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Engineering effective Hamiltonians is essential for advancing quantum technologies, including quantum
simulation, sensing, and computing. This paper presents a general framework for effective Hamiltonian engi-
neering, enabling robust, precise, and efficient quantum control strategies. To achieve efficiency, we focus on
creating target zeroth-order effective Hamiltonians while minimizing higher-order contributions and enhancing
robustness against systematic errors. The control design identifies the minimal subspace of the toggling-frame
Hamiltonian and the full set of achievable, zeroth-order, effective Hamiltonians. The framework also enables
robust state transfer and characterization of achievable density matrices, and extends to stochastic fluctuations via
a cumulant expansion. Examples are included to illustrate the process flow and resultant precision and robustness.
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I. INTRODUCTION

Quantum processors have extraordinary potential to trans-
form sensing, secure communication, and enhance compu-
tational efficiency, including in the simulation of quantum
physics. To realize this potential, three key engineering tasks
must be addressed [1-3]: (1) efficient and robust coherent
control [4-14], (2) the design of complex, interconnected
quantum processors [15], and (3) the implementation of
quantum error correction [16]. This paper provides tools
for designing coherent control methods to enhance precision
and efficiency, using Average Hamiltonian Theory (AHT)
as the foundational framework. Introduced by John Waugh
over fifty years ago [17], AHT describes coherent averaging
initially developed for NMR [18]. It has since been widely ap-
plied to decoupling [19-25], recoupling [26,27], spectroscopy
[28,29], sensing [30,31], quantum simulation [32-34], multi-
body physics [35-38], and quantum computing [39]. The
formalism Waugh developed for the coherent control of cou-
pled spin-1/2 particles naturally extends to the control of
coupled qubits because the control of qubits and spin-1/2
particles are isomorphic.

AHT is based on the principle that the integrated action of a
time-varying total Hamiltonian, Hy(¢), over a period [0, Tieq),
can be represented by a unitary operator or, equivalently, an
effective Hamiltonian, Heg, and its duration, Tq. The total
Hamiltonian of a quantum system is typically partitioned
into a user-defined, time-dependent control Hamiltonian and
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a time-independent internal Hamiltonian
Hio(1) = Hc(t) + Hin. ey

The total unitary propagator is

Tseq
U(Tseq) = Texp <_i Hlot(t)dt>
0

= exp(_iHeffTseq)’ 2

where 7 is the Dyson time-ordering operator, and Heg is the
effective Hamiltonian, formally defined as the matrix loga-
rithm of U (Tgeq). In practice, AHT uses the Magnus expansion
to evaluate the effective Hamiltonian perturbatively.

While control design often targets a unitary propagator or
a state transfer [6,40—49], there are situations where it is more
convenient to design for a target Hamiltonian [15,33,37,50—
60]:

(1) when the Hilbert space is large or contains uncertain-
ties that prevent direct computation of a target unitary;

(2) when symmetry-based or scalable solutions are de-
sired that remain valid for any system size;

(3) when one aims to control or tune the relative strength
of the dynamics.

Moreover, Hamiltonian engineering has been extensively
used to realize robust unitaries and state transfers [56,61-78]
where the robustness is achieved by minimizing the effect of
an error Hamiltonian.

When designing an effective Hamiltonian using the Mag-
nus expansion, the most efficient solution is often achieved
at zeroth order, as higher-order terms typically make increas-
ingly smaller contributions [17,79]. However, achieving high
precision and robustness in the engineered effective Hamilto-
nian requires accounting for higher-order corrections, as these
terms can accumulate significantly over many cycles.

Table I lists common use cases of AHT, along with
their goals and typical figures of merit. One example of
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TABLE I. Overview of applications of AHT with respective targets, goals, and figures of merit (FoM).

Use case Target Goal FoM
Decoupling Het =5 ,; 8;Veir - 5 Spectroscopy Line narrowing (%Tz), sT,
Time suspension Hy =0 Store quantum information Decoherence (71172
Simulation Het = Hgn, U (nT5eq) = e~ HsimnTreq Simulating quantum systems |Hett — Heim ||

Sensing H. = Hye, Parameter estimation Fisher information

Gates U(Teq) = Uarges Computation Gate fidelity

a time-independent internal Hamiltonian, relevant to decou-
pling spin-spin interactions, refocusing qubit detunings, or
simulating spin systems (Table I), is

N N
Him=ZBij5i'D'5j+Z5iﬁ'&i, 3)
i) i=1

where 6; = (o}, 0}, o) and
O,Ol; — ]]_®(i71) ® O ® ]]_®(N7i) (4)

for @ = {x, y, z} are the Pauli operators acting on the ith qubit,
B;; are coupling strengths, D is a rank-2 tensor determining
the form of the qubit interactions, 7 is a unit vector deter-
mining the direction, §; the strength of the qubit-dependent
detunings, and N is the total number of qubits. Note that
the algorithms outlined later in the paper do not depend on
the particular organization of the Hamiltonians. We show
later that more complex internal Hamiltonians are easily
accommodated.

In Table I, the goal of spectroscopy [80] is to measure
select contributions to the internal Hamiltonian while sup-
pressing unwanted terms. A common goal is to measure the
linear terms while suppressing the bilinear terms in Hiy [17].
The scaling factor s is preferably large, and the effective direc-
tion Ueg is typically chosen to be along the quantization axis.
Time suspension [23,81,82] is an extension of decoupling
that aims to suppress all of the terms in Hjy, so Her = 0. It
enables qubit storage. Hg, and H, are the target effective
Hamiltonians for simulation and sensing tasks. In quantum
simulation, the goal is to transform Hj, into Hgpy,, typically
to explore the dynamics of the simulated system. Quantum
simulation is often performed stroboscopically with Hiy, (Zeq)
being the effective Hamiltonian over a repeated cycle of length
Tieq and n being the index of the stroboscopic measurement. In
sensing, the goal is to engineer a Hamiltonian, H,, that offers
advantages, such as enhanced Fisher information, for measur-
ing target parameters such as the strength of an external field.
In gate design, the goal is to implement a target unitary Ugarget
efficiently and with robustness against errors. The figure of
merit (FoM) is the gate fidelity.

An important step toward fully utilizing AHT in Hamilto-
nian engineering is to determine which effective Hamiltonians
are achievable under a given control setting. This is essen-
tial, even under universal control, because the space or set
of achievable effective Hamiltonians depends on the chosen
interaction frame (toggling frame [19,50,56,83,84]), and there
is no guarantee that a desired target Hamiltonian is attain-
able at a given order. Characterizing controllability is useful
for determining whether a desired target is achievable and

to identify what additional controls are needed when it is
not. Additionally, identifying the space or set of achievable
effective Hamiltonians reveals the possible forms or strengths
of errors [8§5-90] and enables more efficient sequence design
and numerical optimization by restricting the search to the
minimal relevant subspace [91-96] while suppressing harmful
error terms.

There has been extensive study on the controllability of
quantum systems [92,93,97-106]. These studies typically rely
on the symmetry properties of the Lie algebra generated by the
total Hamiltonian to determine the set of achievable unitaries
or classes of effective Hamiltonians. However, to the best of
our knowledge, there is no well-known general framework for
characterizing the exact set of achievable effective Hamiltoni-
ans when they are engineered through the Magnus expansion.

Recent advances have enhanced the application of AHT.
For example, Choi et al. [107] proposed a symmetry-based
method for engineering effective Hamiltonians using control
sequences composed of 7 /2 pulses and delays, specifically
targeting the decoupling of the zeroth-order average Hamil-
tonian. It enables the design of high-performance sequences
for spectroscopy and quantum simulations, demonstrating su-
perior performance compared with existing methods in the
presence of strong disorders. Zhou et al. [108] and Tyler
et al. [109] extended this approach to account for higher-order
terms. These methods focus on control with 7 /2 rotations
of the qubits, anisotropic Heisenberg model, and lower-order
corrections. Engineering nonzero many-body effective Hamil-
tonians using 7 and 7 /2 rotations has been considered in
Ref. [110].

Reinforcement learning has been utilized to engineer
effective Hamiltonians using 7 /2 pulses to decouple sec-
ular dipolar interactions [111]. It has also been used to
autonomously design high-fidelity quantum logic gates on
superconducting systems [112]. These methods highlight the
potential of advanced numerical algorithms to significantly
enhance the design of sequences for Hamiltonian engineering
[46].

For gate design, Haas er al. [56] utilized the van Loan
equation [113] to enable numerical evaluation of the Magnus
expansion for control sequences. The authors further inte-
grated their framework with gradient ascent pulse engineering
(GRAPE) [42], facilitating efficient numerical optimization
for designing sequences in Hamiltonian engineering. Other
numerical methods have also been proposed [114].

Poggi et al. [115] proposed a method to achieve leading-
order universal robustness to a static Hamiltonian perturba-
tion. Reference [116] introduced a package based on GRAPE
to design robust operations for NMR experiments. References
[117,118] provide a theoretical framework for engineering
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target Hamiltonians on a periodically driven oscillator using
Floquet engineering while accounting for the higher-order
corrections.

Several key challenges remain unresolved:

(1) Controllability. A systematic method to find the
achievable set of effective Hamiltonians across different sys-
tems and controls [119,120] is not well-known.

(2) Robustness to control errors. There is no general
methodology for designing robust sequences that mitigate
systematic errors across different control systems.

(3) Higher-order decoupling. A generic symmetry-based
framework for eliminating higher-order correction terms is
still lacking.

In addition, many approaches to AHT, and particularly
to engineering decoupling sequences, have depended on ar-
tisan methods where the researcher’s intuition is a key step
in directing the design. Beyond idealized examples, this is
not an effective approach and often fails when robustness to
unknown terms is desired.

To address the challenges, we present a unified framework
for engineering zeroth-order average Hamiltonians while min-
imizing higher-order corrections and achieving robustness
against systematic errors. The framework also extends to ac-
count for stochastic noise and to design robust state transfers.

All achievable zeroth-order average Hamiltonians are
shown to lie within a minimal subspace, identified through
a simple Lie-algebraic procedure. The achievable set forms
a convex region characterized by random sampling and lin-
ear programming, revealing attainable targets and efficiency
bounds.

Expressing the toggling-frame Hamiltonian in this sub-
space yields general conditions for Hamiltonian engineering,
robustness, and higher-order minimization, all expressed as
time-ordered integrals of its coefficients. These integrals ad-
mit closed-form solutions for piecewise-constant modulation
and naturally generalize to stochastic fluctuations.

Sequence design thus reduces to finding a trajectory in
the minimal subspace that satisfies these integral constraints,
which define objective functions for numerical optimization.
We demonstrate the framework with examples in gate opti-
mization, quantum simulation, and sensing.

The remainder of the paper is organized as follows: Sec. 11
introduces the toggling frame and the principles of effective
Hamiltonian engineering. Section III describes the control
setup, parameter dispersion, and the figure of merit for robust
control. Sections IV-VIII present the theoretical framework
for controllability characterization and robust Hamiltonian
engineering. Section IX provides a flowchart summarizing
the design procedure, followed by examples and comparisons
with other approaches in Secs. X and XI, and concluding with
a discussion (Sec. XII) and final remarks (Sec. XIII).

II. EFFECTIVE HAMILTONIAN ENGINEERING
AND TOGGLING FRAME

It is often more convenient to define the effective Hamil-
tonian in the toggling frame, which is based on partitioning
H(t) into a primary and a perturbative component:

Htot(t) = Hpri(t) + Hpert(t)~ (5)

The toggling frame is the interaction frame of H;(¢) and the
toggling-frame Hamiltonian of Hpe (2) is

I'Itog(t) - Upn(t )Hpert(t)Upri (t)7 (6)
where the primary unitary Up () is

Upi(t) = T exp (—i [ tstrar') @
0

The perturbative unitary is defined through an effective
Hamiltonian Heg,
Tssq

Upert(Tseq) =T exp <_i Htog(t)dt)
0

= exp(—iHefiTseq). ®)

For unitary dynamics, an effective Hamiltonian Hg always
exists and describes the system’s evolution over the interval
[0, Tieq) in the toggling frame. It is not unique, as adding
integer multiples of 27 /Tgeq to its eigenvalues yields the same
unitary U (Tq). The total propagator is

U (Tseq) = Upri(Tieq)Uperi(Tieq)- €))

Typically, Up(t) is evaluated through numerical integration,
while the effective Hamiltonian of Uper(?) is evaluated pertur-
batively through the Magnus expansion:

Herr(Teeq) = A"V (Tiey), (10)

r=1

where r — 1 is the perturbation order, and HD is the (r —
1)th-order average Hamiltonian. The first few terms of the
expansion are

~ Tieq
H(O)(T;eq) = Htog(t)dta
seq J0
AV (L) = 5 / dn f Ao Hiog11). Huog (1)
seq
A )(neq)——6T f dr, / dn, / drs
seq

X {[Htog(tl)v [Htog(ZZ)s Htog(t3)]]
+ [thg(t3)a [Htog(tZ)a Hlog(tl )]]}7
1D

In this work, we focus on achieving a target effective Hamil-
tonian at zeroth order

Htargel = H(O)(Tseq)a (12)

while minimizing higher-order corrections (H", H®, .. ),
treating each order independently. Whenever possible, imple-
menting H,: at zeroth order is typically most efficient (e.g.,
in terms of resources such as the power-bandwidth product).
However, for a fixed partitioning of Hiy, not all desired Hiarget
are achievable in zeroth order; engineering nonzero higher-
order terms will be discussed in a separate work.

In conventional AHT, the control Hamiltonian H, is taken
as Hy,; and the internal Hamiltonian H;y as Hper. This choice
is not required; allowing different partitions of H, expands
the set of achievable zeroth-order controls. A more effective
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FIG. 1. Illustration of a very simplified control system. The input signals {a;(¢)} are designed by the user. The control system outputs a
continuous control field B(r) acting on the qubit system in the lab frame. The design of {a;(r)} should account for the model of the system
so that it captures the distortion of the hardware along with additive noise. In this case, the control parameters g () are transformed via
convolution with a kernel reflecting the bandwidth of the low- and bandpass filters. More complete mappings are explored in Sec. X C.

strategy is to include control imperfections, parameter disper-
sions, and components to be engineered or reshaped (e.g., for
simulation or sensing) in Hyt, and assign the remaining well-
characterized terms to Hp;. A discussion on how to choose
Hp; and Hpe; is in Appendix A.

III. CONTROL SETUP

The control Hamiltonian is most often implemented as a
sequence of piecewise-constant intervals of control parame-
ters {ax(t)}. For example, it can be

N

Ho(t) = Y {o(t) cosli(t)]o} + i (t) sin[¢i(t)]o]

i=1

+ [wo —wi(t)]a;}, (13)

where the time-dependent amplitude [wf(z)], frequency
[wi(t)], and phase of the control field [¢;(¢)] on the ith qubit
are control parameters [ay(¢)]. ax(¢) is typically set to zero at
the beginning and the end of each sequence [46], enabling a
simple composition of gates.

The control system (Fig. 1) maps {a;(¢)} to a continuous
output field B(r) that is conveniently described in the lab
frame. This map is generally a noninvertible, smooth, nonlin-
ear function depending on time-independent parameters of the
control system, {u;}, such as reactance, spatial, and temporal
variations of control fields, nonlinearities from Kinetic induc-
tance, etc. Variations in {y;} result in a modification of the
control Hamiltonian by an error Hamiltonian AH. The error
Hamiltonian AH can be evaluated by applying the Taylor
expansion to the map from {ax(¢)} to E(t) with respect to
{1¢}. Robustness to variations in {y ;} can then be achieved by
minimizing the effective Hamiltonian of AH. The following
methods are capable of finding high-precision control fields
that account for {u;} and are robust to their variations.

The internal Hamiltonian also depends on a set of param-
eters, {n! .}, which can include terms such as the Zeeman
splitting, chemical shift, coupling strengths, etc. Typically,
{ni } are governed by a classical probability distribution with
a correlation time that is often longer than the total length of
a control cycle (Tseq).

Given a sequence {ax ()}, as well as the internal and model
parameters ({nfm} and {y;}), the density matrix of the system

obeys the master equation

d .
2P0 = = i[Ha(la O} (1), {n}). p@)]

+ ['relaxation [:O (t )] s

where L elaxation 1S the Lindbladian for relaxation. The solution
to Eq. (14) over the interval [0, Tieq) is

P(Teeq) = A(far ) (s}, [nin}) (00)s

where pp is the initial density matrix and
A({ar(®)}; {mj}, {nfnt}) is a completely positive trace-
preserving (CPTP) map describing the dynamics averaged
over a distribution of isochromats. The density matrix of
the system for an expectation-valued measurement is the
ensemble average of Eq. (15) over the distributions of {u}

and {n }:

(14)

5)

D(T;eq) = 1_\(,00)7

where the average CPTP map A is

(16)

A= / diw;td{nipAuDe({ni A (fae®); {ii} {0l ))-
(17)

Here, p denotes the probability densities of the parameters.
The goal is to design {a,(¢)} to achieve the desired FoM with
respect to A or P (Tieq) [121] for tasks in Table I. For example,
if the overall unitary target for U (Tseq) is Uy, then the average
gate fidelity of the sequence can be calculated as

fave({ak(t)},Uo)=/(WIUJI_\(II/I)(WI)U()II#MW (18)

When knowing the details of the errors is important (e.g.,
in implementing quantum error correction, noiseless sub-
systems, and distinguishing between coherent and stochastic
errors), one should report the full average CPTP map A. In
general, the coherence of the error can be measured by the
orthogonality of A:
Tr(ATA)
dim(A) -~
A small orthogonality value indicates limited robustness or an
overly long sequence. )

Since the FoM and the CPTP map A are typically es-

timated via Monte Carlo simulations, they are not suitable
for direct use in the design of control sequences. Instead, a

R(A) = 19)
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combination of fidelity measures for Uy and Higger is used in
the optimization. The fidelity of Upi(Tseq) is evaluated using
the overlap

T [ (Tieq)Vlargel ]|
Tr [U[nge[ Utarget] .

-F(Upri(Tseq)’ Utarget) = (20)

The same fidelity measure, F (U (Tq), Up), is also used to
visualize control landscapes. Next, we show how to determine
the set of achievable H® and define fidelity measures for H©
and for minimizing higher-order corrections (Sec. V). The
complete cost function is presented in Sec. IX.

IV. CONTROLLABILITY OF A©®

This section develops a general method for finding the
minimal subspace and set of achievable H® for arbitrary
Hyi and Hpe. This needs to make use of the minimal Lie
algebra [119] containing Hp() (Appendix B). For exam-
ple, gpi = spang . {ox, 0y, 0.} for universal control on a single
qubit. The corresponding Lie group e®" = {ef|g € gy} gives
the set of achievable Up;(Tieq) [119]. Since HO can be any
time-weighted average of Hog [first Eq. in (11)], the minimal
subspace containing the toggling-frame Hamiltonian is also
the subspace of achievable zeroth-order average Hamiltoni-
ans. This subspace is

%(gpria Hpert) = Span[R{[]+

prinertUpri Il Upri € b }. (21)

Since Hiog(?) is determined by the action of Hyi(t) on Hper,
the subspace can be calculated by taking nested commutators
between gpy; and Hperr (Appendix C):

%(gpri s Hperl)
= Span[R{[gh -+ [gr, Hperl] T ]||gl € Bpri> L>0}. (22)
Algorithm 1 calculates an orthonormal basis of € (i, Hpert)-
Next, we show how to find the set of achievable A (0)(Tseq)
in € (8pri, Hpert). This set is

o' (gpri s Hperl)

1 Tieq
= { - / U () HperUpri (£ )d1t } (23)
seq J0

Assuming Hpe is normalized, for any normalized Higger €
‘K(gpri, Hyert), an achievable scaling factor s for Hygge is de-
fined as a real number s such that there exists a sequence
{ar(1)} satisfying H®(Tieq) = SHarger. Thus, fully character-
izing 0" (Zpri, Hpert) is equivalent to determining the range of
achievable scaling factors for each Hiarger € € (8pris Hpert)-

Note that & (gpri, Hpert) is the convex hull of {U;HpertUi}
(U; € €®), which can be approximated through random sam-
pling [122] (Appendix E). Therefore, along each Hiyger €
G (Zpri» Hpert), the range of achievable scaling factors can be
found by solving a linear program associated with the sampled
set (Fig. 2). The procedure is summarized in Algorithm 2
(formal version provided in Appendix D).

ALGORITHM 1. Algorithm for calculating an orthonormal ba-
sis of € (@pri, Hpert)- The function FindC(B(gpri), Hpert) takes as input
a basis B(gyi) = {er, ..., e‘gpri‘} of g, and the operator Hp, and
returns an orthonormal basis of (g, Hyerr). Here “<=" denotes
assignment, i.e., the variable on the left is set to the value of the
expression on the right.

1: function FindC B(gyi), Hyer

2: h] < Hpert

3 Imax < 1 > Total number of basis vectors.
4 fnew < 1 > Number of new basis vectors.
5:  while iy, > 0and ip, <22 —1do

6 t <0

7 for imax - inew + 1 < i < imax do
8 for 1 < j < Igpil do

9

: if hy, ..., i lej, h] are linearly
independent then

10: t<—t+1

11: R4t < L€, 1]

12: end if

13: end for

14: end for

15: Imax < Imax +1

16: Inew < 1

17:  end while

18:  Use the Gram—Schmidt process to orthonormalize
(hi, ..., hi,,) and return the result

19: end function

V. ENGINEERING H® AND MINIMIZING
HIGHER-ORDER CORRECTIONS

The representation in the minimal subspace of Hiys () can
be used to obtain general conditions for engineering any Hiyrget
while accounting for the higher-order corrections. Given an

1
h2 Htarget

A
b
-5

(g(gpria Hpert)

v 'S+ 3
0 (%
1
1
1
1
-1 “L ﬁ,(gpriy Hpert)
v ! )
~ o 1 U
SS )
— >y
,’ Ta H t2arge , not achievable

FIG. 2. Schematic for finding achievable scaling factors. The set
of achievable zeroth-order average Hamiltonians &"(gpy, Hpert) (light
blue area) is a convex set in € (gpri, Hper) (Spanned by A, and /,). The
convex set is approximated by the polygon (dark blue area) formed
by {v; = U,.THpenU,»}. The achievable scaling factors for Hie can
then be found via linear programming.

042409-5



JIAHUI CHEN AND DAVID CORY

PHYSICAL REVIEW A 113, 042409 (2026)

ALGORITHM 2. (informal version) Algorithm for finding the
range of achievable scaling factors for Hige.

1: Sample random unitaries U; € e®rri to form the set {Ul.THme,-}

2: Solve the linear program that maximizes (minimizes) the
projection of the convex combination of {UprenU,-} onto
Hgrger; the solution corresponds to sy (s_)

3: return [s_, s ] as the range of achievable scaling factors

orthonormal basis of €' (gpri, Hpert):
B(%) = (h17h27"‘7h\<b”\)7 (24)

where |%’| is the dimension of € (8pi, Hpert), the toggling-
frame Hamiltonian can be represented as a vector in
(g(gpria Hpert) (Appendix H) as

|Hiog (1)) = (c1(1), c2(1), .. ., ey (1)),

= DU, ()| Hpert) - (25)

Here, D(UpTri(t)) is the adjoint representation of U (1) in
‘K(gpri, Hpert). The zeroth-order average Hamiltonian i 1s

Tseq

|HO) = D(U3(1) Hpert)- (26)

seq J0
The condition for engineering Hiareee With a scaling s is then

A ) = |sHiarger)- @7
Now, we consider how to eliminate higher-order correc-
tions for the entire distributions of Hamiltonian parameters.

Denote the time-ordered integrals of the coefficients ¢;(t) (€
integrals) as

Tieq [
G = fo d - fo diei () ey (). (28)

The Magnus expansion can be written as

H N(Teeq)

1 Tseq t—1
= f dtl e / dtrFr(Htog(tl)a cees thg(tr))
Tseq 0 0
1 |€|
= Fr(hﬁv . hi,)éipnir» (29)
T;eq Qlyeeny i=
where
o d,\d,!
Fo(hi, ... hi) =) (=i) = (e ),
b

(30)

where the sum is taken over all possible permutations m
of hj, hi,, ..., h;.d, and dj are ascents and descents of &
[123,124]. This sum over permutations reproduces the nested
commutator formula in Eq. (11), e.g.,

ol ) = =5 i ).

g (s e J) + s [ ).

€29

F(hiy, hiy, hiy) =

s

It is easy to show that

Fo(hiys ..o b)) = (=0)""Fo(hy,, ... k),
F.(h,...,h)=0. (32)
Therefore, the condition for H"~D =0 for arbitrary
hi, ..., h,is given by
iy, (Tieq) = (= 1) 73y (Ticq) = 0, (33)
for all iy, ..., i, excluding the situations where i} = --- = i,.

Sometimes, it is convenient to decompose Hp,; into several
components Hpex = > v, H, pert (€., when HY transform
differently under e®i and are subject to d1fferent types of
variations). Then we can compute €, (gpri, H o) for each w.
Define a composite % space as

pen

w
(gcomp = @ %w (gpri ) H;én) s (34)

w=1

then the composite toggling-frame Hamiltonian is

@ |Hiog (1))

|Ht0g (t) comp —

= (cl(t), .. ’cl‘rfll’ o ,c?/(t), .. ,c‘v(,‘;w‘)

= (™0, g ©). (35)

The condition for engineering each Hy., to Hj.. with a
scaling factor s, is

Tseq 1 COmM| Ccom|
/ dt|Hlog(t)»comp = (El p(t)7 _‘cg P |( ))
seq JO Tseq comp
w
=P lswHige),- (36)

1S

The joint achievability of s, Hj., is characterized using a
generalized form of Algorithm 2 (Appendixes D and F). The
condition for minimizing higher-order corrections, including

cross terms between different Hyg,. 1s

EM (Tieq) — (= 1) E™ (Toeg) = 0, (37)

L1y

for all iy, ..., i, excluding the situations where i; =--- =
ir. The composite ¥ integrals admit exact analytic solu-
tions, expressed as explicit functions of the eigenvalues of
the primary Hamiltonian, for piecewise-constant modulations
(Appendix H). Consequently, Eqgs. (36) and (37) define gen-
eral cost functions that can be directly used in numerical
optimization to engineer target effective Hamiltonians and
suppress higher-order corrections.

VI. ROBUST CONTROL AGAINST IMPERFECTIONS

As an important application of Egs. (36) and (37), we show
how to achieve robustness against variations in the model

parameters, {u;}. When the model parameters i = {u;} are
subject to variations €, the total Hamiltonian is
H(t) = Ho(t, j1) + AH(t, € ) + Hin, (38)
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where
AH(t,é)=H.(t,n +€)— H.(t, i1), 39)

and AH(t, 6) = 0. Denote

i

3, -+ 9,AH = ————— AH|_5, (40)
P T
then
B - (€-0)
AH(t,2) = (- 3)AH + 7 AH +---. (41)

Appendix L discusses how to evaluate the derivatives of the
error Hamiltonian for a general control system described by a
state-space differential equation.

For simplicity, consider only the first-order derivatives, let

Hl;‘é o« = 0y AH 42)
forw=1,...,J.Let Hg;tl denote the Hamiltonian capturing
uncertainties in Hi, (e.g., variations in qubit detuning) and let
Hl{;’f represent the component of the total Hamiltonian to be

intentionally reshaped into a nonzero target. Without loss of

1 w
generality, assume that H 3, are traceless, set

[ Hiprger)y = 0, 43)
for w=1,...,J 41, and choose the desired target Hé;;[

and a scaling factor s;4,. Equation (36) gives the condition
for engineering the desired target at zeroth order and achiev-
ing zeroth-order robustness to AH and Hg;tl. Equation (37)
(r = 2) gives the condition for achieving first-order robustness
including all cross terms and minimizing first-order correc-
tions to Ht{;;t. It can be shown that zeroth-order robustness
to systematic errors is achievable under assumptions listed in
Appendix J. For higher-order robustness (» > 2), higher-order

derivatives of AH need to be included.

VII. ROBUST CONTROL AGAINST
STOCHASTIC FLUCTUATIONS

Condition (37) can be modified to account for random
fluctuations in the systems using the cumulant expansion
[125,126].

First, consider the special case where Hpe,(t) = B(¢ )leerl
where B(¢) is a random process. Denote the adjoint represen-
tation of Upert on the full operator space by Upen, applying the
cumulant expansion yields

(Opert) = exp(KQ + KV 4., (44)

where

Tseq
K(O) = — l/ dt (ﬂ(tl))adeg(,l),
0

Tseq n
KW = — / d, / diy(B(1)B (1)) adsy, i o)
0 0

1 Tscq
L1 / dn (B(t))ady,, o) f
2 0 0

Tscq

dn(B(t2))ady,, i)

(45)

Here, the generator of the adjoint action is defined as
ads(B) = [A, B]. (46)

For simplicity, consider the special case where (8(¢)) = 0, the
leading-order term is

Tseq n
kY = —/ dl‘l/ dn(B(t)B(2))admy,,¢)adH,,¢,)-
0 0

47
We focus on minimizing Eq. (47). Since
|€'|
adp,, ) = Y _ ci(t)ady,. (48)
i=1
the condition for minimizing Eq. (47) becomes
Y &, (Tieq)ady, ady, =0, (49)

i1,ia

for all iy, i, where E;liz are the modified ¥ integrals,

Tseq 5]
&, (Tg) = / d / Aty (BB (L)) es ()i (t2). (50)
0 0
For example, if

(B(t)B(2)) = exp[—0(t) — 12)],

the modified ¥ integrals have exact analytic solution for any
piecewise-constant modulation (Appendix J).
In the general case where

> 1, (29

w
Hpert =) Bu()HY,, (52)
w=1

the leading-order correction becomes

Tieq 4
KW =— Z / dt1/ dn
0 0

wy,wy

X <ﬁw1 1) Bu, (t2)>ady£'gl (tl)adH[':,g(tz)‘ (53)
Let
B(Geomp) = (h*™ hg ) (54)

> T Ceompl
be an orthonormal basis of the composite € space, the condi-
tion for minimizing K" is
_comp’ _
Z Ciliz (Req)adhfl‘”“pad},g’mp =0 (55)
i1 ,iz

for all iy, i, where

, Tseq 3|
—com|
Ciliy p(Tseq) = / dll/ dn
0 0

X (Buin) (1) Bugin) (12))e; ™ (11)e ™ (1), (56)
with
w'+1

wi)=w, if Y |Gl<i<) |Gl (57)
k=1 k=1

In the simplest case,

(,Bwl(tl)lng(tZ)) = Ewlwze_ewlwz(ll_&)v tl > t27 (58)
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where X%,,,, defines the spatial noise covariance matrix.
Equation (55) enables one to incorporate correlations between
noise acting on different parts of the control and quantum
system, as well as their corresponding cross terms.

VIII. ROBUST STATE TRANSFER

For robust state transfers, conditions Egs. (36) and (37) can
be relaxed. Here, we consider the most common setting where
the precision objective is achieved in Up,; and the robustness
objective is achieved in Uper:

+
UtargetpOUtarge[ = Prargets

UpertPOUpert ~ 00, (59)

where 0o is an initial density matrix and P 18 a desired tar-
get density matrix. A method for characterizing the achievable
set of Prarger based on Algorithm 2 is discussed in Appendix K.

Each %, can be decomposed into a subspace that com-
mutes with pg and a complementary subspace. To achieve
robust state transfer, it is sufficient to suppress errors arising
from the complementary subspace. Assume that the basis
{h;"™};ez, spans the entire subspace that commutes with py.
Then, the zeroth- and higher-order robustness of the state
transfer are achieved if

_comp (Tseq) —

&P (Teq) — (1)~ 1-f°m"<neq>=0, (60)

iy

excluding cases where iy, ..., i, € Z for both equations, and
where i; = - - - = i, for the second equation.

The achievability of zeroth-order robustness can be verified
using Algorithm 2 by constructing the polygon formed by the
sampled points {U;'HpeqU;} projected to the complementary
subspace. Zeroth-order robustness is achievable if Hiyger = 0
is reachable in this projected subspace.

IX. FLOWCHART FOR EFFECTIVE HAMILTONIAN
ENGINEERING

Having developed the general framework for robust Hamil-
tonian engineering, we now summarize the procedure in a
flowchart that integrates all components of the method. The
flowchart is the same for all applications in Table 1.

(1) Describe the quantum system and controls:

(i) Provide a description of Hj, including distributions
of ().

(i1) Provide a description of H.(t) and a model of the
control system including finite bandwidth, maximal power,
and nonlinearities and distributions of the model parame-
ters {y;}. Specify the error Hamiltonian AH.

(iii) Provide relaxation times when desired.

(2) Identify the use case from Table 1 and its objectives.
Partition Hiy into Hyi and Hper accordingly. Identify the
components {H “én} of Hper. Specify the target unitary Upgrget
and/or effectlve Hamiltonians Hy,,, scaling factors s,,, and
the required FoM.

(3) Determine the controllability of U (Tieq):

(i) Controllability of Upi: Check if Uyarger is achievable
by checking if Usyrger € €.

(ii) Space of achievable H®: Use Algorithm 1 to
compute 6, (Epri, per[) and then check whether H €
G (8pri, Hpery) for each HZ .

(iii) Range of achlevable scaling factors: Use Algo-
rithm 2 to check the joint achievability of s, Hyye-

(iv) If any of the above objectives is not achievable, go
to Step 1 to change H.(¢) if additional control is available
in the physical system. Sometimes [see below for an ex-
planation of Step 3(iv)], one can go to Step 2 to choose
a different partitioning to enable a larger set of achievable
HO,

(4) Construct the total cost function incorporating the de-
sired Utarget» Ht“a’rgel, and higher-order corrections, and use a
numerical optimizer to find the control sequence that mini-
mizes this cost function.

(5) Calculate the control landscape and the FoM, account-
ing for relaxation and the full model of the control system.
Check if the desired FoM and robustness are reached. If yes,
return the sequence. Otherwise, if the FoM is low due to relax-
ation, go to Step 3(iii) to choose a larger s. If the robustness is
not sufficient, go to Step 4 to include higher-order robustness.

In Step 1, the internal Hamiltonian Hj, is characterized by
its operators, amplitudes, and parameter distributions (e.g., D,
i, B;j, &;) typically obtained from spectroscopy. The control
Hamiltonian H,(¢) is defined by the control inputs {a;(¢)} and
the system model (e.g., a first-order state-space equation or
transfer function) that maps them to the output field B(t) in
the lab frame. Once this mapping is known, H.(¢) is expressed
in the qubit frame, including model parameter distributions
{xt;} from “tune-up” cycles [127]. Relevant relaxation times
include Ti, 1>, and, when available, T;, [128-130]; 7;* is in-
corporated in the qubit energy distribution. Alternatively, the
relaxation superoperator can be obtained via quantum process
tomography [131].

In Step 2, derivatives of AH with respect to different model
parameters are treated as distinct components H, pen Addi-
tional Hy., terms may represent unwanted uncertainties in Hin
or parts of the Hamiltonian to be engineered. The remaining
well-characterized terms are assigned to Hp;. For robust con-
trol, Utarget i typically set to the desired total unitary Up. When
the objective is to engineer a nonzero Hiyge (€.g., in spec-
troscopy, sensing, or simulation), Utarget 1S often set to identity.
For each H,,, specify the corresponding Hy,.: components
associated w1th imperfections or unwanted uncertainties are
set to zero, while nonzero Hj, terms are assigned to the parts
being engineered. It is also necessary to verify that the target
FoM is achievable for the given relaxation time and sequence
duration Teq.

In Step 3, to test whether Uyge is achievable under the
available controls, we check whether there exists a generator
8 € 8pri such that Ugeer = €5. In practice, this can be imple-
mented by computing 10g Uager and adding integer multiples
of 27 /Teq to the eigenvalues to account for branch ambigu-
ities. If any such g lies within g, the target is achievable.
The method for checking the achievability of Hiyge and s is
in Sec. I'V. In Step 3(iv), for gate design, simulation and sens-
ing where Hpi = H. + Hiy, spectroscopy, and decoupling, if
Utarget 01 SHiarger are not achievable, one needs to introduce
additional control fields (e.g., rf, microwave, or laser fields) to

target
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modify the controllability. For simulation and sensing where
Hpery includes Hiy, one can put part of Hiy in Hp; to modify
controllability of Up; and H O,

In Step 4, the total cost function is

Fot(far(®)}) = wpri fori {ar ()}) + wo £ O (far(t)})

R
+ Y wa f a)h), (61)

r=2

where wyi, wo, and w,_; are positive weights reflecting rela-
tive importance of each objective. The different cost functions
are obtained from Egs. (20), (36), and (37), respectively:

f ({ak(t)}) —1_ |Tr(Upri(’Fseq)-i-Utarget)'
ri = s
’ Tr ( U[Z,rget Uta.r get )

FOUa )

Seq
‘/ dtl|Htog(tl) comp — ﬂeq@ |Sw larget w
a0

172

Z 6™ (Tieg) — (— 1)1 E™P (T |, (62)

.....

where the sum Z:l is taken over all iy, ..., i, excluding
the case where iy = - -- = i,. Given the relaxation times and
desired FoM, determine the maximal Tiq of a sequence that
allows the target FoM. Use a numerical optimizer, such as gra-
dient descent [42] or simulated annealing [132], to find {a;(¢)}
that minimizes fi({ar(¢)}). A solution should be searched
with short Ti.q first and with an increased Tyq if no solution
can be found with the current value of T4 so that shorter
sequences can be found.

In Step 5, the control landscape is obtained by calculat-
ing the fidelity between U (Tq) and target total unitary Up
[Eq. (20)] for each set of values of {1;} and {n;,} across their
respective distributions. Simulate the resulting average CPTP
map A and/or the average density matrix P (Tseq) of the system
[Eq. (17)] using, e.g., the Monte Carlo method. Calculate
FoM through either the average gate fidelity [Eq. (18)] or
the state fidelity Tr(,/./DrargetP(Tseq)/Prarget)” - If the FoM is
unsatisfactory, check A to identify the error. If the error is due
to a depolarization, check if Tiq is too long. If not, then the
robustness is insufficient, go to Step 4 to include higher-order
corrections involving AH and variations of Hyy. If the error
is coherent, go to Step 4 to increase target fidelity or include
higher-order corrections.

X. EXAMPLES

We now present examples to demonstrate the power of the
method to achieve robustness to control errors and variations
in Hiy, characterize controllability, design effective Hamilto-
nians, and incorporate higher-order corrections. We explore
the application of the method in gate design, quantum simula-
tion, and sensing.

A. Robust Hadamard

We design a Hadamard gate that is robust to variations in
the Rabi field strength and qubit detuning. This sequence is
useful for high-fidelity quantum operations in NMR, ESR,
trapped-ion, quantum dot, Rydberg atom, and superconduct-
ing systems.

Step 1: System and controls. The internal and control
Hamiltonians are

Hiy = woo,
H.(t) = w1 (t) cos[w,t + ¢(t)]os, (63)

where, for this example, we choose wy =1 GHz (1 Hz =
27 rad/s) as the resonance frequency of the qubit, w, as the
transmitter microwave frequency. The control parameters are
the amplitude of the applied microwave field [w;(¢)] and its
phase [¢(¢)]. The maximal value of w;(¢) is 20 MHz. The
control system has a 500 MHz bandwidth (=1 ns response
time), much shorter than the interval duration (10 ns), so the
response can be treated as effectively instantaneous.

It is convenient to move to an interaction frame that rotates
at the transmitter frequency w, and take the rotating wave
approximation [133]. The internal and control Hamiltonians
in this frame are

Hi = Awo,
H (1) = w(t){cos[@(t)]ox + sin[p(?)]o,}, (64)

where Aw = wy — w, is the detuning.

The gate is designed to be robust to variations in the am-
plitude of the applied microwave field, (1 + €)w;(¢), where
€ is a random variable sampled from uniform distributions
Unif[—5%, 5%]. Thus, the error Hamiltonian is AH(t) =
€H, (t). The gate is also designed to be robust to variations in
Aw, sampled from Unif[—2.5 MHz, 2.5 MHz]. The control,
model, and internal parameters are a;(t) = wi(t), ax(t) =
¢(t), uy = €,and nilm = Aw, respectively. The qubit decoher-
ence is modeled as a depolarizing channel with a characteristic
time of 1 ms.

Step 2: Objectives and partitioning of H,;. Choose the
partitioning Hpq = H,(t), lee = AH, and szen = H;y.. The
objectives are

1 /1 1
Utargel = E (1 _ 1) , (65)
and H/

lareet = 0. The target FoM is 0.999.

Step 3: Controllability. The set of generators of gp; is
{ox, 0y}, and their composition via Algorithm 3 provides
universal control over the qubit space. Therefore, Urger 15
achievable. Using Algorithm 1, an orthonormal basis of
E (&pris Hint) 18 {04, 0y, 0.} /+/2. Choose Hyger = 50/+/2. Via
Algorithm 2, the range of achievable scaling factors is [—1, 1].
Therefore, Hareer = 0 is achievable in zeroth order.

Step 4: Design robust sequence. The higher-order terms
to minimize in the Magnus expansion include the first-order
corrections of AH and H,,, with their cross term. So, the
total cost function includes fy, fo and f; [Egs. (61) and (62)].
Based on the target FoM and the strength of the depolarizing
channel, the maximum gate time Tgq is 1 ps. Within this
range, the number of intervals can be varied until the target
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FIG. 3. (a) Control parameters of a Hadamard gate that is ro-
bust to variations in Rabi field strength and detuning. (b) Contour
and three-dimensional (3D) landscapes of fidelity for the robust
sequence. (¢) Same as panel (b), but for a nonrobust Hadamard gate
of the same T.q.

fidelity is achieved. Here, results are shown for a sequence
with 35 intervals and Tgeq = 0.35 ps (Fig. 3). A generalized
simulated annealing optimizer [132,134] is used to search for
an optimized sequence. The sequence and its control land-
scape are shown in Fig. 3. For comparison, we also show
the control landscape of a nonrobust sequence, obtained by
optimizing only over fy,;; using the same number of intervals
and total duration Tgeq.

Step 5: Calculate FoM. To simulate the FoM, assume that
€ ~ N(0,0.01%), i.e., a normal distribution with zero mean
and variance 0.01% and that Aw ~ N(0, (0.5 MHz)?). The av-
erage gate fidelity [Eqs. (17) and (18)] of the resulting CPTP
map of the robust and nonrobust sequences are estimated
to be 0.99955T900009 and 0.99377090> where the error bars
correspond to the 20th and 80th percentiles. The FoM satisfies
the requirement of being at least 0.999. The performance of
the robust and nonrobust sequences can also be compared
by calculating the average CPTP maps using Eq. (17). The
representations under the basis {1, o, 0y, 0.}/ V2 are

|
o 00329  0.0036  0.9991
robust = —0.0076 —0.9996  0.0038 |’
09991  —0.0078 —0.0329
|
] 0.0104 0.0067  0.9710
Anonrobust = 0.0084 —0.9863 00238 [ ©9
00748  0.0326  —0.0227

Calculating the orthogonality of the two CPTP maps yields
R(Arobust) = 0.99945 and R(Anonrobust) = 0.96710, indicat-
ing that the low FoM of the nonrobust sequence primarily
arises from poor robustness rather than unitary inaccuracy.

B. Robust Hadamard with finite control bandwidth

Here, we add distortion to the Hadamard control sequence
from having a finite bandwidth (80 MHz) in a linear control
system. The gate is designed to be robust to variations in
bandwidth and to small antisymmetric phase transients. For a
square pulse, antisymmetric phase transients refer to quadra-
ture components at the leading and trailing edges with equal
amplitude but opposite phase.

Step 1: System and controls. In the rotating frame (wy =
w, = 1 GHz), the internal and control Hamiltonians are

Hint = 07
H.(t) = By(t)ox + By(t)ayv (67)

where B, (t) and B,(t) are the time-dependent x and y compo-
nents of the control field in the rotating frame. The control
parameters are w;(¢) (maximal value is 20 MHz) and ¢(¢)
[H.(¢) in Egs. (64)], they are mapped to l?(t) via a convolution
with a kernel &

By(1) _ w1 (1) cos[p(1)]
(Byu)) = o (wl(msin[qs(r)])’ (68)

A P
¢4 and ¢p represent the amplitude and phase responses of the

system respectively:

4
¢A _ {W&’ t>0 and

with

0 t <0,
p_ |80 =Wne ™' >0
o= {o £ <0. 70)

Here, the bandwidth W and § = o™ — 1 GHz are the model
parameters, and * is the free ringing frequency of the sys-
tem. For a series RLC circuit, o* = [LLC — (2?12, The
distortion given by the kernel @ is discussed in detail in
Refs. [135,136]. W and § are random variables that follow
W ~ Unif[70, 90] MHz and § ~ Unif[—20, 20] MHz. The
leading-order approximation of the error Hamiltonian is

dH, oH,

(W = 80 MHz) + § — (8 = 0).

AH ~ (W — 80 MHz)
oW a6
(71)

The control and model parameters are a;(t) = w;(¢), ax(t) =
¢(t), uy = W, and u, = §; there are no internal parameters.
Steps 2 and 3 are the same as in the previous example, except

pert —

. 0H,

5 0H, 5

Hq = %3 8 =0). (72)

Since Hip = 0, n0 Hyyge is needed here. The rest of the steps
are the same as in the example above.
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FIG. 4. (a) Control sequence for Hadamard gate that is robust to
W and § variations. The blue and orange curves represent the relative
amplitudes of B, (¢) and B, (¢) before and after distortion. (b) Contour
and 3D landscape of fidelity for the robust sequence. (c) Same as
panel (b) but for a nonrobust sequence of the same Ti,.

Step 4: Robustness and optimization. Robustness to AH
is achieved by minimizing the zeroth-order average Hamil-
tonians of % and % simultaneously. Thus, the total cost
function includes f, and fy. Similar to the previous example,
the maximum gate time 7Ty is estimated to be 1 ps. Figure 4
shows an optimized sequence (Ti.q = 180 ns) and its control
landscape. As a comparison, the control landscape of a nonro-
bust sequence (optimized over fu;) with the same Tiq is also
shown.

Step  5: Calculate FoM. Assume that W ~
N(80MHz, 2MHz)?) (50 = 10 MHz) and that & ~
N(0, (4 MHz)?) (50 =20MHz). The FoMs of the

robust and nonrobust sequences are 0.99981870-900003 and

O.99976f8j8888‘3‘, respectively. These values are limited by

T relaxation; without accounting for 77, the FoMs are
0.000003 0.00004
0.999999“:0'000002 and 0.99994f0_00003.

C. Robust control with nonlinear system

The dynamics of the control system are generally non-
linear. Here, we show an important example of a weak
nonlinearity for a kinetic inductance.

Generally, the output field B(r) and the input parameter
{ax(z)} are related through a state-space differential equa-
tion (Appendix L)

-

dB "
- h(B(@), {ar(®)}, 5{n;}), (73)

Ry Cp,

B B

Ct _
R

FIG. 5. A simple resonant circuit with R, = 50 2, R = 0.01 €,
C, =11 {F, C, = 1.479 pF, and L = 170 pH. The resonance fre-
quency is 10 GHz.

where h is a nonlinear function. We can design control
sequences robust to variations in {u ;} provided that the equa-
tion is not chaotic. As an example, consider the resonant
circuit in Fig. 5. We design a Hadamard gate that is robust to
small kinetic inductance. This method can be used to design
robust sequences against variations in parameters in general
nonlinear control systems.

Step 1: System and controls. Start with the same internal
and control Hamiltonians in Eqgs. (67). The control field B(t)
can be obtained by solving the following differential equa-
tion in the rotating frame [137,138]:

>y 74
i (xX)x + a(t)u, (74)

where

R 1
-z 0 I
AW =0 = e |-ie
R S
C, R.C, R.C,
1 1\’
u=\0,—,— 1| . (75)
RLCm RLC;

and the control parameters {ax ()} and the components of the
output field B(t) are

ai(r) = kiRe(a (1)),
Bx(t) = KoRe(iL)wma)u

ax(t) = «Im(a(r)),
By(t) = Kolm(iL)wmaXa (76)

where wmax = 20 MHz, k; =1 V-l and k, =2 A~
In the presence of kinetic inductance [139], the inductance
L depends on the current:

L=Ly(1 +arllL]?), (77)

where «; is a constant, leading to nonlinear behavior in
the circuit [139—141]. The model parameters are the elec-
trical component parameters in the circuit where oy ~
Unif[—0.001, 0.001] A=2. Note, «; is typically positive, but
we can still design around «¢;, = 0. The solution is robust to ¢,
that is either positive or negative. There are no internal param-
eters in this case. The error Hamiltonian AH can be calculated
by solving the differential equation of dx/dc;, (Appendix L).
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FIG. 6. The control parameters (blue) and the relative amplitudes
(orange) of the x and y components of B(t) at oy =0 for (a) a
nonrobust sequence and (b) a sequence robust to variations in o

Steps 2 and 3 are the same as the previous example, except

g1 _ 0AH

pert —

(78)

Step 4: Robustness and optimization. The total cost function
includes fp; and fo. Design for a FoM of 0.999 or higher.
Figure 6 shows robust and nonrobust (optimized over fp)
Hadamard gates. Their control landscapes are shown in Fig. 7.

Step 5: Calculate FoM. To simulate the FoM, we as-
sume that o obeys a half Gaussian distribution, oz ~
HN (0, (0.0002 A=%)?) (50 = 0.001 A=2). The FoM of the

robust and nonrobust sequences are 0.99981%0%%% = and

0.996970003.

D. Robust control against stochastic noise

The cumulant expansion (Sec. VII) can be used to suppress
stochastic noise in an ensemble-average signal. The cost func-
tion is defined by the left-hand side of Eq. (55):

(1) _ _comp
f 0) = Z Ciiy (Tseq)adh‘?]omp adh’;;mp . 79)
i1,iy

1.00 !
> 0.99 0.9995
$ 0.98
o 0.97 00004 0 00008

0.96 - Robust

0.95% : -

20.002 0 0.002 Nonrobust
a (A72)

FIG. 7. Control landscapes of different sequences as a function
of the nonlinear coefficient ¢, . The main panel shows the full fidelity
profile; the smaller panel on the right displays a enlarged view around
the high-fidelity region near oy, = 0. Although the robustness extends
to negative oy, ¢ is typically positive.

TABLE II. Sequences and their corresponding minimized cost
functions.

Sequences P PO P ()

. 1
Cost functions  fyri, fO, fO foi fO, fO, [P fnin f&©0)

Higher-order cost functions can be defined similarly by con-
sidering K®,K®_ .. .. These cost functions can be used
alongside (62) or replace them when the sole objective is to
suppress noise in an ensemble-averaged signal by incorporat-
ing its statistical properties.

We compare single-qubit decoupling sequences (wWmax =
20 MHz, Tieq = 200 ns, Uarger = 1 and Hyarger = 0) designed
by minimizing different cost functions (Table II). The control
(primary) and internal (perturbative) Hamiltonians are given
by Eq. (63) with wq replaced by an Ornstein-Uhlenbeck pro-
cess [142], B(¢), with a mean reversion speed 6 (108 rad/s)
and a stationary standard deviation o = 1.6 MHz [B(¢) ~
N(0,0%) V¢ > 0]. The simulated survival probability (aver-
aged over 500 random trajectories) of |+) is shown in Fig. 8.

The result shows effective suppression of stochastic noise
through minimizing fl((l) (6) for nonzero 6, which can lead
to even better performance than those of the sequences (e.g.,

P/(\ZH)T in Fig. 8) that correct higher-order errors in the Magnus

expansion. When 6 = 0, however, P(HT outperforms P]((l)(e)
[which is essentially aP( )(9) since f(z)(é = 0) = 0]. This in-
dicates that, when coherent errors dominate, AHT can enable
design of more robust sequences.

E. Two-qubit gates

The methods for designing robust two-qubit gates are the
same as those discussed above. There are additional terms
such as the leakage between controls on different qubits which
can reduce the efficiency of a sequence. Additionally, different
forms of qubit interactions can result in different efficiencies.
Figure 9 shows the minimal lengths of the sequences we found
for a cnot. We compare the efficiency of sequence design
under Ising and Heisenberg interactions, using the same in-
teraction strength J:

Hlsing = ng & oy,
HHeisenberg =J(ox ®o, + Oy &® Oy +0,® UZ)/\/S- (80)

The minimal sequence length increases as the qubit detuning
A decreases (i.e., as leakage increases). The results also reveal
efficiency differences arising from the form of the interac-
tion. This indicates that even when controllability remains
unchanged, different system modalities can impact the effi-
ciency of sequence design.

F. Simulating a tunable quantum harmonic oscillator

We show an example of simulating a truncated quantum
harmonic oscillator (QHO) using two qubits. The purpose of
this simple example is to illustrate how effective Hamiltonian
engineering can be used in quantum simulation to achieve
desired dynamics in a controlled manner. The Hamiltonian of
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FIG. 8. Simulated survival probability of |+) under different sequences for different 6. Each P,((l)(ﬁ) minimizes f,g”(@) for the correspond-

ing value of 6.

a QHO is Hono = QN + 1/2). Using the code [143]

In = 0) = |00),
In=1) = |01),
In=2) =|11),
In=3) = [10), (81)

an evolution under Hgpo can be simulated by implementing
U(Tyeq) = exp[i{o? (1 + 0. /2) — 2}QTq].  (82)

With universal control over the two qubits, a solution to realize
U (Tseq) can be easily found using algorithms such as GRAPE
[42,144] or chopped random basis (CRAB) optimal control
[145,146]. We consider a different approach using Hamilto-
nian engineering that enables the direct control of the scaling
of the simulated dynamics with an input parameter.

Step 1: System and controls. Assume that the bandwidth of
the control system is very large and variations in control and
model parameters are negligible. In the rotating frame of the
qubits, the control and internal Hamiltonians are

H(t) = o] (t)[cos (¢1(t))a, + sin (¢1(1))o, | + Aw; (t)o
+ @i ()[cos (¢a(1))o? + sin ($2(1))oy ]
+ Aan(t)o?,

Hy =J(0} 0] + aylayz +00?). (83)
150 /.\
m
£ 100G
g
= 50
Ok i i R
1 GHz 500 MHz 10 MHz 5 MHz
Detuning

-8~ [sing interaction Heisenberg interaction

FIG. 9. Minimal length of sequence for a CNOT gate with differ-
ent detunings and interaction forms.

The control parameters are a)’1 (t), 0;(t) and Aw, fori =1, 2.
J =14 MHz and Aw ~ Unif[—1, 1] MHz are the internal
parameters. There are no model parameters. 77 = 100 ms.

Step 2: Objectives and partitioning of H,y. Set Aw,(t) =
Aw and Aw,(t) = 0, and define the primary and perturbative
Hamiltonians as

Hyi = w((1)[ cos (¢1(1))a,) + sin (¢1(t))ay ]
+ @} ()] cos (92 (1))o] + sin (¢2(1))o; |
+ J(O’xl(fxz + ayloyz + Gzlozz),

Hi = Awo. (84)
Hyert depends on the detuning Aw which can be adjusted at the
start of each experiment to modify the rate of the dynamics.
The objectives are Upi = 1 and Hyjyooy = sAw[o (1 + 0 /2)].

Step 3: Controllability. Using Algorithm 3, g, generates
universal control on the two qubits. Thus, Uy is achievable.
Using Algorithm 2, € (gpri, Hpert) is fifteen-dimensional and
includes Hyge;. Using Algorithm 3, we find that the achievable
range of s is [—0.6(2), 0.6(8)]. Since the strength of Hiareer can
be controlled by adjusting Aw, we design for s > 0.1.

Step 4: Robustness and optimization. To achieve precision
in the engineered effective Hamiltonian, we choose to min-
imize HY. So, the total cost function includes Spri» fo, and
fi. Figure 10 shows an optimized sequence (Tyeq = 120 ns),
the control landscape is shown on the left of Fig. 11. This
sequence achieves a scaling factor of 0.221.

Step 5: Calculate FoM. Assume that Aw ~
N(0, (200kHz)?), the FoM of the sequence is
0.999997* 3000000

As mentioned before, the sequence allows simulation of
a tunable QHO whose frequency can be adjusted by directly
changing Aw;(#) = Aw. The right-hand side of Fig. 11 shows
the survival probability of (jn = 1) + |n = 3))/+/2 under the
sequence with different values of Aw.

G. Sensing with a scalable spin amplifier

Consider designing a scalable solution for realizing a spin
amplifier for measuring the state of a qubit. The quantum
system of the target qubit and the spin amplifier is initially pre-
pared in the state |[¢pr) ® 0,0, - --Oy). The goal is to design
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FIG. 10. Time-dependent control parameters of an optimized se-
quence that engineers a tunable QHO.

a sequence such that at the end of the sequence we can learn
the state of the target qubit |¢r) by measuring the collective
magnetization M, of qubits 1 to N in the spin amplifier.

A scalable solution can be obtained by engineering condi-
tioned dynamics of the spin amplifier controlled by the state
of the target qubit [147]. This can be achieved using internal
interactions of the system and collective rotations of qubits in
the spin amplifier.

We design a conditional decoupling of the internal dy-
namics of the spin amplifier. Under the applied sequence,
the internal interaction is suppressed when |¢7) = |0) and
active when |¢7) = |1). In the experiment, a collective 7 /2),
pulse first rotates the amplifier polarization to the transverse
plane, after which the system evolves under the engineered
dynamics, followed by a —m/2), readout pulse. When the
interaction is active (|¢7) = |1)), the amplifier evolves into
an entangled state with an average longitudinal magneti-
zation M, =~ 0 for large N, whereas when it is decoupled
(l¢r) = |0)), M, remains close to its initial value. Measur-
ing M, at the end of the sequence thus reveals the state

of [¢r).

—
o

—
=

Qs
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8
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FIG. 11. (a) Control landscape of the sequence (Fig. 10) for sim-
ulating a QHO as a function of Aw. (b) Simulations of the evolution
of the state (Jn = 1) + |n = 3))/+/2 under the sequence.

TABLE III. Achievable ranges of scaling factors for different
target effective Hamiltonians. They correspond to conditioned de-
coupling, double or zero quantum dynamics, and double or single
quantum dynamics. Note, normalization constants have been omitted
for simplicity.

Target Hamiltonian Achievable range

[—0.353(5),0.706(8)]
[—0.408(2),0.811(4)]

|1><1|®(202®Uz_0x®0x _qv®ay)

10){0] ® (0, ® 0 — 0y ® 0y) + [1){1]| ®
(20, ® 0, — 0, ® 0 — 0y, @ 0y)

10){0] ® (0, ® 0y + 0y, @ 0x) + [1){1]| ®
(GX ®Uz+az®ax)

[—0.576(4),0.576(8)]

Step 1: System and controls. The internal and control
Hamiltonians are

N N
H(t) = m(r)(cos[qﬁ(r)] > ol +sin[p(0)] Y a;‘),

i=1 i=1

Hin _oz®2w,o +1®sz,

i<j
x (20/ ® 0! — 0l ®0] —ayi®(ryj). (85)

The control parameters are w(f) (wmax = 20 MHz) and
¢(t). The internal parameters are the coupling strength: w; ~
Unif[441, 459] kHz and w;; ~ Unif[—22.5, 22.5] kHz. No
model parameters are considered and 7; = 100 ms.

Step 2: Objectives and partitioning of H,,. Define the
primary and perturbative Hamiltonians as

N
Hyi(t) = H(t) + 0:® Y _ a0

i=1

pert =0:® Z(wz - a)())O'Zl,

N
H? _1®Za)ij(205®azj—0;®a){—U;®oyj),

pert
i<j
(86)
where wy = 450 kHz. The objectives are
Upri =1,
N
Hirgeo = sV2|IN(11® ) w3 (20! © 0/ ~0{®0] ~0]®0]) .
i<j
(87)

Step 3: Controllability. To check the controllability, it is
sufficient to consider two spins from the spin amplifier. gy
is three dimensional and Up; = 1 is achievable. Using Algo—
rithm 1, 62(gpri, perl) is ten dimensional and includes H, m ot
Using Algorithm 2, we can find the achievable range of the
scaling factor s (Table III). For comparison, Table III also
lists some other achievable Hérget and their ranges of scaling
factors.
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FIG. 12. Time-dependent control parameters of the sequence that
achieves a scalable spin amplifier through engineering a conditioned
decoupling.

Step 4: Robustness and optimization. Design for a FoM
of 0.9999 or higher. Figure 12 shows an optimized se-
quence (Tgeq = 120 ns). It achieves a scaling factor of s =
0.327. To obtain its control landscape, consider a spin
amplifier of 6 qubits with the coupling strengths gener-
ated from w; ~ Unif[450 — 6w, 450 + dw] kHz and w;; ~
Unif[—22.5, 22.5] kHz. The mean fidelity for different values
of Sw is plotted in Fig. 13.

Step 5: Calculate FoM. To calculate the FoM of the se-
quence, use a spin amplifier of six qubits with the coupling
strengths generated from w; ~ Unif[441, 459] kHz and w;; ~
Unif[—22.5,22.5] kHz. The FoM, calculated as the average
gate fidelity of the sequence, is 0.99975-9001.

To test the sequence, we simulate the same spin amplifier
used in the calculation of the FoM. The initial state of the
system evolves under the internal dynamics modulated by the
designed sequence. Before and after each simulated sequence,
a m/2), and a —m /2), pulse are applied, respectively. The
survival probability of the initial state is then measured at the
end of the simulation. Repeating this procedure for different
numbers of applied sequences yields the time evolution of the
survival probability. The survival probabilities of the states

1Vo/1) = l¢r = 0/1) ®100---0) (88)

under the sequence are plotted in Fig. 14. The survival proba-
bility is proportional to M, and can be used to learn the state
|¢7). As can be seen from the result, after 20 ps, the survival
probability of |¢g) is above 0.8 while that of |¢) is below

p .

0.9998 P
0.9996 | Y
0.9994 |

0.9992

Fidelity

0.9990

0.9988 L. i i i : %
0 2 4 6 8

ow (kHz)

FIG. 13. Control landscape of the sequence in Fig. 12. The pa-
rameter Aw determines the width of the distribution of the coupling
strength between the target qubit and the spin amplifier. The os-
cillations in fidelity arise from averaging over randomly sampled
coupling strengths.

O -
N R O o ©

Survival probability

=
o

0 10 20 30 40 50 60
t (us)

FIG. 14. Simulated survival probabilities of the states [v;;) un-
der the sequence in Fig. 12.

0.1. So the states |yr,1) can be distinguished by measuring
the magnetization of the spin amplifier, which is proportional
to the survival probability.

In principle, one can include robustness by requiring
Ht}nget =0 and including higher-order corrections [148]. In
practice, however, we could not find a sequence that fulfills
these requirements simultaneously while maintaining a high
scaling factor without significantly increasing the length of
the sequence. In turn, decreased scaling factor or fidelity of
Upri results in decreased FoM and inferior overall perfor-
mance in sensing. This is because ||Hp'ert|| < ||szen||, thus a

larger scaling factor on szen is much more important. Large
scaling factors are crucial when engineering nonzero effec-
tive Hamiltonians, as higher-order corrections are typically
much smaller and less significant than the dominant low-order

scaling.

XI. COMPARISON WITH OTHER METHODS

In this section, we compare our framework with selected
representative works on robust control and effective Hamilto-
nian engineering. The goal is not to provide a comprehensive
literature review, but rather to clarify the conceptual distinc-
tions and advantages of our approach, highlight its novelty,
and illustrate how it can complement and improve existing
control strategies.

A. Time-ordered integrals

Time-ordered integrals of time-dependent Hamiltonians,
and of their components under a basis, form the mathe-
matical foundation of a wide range of theories in physics
and control. They underlie the Dyson expansion [149] and
time-dependent perturbation theory in quantum mechanics
[150,151], the calculation of the S-matrix in scattering the-
ory [152-154], stochastic Liouville [126] and generalized
cumulant expansions [125] for open systems, path-integral
formulations of both quantum [155] and stochastic dynamics
[156], the Magnus expansion [157,158], and the Peano—Baker
series in control theory [159,160] and geometric numerical
integration [161]. Accordingly, it is natural that robust quan-
tum control and effective Hamiltonian engineering methods
[17,56,162—169], which build upon one or more of these theo-
retical frameworks, make use of similar time-ordered integral
constructions. In particular, the representation in € (gpri, Hpert)
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is analogous to the control matrix [168,170] and super-
operator cumulant coefficients [171,172] in filter-function
formalism, the frame matrix in Hamiltonian engineering of
multispin systems [107-109], and expansion coefficients in
Floquet engineering [117,173] and Dyson series [174—176].
Our contribution lies in identifying the minimal subspace
G (Zpri» Hpert) that fully captures the evolution of the toggling-
frame Hamiltonian, demonstrating that key properties of a
control sequence (i.e., the engineered effective Hamiltonian
and robustness) can be expressed entirely through the ¥ inte-
grals, and in deriving an exact solution to the corresponding
% integrals for piecewise-constant modulation. This enables a
unified and efficient framework for both error analysis and the
systematic design of robust control sequences.

B. Universal robust control

Reference [115] proposed a useful method based on
minimizing the quantum Fisher information to achieve
leading-order universal robustness against static Hamiltonian
perturbations by minimizing the nontrivial part of the super-
operator

Tseq
My = / AU @ ULOT,  (89)
0

seq

and proved that such robustness is always achievable under
universal control.

The condition in Ref. [115] corresponds to a special case
of Eq. (26), obtained when ‘ﬁ(gpri, Hpert) is the full operator
space and the requirement |H©)) = 0 is imposed for every
H,eri except the identity.

Unlike universal robustness, which discards all information
about the perturbation, our framework leverages the sym-
metry and systematic time dependence of the Hamiltonians
to target specific error mechanisms, enabling the design of
more efficient and adaptable robust sequences based on the
available information about the system. In addition to leading-
order robustness, our framework provides a general condition
for achieving higher-order robustness. In particular, when
{Hperi} 1s a basis of the full operator space, Eq. (37) provides
the condition for achieving higher-order universal robustness.
Moreover, our method applies to any choice of Hy; and Hper,
and we prove that zeroth-order robustness to systematic con-
trol errors under assumptions listed in Appendix J is always
achievable while offering a systematic procedure to test the
achievability of robustness to other error types (e.g., errors
outside of gp;;) under partial control (Algorithms 1 and 2).

C. Hamiltonian engineering in multispin systems

Reference [107] presents an algebraic rule set that pro-
vides human-readable symmetry conditions for constructing
decoupling sequences from collective 7 /2 rotations and equal
delays for general secular many-body Hamiltonians with on-
site disorder; it treats finite-pulse effects, rotation-angle errors,
and phase (axis) errors to leading order, and outlines an
extension to three-body interactions. Refs. [108,109] build
on [107] to develop a clear, rule-based approach to higher-
order Hamiltonian engineering with 7 /2 pulses: they derive
toggling-frame symmetry motifs (time-reversal, row or block

balance) that are sufficient to cancel low-order Magnus terms,
use them to design both decoupling sequences and nonzero
engineered models (e.g., tunable XXZ), and handle finite-pulse
effects via exact first-order overlap corrections together with
a leading-order second-order approximation.

Using our framework, their formulation corresponds to
choosing H,; and Hpe as the collective control and inter-
nal Hamiltonians of the system, respectively. In the limit
of infinitely short pulses, the symmetry conditions they de-
rive can be reproduced by evaluating the 4 integrals when
the toggling-frame Hamiltonians are restricted to a discrete
set of candidate operators. Their conditions for eliminating
higher-order terms under finite pulse widths, such as sequence
symmetrization, are generally more restrictive than Eq. (37).

By contrast, our work replaces motif rules with a general
formulation in terms of % integrals for all orders for any
system and control and choices of Hp; and Hpey, and turns
design into a unified optimization. We derive exact condi-
tions for engineering desired nonzero H® and for minimizing
higher-order corrections under any modulation. In addition,
our framework provides an exact characterization of the set of
achievable Higer at zeroth order, including their relative scal-
ing, and allows one to incorporate systematic and stochastic
errors in both the control and the quantum system.

D. Filter-function formalism

Dynamical decoupling and the filter-function formalism
[39,72,164,167,177-196] are widely used for analyzing and
suppressing errors arising from random fluctuations in quan-
tum systems. The leading-order robustness is achieved by
minimizing an overlap between the noise power spectrum
S(w) and the filter function F (w) of the decoupling sequence
in the frequency domain:

1 [ do
X (Tseq) = — / — S(w)F(w)dw. (90)
T ) o

o0

The generalized cumulant expansion formalism has also been
widely studied and has recently been applied to design robust
control to quantum crosstalk [197]. By defining an operator-
valued filter function [169,171]

Tseq 1 .
F(w) = / dn / die " ady iadh,wm), (91
0 0

the condition Eq. (47) becomes formally equivalent to the
conventional filter-function formalism. Representing the fil-
ter function in the minimal error space %comp €nables more
efficient and systematic sequence design as well as more
transparent error analysis.

Note that, however, the filter-function formalism and AHT
are not hierarchical; minimization of K"’ [Eq. (47)] does not
imply complete decoupling of Hpey in general. Our unified
formalism, which encompasses both AHT and the cumu-
lant expansion, allows coherent systematic errors and random
stochastic fluctuations to be treated on the same footing. This
extends the applicability of both approaches and provides a
general framework for analyzing and mitigating combinations
of coherent and stochastic error mechanisms.
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XII. DISCUSSION AND OUTLOOK

The design process developed in this work is compatible
with a wide range of internal and control Hamiltonians and
applies across the full range of quantum platforms. Typical
control terms for two-level system qubit transitions (e.g.,
spin-based systems [198-200]) include Rabi strength, phase,
and detuning of on-resonance or near-resonance drive. These
controls act through microwave or laser fields and provide
universal SU(2) control for each qubit. Similar control terms
are used for effective qubits realized by selective driving of
two energy levels in multilevel systems (e.g., superconduct-
ing qubits [201], trapped ions [202-204], and Rydberg atom
arrays [205]), where leakage must be effectively managed
[206,207]. Other control building blocks include tuning of
local potentials and tunneling rates in quantum dots [208,209],
setting amplitudes and phases of photonic modes in lin-
ear optics [210], and applying local modulations and mode
couplings in cavity arrays [211]. These control terms de-
fine the control Hamiltonian H,.(t) and the time-dependent
control parameters {a;(¢)}, while the electronic settings of
the corresponding hardware specify the model parameters
{1;}. Uncertainties in {1} give the error Hamiltonians {AH }
(Sec. VI).

Multiqubit gates often rely on coupling between qubits,
such as scalar or Fermi contact interactions, dipolar spin-spin
coupling, coupling via shared resonators or direct capacitive
or inductive elements in superconducting qubits, motional
coupling in trapped ions, tunneling-enabled exchange inter-
actions in quantum dots and neutral atoms, and effective
interactions via measurement and postselection in photonic
systems. These couplings determine the internal Hamiltonians
H;, and the internal parameters {r;i"m}. Typically, single-qubit
effects like static detunings and inhomogeneities are also in
H;, since they are not under direct control.

A partitioning of Hyy into Hpy; and Hper; can then be chosen
based on the control and internal Hamiltonians. The method
described here identifies the set of achievable primary uni-
taries and perturbative effective Hamiltonians and designs
control sequences that meet precision and robustness goals.

As illustrated in Examples X A, Hamiltonian components
subject to uncertainties or parameter dispersions (whether in
the model or internal parameters) are typically included in
Hyer to facilitate robust design against such variations. In
Example X G, the internal dynamics of the spin amplifier are
included in Hper to enable the design of a scalable solution.
When selecting a well-characterized, finite-dimensional com-
ponent of Hy, to include in Hpey for engineering (Example
XF), the partitioning is guided by three considerations: (1)
optimizer efficiency, as different splits affect the search com-
plexity; (2) controllability, since reachable targets depend on
the chosen partition; and (3) parameter tunability, as only
parameters in Hy.; appear in the engineered Hamiltonian.
For high-fidelity implementations, fixed parameters are best
placed in H,;, as Upy; is generated by numerical integration
and avoids errors due to truncation of the Magnus expansion.
If a sequence is hard to find, the partitioning of the total
Hamiltonian can be adjusted. A practical strategy is to allow
the optimizer to adaptively modify the partitioning using aux-
iliary parameters that control the weight of terms in H; and

Hyert, provided controllability is preserved. This can lead to
shorter and more easily discovered sequences.

Characterizing controllability involves two key steps: iden-
tifying the minimal subspace of achievable zeroth-order
average Hamiltonians for each Hy,, and determining the
range of achievable scaling factors. These steps are crucial
because the controllability of both nonzero effective Hamilto-
nians and robustness depends on the choice of gp;; and on how
H, is partitioned. For instance, an Ising-coupled qubit system
cannot be fully decoupled using only collective rotations,
while including part of the internal Hamiltonian in Hp; can
enable engineering of multibody interactions at zeroth order,
something unattainable with control Hamiltonians alone.

The computed %,,(gpﬁ,Hp“ért) defines the minimal error
subspace for each perturbative term and provides the foun-
dation for the general conditions of precise and robust
Hamiltonian engineering [Eqs. (36) and (37)]. The achiev-
able scaling factors bound the efficiency of the engineered
dynamics and determine the joint achievability of {s,H},
which together form the engineered effective Hamiltonian.
This joint controllability also quantifies the relative strength
of errors from different H,.,, and enables more targeted error-
suppression strategies.

While controllability characterization determines whether
a target is reachable, the time and quality of a resulting
sequence can depend on the choice of optimizer and parti-
tioning. Although generalized simulated annealing [132] was
employed in the examples for its ability to escape local min-
ima, the focus of this work is not on the specific choice
of optimizer. The cost functions in Eqs. (61) and (62) are
compatible with a wide range of numerical optimization algo-
rithms, such as Nelder-Mead [212,213], nonlinear conjugate
gradient [214], Powell’s method [215], particle swarm [216],
sequential convex programming [217], reinforcement learning
[218], or differential evolution [219]. These algorithms are
readily available in standard numerical libraries, such as those
implemented in Python [220-222].

The control workflow (Sec. IX) supports optimization for
the largest possible scaling factor, which is key to achiev-
ing high efficiency. When designing a sequence for nonzero
H©, achieving large scaling factors is typically more im-
portant than accounting for higher-order corrections. This is
due to two reasons: first, higher-order terms typically scale
as O([||Hpert |l /wmoa]™) so when the strength of the modulation
®mod 18 larger than || Hpex||, HO© dominates higher-order terms;
and second, higher-order terms are modulated by H® due to
a second averaging effect [50,223]. Take H" as an example,

U(Teeq) ~ expl—i(sH® + H)Tq ). (92)

In the interaction frame of sH®, HAY becomes
¢SO T J D o=isH g 1f [AO A £ 0, HD is modulated
by sH® and its average scales as 1/s over repeated
applications of the sequence. However, when s is small
or [H®, AM] =0, it is still important to account for
and higher-order terms.

The method naturally includes parameter dispersions
with moderate to long correlation times. Control landscapes
(fidelity maps over internal and model parameters) provide in-
sight into precision and robustness. A broad, flat high-fidelity
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region generally indicates greater robustness to parameter
variations. Sequences can be designed for high fidelity across
parameter distributions, with performance quantified by an
average gate fidelity FoM. The computation of the FoM allows
the inclusion of Markovian noise and relaxation processes,
either via Lindbladian master equations or by composing with
noise channels when they commute with the target unitary
(e.g., depolarizing channels). Finally, by outputting the aver-
age CPTP map A or a corresponding Kraus representation,
we gain diagnostic access to residual errors. The orthogo-
nality R(A) captures robustness, while its fidelity reflects
both precision and robustness. These diagnostics help assess
whether a sequence meets requirements or needs further re-
finement. Further diagnosis of possible error mechanisms can
be achieved by expressing A in its Kraus sum representation
[224], which provides the set of possible errors that is impor-
tant for the design of quantum error correction codes [85].

The conditions for minimizing higher-order correc-
tions [Eq. (37)] are the most general and apply to all
h{"™, k"™, .. .. Conventional approaches, such as sequence
symmetrization to eliminate the first-order term, can fail when
Hyyi contains part of Hiy or when Hpe is time dependent.
In such cases, the general conditions presented here must
be used. When the symmetry or topological properties of
R{"™, k™™, ... are taken into account, Eq. (37) can be further
relaxed, enabling characterization of the achievable space of
higher-order terms and the engineering of interactions, such
as multibody couplings, that are inaccessible at zeroth order.
This will be reported separately.

The generalization in Sec. VII can be applied to suppress
errors arising from random fluctuations in any model or in-
ternal parameter without relying on standard approximations
(e.g., Gauss-Markov) of the stochastic process. When com-
bined with the method in Sec. VI, it further enables robustness
to variations in the noise model itself by minimizing the
effect of a stochastic error Hamiltonian AH’, for instance,
achieving robustness to variations in the correlation time of
the noise. The %-space representation also allows selective
suppression or enhancement of specific components, which
can be exploited for noise spectroscopy to isolate, for exam-
ple, particular correlations (B, (¢)Buw,(¢)) while suppressing
others [190,191,225,226]. By appropriately choosing Hy,; and
Hyert (e.g., including the coherent component of the noise in
H,;i), one can even utilize the noise as a control resource while
mitigating decoherence from stochastic fluctuations. The re-
sult will be presented separately.

XIII. CONCLUSION

This work presents a general framework for precise and
robust quantum control via effective Hamiltonian engineer-
ing, addressing three key challenges: (1) characterizing the
set of achievable zeroth-order effective Hamiltonians and
demonstrating the advantage of identifying the corresponding
subspace when designing control sequences; (2) establishing
general conditions for engineering target zeroth-order average
Hamiltonians and eliminating higher-order corrections; and
(3) achieving robustness to parameter variations by minimiz-
ing the effective contribution of the error Hamiltonian. The
framework supports robust state transfer and characterizes

the set of reachable density matrices. Combined with a cu-
mulant expansion, it enables the design of sequences robust
to stochastic parameter fluctuations, and it is integrated with
numerical optimization to produce high-performance control
sequences.

Importantly, the process does not depend on the re-
searcher’s intuition to direct the algorithm to a solution.
It systematically engineers precise zeroth-order effective
Hamiltonians while minimizing higher-order corrections, and
establishes the foundation for extending control design to
nonzero higher-order terms. This unified approach enables the
autonomous design of coherent control methods applicable to
Hamiltonian systems beyond coupled spins.

The process flow incorporates controllability characteriza-
tion to ensure that the desired unitary or effective Hamiltonian
is achievable. The minimal subspace of the toggling-frame
Hamiltonian identifies possible error forms, enabling efficient
and targeted suppression of errors and systematic error anal-
ysis of any control sequence. The explicit objective functions
[Egs. (60) and (61)] for achieving precision and robustness
allow automated sequence design with a high success rate.
Overall, the method highlights the power of AHT at ze-
roth order and combines it with explicit control of errors
and represents a useful step toward the automated design of
high-performance sequences for quantum control in different
systems.

Note added. Mathematica implementations of the algo-
rithms presented in this paper are openly available at Ref.
[227]. The package contains notebooks for controllability
analysis, ¢ integral computation, and a runnable example.
Licensed under MIT.
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APPENDIX A: CHOOSING H,y; AND Hiperq

Achieving the target effective Hamiltonian at zeroth or-
der has several advantages. First, when ||Hper||Teeq < 1, the
zeroth-order term dominates the higher-order corrections, so
implementing Hiyge; at zeroth order is more efficient. This is
typically, although not necessarily, the regime in which the
Magnus expansion converges [17,158]. Second, higher-order
terms live in a larger operator space and require suppressing
lower-order terms, which makes them substantially harder to
engineer. Third, for any finite-dimensional quantum system,
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one can show that any effective Hamiltonian that is achievable
for the given Hyue control system can be represented within
G (Zpri» Hpert) and treated at zeroth order, provided the parti-
tioning of Hy is chosen correctly. To see this, let {H;} be a
Hermitian basis of the minimal operator subspace containing
Hi(t). Thus, the total Hamiltonian can be written as

Ho(t) = e;(t)H;. (A1)
J

The total Lie algebra g, is spanned by the right-normed
commutators

{[iH},, [iH,. . ... [iH;_,,iH;] ... ]]| ¥ ji. ... jrand I}.

(A2)

gt determines all achievable effective Hamiltonians. Con-
sider the partitioning

Hyi(t) = Y [1 = p;(t)le;()H;,
j

Hpen(1) =Y pj()e;(OH;, (A3)
J

where 0 < p;(t) < 1 are weights that control the partitioning.
Thus, the primary Lie algebra is identical to the total Lie alge-
bra. Given that {p;(#)} can be freely adjusted & (gpri, Hpert (1))
is spanned by

{lgji: [8: -+ (g iH ]2 ])| Y i oo i and 1}, (A4)

where g;,,...,8j_, € Epi. (A2) is a subset of (A4). There-
fore, any achievable effective Hamiltonian is included in
G (8pri» Hpert (1)) and achievable at zeroth order.

However, because the partitioning determines how differ-
ent components of Hy, are treated, not every choice of Hpy;
and Hr is suitable and for a fixed partitioning of Hy, not all
target effective Hamiltonians are achievable at zeroth order.
The primary unitary Uy, obtained by numerically integrating
Hyyi, is well-suited for implementing precise target unitaries
since it avoids any perturbative truncation. On the other hand,
effective Hamiltonian engineering of Hpey is well-suited for
designing scalable, symmetry-based, and tunable Hamiltonian
targets. To preserve the advantages of both approaches, Hyp;
is chosen so that g,; remains finite-dimensional and does
not contain uncertain parameters. In addition, (asymptoti-
cally) infinite-dimensional spaces € (gpri, Hperi (t)) needs to be
avoided, as truncation can compromise the precision of the
engineered effective Hamiltonians. Based on these consider-
ations, we propose the following guidelines for partitioning
Htot:

(1) The partitioning does not lead to (asymptotically)
infinite-dimensional gp; or € (pri, Hpert ().

(2) Uncertain parameters are included in Hpey.

(3) Finite-dimensional and accurate terms are included in
Hy;i unless one wishes to design scalable or tunable solutions.

There is another important degree of freedom in choosing
a partition that is not addressed by the above rules: when a
Hamiltonian term is distributed between Hp; and Hper (S0
that controllability is unchanged), how should one choose the
relative allocation? For example, one may wish to place a
Hamiltonian term associated with an uncertain parameter in

Hyyi. According to the second rule above, this requires select-
ing a primary value for that parameter (typically the mean of
its distribution) and including the corresponding Hamiltonian
contribution in Hyy;. By placing the dominant part of a noisy
Hamiltonian in Hp;, the robustness region is centered around
the chosen primary parameter value. This also enables robust-
ness beyond the perturbative regime: by connecting multiple
such robustness regions, one can construct broadband robust
sequences that maintain high fidelity across a wide parameter
range. This also provides a general mechanism for using noise
as a resource to enhance controllability while mitigating its
detrimental effects.

A finite-dimensional and accurately known term may also
be split between Hpy; and Hyer; to engineer efficient and tunable
dynamics. In this case, one must balance how much of the
term is retained in Hp; to ensure controllability and how much
is placed in Hyeq to provide tunability. If too little of the
term is included in Hpy, the sequence may become inefficient,
as a longer evolution time is required to steer Hy,(¢) in the
desired direction. Conversely, if too little is placed in Hpey,
the engineered dynamics become weak, again reducing the
efficiency of the sequence. Therefore, a good partitioning
should place only the necessary part of the Hamiltonian in
Hy;i to ensure controllability, with the remainder assigned to
Hpery to maximize its strength.

APPENDIX B: ALGORITHM FOR CALCULATING
MINIMAL LIE ALGEBRA

Here, we present an algorithm adapted from Ref. [119] to
determine the primary Lie algebra g;. For a given primary
Hamiltonian Hy;(¢), let {H;} be a basis of the minimal opera-
tor subspace that contains all possible realizations of Hp;(7)
for arbitrary trajectories of the control parameters {a(¢)}.
{iH;} is the set of generators of the Lie algebra, g, which
can be calculated using Algorithm 3.

APPENDIX C: CALCULATING % (gpris Hpert)

Here, we prove a theorem that enables the calculation of
G (8pri> Hpert) using Algorithm 1 in the main text. Next, we
discuss the representation for calculating %(gpri, Hper) and
how to engineer multiple H,, in parallel.

Theorem C 1. For a Hamiltonian Hpey, define

(g(gpri’ Hpert)
= Spanue{[gh ce [gLv Hpert] T ]|gl € Bpri, L> 0}7 (CDhH

and
ﬁ(gpri s Hpert)

= spang{U,;

Then %(gpri, Hpert) = ﬁ(gpri’ Hpert)-

Proof. Consider piecewise-continuous U(¢). For all
U(t) € e®r, there exists g € gpi, such that U(t) = e*.
Therefore, e # Hpene® = e Y (Hper) € € (8pris Hpert) and
ﬁ(gpriv Hperl) C %(gpria Hpert)~

Since the total Hilbert space 7H is finite-
dimensional, there exists m < |H|*—1 such that
{Hpert, adg(Hpert), - - - » adg'“(Hpen)} is linearly dependent

(l )HpertUpri(t )dt | |Upri(t) € egpn}- (C2)
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ALGORITHM 3. Algorithm for calculating the Lie algebra gen-
erated by {iH;}. The function FindLieAlgebra({iH;}) takes a set of
generators {iH;} and returns an orthonormal basis of the generated
Lie algebra.

1: function FindLieAlgebra {iH;}
2 Ay < {iH;}
3 v<«0
4:  while A, is not empty and | | J;_, A;| < 4" — 1do
5 Apr < {}
6 forge Apand h € A, do
7 if [, g] is linearly independent with U?;l A
then > Linear dependence can be checked by
calculating the rank of the matrix of the vectorizations of the
operators.
8: Append [, g] to A,
9: end If
10: end for
11: v<—uv+1

12:  end while

13:  Use the Gram-Schmidt process to orthonormalize | J;_, A;
and return the result.

14: end function

Y g € gpri. Assume that {Hper, adg(Hpert), - - -
linearly independent and % Hyere™$" is in

ad! (Hper)) is

spang { Hyert, adg(Hpert), - - - » ady (Hpert)}.
We can choose ¢; fori = 1, ..., m such that
Lg, Hpen] € Span[R{egtinerteigti [li=1,...,m}, (C3)

Y g1, 82 € 8pri, We have
A
[ng [gl s Hpen]] = a?@‘gztj [gl s Hpen]eigztf
j=1

s m
E:z z’.§:lz- —giti | ,—&t)
— ajeg21< aieglalerte gll)e 821;
j=1 i=1
= E E a a eg‘/H et 9,

j=1i=1

(C4)

for some g;; € gyi. The last equality is due to the
Baker—Campbell-Hausdorff theorem. Therefore, by induc-
tion, [gi, ..., [gL, Hpert]] € ﬁ(gpriy Hpert) Vgi,....8L € Spri-
Thus, %(gpri, Hpert) - ﬁ(gpris Hpert)‘
Combining the result with the first part of the proof, we
have (g(gpriv Hperl) = ﬁ(gpri’ Hpert)- n
For time-dependent Hp(?), the space can be calculated as

. Hyen(1)) = | (. H]™).

J

(€5

where {H]‘.’en} is a basis of the minimal operator subspace
containing all Hye (1).

It is convenient to choose a representation & of g, and Hpert
that is restricted to a subspace of H to calculate € (pri, Hpert)-
& needs to preserve the structure of €’ (gpri, Hpert), Namely,

[£(8). E(h)] =&(h) = [g. ] =ha, (Co)

e

/
‘V \ ) <ot

H3(t) \ o
R

FIG. 15. A qubit network of three clusters. Different clusters are
controlled independently and have their own internal Hamiltonians.

for all g € gy and hy, hy € ‘K(gpri, Hyert). The representation
is bijective and unique up to isomorphism.

When a finite-dimensional representation does not exist,
sometimes we can decompose Hper into components and de-
fine a finite-dimensional representation for each component.
A representative example is Eq. (3) from the main text where
it is convenient to group the bilinear and linear terms into
H lm and H pm, respectively. Another example is a qubit net-
work with different clusters that are controlled independently
(Fig. 15). In this case, the different interaction Hamiltonians,
Hi and H, are defined as six different H"

nt nt’ pert*®

APPENDIX D: FINDING THE SET OF ACHIEVABLE H

In this appendix, we first prove that the set of achievable
H®O is the convex hull of {U:HpertUi}, U; € e®ri. Then, the
formal version of Algorithm 2 in the main text is given.
Finally, the result is generalized to characterizing the range
of achievable scaling factors when multiple H_., are being
engineered. It is convenient to use a vector representation of
a Hamiltonian |H)) in € (pri, Hpert) [Eqs. (H5)], we have the
following result.

Theorem D 1. Define

ﬁ/ (gpri s H, perl)

Tseq
= { ! / dt|U+(t)Hme(t)))|U(t) € egP"}, (D1)
Tseq 0

and

Dgpris Hpert) = {(|U T Hperxt UM U € €Brr}). (D2)

Denote the convex hull of 2(gpyi, Hpert) as Q_(gpri, Hpert). As-

sume that any U € ¢® can be implemented in a time 7, much

shorter than 1/”Hperl”’ then ﬁ/(gpri’ Hpert) = Q(gpriv Hperl)~
Proof. An element from 2(gyi, |Hpen))) takes the form

Z?il p,'IUl.THmei)) for a positive integer M and probabilities
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{pi}. Let
o ‘f: 1 €[0,1,)
8 Tsequj‘i‘t =10 te[tp’piTseq_tp)
=1 ;_f re [piTseq - tpa piTseq]
(D3)
fori=1,2,...,M. Then
Teeq M
lim / U (1) HperU (1))t =) pile™® Hperte®).
t,—0% Tseq 0 m
(D4)

Therefore, o@_(gpri, Hper) C 0" (8pris Hpert). ForallU (1) € e®,

Tseq
/ U (6 Hoerl (1))
Tseq 0

lTseq lTSeq
= Nh—>ngo N Z 'UI ( ) penU< e@(gpm pert)

(D5)

The limit is valid if ¢, < 1/||Hper|l. Thus, €"(pri, Hpert) C

g(gpriv Hpert)~ Therefore, ﬁ/(gpriv Hpert) = g(gpriv Hpert)~ n
If one can implement

t
T exp (—i/ Htot(t/)dt/) = exp(—iHpent )U;, (D6)
0

for all >0 and some U, € e®, e.g., when Hy;i(t) =
H.(1) + PHint and Hpert =(1- P)Him, and Hpri(t) = H.(1)
and Hper(t) = €H.(t), the condition f, < 1/||Hpex|| in the
above proof is unnecessary. Finite ¢,, however, may limit the
efficiency of a sequence.

Q_(gpri, Hpert) can be approximated using random unitaries

{u;}:
g(gpri» Hpert)

J J
ZleM;Hpertuﬂ ij = l,xj 2 07 1 < j < J

(D7)

Choose a matrix T such that T'|Hyee)) = (1,0, 0, ..., 0) and

define a set of vertices {¥/ = T|u;Hpmu i)}, the range of
achievable scaling factors, [s_, s ], can be found by solving
the following linear programs

LP.: Find a vector X

that maximizes s+ = ¢+ - X with ¢+ = (£1,0,...,0)

and Y vlx=0,k=23,...

and %> 0. (D8)

Harger is not achievable if the constraint is infeasible (Fig. 2).
The procedure is summarized as the following algorithm.

ALGORITHM 4. Algorithm for finding achievable scaling fac-
tors. The function FindScale takes a basis of the primary Lie
algebra B(gy), a perturbative Hamiltonian H,.; and a target effec-
tive Hamiltonian Hi,g; and returns either False when Hypge is not
achievable or the range of achievable scaling factors [s_, sy ].

1: function FindScale gpy, Hper
2 Calculate B(%)
3 find T such that T'|Hyee)) = (1,0, ..., 0)
4: forj=1,...,Jdo
5 Sample u; € ebri
6: 0/ < T|u} Hyent)
7 end for '
8 Solve the linear programs LP_. and LP_
9:  if no solution exists then
10: return False
11:  else
12: return [s_, s ]
13: end if

14: end function

When

(D9)

pert = Z pert?

the condition for parallel effective Hamiltonian engineering is

w
@ |H(O)w @ | td.rget

w=1 w=1
where |-)),, is the representation in €, (Zpi, H¢,). We have the
following theorem:
Theorem D 2. Define

o (gpﬂ’ { pen})

= { / dt@ |U;;~1(t) pert Pri(t)»w
seq

|Hturget» comp (DlO)

w=I

Upri (t ) € egpri} 5

2 (gprl’ pen {@ |UanHpue)n pri >

w=1

Upri € egp“}.
(D11)

Then ﬁ,(gpria { pert}) = o@(gpn’ { pen})

For any direction |Hiarget))comp iN Geomp, the achievable
range of scaling factors is obtained by solving the linear pro-
grams (D8). Find T such that T'|Hyyget))comp o (1,0, ..., 0),
the vertices of the polygon are

T@ |u penu]

This allows us to use Algorithm 4 to characterize the achiev-
ability of |Hlarget»comp-

(D12)

APPENDIX E: GENERATING RANDOM UNITARIES
FOR CONTROLLABILITY CHARACTERIZATION

Here, we present algorithms for sampling random unitaries
from e®ri, For standard groups such as the unitary groups,
Haar random samples can be generated using the QR decom-
position [122] (Algorithm 5). For nonstandard Lie algebras,
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ALGORITHM 5. Algorithm for generating random unitaries
from SU(n) based on QR decomposition.

1: function RandomUQR n

2: generate two random real n X n matrices r; and r, whose
elements are sampled from A/(0, 1)

3z« (r+in)/V2

4:  use QR decomposition to decompose z into z = QR where
Q is unitary and R is upper-triangle

5:  take the signs of the diagonal of R and form a diagonal
matrix A

6:  return QA

7: end function

we generate random unitaries from e®r using a simple ran-
dom walk algorithm [228] (Algorithm 6). The convergence of
Algorithm 6 can be checked using, e.g., the coupling method.
Alternatively, one can check the volume of the simulated 2.
Figure 16 shows the volume of the simulated 2 of secular
dipoler interaction under the collective control of the qubits.
The volume is calculated using the quick hull algorithm
[220,229].

APPENDIX F: QUBIT NETWORK WITH TWO CLUSTERS

This Appendix presents a simple illustrative example to
demonstrate how to use Algorithms 1 and 2 (Algorithm 4)
to characterize the set of achievable zeroth-order average
Hamiltonians. Consider a system with an internal Hamiltonian

described by Eq. (3) where
D = Diag(—1,—1,2), 7=(0,0,1)", (F1)

so the internal Hamiltonian includes dipolar interaction be-
tween qubits under high field and qubits detuning along the

ALGORITHM 6. Algorithm for generating random unitaries
using random walk.

1: function RandomULie B(gpi)
2 g<«0
3 for h € B(gyi) do
4 sample p from N (0, 1)
5: g< g+ ph
6 end for
7 return ¢®
8: end function
9: function RandomwalkU (B(pri), burns Mihins Msample)
10: x <1
11:  for 1 < ipym < Mpum dO
12: x < RandomULie (B(gpyi)) - x
13:  end for
14: lsample <« {}
15: for 1 g isample < Nsample do

16: for 1 < ipin < nenin do

17: x < RandomULie (B(gpi)) - X
18: end for

19: append X to lsample

20:  end for

21:  return lgmpie

22: end function

Volume

0.30 ;J -

Lo

2500

1

3000

N S S B RS | Lo

0 500 1000 1500 2000
Number of random points

FIG. 16. Volume of the simulated .2 as a function of the number
of samples. It saturates after around 500 samples.

z direction:

gl 2
Hip = Hint + Hinl’

N
Hi:lt = ZBIJ(ZG; ®O’Zj — O’; ®O’; — O';; (024 O'yj),

i<j
N
HE = Z 8o (F2)
i=1
Consider collective control over the qubits:

N N
H(t) = o, (t)(cos[qs(r)] 3ol + sinlg(1)] Za;i) (F3)

i=1 i=1
Choose the following partitioning:

Hyi(t) = H.(t), Hy,=H,, H., =H, (F4)

pert int> pert int*

Typically, no particular representations [Eq. (C6)] are re-
quired when the Hamiltonians act on a finite-dimensional
space. However, in order to calculate g, and %, (gpri, H;,‘ért)
here, we need to choose representations for each w that are
independent of N. It is easy to verify the following represen-
tations satisfy Eq. (C6):

2 2
E1(Hpr) = o1 (1) (cos[¢(r>] D ol +sinlp()]) a;‘),

i=1 i=1
gl(Hperl) = 20'Z Qo; — 0y Q 0y — Oy & Oy,
§2(Hpii) = w1 (1){cos[¢()]oy + sin[¢(1)]oy},
EZ(Hperl) = 0. (F5)

Using Algorithm 1, an orthonormal basis of &7 (i, leen) is
found to be

20, R0, —0, Qo, — 0, 0,
B(%})={ 4 F4 ;\/6 y }’
0y,®0,+0,Q80, 00, +0, R0,

2V2 ’ 272 ’

oy ® 0y — 0y ® 0y _ox®ay+ay®0x}

272 ’ 22

(F6)
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Double Quantum Recouple

1.0 " . 1.0 ey
0.5 8 0.5}
w 00f 0.0}
-05 : H —05F

-1.0 . : -1.0! : ‘ :

-1.0 -05 00 05 10 1.0 -05 00 05 1.0
S2 S2

FIG. 17. Regions of achievable effective Hamiltonians. The left
plot corresponds to the targets defined in Eqs. (F8), while the right
plot shows the case Hérgel x szen. For $=0,%,..., %%, cach
value of B defines a target |Hiarge ) comp- Algorithm 4 then determines
the corresponding scaling factors s_ and s, yielding two orange
dots with coordinates (s_cosf, s_sin ) and (s, cos B, s, sinf).
Sweeping through all values of B produces 128 dots, which trace out
the convex set corresponding to all achievable zeroth-order average
Hamiltonians.

©2(8pri» szert) is three-dimensional and spanned by

O, O, O,
B ==, =, L F7
() {ﬁﬁﬁ} D

Consider engineering ngrt into a double-quantum Hamilto-
nian while keeping szm in its original form:

N
slHt;Iget = slﬁZBU(ayi ® ayj — a; ® aj),

ij
N
2 Hppger = 52 Y 8107, (F8)
i=1

The /3 in the first equation above is due to normalization.

Represented in € (gpris lem) and %> (gpri, szm), the targets

can be written as
|S1Htiirget)> =s(0,0,0, sin 8, O)T,

|s2Ht%1rgel)> = s(cos 8, 0, O)T, (F9)

where s; = ssin 8 and s, = scos 8. Then the composite tar-
get Hamiltonian is defined as

|5Htarget»comp = |slHt;rget)) 2] |S2Htirget>>' (F10)

a(®) bt

P steps_

Q steps

FIG. 18. Illustration of the discretization of output field param-
eters. The control parameters {a; ()} are mapped to B(@t) through
the model of the control system. Then the continuous field B(r) is
discretized into Q steps for integration.

For each value of 8 € [0, 2r), the range of achievable scal-
ing factors, s, is obtained using Algorithm 4. Since gp; is
isomorphic to su(2), we can use Algorithm 5 to generate
Haar-random unitaries {u;}. The set of random vertices, v/},
used in Algorithm 4 is given by Eq. (D12). Finding the
achievable range of s for each g traces out the region of all
achievable zeroth-order average Hamiltonians (Fig. 17, left).
For comparison, the region corresponding to a different target,
slHélrget = sallert (recoupling), is shown on the right side of

Fig. 17.

APPENDIX G: DISCRETIZATION OF B(¢)
FOR INTEGRATION

Here, we briefly describe the discretization of B(t) for nu-
merical integration. Note, this is required during pulse finding
but not when calculating the performance of a sequence. The
control parameters a(¢) are typically piecewise constant:

ar,p = ar[(p — 1/2)d1], (GL)

for p=1,..., P. Here, an equal step length dr is assumed
for the discretization for simplicity. Denote components of
B(t) in rotation frames of the qubits by {bi(¢)}, they can be
discretized into Q steps (Fig. 18) and the value at the gth step
b4 is approximated by the value of by (¢) at the middle of the
step

brq = bil(g — 1/2)é1], (G2)

so that Pdt = Q8t = Tieq. Q should be large enough in order
to accurately represent B(t). The approximation [Eq. (G2)] is
reasonable when the time dependence of b (¢) is much slower
compared with 1/8¢. When the assumption does not hold, a
better approximation is given by

1 qdt

brg =+

bi(t)dt. (G3)
8t Jgevst

The discretization enables straightforward calculation of the
% integrals (defined below) by first computing them for each
step and then composing them using a chain rule.

APPENDIX H: CALCULATING % INTEGRALS FOR SHAPED PULSE

In this Appendix, we show how to calculate the composite ¢ integrals [Eq. (37)]. Define the vectorized composite ¢ integrals

as

_comp

~(r—1) __ (=comp
=1 (c s Ol Goam *

comp — \%Il..1°""

ECOmp
> €\ Geompl| Crompl 17 " **

_comp
s Cl G [l G (HD
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It obeys
Teeq 1y
= [Can [ @Bl
r'=1 Lw=1
Tieq .
= [Tan: / [Deomp U4t Hper D comy (H2)
0 :
where
Deomp(Up; (1)) = @D Ui @), [ HpertDeomp = EB | Hperd)w (H3)

For simplicity of notation, we omit the subscript “comp” in the following discussion. All representations are understood to be in
the composite € space.

Under an orthonormal basis [Eq. (24)] of €' (gpri, Hper ), the representation of a Hamiltonian H, the adjoint representation of
a unitary propagator U = e® and the generator of the adjoint action are denoted by |H)), D(U) and D(ad,), respectively. They
obey

[UHU™) = DU)IH), D(e*) = P, (H4)
and can be calculated as
Tr(Hhy) (mIUMUYY - (Ul U™
|H) = : , DWU)= : : ,
Tr(Hhz|) (Ml UMU™Y -+ (hg|UhgUT)
(mllg. M1y - (mllg he])
D(ad,) = : . : : (HS)
(e llg, 1) - (e llg b))

where ((-|*)) = Tr(-"). The discretization of {b(¢)} is chosen to be fine enough so that during each step both Hyri(t) and Hperc(t)
can be approximately viewed as constant. Denote their discretized versions corresponding to {by 4} by

7 2
Hyi = (H)y Hay. ... Han.),
7 1 2
Hpery = (Hyogys Hoegs - - - Hy). (H6)

A recipe for calculating the % integrals for any sequence requires two ingredients: (1) Their calculation for a square pulse. (2)
A chain rule of the ¥ integrals that allows us to calculate those of a sequence given the % integrals of the components of the
sequence.

1. ¢ integrals of a square pulse

During the gth step, Hyi(t) = H 9 and H, pert (1) = so the ¢ integrals become

prl pert’
Tieq t—1
grh = / d - / dt, exp (~iD(adys )1) ® - @ exp (—D(adyy )1,) [Hibe))" (HT)
0 0
Here, D(ad’i,m) = @w I Dw(ad ). Let D(angﬂ) = TDT" where D is diagonal and T is a unitary matrix, the integral becomes
o (r— . ® ®
¢ = T®Diag(I(A1, Aty .o, A I, Ao Ao Ay Mg e T [HEL ) (HS)
where A1, ..., A% are eigenvalues of angri and
Tieq t—1 . .
I()‘il e, )\'ir) = / dty--- / dtre—l)w']tl . e—l)w',fr. (H9)
0 0

The above integrals admit closed-form analytic expressions, which can be precomputed and stored to avoid repeated numerical
integration. The diagonalization of ady« can be found using the numerical Lanczos method.
i

2. ¥ Integrals of a shaped pulse
Denote the ¢ integral of the gth step by ¢ ~"(g). Define
2o (@) =[DW))---DW,;_NI® - V(g), (H10)
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where U, is the primary unitary of the gth step. Then
=" 3" Yo e ey @) ®-- @in ). (H11)
ritedn=r Q2q> >4y 21
Forr =1, 2, and 3, we have
Q

=0 =0
C( ) = chi)g)(q)s

q=1

0 q—1
2 = Zgélg(q) + Z Z 5&)(611) ® 5&)(92)
g=1 Q=2 q=1
0 qi—1 0 a e
& = Za&i;@ + 33 6% @ 8l@) + el ® Q)] + Z 3 Y %) @ a2 @ c(gr). (HI2)
1=2 g2=1 = e=2a=]

APPENDIX I: CALCULATING THE MODIFIED % INTEGRALS

For simplicity, here we only consider » = 2. The vectorized modified € integral is

Tseq 1
e = [Tn [ de D)0 © DO 1) ) an
0 0
Following the same procedure introduced in the last appendix, during the gth step, the modified ¢ integral is
&M= f dn / drye™" ™) exp (—iD(adys )11) ® exp (—iD(adys )12) | Hye) i 12)
Let D(angrv) = TDT" where D is diagonal and 7 is a unitary matrix, the integral becomes
=/ . ’ / ®2
&M = TDiagll' (1, 1), I' Oty 22), -, T Oy M) T [ HE ) (13)
where Aq, ..., A% are eigenvalues of ady« and
i
Tseq 1
I' (ki hiy) = / dt / dtye™*h g= ol p=0i=12) (14)
Denote the modified ¥ integral of the gth step by ¢’0~D(g). Define
Goe (q) =[DW)---DWS_ )P - D(g). (15)
Then
0 q—1
20 _ chﬁ;’@ + Z Yo e T g) ® Ey (q). (16)
2q2 1

Here, the modified ¢’ are defined as

8t
FO0 gy = / diye™" exp (~iD(adys ir) [Hil).
0

8t
&) = / diye™ exp (—iD(adyn )1o) [Hyiy)). 1))
0
(
APPENDIX J: ACHIEVABILITY OF ZEROTH-ORDER the following result holds when single-qubit universal control
CONTROL ROBUSTNESS is available:

Theorem J 1. Zeroth-order robustness to € is always
achievable to any systematic error Hamiltonian AH.
Proof. The total Hamiltonian is

In the presence of an error Hamiltonian AH (¢, u + €),
assume the following: (1) there exists an implementation of
the identity operator that is robust to € to at least zeroth order
[e.g., a waiting period where a;(¢) = 0]; (2) AH continuously
depends on a;(¢) and p; and (3) the correlation time of AH is P
finite so that we can compose gates without interference. Then H(t) =H.(t)+ € e AH(t,0) + 0(62). dn
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The goal is to design a unitary Utyee SO that
U(Tseq7 O) = Uta.rgetv
U (Tieq: €) = Utarger + O(€”). J2)

Suppose that we have found a sequence Uy(Teq, €) that
achieves the first condition in Eqs. (J2). In general,

Up(Tieqs €) = Unrgere™ " + O(€?). (J3)
If we could implement a sequence U* so that
U*(Tieq, €) = ™" + O(€?), (J4)

then UpU™ achieves a robust implementation of Uyyge in ze-
roth order.

Let Uy=1+0(?) and U, =1+ O(¢). Since we
can continuously modify U; into U,, there exists U, =
exp(—ireo’) + O(€®) ¥ r > 0 and some o'. Therefore, if we
choose r small enough, we can achieve UN ~ exp(—iseo’) +
O(€?) to arbitrary accuracy V s > 0 and some positive integer
N.

Due to universal control, we can rotate o’ to any direction.
Thus, we can implement U,(s) = exp[—i(seo, + €0y, )] +
0(e?), for o = =+x, £y and +z. Here, o,, corresponds to
the error introduced by the imperfect rotation. Since we can
choose any s > 0 and o,, does not depend on s, therefore,
¥ 00, 3 55 > 050 that [, Uy(se) = €“7? + O(€?). [ ]

The result is a generalization of the result from Ref. [61].
All the errors considered in this work (Rabi field variation,
variations in linear or nonlinear models) satisfy the assump-
tions and therefore can be corrected to at least zeroth order.
Additionally, since Uyger Can be any unitary from SU(2),
requiring control robustness does not affect the controllability,
so when characterizing the achievable sets of Utarger and Hiarget,
we do not need to consider AH.

APPENDIX K: ACHIEVABLE SET OF piarge

To characterize the set of achievable pirger, We consider a
more general setting where the expectation-valued measure-
ment allows an average over different sequences, so

M
1
Prarget = M Z Um(neq)pourj,(’];eq)? (Kl)

m=1

where U, € ¢®. This has been used in, for example, in
preparing pseudopure states [198,230]. Then the set of

achievable pirger 1S 2(Epris o) [Eq. (D2)] and therefore can
be characterized using Algorithm 2. M is at most the dimen-
sion of €' (&pri, £0)- If Prarger 18 achievable and has the same
spectrum as pp, then M = 1.

APPENDIX L: ROBUST CONTROL IN NONLINEAR
SYSTEMS

In this Appendix, we show how to evaluate the derivatives
of AH [Eq. (40)] in a system governed by the following state-
space differential equation:

dB h(B, a,1; fio) (L1)

- = » dy 15 .

dt Ho
A variation € in the model parameter fi results in a differ-
ent output field B(t, fig + €) = B(t, fio) + Y, €i§—5(f, o) +
-+ -. The differential equation becomes

d (- dB
“ B i e
dt( +Xi:63m+ )

. - dB _

= h(B(flo), &, 1; Jio) + Xi:eiJ(h, B)limgo 5 (Bo) + -+

L2)

where J is the Jacobian matrix. By equating terms of the same

order in €;, we can obtain coupled differential equations that

can be solved for %, ..., enabling evaluation of the error

Hamiltonian AH. For the resonant circuit in Fig. 5. In a ro-

tating frame of frequency w;,, it obeys the differential equation

given by Eq. (74). Using Eq. (L2), the equations for x(c;, = 0)
and ;TXL((XL =0) are

d(x\_ (AWK 0 x +al u
z(—) - (%(x) A(x)) (—> o )<—>

)

(IL:()
(L3)
where
RIL[* _ P2
Ly Loy u
— &, =0)= 0 0 0 , —=0.
o doy,
0 0 0
(L4)

The distortion of the input pulse and the corresponding error
Hamiltonian are thus calculated by solving the system of
differential equations.
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