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Relativistic collapse model with quantized time variables
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A relativistic collapse model for distinguishable particles is presented. Position and time, for each particle, are
the fundamental operators of the theory. The Schrödinger equation is of the continuous spontaneous localization
form, with a Hermitian Hamiltonian and an anti-Hermitian, white-noise dependent, Hamiltonian. It generates
state vector evolution parametrized by an “evolution parameter.” It is shown how this can be interpreted as an
evolving state in spacetime with collapses satisfying Born rule probabilities, and how certain choices of collapse
generating operators lead to states of definite mass and definite configuration in spacetime. The model is Poincaré
covariant and conserves energy in expectation.
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I. INTRODUCTION

In standard quantum theory, a measurement invokes the
collapse postulate, an ill-defined discontinuous transition of
the state vector to a new state vector which reflects the
observed measurement outcome. The theory includes no
mathematically precise definition of what constitutes a mea-
surement, nor when the transition is to take place. This is
widely accepted as a flaw in the theory and is commonly
known as the measurement problem.

Collapse models are attempts to construct a more funda-
mental state vector dynamics that resolves the measurement
problem. The Schrödinger equation evolution is modified.
When describing a measurement situation, the new dynam-
ics causes the state vector to evolve from the superposition
of postmeasurement states given by the usual Hamiltonian
dynamics to one or another of these states. The modification
is expected to be stochastic since measurement outcomes are
random, and it is required that the probability of any given
outcome is given by the Born rule.

For example, in the SL (spontaneous localization) model of
Ghirardi, Rimini, and Weber [1], the modification corresponds
to a random sequence of imprecise particle position mea-
surements. There is no suggestion that measurements in the
usual sense are taking place; the state changes spontaneously
in all physical situations. These abrupt changes of the state
vector occur against the background of the usual Schrödinger
dynamics, and it is arranged that the random changes are so
rare that they have barely any effect on any single particle. For
small systems the dynamics is then well approximated by the
Schrödinger equation.
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When a quantum measurement is performed, the situation
evolves to the creation of an entanglement between the state
of a small quantum system and the macroscopic state of a
measuring device, such as a physical pointer. When each
constituent particle of the macroscopic pointer is subjected to
these random collapses, collapse on just one of these many
particles rapidly leads to the collapse to one of the pointer
states and, by the entanglement, the state of the quantum sys-
tem being measured. The collapse and Born rules of standard
quantum theory are thus recovered from a well-defined model.

In the CSL (continuous spontaneous localization) model
of Pearle [2–4], a non-Hermitian Hamiltonian is added to the
usual Hamiltonian. This new Hamiltonian depends upon a
random classical field and upon a set of completely commut-
ing operators called the collapse-generating operators, whose
joint eigenvectors are the possible collapse end results (in
CSL these are chosen to be smeared mass-density operators).
The state vector smoothly evolves to one or another outcome
(which outcome depends upon the specific realization of the
random field). There is no abrupt change of the state vector as
in SL. The state vector norm is no longer conserved. Instead,
CSL provides a “probability rule,” specifying that the proba-
bility of each outcome is proportional to the state vector norm.
This turns out to yield the Born rule. An alternative equivalent
formulation is a normalized state vector evolution expressed
as an Itô stochastic differential equation that, however, is
nonlinear in the state vector.1

CSL is indistinguishable from standard quantum theory
with current experimental capabilities. It predicts some effects
which differ from standard quantum theory (see Ref. [4],
chapter 6, for an extensive discussion of these).

Both SL and CSL are nonrelativistic theories. An outstand-
ing problem is to develop a satisfactory relativistic theory.

1Reference [4] utilizes the former formulation, but also provides
chapters with a thorough introduction to stochastic differential
equations, followed by chapters describing the application of this
formalism to CSL.

2469-9926/2025/112(4)/042218(11) 042218-1 Published by the American Physical Society

https://orcid.org/0000-0002-7568-1395
https://orcid.org/0009-0008-9059-6077
https://ror.org/04g2vpn86
https://ror.org/05709zb94
https://crossmark.crossref.org/dialog/?doi=10.1103/j4lc-s4pw&domain=pdf&date_stamp=2025-10-21
https://doi.org/10.1103/j4lc-s4pw
https://creativecommons.org/licenses/by/4.0/


DANIEL J. BEDINGHAM AND PHILIP PEARLE PHYSICAL REVIEW A 112, 042218 (2025)

This presents some technical problems. Localization of a state
invariably leads to spreading in momentum, which results
in an increase in the average energy. If, due to a particular
random field, energy increases in one frame of reference, then
we can boost to a frame where the boosted random field causes
an increase in energy that is arbitrarily large. Since all frames
are equivalent, this implies that the energy increase is infinite
in all frames.

This infinite rate of energy increase in relativistic collapse
was first pointed out in Ref. [5] and discussed in Ref. [6]. This
issue was amplified in a theorem by Myrvold [7], who argued
that, if a relativistic collapse model is to have a vacuum that is
not excited by the random field, it must employ nonstandard
quantum degrees of freedom. Some relativistic models using
nonstandard degrees of freedom exist [8,9] and serve as proof
that relativistic collapse modes are possible in principle.

In this paper we propose a new relativistic model, drawing
inspiration from the postulated connection between collapse
of the wave function and gravity. Several authors have made
this connection. The approach of treating the collapse of the
wave function as a physical process has been advocated by
Roger Penrose [10] who has made a case that gravity is
responsible for collapse and that this understanding could
be an important step towards quantum gravity. An intriguing
connection between collapse and Newtonian gravity has been
made by Tilloy and Diósi [11], and gravity-induced collapse
is explored in, e.g., [12–15]. A recent proposal by Jonathan
Oppenheim [16] for a postquantum theory of gravity in which
quantum matter and classical gravity are unified employs
mathematics which closely resembles the stochastic state
dynamics of collapse models.

One might therefore draw on quantum gravity, with its own
problems and attempted solutions, to see whether it might
have any relevance to the problem of relativistic collapse
models. One such issue is the problem of time, the name for
a collection of conceptual problems related to the represen-
tation of time and quantization. In the canonical approach
to quantum gravity, the Hamiltonian operator is found to
be zero when acting on physical states (the Wheeler-DeWitt
equation), thus the theory appears to be frozen in time. One
response is to accept this fact and look for ways to recover
time from the theory. An example of this approach is the work
of Page and Wootters [17] in which time is taken as a quan-
tum degree of freedom, assigning to it its own Hilbert space.
The passing of time is then understood as an entanglement
between the time degree of freedom and the rest of the system.
Other approaches also make use of a quantum time; see, e.g.,
[18] and references therein.

We follow this lead by treating time as a quantum operator.
For simplicity, in this paper, we will consider only dynamics
in one spatial dimension. In addition to the position operators
x̂i for a collection of distinguishable particles labeled by i,2 we
also introduce time operators t̂i. Their conjugate operators are

2Our model concerns particles rather than quantum fields, a prop-
erty it shares with the relativistic collapse models considered by
Tumulka [19,20].

p̂i, Êi, respectively, with nonvanishing commutators

[x̂i, p̂ j] = iδi j, [t̂i, Ê j] = −iδi j . (1)

Note that throughout the paper we work in units where h̄ =
c = 1. We interpret E and p as the energy and momentum
of the particles. Note that we choose a negative sign for the
t , E commutator in order to conform with the usual defini-
tion of the energy operator i∂/∂t . The bases we will use are
|x1, x2, . . . ; t1, t2, . . .〉 or |p1, p2, . . . ; E1, E2, . . .〉.

We propose a model in which the collapse process takes
place along a path in Hilbert space parametrized by the evolu-
tionary parameter s. (A relativistic classical mechanics using
these ideas was proposed some time ago by one of the authors
[21]. A recent paper uses time as a dynamical variable in
a collapse model [22].) The state vector |ψ, s〉 is to obey a
Schrödinger equation of the form

d

ds
|ψ, s〉 = −iĤ |ψ, s〉 − Ĥ ′|ψ, s〉,

where Ĥ ′ will depend on random functions of s as well as
collapse generating operators. In the course of this article
we will examine how a picture of relativistic particles in
spacetime emerges in which the particles exhibit localizing
behavior consistent with Born rule probabilities. We will be-
gin by considering one particle, then two, then many particles,
in each case first considering the theory without collapse, then
adding collapse. All these cases will be Poincaré invariant.

II. ONE PARTICLE, NO COLLAPSE

If we neglect the random part of the Hamiltonian, Ĥ ′, there
are no collapses and the Schrödinger equation is

d

ds
|ψ, s〉 = −iĤ (x̂, t̂ , p̂, Ê )|ψ, s〉. (2)

We begin by addressing the question of how this state vector
evolution is to be interpreted. After solving (2), one has the
density |〈x, t |ψ, s〉|2, obeying∫

dxdt |〈x, t |ψ, s〉|2 = 1,

which is the conditional probability, given s, that x, t have par-
ticular values. However, what one wants to have is what one
has in standard quantum theory, the conditional probability,
given t , that the particle is at x.

A. Probability considerations

Suppose we start with an initial wave packet fairly well
localized in spacetime, and envision it moving in spacetime
as s increases. One may think of this as the tracing out of a
world-tube. We assign the same probability to each value of s.
That is, if the initial state vector is defined at s = −S/2, and
we consider the evolution until s = S/2, then the probability
that the evolution parameter lies between s and s + ds is ds/S.
Therefore, the joint probability density of x, t throughout
space-time is

P (x, t ) ≡ 1

S

∫ S/2

−S/2
ds|〈x, t |ψ, s〉|2. (3)
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We note that
∫

dxdtP (x, t ) = 1 follows from Eq. (2). Since
the probability of t is P (t ) ≡ ∫

dxP (x, t ), it follows that the
conditional probability of x, given t , is

P (x|t ) = P (x, t )

P (t )
. (4)

It is important to understand that this is not a probability den-
sity of the point x at which we would find the particle if it were
to be measured. Once we include collapses into our model,
any measurements are fully described by the state evolution.
Rather it is a density of where the particle is at time t .

B. Relativistic considerations

1. Poincaré generators

The Poincaré generators are space translation p̂, time trans-
lation Ê , and boost

k̂ = x̂Ê − t̂ p̂,

whose mutual nonvanishing commutation relations are, as
usual,

[k̂, p̂] = iÊ , [k̂, Ê ] = i p̂.

We also note the commutation relations

[k̂, x̂] = it̂, [k̂, t̂] = ix̂.

Consider first the generation of boosts. The unitary trans-
formation of boosts is readily calculated from the above
commutation relations:

x̂′ = eiθ k̂ x̂e−iθ k̂ = x̂ cosh θ − t̂ sinh θ,

t̂ ′ = eiθ k̂ t̂ e−iθ k̂ = t̂ cosh θ − x̂ sinh θ,

p̂′ = eiθ k̂ p̂e−iθ k̂ = p̂ cosh θ − Ê sinh θ,

Ê ′ = eiθ k̂ Ê e−iθ k̂ = Ê cosh θ − p̂ sinh θ.

The relative velocity of the primed frame with respect to
the unprimed frame is w = tanh θ , so cosh θ ≡ γ = 1√

1−w2 ,
sinh θ = wγ . These, of course, are the correct Lorentz trans-
formations and this confirms that we can regard (t̂, x̂) and
(Ê , p̂) as operator-valued Lorentz vectors.

The space and time translations are

x̂′ = ei[ap̂−τ Ê ]x̂e−i[ap̂−τ Ê ] = x̂ + a,

t̂ ′ = ei[ap̂−τ Ê ]t̂ e−i[ap̂−τ Ê ] = t̂ + τ,

p̂′ = ei[ap̂−τ Ê ] p̂e−i[ap̂−τ Ê ] = p̂,

Ê ′ = ei[ap̂−τ Ê ]Êe−i[ap̂−τ Ê ] = Ê .

where a and τ are the constant distance translation and con-
stant time translation, respectively.

2. Choice of Hamiltonian

Applying the unitary boost operator to the Schrödinger
equation, the boosted state vector |ψ, s〉′ = eiθ k̂|ψ, s〉 satisfies

d

ds
|ψ, s〉′ = −ieiθ k̂ Ĥe−iθ k̂|ψ, s〉′. (5)

For boost invariance, it is necessary that |ψ, s〉′ also be a
possible evolution in the original frame, that is, a solution

of the Schrödinger equation (2), which requires Ĥ ′ ≡ eiθ k̂

Ĥe−iθ k̂ = Ĥ . This condition, that Ĥ be a Lorentz scalar means
that it has to be a function of Lorentz scalars. From our
dynamical variables we can construct three Lorentz scalars,
the scalar products of our two two-vectors (t̂, x̂) and (Ê , p̂):

x̂2 − t̂2, p̂2 − Ê2, x̂ p̂ − t̂ Ê .

However, the Lorentz scalars involving x̂, t̂ are not left
invariant under the space-time translations. This means that
the Hamiltonian can depend upon only p̂2 − Ê2. For our illus-
trative example, we choose the Hamiltonian to be

Ĥ ≡ 1

2m
[ p̂2 − Ê2]. (6)

The symbol m does not represent the mass of the particle.
It is a constant having the dimension of mass so that the
Hamiltonian has the dimension of energy.

As will be shown in the next subsection, with this Hamil-
tonian, the particle behaves as a free particle. One cannot
include an external potential for the particle at this stage and
maintain the relativistic invariance of the model at a funda-
mental level. However, as we build the theory and consider
multiple particles in later sections, we will see that interac-
tions between particles can be included in the Hamiltonian in
a way that is compliant with relativity.

C. One-particle dynamics

The joint probability density P (x, t ) encodes all the infor-
mation about where the particle can be found in space and
time. Note that we can express P (x, t ) by defining a density
operator

ρ̂ = 1

S

∫ S/2

−S/2
ds|ψ, s〉〈ψ, s|, (7)

where we find

P (x, t ) = 〈x, t |ρ̂|x, t〉. (8)

We highlight the fact that this description gives a picture of
the particle in terms of a fixed state. We next consider how this
picture describes the evolution of the position of the particle
changing in time.

As an example, we consider a situation in which the
wave function of the particle, in the position-time basis of a
particular reference frame, is a Gaussian in both variables.
Such a state is also Gaussian in the energy-momentum basis.
The solution of the Schrödinger equation (2) in the energy-
momentum basis is trivially

〈p, E |ψ, s〉 = C(p, E )e−i s
2m [p2−E2],

and we choose C(p, E ) as an appropriate normalized
Gaussian:

〈p, E |ψ, s〉 =
(

2σ 2
x

π

)1/4

e−σ 2
x (p−p̄)2

e−ix̄p

(
2σ 2

t

π

)1/4

× e−σ 2
t (E−Ē )2

eit̄E e−i s
2m (p2−E2 ). (9)

As we will see in Eqs. (10) and (11) below, this provides a
separable state with respect to variables x and t , in which
each substate is Gaussian. The spreads of the Gaussians at
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evolution parameter value s = 0 are σx and σt , respectively,
with larger values at s = ±S/2. The central values of the
packets at s = 0 in x, t space are x̄, t̄ ; the mean values of E , p
are Ē , p̄.

Taking the Fourier transform we find the state in the x, t
basis:

〈x, t |ψ, s〉 = 1

2π

∫
d pdEeipx−iEt 〈p, E |ψ, s〉

=
(

σ 2
x

2π
(
σ 2

x + is/2m
)2

)1/4

e−(σx p̄)2
e

[i(x−x̄)+2σ2
x p̄]2

4(σ2
x +is/2m)

×
(

σ 2
t

2π
(
σ 2

t − is/2m
)2

)1/4

e−(σt Ē )2
e

[−i(t−t̄ )+2σ2
t Ē ]2

4(σ2
t −is/2m) ,

(10)

and from this we find

|〈x, t |ψ, s〉|2 = 1√
2π[σ 2

x +(s/2mσx )2]
e
− [x−(x̄+sp̄/m)]2

2[σ2
x +(s/2mσx )2]

× 1√
2π[σ 2

t +(s/2mσt )2]
e
− [t−(t̄+sĒ/m)]2

2[σ2
t +(s/2mσt )2] . (11)

Thus, as s increases from −S/2 to S/2, the wave function
traces out a world-tube, most dense along the world-
line (x̄ + sp̄/m, t̄ + sĒ/m), with a Gaussian profile whose
spread behaves as

√
σ 2

x + (s/2mσx )2 in the x direction and√
σ 2

t + (s/2mσt )2 in the t direction. If this were a classical
world-line, for each value of s there would be a point in the
configuration space x, t . Here each value of s determines a
two-dimensional Gaussian region in the spacetime. The state
at s therefore connects the position of the particle with a given
time. The spacetime probability density P (x, t ) of Eq. (3) is
formed through a uniform weighting of these regions from
s = −S/2 to s = S/2, thus correlating space and time for all
values of s.

In order to calculate P (x, t ) we will assume that the pa-
rameter m is sufficiently large that wave packet spreading
can be ignored (later we will see how collapses can keep the
state well localized thus preventing spreading). Provided that
S � mσ 2, we can write

P (x, t ) � 1

S

∫ S/2

−S/2
ds

1√
2πσ 2

x

e
− [x−(x̄+sp̄/m)]2

2σ2
x

1√
2πσ 2

t

e
− [t−(t̄+sĒ/m)]2

2σ2
t

� 1

S

m√
2π

(
σ 2

x Ē2 + σ 2
t p̄2

)e
− [Ē (x−x̄)− p̄(t−t̄ )]2

2(σ2
x Ē2+σ2

t p̄2 ) , (12)

where, in performing the integral, we have made the approxi-
mation that S is large enough so that the integration limits can
be assumed to be infinite.3 Hence, integrating over x, we find

P (t ) = m

SĒ
, (13)

3It is clear from Eq. (3) that
∫ ∞

−∞ dxdtP (x, t ) = 1
S

∫ S/2
−S/2 1 = 1.

However, the approximation made in (12) invalidates that property
[although it has negligible effect on P (x|t )], as can be seen from (13),
whose integral is infinite, not 1. One may view this approximation
as effectively replacing the −∞, ∞ limits of the t integration by
−SĒ/2m, SĒ/2m, so that the integral of (13) is 1.

a uniform probability over possible values of t . Thus, from
(4), we obtain

P (x|t ) =
√

Ē2

2π
(
σ 2

x Ē2 + σ 2
t p̄2

)e
− [Ē (x−x̄)− p̄(t−t̄ )]2

2(σ2
x Ē2+σ2

t p̄2 ) . (14)

The probability of x, conditional on t , thus describes a Gaus-
sian wave packet of fixed width whose center moves along a
trajectory whose maximum density follows

x = x̄ + p̄

Ē
(t − t̄ ). (15)

This is a straight line path through spacetime, and the velocity
of the packet is p̄/Ē .

As this example illustrates, relativistic trajectories play a
central role. The wave function of a particle is such that it
describes a particle as having a distribution of all possible
masses, as is evident in the wave function (9), and that distri-
bution evolves as the wave function evolves with s. However,
if one wishes, one can construct a wave function narrowly cen-
tered about a particular mass μ. Thus, in (9), we may choose
p̄, Ē such that μ =

√
Ē2 − p̄2, and the associated spreads σ−1

as small as we wish.

III. ONE PARTICLE, INCLUDING COLLAPSE

Now we add dynamical wave function collapse to the
single-particle dynamics. For a Poincaré invariant theory, not
only must the Hamiltonian be a Lorentz scalar, but the col-
lapse generating operator Â must be a Lorentz scalar as well.
As we chose Ĥ by this criterion, so we choose

Â ≡ p̂2 − Ê2. (16)

The state vector evolution can be written as an Itô equation4

d|ψ, s〉 = { − iĤds − 1
2λ(Â − 〈Â〉)2ds

+ (Â − 〈Â〉)dBs
}|ψ, s〉, (17)

where λ is the collapse strength, 〈·〉 = 〈ψ, s| · |ψ, s〉 and Bs is
a Brownian motion satisfying

E[dBs] = 0, (dBs)2 = λds, (18)

where E denotes stochastic expectation. This produces a
state evolution with fixed norm equal to 1. This means that
with the definition of P (x, t ) given in (3), we still have∫

dxdtP (x, t ) = 1 and our definitions of probability remain
valid.

A. Density matrix

To discuss the behavior of the complete ensemble of state
vectors evolving under all possible realizations of the Brown-
ian motion Bs one looks at the density matrix defined by

�̂(s) = E[|ψ, s〉〈ψ, s|], (19)

4This equation is derived in Ref. [4], where it appears as Eq. (16.9).
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whose evolution equation5 is readily shown to follow from
Eqs. (17) and (18):

d

ds
�̂(s) = −i[Ĥ , �̂(s)] − λ

2
[Â, [Â, �̂(s)]. (20)

A standard approach is to consider the solution of (20)
when Ĥ is set to zero to see how the collapse dynamics works
without interference of the Hamiltonian dynamics. Then, in
Â′s eigenbasis |ai〉 (chosen for simplicity to be countable, with
all eigenvalues different),

〈ai|�̂(s)|a j〉 = e−[s+S/2] λ
2 [ai−a j ]2〈ai|�̂(−S/2)|a j〉. (21)

Equation (21) encapsulates the collapse behavior.
When s = S/2, taking Sλ 
 1, the right-hand side asymp-

totically essentially vanishes unless ai = a j . Thus, in the
ensemble of state vectors evolving under the various
possible realized Brownian motions, all asymptotically ap-
proach one or another eigenstate. For if one state vector in the
ensemble was not an eigenstate but rather a superposition of
eigenstates, it could have contributed a nonzero off-diagonal
element.

Moreover, the asymptotic ensemble obeys the Born rule.
For, if

�̂(−S/2) =
∑

i j

cic
∗
j |ai〉〈a j |,

i.e., a pure state with amplitude ci associated with each eigen-
state |ai〉, then according to (21), the probability associated to
the ith outcome is 〈ai|�̂(S/2)|ai〉 = |ci|2, the probabilities of
the various states in the initial superposition.

In our example, we need not set Ĥ equal to zero since it
commutes with Â and therefore does not interfere with the
collapse behavior. The solution of (20) is, in the momentum-
energy basis,

〈p, E |�̂(s)|p′, E ′〉 = e−i 1
2m [s+S/2][(p2−E2 )−(p′2−E ′2 )]

× e−[s+S/2] λ
2 [[(p2−E2 )−(p′2−E ′2 )]2

×〈p, E |�̂(−S/2)|p′, E ′〉. (22)

Taking Sλ 
 1, the right-hand side essentially vanishes
unless p2 − E2 = p′2 − E ′2. Changing the labeling of the
momentum-energy basis, we have that the nonvanishing
asymptotic density matrix elements are just the elements
diagonal in p2 − E2:

〈p2 − E2, p + E |�̂(S/2)|p2 − E2, p′ + E ′〉
= 〈p2 − E2, p + E |�̂(−S/2)|p2 − E2, p′ + E ′〉. (23)

Now we show that the asymptotic states satisfy the Klein-
Gordon equation. For we have shown that the asymptotic
(collapsed) states are eigenstates of Ê2 − p̂2 with eigenvalues
E2 − p2 ≡ μ2 (we assume the initial state is one which is
a superposition of states of non-negative μ2). Changing the
labeling of the momentum-energy basis once again, we repre-
sent such a collapsed state as a superposition of states with a

5Reference [4], Eq. (16.12).

definite value of μ and arbitrary dependence on p:

|ψ, S/2〉 = N
∫

d pφ(p)|ωp, p〉, (24)

where ωp = (p2 + μ2)1/2, 〈E ′, p′|ωp, p〉 = δ(E ′ − ωp)
δ(p′ − p), φ(p) is some arbitrary function and N is a
normalization factor. In the position-time basis the particle
wave function is

〈x, t |ψ, S/2〉
= N

∫
d pφ(p)〈x, t |ωp, p〉

= N
∫

d pφ(p)
∫

d p′dE ′〈x, t |E ′, p′〉〈E ′, p′|ωp, p〉

= N
2π

∫
d pφ(p)

∫
d p′dE ′eip′xe−iE ′tδ(E ′ − ωp)δ(p′ − p)

= N
2π

∫
d pφ(p)eipxe−iωpt . (25)

The dynamics has therefore resulted in collapsed states,
each state in the ensemble satisfying the Klein-Gordon
equation: (

∂2

∂t2
− ∂2

∂x2
+ μ2

)
〈x, t |ψ, S/2〉 = 0. (26)

This illustrates the relativistic invariance of our model (a so-
lution of the Klein-Gordon equation in one frame is a solution
in all frames).

Equation (26) describes a particle with positive mass
squared provided that the eigenvalue μ2 of −Â remains posi-
tive. To test this we calculate the process for 〈Â〉. Applying the
Itô rules to Eqs. (17) and (18) we find [note: 〈Â2〉 − 〈Â〉2 =
〈(Â − 〈Â〉)2〉]

d〈Â〉 = 2〈(Â − 〈Â〉)2〉dBs. (27)

Since 〈Â〉 = −μ2, the particles which are the end states of
collapse need not have positive mass squared, since dBs can
be positive as well as negative. This equation implies that, if
the quantum variance in the state of Â is not 0, then there can
be negative mass squared, i.e., tachyonic behavior. We accept
that the model allows tachyons, while noting that they could
be effectively prevented by having an initial state composed of
only eigenstates of Â with negative eigenvalues and having a
sufficiently strong collapse mechanism in order that the quan-
tum variance in Â rapidly tends to zero such that stochastic
movements in 〈Â〉 are suppressed. This would quickly result
in a positive value of μ2.

The considerations of this section also confirm that we
can regard Ê as corresponding to the relativistic energy of
the particle. The process for the quantum expectation of Ê
is similarly found to be

d〈Ê〉 = 〈{(Ê − 〈Ê〉), (Â − 〈Â〉)}〉dBs (28)

({., .} is the anticommutator symbol). This shows that energy
is conserved in stochastic expectation for this model.
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B. Further considerations

The concept of the state developing as the parameter s
increases does not necessarily equate to a state development
with increasing t . In order to understand how the dynamics in
s leads to development in time, let us ask how the quantum
expectation of the time operator t̂ for a state |ψ, s〉 changes
with s. We find using (17) and (18) that

d〈t̂〉 = 〈Ê〉
m

ds + 〈{(t̂ − 〈t̂〉), (Â − 〈Â〉)}〉dBs. (29)

This equation shows that as s advances there is a drift in
the expected time given by the first term on the right side.
This drift is positive (i.e., time increases in expectation with
increasing s) provided that the energy 〈Ê〉 is positive. (More-
over, we see that 〈Ê〉/m represents the rate of flow of time
with s.) From Eq. (28) we see that, despite the energy being
conserved in stochastic expectation, it can vary stochastically
for a given realization of the Brownian motion Bs. Again
these stochastic movements are suppressed if the collapse
mechanism is strong.

Therefore, the model does not strictly prevent a situation
in which the time of the particle state decreases as s increases.
We point out that in this case, an observer moving in a for-
ward direction of time would see a sequence of collapses,
and, although this sequence is generated by a backwards-
in-time collapse process, as shown in Ref. [23] where the
time-reversal symmetry of collapse models is examined, the
sequence would appear as if generated by a forward-in-time
collapse process.

Provided that energy remains positive, time will increase
on average as s increases, and we can treat s as a proxy for
time.

To conclude, in this one-particle model we have shown
that collapse leads to behavior which closely resembles the
relativistic motion of a particle with well-defined mass μ.
What the collapse behavior of the model does not do is spa-
tially localize the state. This can be introduced by looking at
a situation with more particles. We look at this in the next
section.

IV. TWO PARTICLES, NO COLLAPSE

With two distinguishable particles, there are eight op-
erators, the position-time operators x̂1, t̂1, x̂2, t̂2 and their
conjugate operators p̂1, Ê1, p2, Ê2, obeying the commutation
relations (1).

We choose the Hamiltonian

Ĥ = 1

2m1

[
p̂2

1 − Ê2
1

] + 1

2m2

[
p̂2

2 − Ê2
2

]
, (30)

where m1, m2 are constants with dimensions of mass. We see
from (30) that Ĥ is composed of two Poincaré scalars, so Ĥ
is a Poincaré scalar, and the Schrödinger equation is Poincaré
invariant.

As in Sec. II C, as an example, we choose a solution of
Schrödinger’s equation that is a Gaussian in all variables.

Thus, we augment Eq. (9)

〈p1, E1, p2, E2|ψ, s〉

=
(

2σ 2
x1

π

)1/4

e−σ 2
x1

(p1−p̄1 )2

e−ix̄1 p1

×
(

2σ 2
t1

π

)1/4

e−σ 2
t1

(E1−Ē1 )2

eit̄1E1 e−i s
2m1

(p2
1−E2

1 )

×
(

2σ 2
x2

π

)1/4

e−σ 2
x2

(p2−p̄2 )2

e−ix̄2 p2

×
(

2σ 2
t2

π

)1/4

e−σ 2
t2

(E2−Ē2 )2

eit̄2E2 e−i s
2m2

(p2
2−E2

2 )
, (31)

take the Fourier transform as in (10), and end up with the
equivalent of (11):

|〈x1, t1, x2, t2|ψ, s〉|2

= 1√
2π

[
σ 2

x1
+ (s/2m1σx1 )2

]e
− [x1−(x̄1+sp̄1/m1 )]2

2[σ2
x1

+(s/2m1σx1 )2]

× 1√
2π

[
σ 2

t1 + (s/2m1σt1 )2
]e

− [t1−(t̄1+sĒ1/m1 )]2

2[σ2
t1

+(s/2m1σt1 )2]

× 1√
2π

[
σ 2

x2
+ (s/2m2σx2 )2

]e
− [x2−(x̄2+sp̄2/m2 )]2

2[σ2
x2

+(s/2m2σx2 )2]

× 1√
2π

[
σ 2

t2 + (s/2m2σt2 )2
]e

− [t2−(t̄2+sĒ2/m2 )]2

2[σ2
t2

+(s/2m2σt2 )2]
. (32)

We define the density associated with multiple particles by

P (x1, t1; x2, t2; . . .) = P (x1, t1)P (x2, t2) · · · , (33)

where the marginal densities are given by

P (xi, ti ) = 1

S

∫ S/2

−S/2
ds〈ψ, s|(|xi, ti〉〈xi, ti| ⊗ 1
=i )|ψ, s〉 (34)

(the operator 1
=i is the unit operator applied to all degrees
of freedom other than xi, ti). We are treating the overall
density as though each particle density is independent. This
doesn’t mean that there cannot be interesting interactions
and entanglements. This all happens at the state level. This
probability density is a way of mapping that information into
spacetime.

The density for x1, x2, . . . conditional on t1, t2, . . . is then
given by the formula for conditional probability

P (x1x2 . . . |t1, t2, . . .) = P (x1, t1; x2, t2; . . .)

P (t1, t2, . . .)
, (35)

where

P (t1, t2, . . .) =
∫

dx1dx2 · · ·P (x1, t1; x2, t2; . . .). (36)
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This means that

P (x1x2 . . . |t1, t2, . . .)

= P (x1, t1)

P (t1)

P (x2, t2)

P (t2)
· · · = P (x1|t1)P (x2|t2) · · · , (37)

where

P (ti ) =
∫

dxiP (xi, ti ). (38)

For the state defined by (31) we thus have for particle 1

P (x1, t1) = 1

S

∫
dsdx2dt2|〈x1, t1, x2, t2|ψ, s〉|2

= 1

S

∫
ds

1√
2π

[
σ 2

x1
+ (s/2m1σx1 )2

]e
− [x1−(x̄1+sp̄1/m1 )]2

2[σ2
x1

+(s/2m1σx1 )2]

× 1√
2π

[
σ 2

t1 + (s/2m1σt1 )2
]e

− [t1−(t̄1+sĒ1/m1 )]2

2[σ2
t1

+(s/2m1σt1 )2]
. (39)

To do the s integral, as in Sec. II C, we assume that the
parameters mi are sufficiently large to allow the approximation

P (x1, t1)

= 1

S

∫
ds

1√
2πσ 2

x1

e
− [x1−(x̄1+sp̄1/m1 )]2

2σ2
x1

1√
2πσ 2

t1

e
− [t1−(t̄1+sĒ1/m1 )]2

2σ2
t1

� 1

S

m1√
2π

(
σ 2

x1
Ē2

1 + σ 2
t1 p̄2

1

)e
− [Ē1 (x1−x̄1 )− p̄1 (t1− ¯t1 )]2

2(σ2
x1

Ē2
1 +σ2

t1
p̄2

1 )
. (40)

From this we can calculate

P (t1) = m1

SĒ1
, (41)

and

P (x1|t1) =
√

Ē2
1

2π
(
σ 2

x1
Ē2

1 + σ 2
t1 p̄2

1

)e
− [Ē1 (x1−x̄1 )− p̄1 (t1− ¯t1 )]2

2(σ2
x1

Ē2
1 +σ2

t1
p̄2

1 )
. (42)

This means that the probability density is focused about a
path through spacetime determined by

x1 = x̄1 + p̄1

Ē1
(t1 − t̄1). (43)

Particle 1 follows a straight-line path through spacetime with
velocity p̄1/Ē1. The same calculation for particle 2 leads to
the same result as (42) with 2 in place of 1.

V. TWO PARTICLES, INCLUDING COLLAPSE

For Poincaré invariance, the collapse-generating operators
must be Poincaré invariant scalars. With two particles there
are several of these including p̂2

1 − Ê2
1 , p̂2

2 − Ê2
2 , and

�x̂2 − �t̂2, (44)

where �x̂ = x̂1 − x̂2, and �t̂ = t̂1 − t̂2. This set of operators
are not completely commuting, but this doesn’t prevent us
from considering a collapse model in which the collapse gen-
erating operators are this set of scalars. It simply makes the

solutions harder to find since there is no common eigenbasis.
With Ĥ given by Eq. (30), a general Itô state evolution includ-
ing collapse is

d|ψ, s〉 = { − iĤds − 1
2 (Â − 〈Â〉) · � · (Â − 〈Â〉)ds

+ (Â − 〈Â〉) · dBs
}|ψ, s〉, (45)

where Â = (Â1, Â2, . . .), Bs = (B1,s, B2,s, . . .) and

� = diag(λ1, λ2, . . .), (46)

where λi are the collapse strengths which can be different for
each collapse generating operator Âi. The components of the
Brownian motion vector satisfy

E[dBi] = 0, dBidBj = λiδi jds. (47)

We choose a specific model with three collapse generating
operators:

Â1 = (
p̂2

1 − Ê2
1

)
,

Â2 = (
p̂2

2 − Ê2
2

)
,

Â3 = (�x̂2 − �t̂2). (48)

Since the collapse generating operators are not mutually com-
muting, they are in some sense competing, and the collapse
process will force the state to have minimal variance in each
Âi subject to uncertainty principle constraints. By varying the
strengths λi, the relative optimal variance of each Âi will vary.

Since we have already examined the effect of collapse
generating operators like Â1 and Â2 in Sec. III we shall ignore
them here, noting only that their effect is to drive the separate
particle states into states of well-defined mass.

We therefore focus on the collapse generating operator Â3

(henceforth simply Â) and consider the simplified collapse
dynamics

d|ψ, s〉={−iĤds − 1
2λ(Â − 〈Â〉)2ds + (Â − 〈Â〉)dBs

}|ψ, s〉
(49)

with

Â = �x̂2 − �t̂2 (50)

and

E[dBs] = 0, (dBs)2 = λds. (51)

As mentioned, as is usual in evaluating collapse behavior, we
henceforth set Ĥ = 0.

We can represent the state in the |x1, t1, x2, t2〉 basis. The
solution to Eq. (20) represented in this basis is

〈x1, t1, x2, t2|�̂(s)|x′
1, t ′

1, x′
2, t ′

2〉
= e−[s+S/2] λ

2 [(�x̂2−�t̂2 )−(�x̂′2−�t̂ ′2 )]2

× 〈x1, t1, x2, t2|�̂(−S/2)|x′
1, t ′

1, x′
2, t ′

2〉. (52)

In order to examine the collapse behavior let us consider a
special state such that �t̂ can be taken as well localized with
value close to zero in some frame of reference. [We note that
this assumption is unstable since if �t̂ is well localized then
by the uncertainty principle there must be a spread in the
conjugate variable �Ê = (Ê1 − Ê2) which means that there
must be contributions to the state where the energy of particle
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1 is different from that of particle 2. This effectively means
that time will flow at a different rate (with respect to s) for
particle 1 than for particle 2 and so a spread in the state of
�t̂ will develop. However, we can drop the assumption of
localized relative time in the next section when we examine
the case of N particles.] For such a state we have

〈x1, t1, x2, t2|�̂(S/2)|x′
1, t ′

1, x′
2, t ′

2〉
= e−S λ

2 [�x2−�x′2]2〈x1, t1, x2, t2|�̂(−S/2)|x′
1, t ′

1, x′
2, t ′

2〉.
(53)

For sufficiently large Sλ, we see the familiar signature of
collapse to eigenstates of �x̂2, i.e., asymptotic vanishing of
the off-diagonal elements of the density matrix, with satisfac-
tion of the Born rule. Thus we can obtain spatially localized
collapse.

A. Example of a state for which collapse does not occur

The hallmark of a collapse theory is that a state describing a
superposition of two states of particles in two places collapses

to one or another of these states with Born rule probabilities.
Consider the reduced density matrix of only spatial states
obtained by tracing out the time degrees of freedom described
by the basis states |t1, t2〉,

�̂space = Trtime�̂. (54)

Suppose that the initial space state is constructed from states
|φL〉 and |φR〉 with wave functions 〈x1, x2|φL〉 describing both
particles 1 and 2 being localized within a distance a about
position xi = L, and similarly for the R state (where the two
particles are both localized within a distance a about xi = R),
with a � |R − L|. We suppose that the initial state is an equal
superposition of L and R states:

�̂space(−S/2) = 1
2 [|φL〉 + |φR〉][〈φL| + 〈φR|]. (55)

The asymptotic reduced density matrix, by (53), is
therefore

〈x1, x2|�̂space(S/2)|x′
1, x′

2〉
= e−S λ

2 [�x2−�x′2]2〈x1, x2|�̂space(−S/2)|x′
1, x′

2〉. (56)

The diagonal matrix element associated to the L state is

〈φL|�̂space(S/2)|φL〉 =
∫

dx1dx2dx′
1dx′

2〈φL|x1, x2〉〈x′
1, x′

2|φL〉e−S λ
2 [(x1−x2 )2−(x′

1−x′
2 )2]2

× 1

2
[〈x1, x2|φL〉 + 〈x1, x2|φR〉][〈φL|x′

1, x′
2〉 + 〈φR|x′

1, x′
2〉]

= 1

2

∫
dx1dx2dx′

1dx′
2|〈φL|x1, x2〉|2|〈φL|x′

1, x′
2〉|2e−S λ

2 [(x1−x2 )2−(x′
1−x′

2 )2]2
. (57)

If, for simplicity, we let a approach 0 so |〈φL|x1, x2〉|2 = δ(x1 − L)δ(x2 − L) and the exponential equals 1, then
〈φL|�̂space(S/2)|φL〉 = 1/2.

However, the off-diagonal matrix element does not vanish:

〈φL|�̂space(S/2)|φR〉 =
∫

dx1dx2dx′
1dx′

2〈φL|x1, x2〉〈x′
1, x′

2|φR〉e−S λ
2 [(x1−x2 )2−(x′

1−x′
2 )2]2 1

2
〈x1, x2|φL〉〈φR|x′

1, x′
2〉

= 1

2

∫
dx1dx2dx′

1dx′
2e−S λ

2 [(x1−x2 )2−(x′
1−x′

2 )2]2
δ(x1 − L)δ(x2 − L)δ(x′

1 − R)δ(x′
2 − R)

= 1

2
. (58)

Therefore, the superposition has not collapsed.
It is easy to see why collapse does not happen in this

example. With the assumptions that we have made, both the
|φL〉 and |φR〉 states are eigenstates of �x̂ with the same
eigenvalue

�x̂|φL/R〉 = (x̂1 − x̂2)|φL/R〉 = 0. (59)

These two states are therefore not differentiated by the col-
lapse process. If we imagine the world as made up of only
these two particles, then any �x states that are the same can
be viewed as the same configuration of the two particles. The
collapse process does not treat such states as different. From
a configuration perspective, the two states |φL〉 and |φR〉 are
essentially the same state of both particles being close together
in space.

In order to see collapse in this model we should construct
an initial state of different �x configurations.

B. Example of a state for which collapse occurs

Let us take the initial pure density matrix for the two
particles to be a superposition of only particle 1 states.
Suppose that the initial state is now constructed from states
|χL〉 and |χR〉. The wave function 〈x1, x2|χL〉 describes particle
1 being localized about a position x1 = L and particle 2 being
localized about a different position x2 = C; the wave function
〈x1, x2|χR〉 describes particle 1 being localized about position
x1 = R with particle 2 being localized about the same position
x2 = C, where |L − C| 
= |R − C| and the localization scale
a � |L − C|, |R − C|. Take the initial reduced state to be an
equal superposition

�̂space(−S/2) = 1
2 [|χL〉 + |χR〉][〈χL| + 〈χR|]. (60)
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For these states we have

�x̂|χL〉 = (L − C)|χL〉; �x̂|χR〉 = (R − C)|χR〉, (61)

demonstrating that they represent different configurations pro-
vided that |L − C| 
= |R − C|.

The asymptotic density matrix is given in the x1, x2

basis by

〈x1, x2|�̂space(S/2)|x′
1, x′

2〉 = e−S
λ
2 [�x2−�x′2]2 1

2 [〈x1, x2|χL〉 + 〈x1, x2|χR〉][〈χL|x′
1, x′

2〉 + 〈χR|x′
1, x′

2〉]

= 1
2

{
[e−S

λ
2 [(L−C)2−(L−C)2]2〈x1, x2|χL〉〈χL|x′

1, x′
2〉 + e−S

λ
2 [(R−C)2−(R−C)2]2〈x1, x2|χR〉〈χR|x′

1, x′
2〉

+ e−S
λ
2 [(L−C)2−(R−C)2]2

[〈x1, x2|χL〉〈χR|x′
1, x′

2〉 + 〈x1, x2|χR〉〈χL|x′
1, x′

2〉]
}

= 1
2 [〈x1, x2|χL〉〈χL|x′

1, x′
2〉 + 〈x1, x2|χR〉〈χR|x′

1, x′
2〉], (62)

where we have assumed that |L − C| 
= |R − C|. This demonstrates that the model achieves collapse of a superposition of
different spatial configurations of particles.

C. Energy process

For the model defined by Eqs. (45)–(48) we can calculate
the stochastic process for the quantum expectation of the
particle energy 〈Êi〉. Using the usual rules of Itô calculus we
find

d〈Êi〉 =
3∑

j=1

〈{(Êi − 〈Êi〉, (Â j − 〈Â j〉)}〉dBj . (63)

This means that the quantum expectation of the energy for
each particle is conserved in stochastic expectation:

dE[〈Êi〉] = 0. (64)

The energy of each particle is conserved on average. The
quantum expectation of the energy will vary stochastically for
a given realization of the Brownian motion in proportion to
the covariance between Êi and Â j

D. Processes for particle mass and invariant separation

The stochastic processes for the quantum expectations 〈Âi〉
with Âi defined by (48) are found to be

d〈Â1〉 =
3∑

i=1

〈{Â1, (Âi − 〈Âi〉)}〉dBi + 4λ3〈Â3〉ds, (65)

d〈Â2〉 =
3∑

i=1

〈{Â2, (Âi − 〈Âi〉)}〉dBi + 4λ3〈Â3〉ds, (66)

d〈Â3〉 = i〈[Ĥ, Â3〉ds +
3∑

i=1

〈{Â3, (Âi − 〈Âi〉)}〉dBi

+ 4λ1〈Â1〉ds + 4λ2〈Â2〉ds. (67)

We interpret A1 and A2 as the negative of the mass squared of
particles 1 and 2, respectively; A3 represents the invariant sep-
aration of the two particles in spacetime. The stochastic terms
(terms proportional to dBi) in each of these equations are
proportional to the quantum covariances between the different
operators Âi. The first term in Eq. (67) represents the changes
that occur in invariant separation of particles due to the motion
of the particles determined by the Hamiltonian (see Sec. IV).
The remaining terms represent additional drifts in the 〈Âi〉
processes due to the collapse mechanism.

For example, if both particles have positive mass squared
and the separation between particle 1 and 2 is spacelike, then
from Eqs. (65) and (66), we see that there is a drift towards a
decrease in particle mass squared which is proportional to the
invariant separation between particles; and from Eq. (67) we
see that there is a drift towards a decrease in invariant separa-
tion (as though the particles are attracted to one another). If the
separation between particles becomes timelike the particles’
mass squared will then begin to increase on average. These
effects could be negligibly small.

These considerations also raise the possibility that the
particle mass squared could become negative (indicating
tachyonic particle behavior). In practice we would not expect
this to occur. If there is little variance in the particle mass
squared (as a result of the collapse process) then as the particle
mass squared approaches zero the only way for the dispersion
relation to vary continuously is for the particle energy to
become infinite. This should prevent the mass squared of par-
ticles from becoming negative. Also if the collapse strengths
λ1 and λ2 are larger than λ3 then we expect that the particle
separations will become timelike (before the mass squared
become negative) which by (65) and (66) will cause the mass
squared to increase.

VI. N PARTICLES

We now consider the case of a system of N distinguishable
particles. We assume that the state obeys an equation of the
form (45), where the set of collapse operators Â comprise
operators of the form

Âi j = (x̂i − x̂ j )
2 − (t̂i − t̂ j )

2 (68)

for all particle pairs i, j, along with operators of the form p̂2
i −

Ê2
i for all particles i. These latter operators will fix the mass

states of particles. We focus our analysis on the Ai j operators
for which the density matrix �̂ satisfies

d

ds
�̂(s) = −i[Ĥ, �̂(s)] − λ

2

∑
i< j

[Âi j, [Âi j, �(s)]] (69)

(we assume a common collapse strength λ). We emphasize
that the Hamiltonian Ĥ is, in general, the sum of the free
particle kinetic energy term and a potential that can depend

042218-9



DANIEL J. BEDINGHAM AND PHILIP PEARLE PHYSICAL REVIEW A 112, 042218 (2025)

in an arbitrary way on the completely commuting particle
position-time difference operators Âi j .

The position-time eigenstates are eigenstates of the Ai j

operators. Let us write

|{xi, ti}〉 = |x1, t1; x2, t2; . . . ; xN , tN 〉. (70)

Since the set {Âi j} all commute among each other, then if we
ignore the Hamiltonian part of the master equation we have

d

ds
〈{xi, ti}|�̂(s)|{x′

i, t ′
i }〉

= −λ

2

∑
i< j

(Ai j − A′
i j )

2〈{xi, ti}|�̂(s)|{x′
i, t ′

i }〉, (71)

with solution

〈{xi, ti}|ρ̂(s)|{x′
i, t ′

i }〉

= exp

⎧⎨
⎩−λ

2
(s − s0)

∑
i< j

(Ai j − A′
i j )

2

⎫⎬
⎭

× 〈{xi, ti}|ρ̂(s0)|{x′
i, t ′

i }〉. (72)

This implies that the state will tend towards a state with a
unique value of the set {Ai j}. In other words, for any pair of
particles i and j, with coordinates xi, ti and x j, t j we expect
their invariant separation

(xi − x j )
2 − (ti − t j )

2, (73)

to tend towards a definite value.
If N is sufficiently large, this will lead to a definite config-

uration of particles in space and time: The number of pairs of
particles is (

N

2

)
= N!

2!(N − 2)!
. (74)

For each pair, there is one constraint on the set of particle
coordinates {xk, tk} in the form of a definite value for the
proper separation of that pair. Since the number of coordi-
nates in this set is 2(N − 1) (taking away one particle whose
coordinates serves as the position relative to which all other

particle positions are measured), then in order to fix all these
coordinates we require

N!

2!(N − 2)!
� 2(N − 1) ⇒ N � 4. (75)

This means that if the number of particles is greater than or
equal to 4, then this collapse model will tend to localize the
spacetime coordinates of all particles relative to one another.
The particles will be localized in space and in time.

We also note that Eqs. (63) and (64) describing conser-
vation of expected energy straightforwardly generalize to the
N-particle model and therefore energy is conserved on aver-
age.

To account for particle interactions we might include
a potential term in the Hamiltonian, V = V (|(xi − x j )2 −
(ti − t j )2|).

VII. CONCLUDING REMARKS

The key ideas of our model are that time is treated as a
quantum variable for each particle, with the CSL Schrödinger
equation describing evolution through space-time via an evo-
lution parameter s.

We have shown how the stochastic dynamics can lead
to particles with well-defined mass, and how superpositions
of different particle configurations are suppressed leading to
states of definite configurations with Born rule probabilities.

Our model describes relativistic particles and is Poincaré
covariant. In contrast to many previous collapse models in-
volving localization of particle positions, in this model, the
energy is conserved in stochastic expectation.

The dynamics is mapped onto spacetime by assuming that
each value of s has equal weight and for each s there is
some distribution of states of x and t . This is done separately
for each particle, and so particles are assumed to be dis-
tinguishable. All information about particle interactions and
entanglement is handled at the state level.
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