),[1), and %(H)zl - 1), +
| —1).|1),) eigenstates (red) and between the | —1),| — 1), and
%(UH — 1), + | —1),|1),) eigenstates (blue), respectively. The
vertical green line represents a superposition between the | — 1),| —
1), and |1),|1), eigenstates [51]. The purple crosses represent the
[1),]1), and | — 1),| — 1), eigenstates of S, and the turquoise crosses
the |1),]1); and | — 1);| — 1), eigenstates of S,. The gray cross rep-
resents both the %(UM — 1)y + | — 1),|1),) and %(|l)z| - 1), +
| —1).]1),) eigenstates, noting they are orthogonal.

200

Measurement
Strength a

1L s Iv2
V2

ASeny(t)
_ =
o N O
o O O

S
SIR=

2 3 4 5 6
t

0 1

FIG. 8. Mean environmental stochastic entropy production for
case A: the two-spin-1/2 system undergoing S, measurement starting
from the %(UM — 1), 4+ | — 1),|1),) eigenstate and approaching
the |1).|1), eigenstate. The measurement strengths are a = % (blue),

a = 1 (orange), and a = V2 (green), with 600 trajectories and a time
step of 0.0001.

the system is prepared in different initial states and collapses
to various eigenstates of S,.

Case A. We first consider the mean environmental
stochastic entropy production when the system starts in the
\sz(|1)x| — 1)y + | — 1)x|1),) eigenstate. Note that from this
initial state, there is zero probability of collapsing to the
\/Li(|1)z| — 1), + | — 1),]1),) eigenstate of S, but equal proba-
bilities of collapsing to |1),|1); and | — 1),| — 1),. The system
already lies on the superposition locus defined by the vertical
green line in Fig. 7 and therefore does not need to undergo
the first stage of the measurement collapse cascade. Figure 8§
illustrates the mean environmental stochastic entropy produc-
tion when approaching the |1),|1), eigenstate, for different
measurement strengths. A similar plot would be produced for
approach to the | — 1),| — 1), eigenstate. The mean rate of
environmental stochastic entropy production is roughly pro-
portional to the square of the measurement strength a.

Starting from this initial state means that s;5s = 1 through-
out and, together with s3 = s}, the environmental stochastic
entropy production in Eq. (28) simplifies to dAsey =
8a? (s%2 + 1)dt + 8as;2dW,. We would thus expect the asymp-
totic mean rate of stochastic environmental entropy produc-
tion to be 16 for a measurement strength a = 1, which is
consistent with the orange curve in Fig. 8. Note that this is
double that of the single-particle z-spin measurements per-
formed on the two-spin-1/2 system (case 1), depicted in Fig. 1.

Case B. We go on to consider a situation where the sys-
tem takes an initial state \/%|1)z|1)z + \/%(|1)z| -, +|-
1).]1),), hence with equal probabilities of collapsing at either
the |1),|1), or the %2(|1)Z| — 1), + | — 1),]1),) eigenstates of
S.. This is located at ((S,) = % (S:) = 1) on the red ellipse
in Fig. 7 and therefore the system proceeds without need
for the first stage of the measurement collapse cascade. The
mean environmental stochastic entropy production associated
with collapse to the %(ll)z| — 1), + | —1);]1);) and |1),]1),
eigenstates is depicted in Fig. 9, illustrated as the orange
and blue lines, respectively. The mean asymptotic rate of
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FIG. 9. Mean environmental stochastic entropy production for
case B: the system undergoing a measurement of S, starting in
%H)zl”z + %(“)A — 1), + [ = 1);I1).), with an equal superposi-
tion (with real and positive amplitudes) of the |1),]1), and % (1), —
1), + | — 1);|1),) eigenstates. The production for collapse to the
%(H)zl — 1), + | — 1),|1),) eigenstate is shown in orange and for
collapse to the |1),|1), eigenstate in blue. Here there are 370 trajec-
tories, a = 1, the measurement duration is 12, the time step is 0.0001.

stochastic entropy production for approach to both eigenstates
is around four times smaller than that associated with collapse
at the |1).]1), and | — 1),| — 1), eigenstates in case A starting
from %(UM — 1)y + | — D|1)y) fora = 1, shown in Fig. 8.

We speculate that collapse to the [1).[1), and | — 1),| —
1), eigenstates in case A (Fig. 8) occurs more quickly than
collapse in case B because the system already begins with
s15s = 1, the value required for the system to take either of
the |1).]1), and | — 1),| — 1), eigenstates, and greater speed
is associated with a higher rate of mean asymptotic entropy
production. In contrast, the system in case B (Fig. 9) is initi-
ated with 515 = 0, while s;5 = 1 is required for the system to
take the [1).|1), eigenstate and s;5 = —1 for the %(UH -
1), + | — 1);|1),) eigenstate. The system therefore requires
more time to reach the desired value of si5 in case B, and
the asymptotic mean rate of environmental stochastic entropy
production could be slower than case A because of this.

Case C. The next initial state we consider is the |1),]1),
eigenstate from which the system can reach the |1).[1),, | —
1), —1),, or %ﬁ(ll)z| — 1), 4+ | —1),|1);) eigenstate. The
system must now undergo the first stage of the measurement
collapse cascade since it does not start on one of the su-
perposition loci depicted in Fig. 7. Figure 10 illustrates the
mean environmental stochastic entropy production associated
with approach to the %(|1)1| — 1), 4+ | — 1),|1),) eigenstate
(green), the |1),|1), eigenstate (blue), and the | — 1),| — 1),
eigenstate (orange), starting from the |1),|1), eigenstate.

There appears to be a lower mean rate of asymptotic envi-
ronmental entropy production associated with collapse to the
%(|1)1| — 1), 4+ | —1),|1),;) eigenstate compared with the
[1),]1); and | — 1),| — 1), eigenstates. To investigate further,
we consider the mean variation of the probability amplitudes
of the triplet eigenstates of S, conditioned on collapse at a
specific eigenstate. Figure 11(a) illustrates the mean variation
of these amplitudes conditioned on system collapse at the
| — 1),| — 1), eigenstate, while in Fig. 11(b) the trajectories

Eigenstates
401 |1
ﬁ(|1>zl_1)z+|_1)z|1)z)
301 |,

[-1),1-1),

0 5 ¢ 10

FIG. 10. Mean environmental stochastic entropy production for
case C: approach towards the %(|1>z| — 1), + | — 1),]1),) eigenstate
(green), the |1),]|1), eigenstate (blue), and the | — 1),| — 1), eigen-
state (orange) during an S, measurement starting from the |1),[1),
eigenstate. The measurement strength a = 1 and the measurement
duration is 12, with 370 trajectories and a time step of 0.0001.

are conditioned on the system collapsing at the %(HH -
1), + | — 1),|1),) eigenstate and the |1),|1), eigenstate being
the first probability amplitude to go to zero. The green line
represents the probability amplitude of the \%(H) d=1,+
| — 1),|1),) eigenstate, the blue line the | — 1),| — 1), eigen-
state, and the orange line the |1),|1), eigenstate.

In both Figs. 11(a) and 11(b), the |1),|1), eigenstate is the
first probability amplitude to fall to zero; thus we can compare
how long it takes for this first stage of the collapse cascade
to be completed. In Fig. 11(a) the probability amplitude of
the |1).]1), eigenstate reaches zero at around one time unit,
whereas in Fig. 11(b) it only reaches zero at around six
time units. Moreover, in Fig. 11(b) the probability amplitude
of the | — 1),| — 1), eigenstate initially rises before falling
towards zero, revealing perhaps that the system experiences
a greater attraction towards the | = 1),| & 1), eigenstates of
S, and more difficulty in collapsing to the «/LE(H)Z' - 1), +
| — 1),|1),) eigenstate. Perhaps this greater competition arises
because the JLE(|1)Z| — 1), + | — 1),]1),) eigenstate lies in the
middle of the ladder of eigenstates of S, and at the center
of the circle in the ({(Sy), (S;)) coordinate space in Fig. 6. In
contrast, the | £ 1),| & 1), eigenstates lie at the termini of the
ladder and at the top or bottom of the circle in the ((Sy), (S.))
coordinate space; therefore, they only face competition from
the \%(|1)z| — 1), + | — 1),]1),) eigenstate and not from each
other.

The asymptotic mean rates of environmental stochastic
entropy production for the approach to the %(| D, —1),+
| —1),]1),) eigenstate differ when the system starts in the
|1),]1), eigenstate (case C) or in the %(H)le)z + %(Il)zl —
1), + | — 1)|1),) state (case B). This is not the case for the
| £ 1),] & 1), eigenstates, which exhibit the same asymptotic
mean rates in cases B and C. This could again arise because
the ﬁ(“)d — 1), + | — 1),]1),) eigenstate lies between the

I): + 1= 1)[1),) eigen-
state only has to compete in the collapse with the |1),[1),
eigenstate, but in case C the %(UH — 1), + 1= 1);1))
eigenstate competes for selection with both |1),|1), and

other two. In case B the \sz(|l)z| —
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FIG. 11. Mean variation of the probability amplitudes of the triplet eigenstates of S, conditioned on collapse at a specific eigenstate. Their
variation is shown over the duration of a measurement for case C: a = 1 and 370 trajectories. Green represents the probability amplitude
for the %ﬁ(|l)z| — 1), + | — 1);|1),) eigenstate, blue the | — 1),| — 1), eigenstate, and orange the |1),|1), eigenstate. Both (a) and (b) share
the same legend. (a) The system is conditioned on collapse at the | — 1),| — 1), eigenstate. (b) The system is conditioned on collapse at the
%(| 1),| — 1), + | — 1);]1),) eigenstate and the |1).|1), eigenstate being the first probability amplitude to fall to zero, with 445 trajectories.

| — 1),] — 1), and thus it is more affected by a nonzero prob-
ability amplitude of the | — 1),| — 1), eigenstate in case C.

Case D. The next initial condition we consider is the mixed
state

pin = (DD (1l +1 = Dol = Do(=1l(=11;
1)zl = Do {l(=11 + [ = D1 (=11(11]2),

where the system has equal probabilities to collapse to the
four eigenstates of S, |1),|1),, | — 1),| — 1), and |%(|1)Z| —

1), + | — 1),|1),), as before and now including the singlet
state %(H}zl — 1), — | — 1);]1);). As expected, the system

can collapse to |1),]1), and | — 1),| — 1),, each with prob-
ability %, but the system is now found to evolve with a
probability of % to the stationary mixed state pg = %(| 1), —
1) (1]o(=1]; 4 | = 1):[1):(=1]:(1].), which has a purity of 3.
Such a state is an equal mixture of the two degenerate eigen-
states: %(H)zl — 1), £ | = 1)[1),). Since S.|j)k) = 5(j +
k)|j) k) we have S, pq = psS, = 0, which makes p a station-
ary state of the dynamics in Eq. (4), just like the eigenstates of
S.. The mean environmental stochastic entropy productions
associated with collapse to the mixed state pg = %(|1)Z| —
D (=11 + | = 12Dz (—=1]:(1];) (green), as well as the
eigenstates |1),|1), (blue) and | — 1),| — 1), (orange), are il-
lustrated in Fig. 12.

The mean asymptotic rate of environmental entropy
production associated with reaching the |1).|1), and | —
1),| — 1), eigenstates is higher than in the approach to-
wards the mixed state pgy = %(|1)z| — 1) (1 (=1],+ | —
1) 1),(—1|;(1];). Most likely the lower rate of entropy
production associated with adopting the mixed state can be at-
tributed to its lower purity. Furthermore, since it lies between
the |1),]1), and | — 1),| — 1), eigenstates in the ({S;), (S;))
coordinate space, it could suffer from the additional compe-
tition in selection, potentially leading to the initially slower
mean rate of production.

In order to further purify the system, we could measure
another operator which commutes with S;, such as S2, for
which the \%(H) | — 1), & | — 1).|1),) eigenstates are not de-

z
z

generate. Indeed, introducing an additional Lindblad L, = 52

into the dynamics can successfully collapse the system at
one of the two JLE(|1)Z| — 1), £ | —1),|1),) eigenstates. In
contrast, introducing an additional Lindblad L, = S;, leads
to the system purifying to |1),| — 1), or | — 1),|1),.

Case E. In the cases considered thus far, the z-spin com-
ponents of the first and second spin-1/2 particles have been
equal such that s3 = 51, throughout the measurement of S,.
Here we instead consider an initial state |V) = %(Il)zll)Z +
| — 1), — 1))+ J%mzl — 1),, where the z-spin components

of particles 1 and 2 initially are }‘ and —%, respectively. As a
result, s3 # 51, throughout the measurement and unlike the
previous initial states, the particles are distinguishable and
their behavior is uncorrelated. The system has a probability
of % of collapsing at the [1),| — 1), state and a probability of
% of collapsing to the |1),|1); and | — 1),| — 1), eigenstates.
The mean environmental stochastic entropy production
associated with collapse to each of these eigenstates is

60 1

States /
| pee | 12D 7
| 1-1),1-1), S
=40
N
>
=)
J3)
)
<1 201
01

0 o) 10 15
t
FIG. 12. Mean environmental stochastic entropy production
for case D, where the system starts in a mixed state pj, :%
(D) DAL + | = Dl = D=1 (=11 + 11| = 1) (1 (=1]+
| — 1);|1).(—1|;(1];). The colors represent approaches to different
states: green for the mixed state py = %(|1)Z| — 1), (,(—1], +
| —1).11),(—1].(1];); blue, the |1),|1), state; and orange, the
| —1);| — 1), state. The measurement strength @ =1 and the
duration is 16, with 137 trajectories.
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FIG. 13. Mean environmental stochastic entropy production of the two-spin-1/2 system starting in the state |¥) = %(| ) 1), +]—1),] —
1))+ %ll)zl — 1), for (a) s3 as the dynamical variable, with 135 trajectories, and (b) s, as the dynamical variable, with 200 trajectories.
Different colors represent approaches to different states for @ = 1: green, the |1),| — 1), state; blue, the |1),]|1), eigenstate; and orange, the

| — 1), — 1), eigenstate. Both (a) and (b) share the same legend.

depicted in Fig. 13 for two different choices of the dynamical
variable. In Fig. 13(a), s3 is the dynamical variable, whereas
in Fig. 13(b) it is s15.

In Fig. 13(a) the mean asymptotic rate of environmental
stochastic entropy production associated with collapse to the
| — 1),| — 1), eigenstate (orange) is much greater than for the
[1),] — 1), state (green) or the |1),|1), eigenstate (blue).

To produce Fig. 13(a) we choose s3 as the dynamical
variable, but if we instead pick s;, we obtain Fig. 13(b). The
mean asymptotic rates of environmental entropy production
associated with collapse to the | — 1).| — 1), eigenstate and
the |1),]1), state are now switched compared with Fig. 13(a).

At first sight this dependence is unexpected, but it can
be resolved as follows. The total entropy production As, =
ASeny + Asgys does not depend on the choice of dynamical
variable, but Aseny and Asgys can do so. In the case studied,
choosing s3 or sjp as the dynamical variable changes the
asymptotic rate of environmental entropy production asso-
ciated with approach to the | — 1),| — 1), eigenstate or the
[1).]1), eigenstate, and we would therefore expect the sys-
temic stochastic entropy production to reflect this difference.

Recall that the system stochastic entropy production when
s3 is chosen as the dynamical variable evolves as d Asgys =
—d Inp(ss, t), where p(s3, t) is the PDF of s3, and similarly
for s1,. Probability density functions for both s3 and s}, after
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a period of measurement are shown in Fig. 14. The initial state
is such that the system has a probability of % of collapsing to
the |1),| — 1), eigenstate and a probability of % of collapsing
to the |1),|1), and | — 1),| — 1), eigenstates. Therefore, s
has a probability of % of collapsing at +1 and i of collapsing
at —1, while s3 has a probability of % of collapsing at —1 and %
of collapsing at +1, i.e., the other way round. Since the system
will not always have enough time to collapse precisely at an
eigenstate, the PDFs in Fig. 14 are somewhat broader.
Nonetheless, from Fig. 14 we can infer that
—dInp(s3,t) # —dInp(s;p,t) and the system entropy
production is different according to whether s3 or sp»
is picked to be the dynamical variable. The asymmetry
between the PDFs of the z-spins of the two spin-1/2
particles, p(s3,t) # p(sy2,t), in this case is the source of
the dependence of the environmental stochastic entropy
production on the choice of the dynamical variable.

VI. CONCLUSION

Calculating environmental stochastic entropy production
associated with quantum measurement is problematic in the
conventional framework of discontinuous and instantaneous
wave-function collapse. In contrast, it is natural in the quan-
tum state diffusion (QSD) formalism where measurement

e
o

(b)

o
=~

Probability
(o)
o

0070 =05 00 05 Lo
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FIG. 14. Probability density functions of the dynamical variables (a) s; and (b) sy, after an S, measurement performed on the two spin-1/2
particles in case E, with measurement strength a = 1 and a measurement duration of 12.
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collapse is continuous and takes place over a finite period of
time. Measurement is brought about by an interaction between
a system and an environment (the measurement apparatus),
causing the system to diffuse towards an eigenstate of the
observable in question. The speed of collapse is related to the
coupling strength between the system and the environment.

Using stochastic quantum trajectories generated in such a
framework, we calculated the environmental stochastic en-
tropy production associated with measurement of a system of
two spin-1/2 particles, selected according to initial and final
states and measured property. In particular, we compared the
mean asymptotic rates of environmental stochastic entropy
production when the system is close to an eigenstate. Such
entropy production differs from changes in the von Neumann
entropy in that it applies to single realizations of system
behavior as opposed to average evolution and concerns the ir-
reversibility of the approach towards a measurement outcome,
as opposed to uncertainty in the choice of the measurement
outcomes themselves. While the von Neumann entropy takes
an upper limit of In2, the environmental stochastic entropy
production has no upper limit.

The type of measurement performed appears to affect the
mean asymptotic rate of environmental stochastic entropy
production. In case 1 single-particle z-spin measurements are
performed on both particles, and in case 2 single-particle z-
spin and x-spin measurements are performed on the first and
second particles, respectively. The rate of production is almost
two times greater in the latter case, as shown in Figs. 1 and 5.

Additionally, the mean asymptotic rate associated with
collapse to the same eigenstate appears to depend on the
initial state of the system. For example, in a situation where
the total z-spin S, of the two-particle system is measured,
the mean asymptotic production associated with collapse to
[1).]1), is four times greater for case A (Fig. 8) than case
B (Fig. 9). The system was prepared in different states but
each with a probability of % of collapsing to |1),|1),. The
same can be said for cases B and C, where collapse to the
%fz(ll)z| — 1), + | — 1),]1),) eigenstate is associated with dif-
ferent mean asymptotic rates of production in Figs. 9 and 10.
Again the system starts in different states but with the same
probability of collapsing at J%q ). = 1)+ = 1)]1)).

Case C demonstrates that an approach towards eigenstates
with the highest and lowest eigenvalues appears to exhibit
a higher asymptotic rate of production than collapse to the
eigenstate in the middle, as shown in Figs. 10 and 12. This
appears to be the case only when three or more eigenstates are
involved since this distinction does not present itself in case B
(see Fig. 9).

The way in which QSD handles degenerate eigenstates was
demonstrated by case D, where the system collapsed to a state
which was not pure but nevertheless a stationary state under
the dynamics. Only by additionally measuring S? or a single-
particle z-spin operator did the system finally purify.

Finally, case E illustrates an instance where the environ-
mental stochastic entropy production depends on the choice of
the dynamical variable. Such differences are reflected also in
the system stochastic entropy production; thus, as we would
expect, the total entropy production remains invariant to the
choice of dynamical variable. The initial state brought about

an asymmetry in the PDFs of the two spin-1/2-particle z-spin
components, unlike the other cases considered.

The environmental stochastic entropy production offers an
additional way of characterizing measurement collapse that
may uncover new insights into the process, and we have pre-
sented various examples in this work. One additional avenue
to explore is to use environmental stochastic entropy produc-
tion to distinguish two forms of mixed density matrices: one
representing a single system entangled with its environment
and one that merely represents an ensemble of pure quantum
states. When the system is already in an eigenstate of the
measured operator, it remains stationary and therefore its envi-
ronmental stochastic entropy production under measurement
would be zero. If however the system is in an entangled state,
it will evolve towards an eigenstate and the environmental
stochastic entropy production would be nonzero. The produc-
tion of this quantity, and the irreversibility under measurement
that it represents, can distinguish situations that are typically
regarded as indistinguishable.
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APPENDIX A: GENERAL SDE FOR STOCHASTIC

ENTROPY PRODUCTION
We consider a set of coordinates x = {x, xp, ..., Xy}
whose dynamics are defined by Itd processes
dx; = A(x)dt + Y Bij(x)dW;, (A1)

J

where dW; denotes independent Wiener increments. The
A;(x) may be split into reversible Aj*(x) and irreversible
A" (x) contributions as [16,26]

A (x) = 1[A;(x) + €Ai(ex)] = €A} (ex),

AP () = LA®) — Ai(ex)] = —¢AR (ex),  (A2)

where €; = 1 for variables x; with even parity under time-
reversal symmetry, while €; = —1 for variables with odd
parity. The form ex represents (€1x;, €2X2, ...). As the no-
tation suggests, the A" terms are partially responsible for
irreversible behavior, while the A}®" are time-reversal invariant
and are not responsible. Defining an N x N diffusion ma-
trix D = %BBT, the evolution of the environmental stochastic
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entropy production is then governed by [16]
aAlrpv -1 irrd
AASeny = — E ox, dt + E Dij Alldx;
oD; :
—1 § m —1 grev qirr
aD; 0 .
—1 qrev § : Jn § —1 pirr
+D’] Al a a—dt+ a [lea__m{(D” A])

Xn

8D‘n
_Diki D! I lar t
axp \ Y — 0x,

For a system described by even-parity variables with
¢; = 1, the reversible terms A®" are zero and A]™ = A;. Equa-
tion (A3) then simplifies to

d ASeny

aD;
_ —1 —1 im
= E :Dij Aidxj_Dij E o dxj
i " m

R e S !

(A4)

(A3)

which then takes the compact form of Eq. (10).

APPENDIX B: SINGULAR DIFFUSION MATRICES

Singularity in the diffusion matrix may be attributed to the
existence of functions of the stochastic variables that either
evolve deterministically or are constants of the motion. This
implies that the irreversibility of the motion is captured by a
subset of what we call dynamical variables. It is possible to
establish a relationship between the dynamical and remaining
spectator variables for the purposes of calculating an entropy
production [26]. More specifically, the derivatives of the dif-
fusion matrix elements in Eq. (A4) can be recast into a more
complex expression.

We can define the relationship as

L M
Zakldxl + Zakmdxm = Gidt, B1)
=1 m=1

where oy, and oy, are the dynamical and spectator variable
components of the kth null eigenvector of the diffusion ma-
trix (an eigenvector with an eigenvalue of zero) and Gy is a
function of the stochastic variables whose form we need not
discuss [26]. We write

dxl = _PIZIkadxm + P[ZIdet = ledxm + Sldtv (BZ)

where the o4, have been arranged as elements of a rectangular
L x M matrix Qy,, and the oy, as elements of a square L x L
matrix Py;. The L x M matrix R is defined as R = —P_lQ.

The derivatives dD;;/dx,, in Eq. (A4) are then given by
a combination of derivatives with respect to dynamical vari-
ables x, and the spectator variables x;, corresponding to
Eq. (11) in the main text [26].

APPENDIX C: GENERATOR MATRICES FOR A
TWO-SPIN-1/2 PARTICLE SYSTEM

The SU(2) ® SU(2) generators used to form the entangled
two-spin-1/2-system density matrix in Eq. (12) are 1 =L ®
Oy, 22 =Iz®0'y, 23 =Iz®0’z, 24 =O’x®12,25 :Ux®ox,
26 =6x®0}v, Y7=0,Q0, X3 =<Ty®12, P =0—y®0—x’
Yio= oy Q@ 0y, Y= oy ® oy, Yp=0,0hL, ¥3=0,®
Ox, Y14 =0;®0,, and X5 =0, ® 0, where I, is a 2 x 2
identity matrix. Explicitly,

01 0 0 0 —i 0 0
1 0 0 0 i 0 0 0
Zi=lo 0 0o 1|0 »=|o o o =il
00 1 0 0 0 i 0
1 0 0 0 00 1 0
0 -1 0 0 00 0 1
L=log o 1 ol =|1 o o ol
0 0 0 -1 01 0 0
00 0 1 0 0 0 —i
00 1 0 0 0 i 0
=10 1 0 ol *=|o =i o ol
1 0 0 0 i 0 0 0
0 0 1 0 00 —i 0
0 0 0 -1 00 0 —i
=y 0o o ol »=|i o o ol
0 -1 0 0 0 i 0 0
00 0 -—i 0 0 0 -I
00 —i 0 0 0 1 0
=190 i o ol *=lo -1 0 o|
i 0 0 0 1 0 0 0
0 0 —i 0 1 0 0 0
0 0 0 i 01 0 0
n=1; o o ol *™=lo 0o -1 o]
0 —i 0 0 00 0 -1
01 0 0 0 —i 0 0
1 0 0 0 i 0 0 0
=19 o o —1|" *#=|o o o il
00 -1 0 0 0 —i 0
1 0 0 0
0O -1 0 0
0o 0 0 1

APPENDIX D: SDES FOR CASE 1

The Itd processes for the variables parametrizing the two-
spin-1/2 system undergoing z-spin measurements on each
particle are the following, for a; = a, = 1:

ds; = —%sldt + (—s1812 + 513)dW; — s153dW>,
dsy = —%szdt + (—s52812 + 514)dW| — 5253d W5,
(1 — sg)sz,

dss = —%S4d[ — 54512dWi + (—5384 + 57)dW>,

dsz = (—s3512 + s15)dW; +
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dss = —ss5dt — s5512dW; + (—s355 + 54)dW>,
dsg = —s¢dt — 5¢512dW) — 5356d W5,

ds; = —%S7dt — 57512dWi — (84 — 53857)dW>,
dsg = —gssdt — sgs12dWy + (—s358 + 511)dWa,
dsg = —sodt — s9510dW| — s359dW>,

dsio = —s10dt — s10512dWi — s3510d W2,

dsiy = —sndt — si1s12dWy + (sg — 53511)dW;,
dsiy = (1 = s1,)dWi + (—s3s12 + 515)dWa,

dsi3 = —si3dt + (51 — s12813)dWy — s3513dWs,
dsis = —%S14dt + (52 — 512514)dW) — 53514d W3,
dsis = (s3 — s12815)dW1 + (512 — 53815)dW). (D1)

The diffusion matrix elements are defined as D;; =
%(B”le +Bi2Bj2)- When a) =day = 1, B] and Bz may be
written as follows:

—S1281 + 8513 —538]

528512 + S14 —82583

—83812 + 815 11— S%
—S54512 —5384 + 87
—85512 —5355
—56512 —5356
—$7512 —85357 + 84

B, = —58812 , By=| —s3s58 + 511 (D2)

—59512 —58359
—510512 —53510
—S11512 —83511 + S8
1 +S%2 —S3S12+S15

—S812513 + 51 —53513

$2 — S12514 —83514

§3 — $12815 —83815 + S12

APPENDIX E: SDES FOR CASE 2

The It processes for the variables parametrizing the two-
spin-1/2 system undergoing a z-spin measurement on particle
1 and an x-spin measurement on particle 2 are the following,
fora, =a, = 1:

ds) = (=s1s12 + s13)dWy + (1 — s%)sz,

dsy = —3sodt + (—s2512 + 514)dW) — 515:dWs,
dsy = —1s3dt + (—s3512 + 515)dW) — 5153dW»,
dsy = —3s4dt — s4512dWy + (=514 + 55)dWs,

dss = —%ssdt — 55812dW) + (—s185 + 54)dWs,
dse = —sedt — 5¢512dW) — 5156d W5,

ds; = —s7dt — s7512dWy — s157d W,

dsg = —%Sgdl‘ — 5gS12dWi + (—5158 + 59)dW>,
dsg = —%s()dt — 598512dWi + (—s159 + s3)dW;,
dsio = —s10dt — s10512dW1 — 51510dW»,

dsii = —sndt — s11512dWy — s1511dWs,
dsiy = (1 — s1,)dW; + (—s1s12 + 513)dWa,

dsi3 = (51 — S12513)dWy + (512 — 51513)dWs,

dsiy = —3s14dt + (52 — s12518)dW; — 51514dWs,

dsis = —3s15dt + (53 — s12815)dWy — s1515dWa.  (E1)
APPENDIX F: SDES FOR MEASUREMENT
OF THE TOTAL z COMPONENT OF SPIN

The Itd processes for the variables parametrizing the two-
spin-1/2-system density matrix when the system is undergoing
a measurement of total S, are as follows:

ds) = —3asdt + a[s13 — 51(s3 + s12)1dW.,
dsy = —3a’sydt + alsis — 52(s3 + 512)1dW.,
ds3 = a[l — s3(s3 + s12) + s151dW,,

dsy = 1a’sydt + als; — s4(s3 + s12)1dW.,
dss = a*(s10 — s5)dt — ass(s3 + s12)dW,,
dse = a*(—s6 — $9)dt — ase(s3 + s12)dW,,
ds; = —1a’s;dt + alsy — s7(s3 + 512)1dW,
dss = —3a’ssdt + a[s) — ss(s3 + s12)1dW.,
dsy = —a*(—s — So)dt — aso(s3 + s12)dW.,
dsio = a*(ss — s10)dt — asio(s3 + s12)dW-,
dsyy = —3a’sndt + alss — s11(s3 + s12)ldW.,
dsiz = all — s12(s3 + s12) + s151dW,,

12
dsiz = —5a°si3dt — a(s3s13 + s12513 — s1)dW,,

dsiy = —3as1adt + alsy — s14(s3 + 512)1dW.,

dsis = —a(s3 + s12)(—1 + s515)dW.. (FD)
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