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Vibronic quantum dynamics of ultralong-range high-� Rydberg molecules
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We investigate the nonadiabatic quantum dynamics of ultralong-range Rydberg molecules using a vibronically
coupled two-channel treatment. The two channels are composed of coupled trilobite and butterfly electronic
states, formed as a result of S-wave and P-wave scattering of high angular momentum Rydberg electrons
with perturbing ground state atoms. Within the Born-Oppenheimer treatment, the P-wave scattering channel
introduces an adiabatic decay pathway that affects the stability and lifetimes of trilobite states. Our numerical
results show that the vibronic coupling is dependent on the principal quantum number n, and for certain n
there is nonadiabatic stabilization against internal molecular decay, facilitating previously studied dynamical
effects in pure trilobite molecules. Apart from the internal diffraction effect caused by the backscattering of
vibrational wavepackets from the trilobite potential, we also observe interesting multiwell tunneling effects
during low-energy oscillations for a range of n values. Our work serves to highlight the fact that the unique
vibrational coordinate dependent electronic structure of these polar molecules, along with high-level densities,
promises many exciting dynamical effects.
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I. INTRODUCTION

Long-range synthetic molecules formed by engineering
Rydberg excitations in ultracold atomic gases present an ex-
citing frontier in few-body quantum physics research [1–11],
exhibiting properties not associated with traditional molec-
ular systems. Of recent fame are the exemplar trilobite and
butterfly molecules, formed when a Rydberg atom with high
electronic angular momentum (�) undergoes S-wave and P-
wave scattering from a nearby ground state atom (perturber),
respectively [1,2]. They feature exceptionally high dipole
moments [12,13] and micrometer scale bond lengths and
have been found useful in precision spectroscopy [14,15],
prospective preparation of ultracold neutral plasmas [16], and
measuring three-body correlations [17,18]. Moreover, these
ultralong-range Rydberg molecules (ULRMs) [19–21] offer
a great test bed to study unique and exaggerated quantum
dynamics [22–24], and external field interactions [25–27].
Recent numerical simulations show that nuclear wavepackets
propagating through the undulating trilobite potential energy
curves (PECs) undergo backscattering, thereby creating an in-
ternal diffraction effect wherein the electronic structure of the
dimer diffracts its own radial motion [24], a phenomenon un-
observed in standard molecular physics.

The traditional approach to study the quantum dynamics
of ULRMs is through the use of the Born-Oppenheimer (BO)
approximation [28]. However, recent studies show that nona-
diabatic effects are ubiquitous in such systems, mainly due

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

to avoided crossings introduced by high-� states, as well as
the high density of electronic states that are not energetically
well separated [29,30]. Such avoided crossings can be highly
singular, sometimes forming conical intersections, when the
principal quantum number n of the Rydberg atom is taken
as a synthetic dimension [31,32]. In alkali ULRMs, the P-
wave butterfly potential induces an avoided crossing to the
trilobite and low-� potentials, introducing an adiabatic decay
pathway. This affects the lifetimes of bound ULRM states
[33], while also allowing for internal quantum reflection [34].
Recent experimental observations of highly excited nonadi-
abatic resonances stabilized against internal adiabatic decay
[35] confirm the necessity to go beyond single channel BO ap-
proximation to accurately model these molecules. Apart from
atom-atom ULRMs, there is also an increasing interest in the
study of nonadiabatic phenomena arising in other long-range
Rydberg systems, like Rydberg atom-ion molecules [36],
macrodimers [4,37], Rydberg bimolecules [38], and trapped
Rydberg ion systems [39,40].

The multichannel wavepacket dynamics in ULRMs re-
mains largely unexplored. The authors of previous works
have mainly utilized Landau-Zener based semiclassical anal-
ysis [31,41,42], or limited themselves to spectral calculations
[29,30,35,43]. An exact quantum dynamical study will be able
to validate previous semiclassical approximations, as well as
point out why and where they fail. Moreover, it can confirm
whether or not previously simulated single channel dynamical
effects, like the internal diffraction of vibrational wavepackets
in the trilobite potential [24], are suppressed due to nonadi-
abatic effects. In conventional molecules vibronic dynamics
facilitate many well documented phenomena like ultrafast
nonradiative transitions [44–46], surface hoppings [47,48],
and predissociation [49,50], which are not explainable by
adiabatic physics. In atom-ion scattering, vibronic dynamics
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is also necessarily included in studies of charge exchange
collisions [51], but highly polar ULRMs, with large bond
lengths and high-level densities, could exhibit new vibronic
dynamical effects that are not seen in regular molecules or
scattering processes.

In this work we study the dynamics of 87Rb dimers, in
coupled trilobite and butterfly configurations using a two-
channel treatment that considers the mixing of nuclear and
electronic motion. A comprehensive theoretical study of this
system, which looks at the structure of electronic states and
nonadiabatic couplings as a function of n, develops diaba-
tization strategies to work around singular couplings, and
calculates the molecular vibronic spectra, has already been
presented [29]. Here we perform wavepacket dynamics, with
vibrational Gaussian states initialized in the trilobite PEC, ra-
dially far off from any avoided crossings. As the wavepackets
probe the avoided crossing, we see the onset of n-dependent
nonadiabatic transitions between different PECs. We use the
probability distribution function in position and momentum
representations, as well as the evolution of different electronic
state populations, to characterize vibronic effects for each n.
For some n, the propagating diffraction effect is conserved
against internal molecular decay due to nonadiabatic stabi-
lization. We also present here a unique multiwell tunneling
phenomenon due to low-energy oscillations around the min-
ima of the trilobite potential. For a range of n values, these
trilobite curves exhibit bound vibrational states localized be-
tween multiple wells, near the potential minima, allowing
unique interference effects in their low-energy dynamics. In
comparison, trilobite PECs with much smaller n values (�30)
primarily exhibit low-energy dynamics confined to a single
well. The calculations presented here neglect the fine and
hyperfine structure of the constituent atoms for the sake of
ease. Inclusion of the spin couplings would necessitate a more
complex multichannel treatment, relevant to future studies.

This work is organized as follows. Section II presents
the theoretical and computational framework, introducing the
general molecular Hamiltonian and nonadiabatic couplings
in Sec. II A, discussing the specific electronic interactions
in the ULRM in Sec. II B, and describing the two-channel
vibronic dynamics in Sec. II C. Section III presents the results
of our numerical simulation, starting from the potential energy
structure in Sec. III A, the two-channel wavepacket dynamics
in Sec. III B, and multiwell tunneling effects in Sec. III C. The
conclusions and outlook of our work are given in Sec. IV.

II. THEORETICAL AND
COMPUTATIONAL FRAMEWORK

We begin by formulating the molecular Hamiltonian
and the corresponding time-dependent Schrödinger equa-
tion which allows us to study the internal molecular dynamics
of ULRM. We then discuss the Born-Oppenheimer approx-
imation, the emergence of nonadiabatic couplings between
BO adiabatic electronic states, and the associated diabatiza-
tion procedure which is crucial for constructing a smooth
multichannel representation. Subsequently, we highlight the
electronic structure of the ULRM and the calculation of adia-
batic states and PECs. Finally, we establish the two-channel
vibronic system and describe the numerical propagation

scheme, where complex absorbing potentials are employed to
avoid artificial reflections at the grid boundaries.

A. Molecular Hamiltonian and nonadiabatic couplings

We start by considering two 87Rb atoms, one of which is
excited to the Rydberg electronic state. Let us define R as the
internuclear separation between the ionic core and the neutral
atom (taken along the z axis, with the Rydberg core at the
origin), and r as the coordinate of the Rydberg electron with
respect to the Rydberg core. The internal molecular dynamics
(in atomic units) in the body-fixed frame is then governed by
the time-dependent Schrödinger equation

i
∂

∂t
�m(r; Rez, t ) = Ĥ�m(r; Rez, t ), (1)

with �m being the molecular wavefunction and Ĥ the molec-
ular Hamiltonian given by

Ĥ = −∇2
R

2μ
− ∇2

r

2
+ VRyd(r) + Vea(r; Rez ) (2)

where μ is the reduced mass of the system. The first two
terms of the Hamiltonian describe the kinetic energy operators
corresponding to the nuclei and the Rydberg electron, respec-
tively. Moreover, VRyd(r) represents the interaction between
the Rydberg electron and the ionic core and Vea(r; R) accounts
for the interaction between the Rydberg electron and the per-
turbing ground state atom. The last three terms of Eq. (2)
separately form the electronic Hamiltonian Hel(r; R). Solving
the electronic Schrödinger equation parametrized by R yields

Hel(r; R) ψi(r; R) = Vi(R) ψi(r; R), (3)

where Vi(R) are the adiabatic potential energy curves and
ψi(r; R) are the corresponding electronic states. Since {ψi}
forms a complete orthonormal basis (commonly known as the
Born-Oppenheimer basis), any given molecular wavefunction
can be expanded as �m = ∑

i χn(R)ψi(r, R) [52]. Here χi(R)
are the R-dependent expansion coefficients that represent the
nuclear wavefunction.

Inserting this Born-Oppenheimer expansion in Eq. (2), in-
tegrating out the electronic states, and rearranging the terms,
we get the multichannel Schrödinger equation

− 1

2μ
(∇R + P̂)2χ + V̂ χ = i

∂

∂t
χ, (4)

where χ is a vector of all χn, V̂ is a diagonal operator con-
taining all Vn, and P̂ is the first order nonadiabatic coupling
operator whose matrix elements are given by

Pi j (R) =
∫

ψi(r; R)∂Rψ j (r; R)dr. (5)

The P-matrix elements appear as off-diagonal terms in the
nuclear kinetic energy operator, effectively coupling differ-
ent adiabatic electronic channels. Note that a more elaborate
discussion on derivative couplings can be found in our pre-
vious works [29,30], and methodical derivations that show
how to obtain Eq. (4) from Eq. (2) are discussed in standard
textbooks [53,54]. In the Born-Oppenheimer approximation,
the nonadiabatic term P̂ is completely ignored, resulting in
decoupled single channel equations that describe the nuclear
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dynamics of the molecule. This framework provides a natural
first description of ultralong-range Rydberg molecules, where
the diatomic system time-evolves in a given potential energy
curve defined by its time-independent electronic state.

However, nonadiabatic couplings become particularly pro-
nounced near avoided crossings of the adiabatic PECs. Our
previous works highlight such cases where a nonadiabatic
treatment of the ULRM was necessary due to the presence
of avoided crossings [29,30,55]. In such regions the BO ap-
proximation breaks down due to singular or rapidly varying
couplings, and the adiabatic basis becomes ill suited for de-
scribing nuclear dynamics. To remedy this, it is advantageous
to perform a basis transformation such that the nuclear ki-
netic couplings are replaced with off-diagonal potential terms.
Given that Eq. (4) is invariant under unitary transformations,
any Ûd which satisfies the condition ∇Û d = −P̂Û d will force
the derivative couplings to become zero, and is commonly
known as a diabatic transform [53,56]. This allows us to
rewrite Eq. (4) as

− 1

2μ
∇2

Rχd + V̂ dχd = i
∂

∂t
χd , (6)

where χd = Û dχ are called the diabatic states and the con-
stituents of V̂ d = Û †

d V̂ Ûd are called diabatic PECs. In the
general case of polyatomic molecules, Û d is not uniquely de-
fined and approximate path-dependent diabatization schemes
are used to perform vibronic dynamics. Fortunately, if the
system is one dimensional (like a diatomic molecule) one
can always find a unique diabatization scheme numerically,
although this becomes computationally demanding with in-
creasing number of highly coupled channels. Furthermore,
in the simplest description of a vibronic system, i.e., a
two-channel system with a single parameter R, the diabatic
transform is a basic unitary rotation where the rotation angle
is given by

θ (R) =
∫ ∞

R
P12(R1)dR1. (7)

With the two-channel diabatic framework established, the
next step is to specify the electronic interactions responsible
for binding in ultralong-range Rydberg molecules.

B. Electronic interaction

The electronic Hamiltonian for the ULRM is given by
Hel = HRyd + Vea, where HRyd describes the Rydberg atom
and Vea describes the low-energy electron-atom scattering in-
teraction. The S-wave and P-wave scattering can be modeled
using Fermi-type pseudopotentials [57,58] such that

Vea(r; R) = 2πaS (k)δ(r − Rez )

+ 6πaP(k)∇rδ(r − Rez )∇r, (8)

with aS and aP denoting the energy-dependent S-wave scat-
tering length and P-wave scattering volume, respectively
(scattering length taken from [15]). The electron wave num-
ber k can be semiclassically approximated by k = (2/R −
1/n2)1/2, where n is the principal quantum number of the Ry-
dberg excitation. In the spin triplet configuration, both aS and
aP have negative values, facilitating an attractive interaction

and binding the molecule. The unperturbed Rydberg electron
states {φn�m} are described by the principal and angular mo-
mentum quantum numbers (n, �, m), respectively. Since the
internuclear axis is taken to be along the z axis, only atomic
states with m = 0 contribute. They form the eigenbasis of the
electronic Rydberg Hamiltonian with the corresponding ener-
gies En� = −(n − δ�)−2/2, with δ� denoting the �-dependent
quantum defect [59]. In rubidium the low angular momentum
states (� � 3) exhibit finite quantum defects, energetically
shifting them away from the near-degenerate hydrogenic man-
ifold of high-� states. These low-� states form shallow PECs
allowing a few bound states. The high-� states, however, are
hybridized by the perturber, resulting in deep potentials that
can hold hundreds of bound states. The most prominent of
these high-� states are the so-called trilobite and butterfly
molecules, split from the hydrogenic manifold due to S-wave
and P-wave electron-atom scattering.

Recent works have already characterized the vibronic
structure of the coupled trilobite-butterfly system, success-
fully showing the impact of these avoided crossings in the
calculated and observed spectra [29,35]. If one is to ignore
the quantum defect structure and limit the system to a single
hydrogenic n manifold, one can analytically derive a coupled
two-channel model based on the pure trilobite and butterfly
wavefunctions,

ψt (r; R) = 1√∑
� |φn�0(R)|2

n−1∑
�

φn�0(r)φn�0(R) (9)

ψb(r; R) = 1√∑
� |∂Rφn�0(R)|2

n−1∑
�

φn�0(r)∂Rφn�0(R), (10)

respectively. However, since the above given states are not
orthogonal to each other, expanding the electronic Hamil-
tonian in the {|ψt 〉 , |ψb〉} basis is not straightforward, and
does not guarantee the validity of the formalism presented
in Sec. II A. Fortunately, since Vea is a rank-2 operator, its
image space can be spanned by any constituent pair of linearly
independent wavefunctions. Recently, it was shown that [32]
one can utilize a semiunitary transform to project the matrix
representation of Vea in the hydrogen atom basis to a perturber
spherical basis, following which one obtains the potential
energy operator

V =
(

Vt Vc

Vc Vb

)
, (11)

where Vt = 2πaS (k)
∑ |φn�0(R)|2 and Vb = 6πaP(k)

∑ |
∂Rφn�0(R)|2 are the trilobite and butterfly PECs, and Vc =√

12π2aS (k)a3
P(k)

∑
φn�0(R)∂Rφn�0(R) is the coupling be-

tween them [32,35]. We will obtain the two channel adiabatic
PECs and electronic states by diagonalizing the above
given matrix. However, it is already clear that the cou-
pled trilobite-butterfly system exhibits conical intersections
at (n, R) coordinates, when Vt = Vb and Vc = 0 simultane-
ously. The first condition is roughly fulfilled when the S-wave
and P-wave scattering phases are equal [60], and the sec-
ond condition is fulfilled when the hydrogenic ns state has a
node at R (derived using Coulomb summation rules [61,62]).
This model was used to successfully predict the n-dependent
behavior of the avoided crossing width and the derivative
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coupling element, which in turn affected the experimentally
observed stability of nonadiabatic resonance states [35]. How-
ever, in view of performing exact quantum dynamics, we
do not utilize this hydrogenic approximation. Our numerical
model considers the quantum defect structure of low-� states,
and is not limited to a single n manifold. The electronic
spectra and nonadiabatic couplings exhibited by such a model
have also been discussed comprehensively in Ref. [29]. This
work is exclusively focused on extending these studies by
performing vibrational dynamics simulations in the coupled
butterfly-trilobite configuration.

Here we mention that the state of the art Green’s function
methods [63] provide a more accurate description of the elec-
tronic structure of the ULRM; however, they do not allow for
the calculation of the electronic states and their couplings so
far. Moreover, spin-orbit and hyperfine interactions [64,65]
are neglected in our model so that a two-channel treatment
becomes possible. Fortunately, recent works show that a sim-
ple spinless two-channel system can already explain observed
nonadiabatic phenomena in ULRMs very well [35]. Hence
we choose to focus only on the two-channel case relevant for
the trilobite-butterfly interaction, which is well justified when
the dynamics is dominated by a pair of energetically isolated
states with localized coupling, while all other channels remain
weakly interacting and well separated. As a first study we
choose to focus on a two-channel model that includes the
primary nonadiabatic correction to the dynamics, introduced
by the avoided crossing between trilobite and butterfly states.
For comparison, the nonadiabatic couplings obtained using a
three-channel model are discussed in Appendix B.

C. Computational approach: Two-channel vibronic dynamics

We start by obtaining the adiabatic PECs and the corre-
sponding electronic wavefunctions for a given n by diago-
nalizing the electronic Hamiltonian within a finite Rydberg
basis {φn′�′0} that includes all states with n′ ∈ {n − 2, n + 2}.
Then we proceed to calculate the diabatic transform and the
diabatic PECs for the two-channel trilobite-butterfly system.
The initial nuclear wavepacket is a Gaussian function in the
first adiabatic channel, i.e., χa = (χa

1 , χa
2 )T , with

χa
1 (R, 0) = 1

(πσ 2)1/4
exp

[
− (R − R0)2

2σ 2

]
, (12)

χa
2 (R, 0) = 0. (13)

Initializing the wavepacket in the adiabatic basis allows
us to populate the trilobite or butterfly state selectively,
which is made difficult in the diabatic basis due to strong
mixing of electronic states. The adiabatic wavefunction is
then transformed into the diabatic basis via χd (R, t = 0) =
Û (R) χa(R, t = 0) . We then propagate χd (R, t ) using the dia-
batic Schrödinger equation given by Eq. (6).

Time propagation of the wavepacket is performed using
the Crank-Nicolson scheme [66,67], which provides stable
and unitary time evolution. The second derivative is eval-
uated using finite differences of tenth order [68], ensuring
high numerical accuracy even for small grid spacings. In our
simulations, we use a grid spacing of �R ≈ 1a0 and a time
step of �t ≈ 0.001 ns, chosen such that the energy scale of
the system is well resolved [69]. Quantum reflection at the

grid boundaries can lead to unphysical interference in the
wavepacket dynamics. To prevent this, we employ a complex
absorbing potential (CAP) [70,71] that smoothly absorbs the
wavefunction near the grid edge and thus simulates the molec-
ular decay due to the open channel nature of our system. See
Appendix A for more details on the CAP implementation.

At every time step the total probability density is calculated
to be

ρ(R, t ) = ∣∣χd
1 (R, t )

∣∣2 + ∣∣χd
2 (R, t )

∣∣2
, (14)

and the diabatic channel populations are calculated to be

pd
i (t ) =

∫
dR

∣∣χd
i (R, t )

∣∣2
. (15)

One can perform an inverse diabatization transform χa =
U † χd to obtain the adiabatic channel populations

pa
i (t ) =

∫
dR

∣∣χa
i (R, t )

∣∣2
(16)

which help us understand how the electronic states are mixed
as a function of time due to vibronic dynamics. Due to the
CAP the time evolution is no longer unitary and the total
population

ptot (t ) =
∑

i

pa
i (t ) =

∑
i

pd
i (t ) (17)

does not maintain unit value, as the wavefunction is absorbed
at the end of the grid. Note that the total probabil-
ity density ρ(R) as well as the total population ptot are
basis-independent quantities and hence invariant under the
diabatization transform. To understand the scattering effects
in the two-channel problem, one can use the Fourier transform
to calculate the momentum space wavefunction χ̃ (P, t ) =
F[χ (R, t )] in each channel, and consequently obtain the
total momentum space probability distribution ρ̃(P, t ) =
|χ̃1(P, t )|2 + |χ̃2(P, t )|2, where P is the momentum of the
nuclear wavepacket. In the next section, we numerically inves-
tigate the vibronic dynamics of the ULRM within the context
of internal diffraction dynamics, multiwell tunneling effects,
and nonadiabatic decay.

III. RESULTS AND DISCUSSIONS

In the following section, we discuss the results of our
numerical simulations. We start with the adiabatic and di-
abatic potential energy curves as well as the nonadiabatic
couplings in the coupled trilobite-butterfly system. We then
study the multichannel internal diffraction effect, and ana-
lyze the n-dependent nonadiabatic corrections by studying the
probability density functions of the evolving wavepacket as
well as the population dynamics. Finally, we unravel multi-
well tunneling effects in the low-energy oscillations around
the minima of the trilobite potential.

A. Potential energy structure

We start with a brief review of the electronic structure of a
high-� ULRM. Figure 1 shows the adiabatic PECs for an n =
55 ULRM obtained by diagonalizing the electronic Hamilto-
nian, with the exemplary n value being ideal for observing
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FIG. 1. The Born-Oppenheimer potentials of the n = 55 ULRM,
obtained by solving the electronic Schrödinger equation. The adi-
abatic potentials are highlighted as V1 (violet), V2 (orange), and V3

(black), whereas the gray dashed curves show the unperturbed hy-
drogenic manifold. The wavepackets and arrows are used to illustrate
the possible trajectories of a time-evolving nuclear wavefunction.
The probability density plots of ψ1(r, R) (corresponding to the
PEC V1) calculated at R = 1400a0 and R = 4880a0, portray the
change of electronic structure from trilobite to butterfly states as R
changes.

internal diffraction effects. The adiabatic PECs relevant to the
two-state model are highlighted in color (V1 as blue and V2

as red), whereas states corresponding to the gray adiabatic
curves are not considered in further calculations. When the
perturber is radially outside the Rydberg atomic orbital (R �
2n2), the adiabatic potentials V1 and V2 energetically coincide
with the unperturbed 55 f quantum defect state and the high-�
hydrogenic state, respectively. At smaller R values the S-wave
scattering hybridizes the hydrogenic manifold, introducing an
avoided crossing between the trilobite PEC and the � = 3
PEC, forming the V1 potential. Here, we choose to focus
only on the two highlighted curves as a first approximation.
Without the P-wave interaction, V1 would be a pure trilobite
curve with the structure of an anharmonic envelope overlaid
with an oscillatory potential [24]. However, the P-wave shape
resonance induces a steeply descending butterfly potential that
forms a narrow avoided crossing between V1 and V2. After
the avoided crossing V1 adiabatically acquires the P-wave
character, eventually causing internal molecular decay due
to autoionization or �-changing collisions [41]. However, we
know that a narrow avoided crossing enhances the vibronic
coupling terms, enabling the nonadiabatic transition from V1

to V2, possibly offering a stabilizing mechanism against in-
ternal molecular decay. The adiabatic electronic probability
density plots of ψ1(r, R) calculated sufficiently before and
after the avoided crossing show how ψ1 adiabatically changes
from trilobite to butterfly configuration.

FIG. 2. The first order derivative coupling element P12/(µa0) as
a function of the internuclear distance R, for varying n values. The
inset depicts the magnitude of P12 with log scaling of the y axis.

Figure 2 shows the nonadiabatic coupling P12 between the
selected states ψ1, ψ2 for the selected range of n. We scale P12

by 1/(µa0) to analyze the energy contribution of the nonadia-
batic coupling term as it appears in the Hamiltonian, in GHz
units. We see that the derivative coupling strongly depends
on n, displaying an order of magnitude difference between
the most nonadiabatic (n = 55) and most adiabatic (n = 57)
cases. This is highlighted in the inset, where the y axis is
log scaled to simultaneously show the smaller structures in
energy. From a semiclassical perspective, the absolute value of
the P12 at the avoided cross massively impacts the probability
that nuclei perform a nonadiabatic jump, i.e., Landau-Zener
(LZ) transition from ψ1 to ψ2. However, we already see from
the inset that the calculated derivative couplings do not form
a Lorentzian curve, as is typical in LZ transitions. This is
because the level spacing and the derivative coupling ele-
ments are comprised of hybridized atomic wave fuctions and
their derivatives [29], creating an oscillatory non-Lorentzian
structure. The standard Landau-Zener theory on the other
hand assumes a linear crossing with a well-defined constant
velocity. This is clearly not what happens in low-energy dy-
namics of ULRMs, where the time-evolving wavefunction
probes highly oscillatory potential energy curves and nona-
diabatic couplings. Surprisingly, the nonadiabatic transition
rates for high-energy dynamics (when the wavefunction starts
from the dissociation threshold), is qualitatively very well
predicted by the LZ model (see [35]). This could be be-
cause high-lying states and their momentum k(R) can be
reasonably approximated semiclassically, and their rapidly
changing wavefunctions allow a WKB style representation,
and probes the crossing with a well-defined velocity. Even
so, the standard Landau-Zener theory does not give us exact
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FIG. 3. The adiabatic and diabatic PECs of the (a) n = 55 and (b) n = 57 ULRMs are shown, with the corresponding insets showcasing a
magnified plot of the avoided crossing. The black curves are the adiabatic potentials (V1,V2) and the colored curves are the diagonal (V d

11,V d
22)

and off-diagonal (V d
12) terms of the diabatic potential energy operator.

time-evolving wavefunctions, as we aim to study here. It is of
course possible that an exact multichannel calculation which
involves the degenerate manifolds reproduces the semiclassi-
cal result, but for now we continue presenting the results of
our two-channel study.

Figures 3(a) and 3(b) show the diabatic PECs and the
adiabatic PECs (solid black curves) for n = 55 and n = 57,
respectively. Primarily, we see that the highly oscillatory (di-
agonal) diabatic PECs start deviating from their adiabatic
counterparts, far away from the avoided crossing (>1000a0).
This is accompanied by the off-diagonal potentials acquir-
ing large nonzero values away from the avoided crossing.
Moreover, we see that the global structure of the diabatic
curves looks reasonably similar between n = 55 and n = 57,
despite a large difference in the magnitude of derivative cou-
plings. However, the magnified plots (insets of Fig. 3) do
show that adiabatic PECs exhibit a narrow near-exact cross-
ing for n = 55, and a wider avoided crossing for n = 57.
This validates the large difference in the magnitude of P12

for the two n values. To summarize, the nonadiabatic cou-
plings and the diabatic potentials of the two-channel system
deviate considerably from traditional molecular physics, or
Landau-Zener models. A more detailed analysis of the vi-
bronic couplings between trilobite and butterfly potentials can
be found elsewhere (see Ref. [29]). Note that the exact struc-
ture of the diabatic potentials varies considerably depending
on the number of channels used in diabatization. In reality,
the highly polar electronic states are nonadiabatically coupled
to other quantum defect states, as well as the quasidegenerate
manifold. To explain higher dynamics spanning the entire
potential depth, one would need to incorporate higher quan-
tum defect states and the unperturbed high-� manifold into a

multichannel model. Fortunately, the internal diffraction dy-
namics we probe requires relatively lower kinetic energies
[24]. Since we see that the nonadiabatic couplings are still
maximal at the avoided crossing, a two-channel model that
considers the avoided crossing should give us a reliable semi-
quantitative model for the problem at hand.

B. Two-channel wavepacket dynamics

We begin our simulation of the wavepacket dynamics, by
initializing the nuclear wavefunction as a Gaussian state in the
V1 adiabatic PEC, corresponding to the ψ1 electronic state.
The initial position and width of the Gaussian are taken to
be so that the ensuing dynamics display internal diffraction
effects. This is because the oscillatory structure of the trilobite
potential acts as a diffraction grating in momentum space.
The anharmonic envelope of the pure trilobite PEC allows the
wavepacket to gain momentum as it traverses down the po-
tential, consequently scattering off the oscillatory structure of
the PEC. At appropriate width and momenta, the consequent
coherent backscattering causes the wavepacket to appear as
a propagating diffraction pattern. A comprehensive analysis
of this phenomenon is presented elsewhere (see Ref. [24]),
including the appropriate initial parameters needed to observe
this effect. Here we build upon the previous work, and take the
required parameters needed to observe diffraction, as given.
Our aim then, is to see how the vibronic coupling between
trilobite and potential affects the previously simulated diffrac-
tion dynamics. We try to analyze the n dependence of the
vibronic corrections, by contrasting the n = 55 case with
n = 57, featuring the most and the least nonadiabatic coupling
strength at the avoided crossing, respectively.
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FIG. 4. Two-channel wavepacket diffraction dynamics. The potential energy structure of the n = 55 and n = 57 ULRMs in the
relevant region are shown in (a), (b). The time-evolving total probability density ρ(R, t ) in the position representation is shown for
n = 55 (c) and n = 57 (d). The corresponding total probability density in momentum representation, i.e., ρ̃(P, t ), is shown for n = 55
(e) and n = 57 (f).

The relevant potential energy structures of the n = 55 and
n = 57 molecule are shown in Figs. 4(a) and 4(b). We choose
to initialize the Gaussian wavepacket χa

1 (t = 0) [Eq. (13)],
with σ = 100a0, and R0 = 4000a0. The width σ is chosen
while taking into consideration the available initial states
(vibrational ground states of low-� PECs [24]) for the pump-
probe experiment. At the given R0 the diabatic and adiabatic
PECs coincide and show a predominant trilobite character.
Moreover, the initial configuration presented was also used
in the previous single channel study [24], giving the results
comparative value. Figures 4(c) and 4(d) show the resulting
time-evolving probability density functions for n = 55 and
n = 57, in position representation. As expected, simulations
with both the n values exhibit a propagating diffraction pattern
for t < 100 ns, until they probe the avoided crossing. We
see that n = 55 continues to exhibit propagating wavepacket
dynamics mimicking the pure trilobite case, although there is
a noticeable decrease in the contrast of the pattern compared
to the single channel case. This can be explained by the
consistent nonadiabatic transition of the nuclear wavepacket
between V1 and V2 PECs due to the near-exact crossing, so that
the nuclear wavepacket effectively experiences a pure trilobite
potential, despite the actual wavepacket dynamics occurring
on coupled channels. On the other hand, the n = 57 case,
with a wider avoided crossing, shows a much clearer dimin-
ishing of the diffraction pattern after the first crossing. As the
wavepacket keeps oscillating it probes the crossing multiple
times, thereby destroying the diffraction pattern. When ana-
lyzing the dynamics in the momentum space representation
[see Figs. 4(e) and 4(f)], we see that the diffraction pattern

is more coherent for the n value with the narrower cross-
ing. In addition, when the wavepacket reaches the avoided
crossing for the first time, we see that a considerable fraction
of the wavepacket gains momentum and escape the propa-
gating diffraction pattern. This is because the nuclei which
follow the P-wave decay pathway experience a steep drop
in the potential, resulting in the wavefunction gaining more
momentum before it is eventually absorbed by the CAP. This
phenomenon is more dramatically observed in the case of
n = 57 due to the wider avoided crossing facilitating more
adiabatic decay.

We now focus on the dynamics of the population cal-
culated using the aforementioned formulas [Eqs. (15)–(17)].
Figures 5(a) and 5(b) show the total population (marked ), as
well as the channel populations in adiabatic (solid lines) and
diabatic (dashed lines) representations. For both n values, the
total population is constant (unit value) for the first 100 ns,
until the wavefunction probes the avoided crossing. The pop-
ulation starts decreasing as expected, when the wavepacket
is absorbed by the CAP after the avoided crossing. We also
see that the populations in the adiabatic channels start mixing
slightly before the total population decrease. This corresponds
to the short time dynamics that characterize the transfer of
population from the trilobite to the butterfly state near the
avoided crossing. The diabatic channel populations, however,
start mixing much before the wavepackets reach the avoided
crossing, in accordance with our analysis of extended off-
diagonal nonadiabatic couplings in the previous section. This
hints at the non-Landau-Zener nature of the mathematical
model used. Comparing Fig. 5(a) to Fig. 5(b), we see that
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FIG. 5. Time evolution of the diabatic populations pd (dashed
curves), and the adiabatic populations pa (solid curves) for chan-
nels 1 and 2, as well as the the total population ptot (dotted curve).
Panel (a) depicts the population dynamics for n = 55, and (b) depicts
the population dynamics for n = 57.

the decrease in total population is indeed more prominent for
n = 57, due to the wider avoided crossing.

C. Multiwell tunneling dynamics

Finally, we move on from higher-energy vibronic dynam-
ics, and shift our focus to low-energy dynamics between
different adjacent wells of PEC. We know that for low n values
(�30) vibrational ground states are generally localized in each
single well of the oscillatory potential (see the Appendix of
Ref. [14]). Here, narrow Gaussian wavepackets (comparable
to accessible pump states) that are initialized in any par-
ticular well primarily perform intrawell oscillations. As we
increase the n value, the oscillatory structure becomes more
and more shallow, decreasing the potential barrier between
adjacent wells. Consequently, vibrational ground states near
the trilobite minima start to become delocalized across mul-
tiple adjacent wells, and corresponding wavepackets exhibit
multiwell tunneling effects.

Starting from n � 42, the vibrational ground states can be
delocalized across two wells, allowing us to engineer two-well
interference effects. Figure 6(a) shows the adiabatic potential
V1 of n = 42, near the trilobite energetic minima. We probe
this region by initializing the vibrational wavepacket (red
curve) as a Gaussian centered around the midpoint of the

well (R0 = 2064a0), with σ = 40a0 for n = 42. The ensuing
dynamics is shown in Fig. 6(b), where we see a periodic inter-
ference pattern that spans two different wells. The pattern can
be explained by decomposing the wavepacket in the vibronic
eigenbasis, only considering eigenstates with a large contribu-
tion [|cν |2 = |〈χ (R, t )|χν〉|2]. The vibronic spectra are plotted
in Fig. 6(c), where we see that the two highlighted wave-
functions (the ground state and the first excited state of the
trilobite PEC), delocalized across the two potential wells, pos-
sess the highest overlap with the initial states. The other states
only marginally contribute to the dynamics (gray lines), due
to negligible overlap with the initial wavefunction. One can
then successfully explain the pattern as a two-well hopping
dynamics, with a fixed period τ = 400 ns that is the inverse
of the vibrational splitting E2 − E1 = 2.5 MHz. Similarly,
Figs. 6(d)–6(f) display and explain the two-well hopping for
the n = 46 ULRM. Just like the previous case, the wavepacket
is a time-evolving superposition of the two lowest-energy
vibration states, localized across two wells. Their larger vi-
brational splitting (∼4 MHz) creates a shorter hopping period
of 250 ns.

For higher n values in the range 49–52, the vibrational
states can be localized across three different wells. Figure 7(a)
shows the adiabatic potential V1 of the n = 49 trilobite poten-
tial near its energetic minima, as well as the initial Gaussian
wavepacket (R0 = 2450a0, with σ = 40a0) of choice. The
ensuing dynamics is portrayed in Fig. 7(b), where we see
that pattern exhibits two different periods, with most of the
population tunneling between next-nearest neighboring wells.
But some of the population periodically localizes in the in-
termediate well with a pulsing period almost twice as large
as the tunneling period. The pattern can be mainly explained
using the phase relations between the responsible eigenstates
[solid lines in Fig. 7(c) marked as ν = 0, 1, 2] that have a
high overlap with the initial Gaussian. While the highlighted
bound vibronic states are centered around separate adiabatic
potential wells, the wavefunction is clearly localized across
other neighboring wells. This partial delocalized structure,
along with very low-level splitting, leads to very interesting
multiwell tunneling dynamics. The three eigenstates with the
largest overlap with the initial wavepacket have energies E0 =
−1.687 GHz, E1 = −1.680 GHz, and E2 = −1.678 GHz. The
slow tunneling between the two outer wells is mainly gov-
erned by the interference between the first and second excited
states. Their small splitting of E2 − E1 = 0.002 GHz corre-
sponds to an interference frequency of about 2 MHz, giving
rise to a tunneling timescale of roughly 500 ns. In contrast, the
faster pulsation of probability density in the central well arises
mainly from the interference between the ground and second
excited states. The larger splitting of E2 − E0 = 0.009 GHz
corresponds to a frequency of 9 MHz, which explains the
shorter modulation period of about 110 ns visible in Fig. 7(b).
Figures 7(d)–7(f) present similar multiwell tunneling effects
for the n = 51 ULRM, whose origin can be traced back to
three similarly delocalized vibronic states. For even higher
n values we can also see four-well and five-well dynamical
effects. However, since the wavefunctions are no longer prop-
erly localized around any single well, the emerging patterns
become less clear. For increasing n, the oscillatory structure
eventually becomes too shallow to hold localized vibrational
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FIG. 6. Two-well interference effects in the low-energy dynamics of (a)–(c) n = 42, and (d)–(f) n = 46 ULRMs. Panels (a), (d) show
the adiabatic potential energy curve V1 for the ULRM, along with the probability density of the initial Gaussian wavepacket with σ = 40a0,
centered around R0 = 2064a0 and R0 = 2240a0, respectively. Panels (b), (e) show the time-evolving total probability density ρ(R, t ). Panels
(c), (f) display the vibronic molecular resonances. The two bound eigenstates responsible for the observed dynamics are highlighted and
labeled, along with their energies Eν , and their contribution to the wavepacket, |cν |2 = |〈χ (R, t )|χν〉|2.

states, so that multiwell tunneling effects are no longer
visible.

IV. CONCLUSION AND OUTLOOK

Our work presents the first step in the study of multichannel
vibronic dynamics in ULRMs. We start by constructing a two-
channel diabatic model from the coupled trilobite-butterfly
system, and then proceed to numerically simulate the propaga-
tion of nuclear wavepackets using a Crank-Nicolson scheme.
The wavefunction is initialized as a Gaussian, with appropri-
ate mean and variance needed to facilitate previously studied
diffraction effects. Once the wavepacket escapes into the but-
terfly channel and reaches small R values, CAPs are used
to simulate an absorbing wall (emulating internal molecular
decay). We observe the two-channel analog of the diffraction
effect with n-dependent nonadiabatic corrections. For n values
with extremely narrow avoided crossings, the propagating
diffraction pattern is nonadiabatically stabilized against decay.
For n values with wide avoided crossings, larger fractions of
the nuclear wavepacket are allowed to escape adiabatically.
However, the high-level density and delocalized nonadiabatic
coupling suggest that high-energy oscillations might need
more than two channels for accurate simulation. In the case
of very low-energy dynamics, accurately simulated using a

few single channel vibrational states, we observe interesting
multiwell interference patterns due to the partially delocalized
vibronic spetrum.

In principle, the results obtained here should be experimen-
tally observable using state of the art pump-probe schemes,
as discussed in our previous work [24]. The preparation of
the initial states, as well as certification of the dynamical
effects can be performed using bound states in low-� UL-
RMs. Moreover, the two-channel model provided can also
be used to simulate predissociation dynamics and �-changing
collisions [16,41] with low-� quantum defect states. With the
recent advancements in optical tweezer technology that now
allow the individual assembly of Rydberg molecules [72], one
can also attain the ability to prepare initial states as localized
ground states with tunable separation. In such cases, modern
three-photon excitation schemes allow us to directly access
the trilobite state [14,73] through the n f -state admixture,
with MHz-scale laser linewidths. This allows us to project
wavepackets directly onto the trilobite PEC, without worrying
about off-resonant excitations to other potentials.

From a theoretical perspective, a more ambitious extension
of this work is to develop a multichannel model, consider-
ing the effect of the quasidegenerate manifold, as well as
couplings to nearby n values. This will allow us to simu-
late vibronic dynamics in high-� and low-� molecules with
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FIG. 7. Three-well interference effects in the low-energy dynamics of (a)–(c) n = 49, and (d)–(f) n = 51 ULRMs. Panels (a), (d) show
the adiabatic potential energy curve V1 for the ULRM, along with the probability density of the initial Gaussian wavepacket with σ = 40a0,
centered around R0 = 2450a0 and R0 = 2555a0, respectively. Panels (b), (e) show the time-evolving total probability density ρ(R, t ). Panels
(c), (f) display the vibronic molecular resonances. The two bound eigenstates responsible for the observed dynamics are highlighted and
labeled, along with their energies Eν , and their contribution to the wavepacket, |cν |2 = |〈χ (R, t )|χν〉|2.

quantitative rigor. Future theoretical investigations can also
consider introducing an external electric or magnetic field,
breaking the spherical symmetry of the systems and facil-
itating conical intersections. This could possibly result in
interesting dynamical effects induced by geometric phases.
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APPENDIX A: COMPLEX ABSORBING POTENTIALS

Following the approach outlined in [70,71], the CAP is
implemented as a negative imaginary potential of the form

VCAP(R) = −iηW (R), (A1)

W (R) = [R − Rc]n �(Rc − R), (A2)

where η denotes the absorption strength, Rc the onset position
below which the CAP is active, n the polynomial order, and
� the Heaviside step function. Typical choices of n = 2 − 4
yield a sufficiently smooth onset while keeping reflections
minimal. Within this region, the total Hamiltonian becomes
non-Hermitian,

H ′ = H − iηW (R), (A3)

which causes a decay of the total norm according to [70]

d

dt
‖�‖2 = −2η〈�|W (R)|�〉. (A4)

Hence the decrease of ‖�‖2 directly reflects the loss of flux
into the absorbing region.

For ultralong-range Rydberg molecules, optimal CAP pa-
rameters depend on the typical kinetic energy of the nuclear
wavepacket. A sufficiently weak absorber (η ∼ 10−11 atomic
units, or ∼10−5 GHz) ensures that the physical dynamics in
the interaction region remain unaffected while reflections are
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FIG. 8. The first derivative couplings Pi j/(µa0) for (a) n = 55 and (b) n = 57. The insets in (a) are meant to show the near-singular behavior
of the n = 55 P12, which is not necessary for n = 57.

minimized. For each n value, Rc is chosen so that the effec-
tive CAP length (∼1000a0) far exceeds the local de Broglie
wavelengths of the outgoing component to guarantee smooth
absorption. In our two-channel model, the CAP is initially
defined in the adiabatic representation, where it acts only
within the butterfly potential channel. Upon transformation
into the diabatic basis, the CAP is distributed over both di-
abatic components according to

V (d )
CAP(R) = U †(R)

(
VCAP(R) 0

0 0

)
U (R), (A5)

ensuring consistent damping of the diabatic wavepacket am-
plitudes.

APPENDIX B: THREE-CHANNEL
DERIVATIVE COUPLINGS

Figure 8 shows the off-diagonal derivative couplings be-
tween the three adiabatic states ψ1, ψ2, and ψ3, with the
corresponding adiabatic PECs shown in Fig. 1. The adiabatic
states considered are formed by the mixing of the f state, trilo-
bite state, and the butterfly state. All the derivative coupling
elements show highly oscillatory behavior, as they are com-
prised of hybridized radial atomic wavefunctions and their
derivatives. In the vicinity of the trilobite-butterfly avoided
crossing, P12 dominates the other coupling terms, especially

for the n = 55 case, where its magnitude is several orders of
magnitude higher than the other coupling elements. We also
see two peaks in P23 that correspond to the avoided cross-
ing between trilobite and f state (R ∼ 800a0) as well as the
avoided crossing between butterfly and f state (R ∼ 3000a0).
Since we initialize our wavepacket in channel 1, the coupling
between ψ2 and ψ3 is not so important for low-energy os-
cillations, given that the wavepacket does not reach the f
state. However, we note that the coupling between channels 1
and 3 (given by P13) is not negligible. In fact, P13 seems to
dominate P12 at larger R values beyond the crossing between
the butterfly and f states (R � 3000a0). This can be explained
by the change of ψ3 from f state to butterfly state beyond the
avoided crossing, so that P13 represents the coupling between
the trilobite and butterfly states at larger R values. Moreover,
all the off-diagonal terms show GHz-scale energy structure
for an extended R range away from the avoided crossing.
This confirms that a quantitatively accurate treatment of the
vibronic dynamics of the ULRM should definitely include
three or more channels. However, it is important to note that
the nonadiabatic transition probability is also dependent on
the particle momentum (or derivative of the wavefunction)
and the energy splitting, not just Pi j , so the primary correction
to the adiabatic approximation, and consequently the primary
cause of n-dependent nonadiabatic stabilization, is the behav-
ior of P12 at the avoided crossing.
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