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We study the first detected recurrence time problem of continuous-time quantum walks on graphs. While
previous works have employed projective measurements to determine the first return time, we implement a
protocol based on weak measurements on a dilated system, enabling minimally invasive monitoring throughout
the evolution. To achieve this, we implement a weak measurement protocol theoretically and complement it with
both numerical simulations and investigations on an IBM quantum computer. Despite the implementation of a
generalized measurement, the proposed protocol provides a description purely within the Hilbert space of the
quantum system. Our results reveal that for rank-one monitored, pure initial states, the first hitting timescales
inversely with the coupling parameter between the ancilla and the quantum system.
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I. INTRODUCTION

Quantum random walks are universal for quantum compu-
tation with demonstrated exponential speed-up over random
walks [1-3]. Being the quantum counterpart of classical
random walks, quantum walks find applications in stochas-
tic processes [4], quantum search algorithms [5], quantum
computation [6], and many more [7]. Quantum recurrence
indicates the ability of a quantum walker to return to its initial
location [8] with probability one. The first hitting time of a
quantum walk characterizes the expected time that a quantum
particle takes to evolve through a lattice and hit its initial site
for the first time. The phrases hitting time, return time, and
recurrence time are used synonymously. Classical first hitting
times on graphs [9,10] are utilized, for instance, in cellular
biology [11], and their quantum counterpart finds applications
in quantum chemistry [12] and quantum networks [13].

To detect the position of a walker obeying the laws of quan-
tum theory, one has to measure the system. Axiomatically,
a quantum-mechanical measurement intercepts the evolution
and hence changes the quantum state. Thus, a measurement-
induced quantum walk refers to a protocol where a quantum
system evolves unitarily for some time and is repeatedly
measured. This repeated measurement procedure is called
monitoring, and there is no unique way to specify such a
protocol [14]. The resulting dynamics depends sensitively
on the type of monitoring. There are two canonical choices
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for choosing the rate at which the system is measured.
First, one can measure stroboscopically at a constant rate.
This means that the system is always measured at constant
frequency. Within this protocol, any quantum particle in a
finite-dimensional system will definitely return to its initial
state after a finite time period [15]. Hence, the first hitting
time provides information about the size, complexity, and
connectivity of a quantum system. Second, after a fixed time
interval, loosely speaking, one flips a coin whose outcome
decides whether the quantum system is measured or is free to
evolve [14,16]. We focus on the first protocol, i.e., we repeat
the measurement of a tight-binding continuous-time quantum
walk at a fixed, constant rate.

In quantum information science, an elementary algorithm
consists of two basic components: unitary evolution and
measurement. However, there are two conceptual approaches
in designing quantum circuits: Static circuits, where the
measurement operation is executed at the end of a unitary
sequence, and dynamic circuits [17,18], which employ mea-
surements within the middle of the sequence. In light of
quantum circuit design, the monitored quantum walk rep-
resents a minimal version of a dynamic circuit. Quantum
mechanically, a strong measurement refers to an idealized,
projection-valued measurement, with no further disturbance
to the system. Regarding a quantum algorithmic framework,
where the unitary operator acts on a (finite) register of qubits, a
measurement is often realized by additional ancilla qubits that
are utilized for weak measurements. In practice, these mea-
surements affect the quantum dynamics via less disturbance
than strong, projection-valued measurements, which classifies
these measurements as weak. Weak measurements indicate
that the interaction between the system and the measurement
apparatus is sufficiently small, resulting in limited informa-
tion gain per measurement and minimal disturbance to the
system. This may manifest as increased uncertainty in the
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measurement outcomes, which can resemble additional ran-
domness. This increased uncertainty is induced by the
parametrized coupling strength between the two systems,
which affects the outcome of the measurement. Thus, the
(weak) first hitting time indicates an expected number of
(weak) measurements that it takes for the particle to be de-
tected for the first time. This must not be confused with a
physical time. Hence, the event of first detection is a sequence
of binary outcomes dependent upon whether the quantum
walker (i.e., a quantum particle) has been detected “yes” or
not “no” [19]. In case the detector clicks (yes, click mea-
surement), the protocol is terminated. If the detector does not
click (no, no-click measurement), the protocol is continued,
while for weak measurements, the ancilla qubit influences the
system qubit [20].

First hitting times for the continuous-time quantum walk
with generalized weak measurements were already studied
by Varbanov et al. [14]. Their protocol differs from our
weak measurement protocol in the way that we always mea-
sure (stroboscopic monitoring) once the unitary evolution
is stopped. Their protocol includes a third event, which
corresponds to letting the quantum system evolve freely;
that is, no measurement at all. The fundamental theoretical
framework, which is extensively utilized in this work, was
developed by Griinbaum et al. [15]. There, the authors de-
rived a topologically protected, spectral characterization of
quantum recurrence for discrete-time unitaries based on the
properties of Schur functions [21], which was extended by
Bourgain et al. [22] and generalized to open quantum walks
[23,24]. On quantum hardware, first hitting times were already
evaluated through strong, projective measurement protocols in
Refs. [25-27].

In this work, we compute the expected first return time of
a weakly monitored continuous-time quantum walk through
graphs by applying weak measurements stroboscopically. The
measurement operation that we utilize is realized by a con-
trolled rotation through one additional ancilla qubit around
the Pauli-Y axis. The return time is computed as a function of
the coupling strength between the ancilla qubit and the quan-
tum system. Although such a protocol is rigorously described
by generalized operator-valued measurements, our specific
choice of the rotation enables a description within the Hilbert
space of the quantum system. Hence, we can map our protocol
to the Hilbert space framework of quantum recurrence [15,22]
and analyze the effect of the coupling strength. Therefore,
our description avoids the system’s dilation and builds upon
the fundamental theory developed in Refs. [15,22-24,28-30].
In particular, this nondilated embedding is restricted to our
individual weak measurement protocol. In general, other
generalized quantum measurement operations require the sys-
tem’s dilation. Moreover, we provide a proof-of-principle
demonstration of our weakly monitored first hitting time
protocol on an IBM quantum computer, which supports the
recurrence theory’s resilience to weak couplings.

The structure of this paper is outlined as follows: First,
we recapture monitored quantum walks through projection-
valued measurements in Sec. II. Second, we propose our weak
monitoring protocol in Sec. III. Third, the weakly monitored
first hitting time is analyzed in Sec. IV. Moreover, we provide
analytical and numerical examples for the weakly monitored

first hitting time within the specific phase-damping-equivalent
protocol, considered here. We observe an inverse depen-
dence on the coupling parameter and rigorously establish the
exact scaling law for rank-one monitored states and pure ini-
tial states. Extensions beyond this setting, including broader
classes of channels or more general mixed states, remain open
and are discussed only at a preliminary level. Finally, we
propose further research directions in Sec. V.

II. MONITORED QUANTUM WALKS

The stochastic process under investigation is a continuous-
time quantum walk of a single quantum state evolving through
a finite graph. The unitary evolution is generated by a time-
independent Hamilton operator, is given by the adjacency
matrix of the graph. Let H denote that adjacency matrix. The
corresponding quantum walker evolves unitarily according to
the Schrodinger equation via

U)=e", (D

such that the state of the system at time ¢ is given by |y (7)) =
U (t)|¥(0)), for some known initial state |4 (0)). The continu-
ity of the map ¢ — e~"f" gives the continuous-time quantum
walk its name. If the unitary evolution is interspersed with
measurements, the resulting quantum walk is called a moni-
tored quantum walk (MQW) [14]. If the unitary is chosen to
be of the form (1), one calls the resulting protocol a monitored
continuous-time quantum walk (MCTQW).

A. Quantum recurrence

We consider the first detected return time problem [26,31].
Contrary to classical random walks, where the observer can
detect the position of the walker without interfering with the
system’s dynamics, a quantum walk must be subjected to
repeated measurements. We monitor the quantum system stro-
boscopically for N times at a constant rate. The real-valued
time interval at which the quantum system evolves unitarily
between two consecutive measurements is denoted by ¢. The
resulting stochastic process is a Markov chain [15]. For ex-
ample, the event in which the particle is first detected after the
third measurement, given that it was not detected twice before,
is written “no-no-yes” or simply “001.”

Throughout, we follow the notation of Bourgain et al.
[22] and define for an initial quantum state |yr) a subspace
V C H, which will be repeatedly measured. The measurement
operator, which describes a projection onto |}, is denoted by
P. Hence, for |Y) € V, V := ImP denotes the image of the
projection operator. The set of quantum states on V is defined
as [22]

Sy ={ly) eV Iyl =1}

Let Q := 1 — P be the complementary projector onto V+ :=
ImQ. For shorter notation, we sometimes denote U (¢) as U;.
The operators PU; and QU, are referred to as termination and
survival operators. This means that a successful measurement
(i.e., with P) terminates the protocol, whereas an unsuccessful
measurement lets the walker survive. To ensure that an initial
state |y) is contained in V, Bourgain ef al. [22] defined the
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linear first return amplitude operator &, (¢) to be

a,(t) = PUT"'P, U, := QU,. )

First hitting time

For a stochastic process with initial state |) € Sy, the
detection probability p, = p,(t) is referred to the probability
to detect the quantum walker after n € N steps [22]:

pa(t) = @ OIY) 1. 3)

Then, the overall return probability Ry is defined as the total
probability that the process returns to its initial state after N
steps, i.e.,

N
Ry = DPn»  Reo := lim Ry.
; N—00

Since the hardware implementation on a quantum computer
requires a protocol with finite circuit depth N, we study any
involved stochastic quantity also with regard to a finite sample
space. Note that Ry technically depends on the time ¢ and
the choice of the initial state |{) € Sy. Here, || - || = /-, *)
denotes the usual Hilbert-space norm. The expected return
time ty refers to the expected number of measurements that it
takes for the quantum walker to return to its initial state. The
quantity Ty becomes a physical time, if we multiply it by ¢
so that ry := Tyt represents the physical expected first return
time. ty and Ty are proportional to ¢ so that we restrict our
analysis to Ty.

For an initial state |¢) € Sy, Ty = Ty (¢) is the expectation
value of the first return event, which is given by [22]

SN npa(t)

4
Ry (1) ®

w(t) =

Note that 7 := limy_ oo Ty = limy_, ij:l np,, because
here limy_ . Ry = 1. Under the assumption that H is
finite-dimensional, any closed subspace V is automatically
V-recurrent [22,23].

B. Generalized quantum measurements

In Sec. III, we consider the first hitting time with weak
measurements. Here, we repeat the basic background for
operator-valued measurements.

Generalizing the quantum measurement from projection-
valued measurements (PVMs) on a Hilbert space to positive
operator-valued measurements (POVMs) on a dilated system
is the unique mathematical construction of modeling imper-
fect quantum measurements [32,33]. Those quantum walks,
which are measured via an interaction with an ancilla system
(as we consider it in this paper), are classified as open quan-
tum walks [23]. General mixed quantum states are described
by density operators, i.e., Hermitian, positive semidefinite
operators with trace one. A subnormalized density operator
is a density operator with trace less than or equal to one. In
quantum information, any general CPTP channel, i.e., a com-
pletely positive (CP) and trace preserving (TP) linear map, is

of the form

E(p) =) Kipk], )

i=1

with K; being i and the effect operators E; := K,K; are pos-
itive with 0 < E; < 1 and satisfy the completeness relation
Y E;=1. The first return amplitude operator from (2)
becomes a subnormalized first return channel, which is [23]

Anp) =ty pai¥n>1, (6)

with @, = a,(¢) similar to (2), but now modified to a general-
ized measurement, which reads

= KyesUU™™', U :=KyoU, n>1. (7)

The probability of detecting the walker at the nth measure-
ment, given that the particle is not detected n — 1 times, is
hence

Pn = TrA,(p). 8)

The Kraus operators Ky and K, indicate a binary measure-
ment, which uniquely refers to the events of having detected
the particle yes or not no. The evolution in (6) was already
proposed by Krovi ef al. [34]. Stinespring’s dilation theorem
states that any POVM is a PVM on a larger, dilated space
[35]. However, the converse does not hold true. In Sec. III,
we exactly proceed along such a converse direction.

The unitary evolution of a density operator p > U pU" can
be represented as a matrix-vector-multiplication on a space of
squared dimension [24,36], as

vec(U,oUT) = (U @ U)vec (p). 9)
For a complex-valued, square matrix A = (a,-j)l’{ =1 the
bijective vectorization mapping vec(A) : M,,(C) — c" s
vec(a;j) = a-1ntj- Therefore, one can use the spectral
recurrence formalism [15,22] subjected to operator-valued

measurements of any quantum channel as discussed in Refs.
[23,24].

III. MONITORING VIA WEAK MEASUREMENTS

A. Weak measurements

For simplicity, we describe first hitting times through weak
measurements solely by using subnormalized pure states and
projection-valued measurements. By doing so, we can utilize
the spectral characterization of recurrence developed in Ref.
[15] for our approach of measuring weakly. We restrict our
analysis to the protocol in Fig. 1 applied to site measurements.

If we are able to track the action of the POVM back to
a modified pseudo-PVM on the same (Hilbert) space of the
quantum system (and not on the dilated system), we are able
to describe the monitored protocol nevertheless through vec-
tors on Hilbert spaces. For quantum recurrence, there already
exists a comprehensive theory of both (scalar-valued) state
recurrence [15] and (operator-valued) subspace recurrence
[22,23]. As we will see, our choice of weak measurements can
be mathematically embedded into the framework of quantum
state recurrence [15].

Our choice of a weak measurement, which we use through-
out this paper, is operationally equivalent to an evolution
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|0) Ry (n) |0)
|

Ry (n) — )
|

|0) |0)

0 ‘ 0

1 |

FIG. 1. Quantum circuit of the first return event via weak measurements, with a renormalized rotation angle n € (0, 1]. The bit string of
this measurement is 00 ...01, where the 1 occurs at position 7 so that the circuit depthis n < N.

through a quantum phase damping channel [33]. This channel
shears the projection operators as a function of the rotation
angle between the ancilla and the quantum system. Physically
speaking, such a channel describes the event (ocurring with
probability 1) that a photon has been scattered without loss of
energy [33]. The corresponding Kraus operators are

0 (1 0
\/ﬁ>’ Kno(n)—(o m) (10)

It is emphasized that these operators satisfy the subsequent
pseudocompleteness relation

Kyes(n) = (8

Kyesn) + Ko = 1 + f(n)(g (1)) (an

fap=yn+J1—-n—-1 (12)

By pseudocompleteness we mean that Ky, and K, resolve the
identity plus an n—dependent perturbation by some diagonal
operator. Here, that operator is just

|1><1|E<8 ?)

Relation (11) is essential for our protocol: in what follows,
we map the operator-valued weak measurements (which are
realized by a controlled Ry rotation on the ancilla system)
to the projection-valued recurrence theory through rank-one
projections developed in Ref. [15] and extended in Ref. [22].
Our approach is built upon (11), as will become clear in
Sec. III B 1. However, any POVM measurement that does not
fulfill such a pseudocompleteness relation cannot be canoni-
cally embedded (without dilation) into a recurrence formalism
for pure states. In general, the wider theoretical framework of
open quantum walks [23,24] must be taken into account. We
consider the Hilbert space H of two composite systems, i.e.,
H = Hgys @ Hanc- The first subsystem represents a register of
d qubits Hgys = c? , which underlies a Hamiltonian evolution
and the second subsystem is an ancilla qubit H,,c = C?%. We
identify one qubit out of that register as the control qubit,
which is measured. The remaining d — 1 qubits refer to the
rest of the system. For simplicity, let us start with one system
qubit (d = 1) and one ancilla qubit so that H_qu. = C?*® C?2.
For this minimal scenario, we recall a weak measurement as
follows [37]:

Definition 1 (Two-qubit null-type weak measurement). Let
n € (0, 1]. With g(#) := arcsin(,/7), the unitary operator on

the ancilla qubit is defined by

—sin g(n))
sin g(n7) ’

cos g(1)

Thus, the two-qubit controlled Ry rotation reads

- 1 0
CRy() = e~ism 5500, _ 13
y(n) =e 2 0 Ry(n) (13)
1 0 0 0
_lo 1 0 0
“10 0 cosg(n) —sing(n) (14)
0 0 sing(n) cosg(n)

Applying projection operators

0 0 1 0
P:=<0 1), Q::(O 0) (15)

to the ancilla qubit yields a weak measurement. The Kraus
operators of this measurement are given in (10).

Note that n +— g(n) parametrizes the angle of the Ry ro-
tation, i.e., g(n) € (0, %]. Thus, measuring the ancilla qubit
strongly corresponds to measuring the control qubit weakly.
The setup is visualized in Fig. 1. without loss of generality,
we initialize the ancilla qubit in state |0) and the system qubit
in state |1). One iteration in our weakly monitored quantum
walk consists of three steps. At first, the unitary operator
U(¢) is applied to the register of d qubits. Second, the con-
trolled Ry gate is coupled to the control qubit that is to be
measured. The control qubit is part of the quantum system
under investigation, where the ancilla qubit represents an envi-
ronment through which the weak measurement is performed.
Finally, the ancilla qubit is measured. If the measurement is
successful (i.e., the system qubit was activated), the protocol
is terminated. If the measurement was not successful, the
ancilla qubit is reset to state |0) and the protocol continues in
step one.

Hence, the measurement-induced quantum trajectory
[38—40] on the ancilla qubit is a flip from |0) to [1), with
conditional resets performed along each unsuccessful mea-
surement. Equivalently, this transition event on the ancilla
space Hanc corresponds to areturneventona [y) € V. C Hys.
To illustrate this, recall the two-qubit CNOT gate acting on the
(product) states |1)|0) and |0)|0):

CNOT([1)10)) = [1)[1),
CNOT(|0)10)) = 0)]0).
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If the ancilla qubit is in state |1), the particle has been detected
(because the control qubit is also in |1)). If the ancilla qubit is
in state |0), the particle has not been detected (control qubit
is in |0)). In our implementation, we use the parametrized,
controlled Ry rotation CRy(n). Depending on n € (0, 1] this
gate characterizes the entanglement between the control and
the ancilla qubit. For n = 1, it follows the same logic as the
CNOT gate for the states considered above, i.e.,

CRy(n = 1)(I1)|0)) = [1)[1),
CRy(n = 1)(10)|0)) = 10)]0).

For general n € (0, 1], the resulting states evolve as [37]

(@]0) + BIINI0) = («[0) + B/ 1 —nl1)I0) + B/nI1)[1),

with details given in Proposition A2. Since the ancilla state
remains always in |0) after every unsuccessful measurement,
there is no additional mathematical constraint for the reset op-
eration. By measuring the ancilla qubit, one gains the desired
information about the control qubit, depending on the cou-
pling strength 5. n = 0 indicates a full separation between the
two qubits, i.e., no information at all (we henceforth exclude
n = 0 from the protocol). n = 1 means that the two qubits are
maximally entangled. Thus, the n = 1 scenario is equivalent
to taking strong measurements, as developed in Refs. [15,22].
In the subsequent mathematical formulation, we omit the an-
cilla qubit (and hence omit doubling the dimension of the
Hilbert space), but work with linear shearings of the projection
operators on the nondilated Hilbert space Hys.
These shearings are seen as follows. By defining

0, :=K"(n), (16)

and writing P, = /7P, O, = Q + /1 —nP, with P, Q, as
in (15), the Kraus operators for phase damping (10) are the
nondilated linear transformation of the projection operators:

@)% Q- w

The conservation of probability is seen as follows:

L= )12 = 1P 1) 1P + 10,1117 =0 + (1 = ).

Note that such a one-to-one mapping between operator-valued
and projection-valued measurements does not exist for other
quantum channels [33]. Due to the nonprojection-valued
measurement, it is emphasized that P, + Q, # 1, but rather
[see Fig. 2(b)]

P, =K (n),

Py+ 0y =1+ f(P, (18)

with f(n) as in (12). This two-qubit measurement can be
embedded into any register of d qubits as long as one control
qubit is marked.

Since such a construction is not true for generalized chan-
nels, we emphasize that the formalism (17) holds true only
when specifically choosing the protocol as in Fig. 1.

Our protocol can be applied to arbitrary large (but finite)
systems, as the graph’s system size is encoded in the dimen-
sion of the unitary, not the measurement operation.

® =0 n=06

® n=0.1 n=07

® n=02 n=038

® n=03 ® n=09
n=04 @ n=1
n=0.5

FIG. 2. (a) 1/n decay of the mean recurrence time for = 0: The
function 7y (n, ¢ = 0) from (40) is plotted against n € (0, 1] for sev-
eral values of N. One can see that the convergence toward infinitely
many measurements happens very fast. Even for a small number of
measurements, one gets the dominating 1/n behavior. For N = oo,
the N-dependent corrections vanish, so that the black curve is exactly
To(n,t =0)=1/n. (b) p,(n,0) from Eq. (33) plotted against n
for several values of n. (c) n-dependent spectrum of the survival
operator U,(t) for the two-level system described in Sec. TV A 2.
The spectrum is shown for 40 equidistant time steps between 0
and 2m, i.e., At = 1 /20. As n goes to zero, the eigenvalues move
toward the edge of the unit disk. At n = 0, the values lie exactly on
the edge, which means that no measurement intercepts at all [i.e.,
n(n = 0, 1) = oo for any N]. The inner circle has radius 1/2, which
corresponds to the dimensional separation of the measurement. (d)
n-dependent spectrum of the survival operator l7,7 (¢) for the benzene
ring. Due to larger system size and more support points, the spectral
regularity is more disturbed compared with panel (c).

B. Weak first return event
1. Weak first return amplitude operator

We analyze the first hitting time depending on 5 € (0, 1]
by applying the spectral description of quantum recurrence
[15,22-24] to weak measurements. It is emphasized that P,
and Q, characterize a binary measurement, as Proposition
A3 shows. The logical negation of this result indicates that
whenever there is a n-dependent, nonzero overlap with Sy,
we have detected the particle and the protocol is terminated.
Otherwise, the measurement process is continued.

By applying the modified measurement operators from
(16) to the survival and termination operator, we modify the
first return amplitude operator from (2) as follows:

Definition 2. Let |i/) € Sy. We define the survival operator
as Un(t) = 0yU, = (Q+ /1 —nP)U; and the termination
operator as P,U,. This allows us to define the weak first return
amplitude operator as

an) == PUMT,)" P, (19)

Consequently, the first detection probability (3) is modified to
an n-dependent first detection probability

paCn, 1) = a2 O | (20)
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with a total detection probability

N
Ry, 1) =Y pu(n, 1), @1)

n=1

and with & (¢) as in (19). Note that the projector P on the right
side of Eq. (19) establishes that |¢) € Im P. Do not confuse
it with a weak measurement in the zeroth step. This total
detection probability satisfies

N N
Rv.) =Y pu(n.y=>_ |a2ol) |’
n=1

n=1 =
=1 =Ty [P, (22)
from which one concludes that

lim Ry(n, 1) = 1. (23)
N—oo

Details are shown in Corollary Al, and further details can be
found in Appendix A 2.

2. First hitting time after N steps

Similarly to the above weak first return amplitude operator
(19) and return probability (20), we have for the weak first
hitting time after measuring maximally N times:

et 1P, 1)
Ry(n.1)
By employing the telescoping structure of the sum, we can

compute a simpler expression of (24) similar to Ref. [22],
which reads

w(n,t):= (24)

SN NT, @M 12 = NIT,ON [¥) |12
1— 10,V |[¥)I1? '

Details are presented in Lemma Al and complemented by
Corollaries Al and A2. Intuitively, these statements might be
obvious. The weaker we measure, the smaller is the return
probability and consequently the longer it will take to detect
the quantum walker.

w(n, 1) = (25)

3. First hitting time after infinitely many measurements

In the limit of infinitely many measurements, Eq. (23)
yields Ry (17, ¢) = 1. Then, (24) becomes

To(n.0) = Y npan.0) E Y n|al o))’

n=1 n=1

=Y 1T, 1)1 (26)

k=0

For this limit, the Laplace transform of the first return operator
provides a useful tool [15,22,23,41]. Due to the fact that
lal @)l < 1V nel0,1], one defines the (absolutely conver-
gent) generating function

o0
at.z.t) =Y aln, zeD:={zeC: |z <1},
k=1

27

6
10
5 AR ) i
Y VA T T vt T I | !
6 — n=01
3
2 4 —n=02
1 2y N N — =03
0 0
0 2 37" 2 0 2 T 37" 20 — =04
(a) N=10 (b) N =20 =05
20 2
0 n=0.6
s 15 u07
S10 10 =08
5 5 — n=09
0, ~ - 0 L ] 1
0 1 T 37" 2mr 0 z T S 2p =1
t
(c) N=50 (d) N

FIG. 3. Two-level system: expected first return time ty(n,t) of
an MCTQW on a 2-vertex graph with one edge with (a) N = 10, (b)
N =20, (¢c) N =50, and (d) N = oo measurements, plotted against
t € [0, 2] for several values of 1. This minimal graph is illustrated
in Fig. 4. We start the protocol in vertex 0 and compute the expected
number of measurements, which it takes for the particle to return for
the first time. n = 1 corresponds to a projection-valued measurement
with 7(1,¢) = 2, except for t+ = w. Hence, apart from ¢ = 7, the
average return time is expected to be between 2 and 20 [compare
with (35)]. One obtains Gibbs oscillations of the return time, which
increase in amplitude as 7 goes to zero. In panel (a), the vertical black
lines indicate the positions of the peaks that arise at multiple values of
7. The horizontal black line indicates t,o(n = 0.1, ¢ = 0) in the Zeno
limit (Up = 1). For n =1, clearly t,9(1,0) = 1. For other values
of n, Ty(n, 0) increases according to (40). We see oscillations for a
small number of interspersed measurements (N 2~ 10'), which decay
for larger N. This so-called Gibbs phenomenon originates from the
slow convergence of the respective Fourier coefficients.

By using the Green’s function of the survival operator,
U,(z, 1) == (1 —z0,0))"", (28)
the generating function in (27) becomes
a(m, z,t) = zP,U 1)U, (z, t)P. (29)

Thus, the complex analytic methods from Refs. [15,22] are
directly applicable. In analogy to Ref. [22], we define z := ¢
to rewrite (26) as the n-dependent integral, which is —1/2m
times a one-parameter family of Aharonov-Anandan phases
[22,42-44], i.e.,

1 [ 9
Tm(nvt)z%/(; d9<w(n,0,r),£w(n,9,t)>, (30)

with |¥(n, 0, 1)) := a(n, €7, t)|y) and 6 € [0, 27]. The de-

tailed derivation of (30) is presented in Appendix B 2b. Note

that we only consider a finite-dimensional Hilbert space. The

spectral measure is the point spectrum of the survival operator

[22,23]. An example of (30) is presented in Fig. 3(d).
Equation (30) is equivalent to computing [24]

0
To(m,t) =1+ 1iml a—Tr[vec&(n,x, t)vec p], 31
X—> X
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with p := |Y) (Y| and vec a(n, x, t) being the vectorized gen-
erating function of (29), i.e.,

veca(n,x,t) = (P, ® P,)(U; ® Uy)

x[1®1—x(0, ® 00U U)I(PQP).
(32)

The integral representation in (30) is formulated in the quan-
tum system’s Hilbert space, whereas (31) requires squaring
that space.

IV. WEAKLY MONITORED FIRST HITTING TIME

A. Analytical results

Equations (24) and (30) allow an analytical discussion for
both the Zeno limit and the minimal, two-level system.

1. Zeno dynamics

If the rate at which a quantum walker is measured is too
high, there is no unitary evolution, but the walker is frozen
at its initial state. This freezing phenomenon is known as
the quantum Zeno effect [45]. Mathematically, this limit is
obtained by sending ¢ to zero, so the unitary evolution time
becomes infinitely small. If [¢) is in the initial state, i.e.,

Plyr) = |y), then by Eq. (17), Qyl¥) = /1 —nly), so the
first detection probability (20) reads

Pa(1,0) = n(1 — )" (33)

For n=1, pi(1,0)=1 and p,(1,0) =0 for all n > 1.
Hence, the usual (strongly monitored) Zeno limit for the
detection probability coincides with the weak protocol, i.e.,
when the dynamics is frozen, the detection probability in step
one is 100%. For n € (0,1) and n > 1, 0 < p,(n,0) < 1,
enabling a nonzero probability to detect the particle in the
second, third, etc. measurement, even though the system was
frozen at its initial conditions. Since any 1 < 1 causes a loss
of information, one can interpret such a delocalization as a
lack of accuracy during the measurement process.

For the Zeno limit, we can compute the strong first hit-
ting time tx(1,0), as well as the weak first hitting time
Ty (n, 0) analytically. Naturally, since the quantum walker
does not move at all, Ty (1, 0) = 1, i.e., only one measurement
is required to find the quantum walker. Due to the loss of
information at each measurement step in the weak protocol,
this number decays reciprocally with 7 as

1 N1 —n)V
o, 0) = ~ — M=)

e G

Details are presented in Lemma A2. Coupling the quantum
system to an environment, i.e., the ancilla qubit, corresponds
to losing information, or equivalently, missing some first re-
turn events on average. Hence,

1

Too(n,0)=—=>1, O<n<l.

n
For infinitely many measurements, the projection-valued limit
(n = 1) is clearly recovered, i.e., T(1, 0) = 1. Note that the

obtained weak recurrence time corresponds to the expected
value of the geometric distribution, which is in agreement

¢ ibm_aachen
— theory

0 2 4 6
t
FIG. 4. The expected first return time 7(n = 0.2,¢) through
N = 20 weak measurements with coupling strength n = 0.2 for the
minimal graph example, computed on IBM-Aachen (blue). The time
interval [0, 2] is partitioned into equidistant values with Ar =
27 /80. Red curve: theoretical prediction for 7y0(n = 0.2,¢), with
[y = |10) via Eq. (25). The quantum circuit is displayed in Fig. 1
and executed on the hardware with 40 000 shots. The involved qubits
correspond to qubits no. 59, 75 on IBM-Aachen. The quantum-
computational demonstration supports the theoretical prediction. The
error bars are obtained by statistical bootstrapping for 1000 repe-
titions and 2000 samples, uniformly drawn over the 40000 shots.
Details are presented in Appendix E.

with (33). The scaling law from the Zeno limit holds in more
generality and is shown in Sec. IV C.

2. Two-level system

The minimal example consists of a graph with two vertices
and one edge connecting them. Without loss of generality, we
measure the vertex labeled with 0, as displayed in Fig. 4. The
Hamilton operator is given by

. 0 1
H:—Ux:—(1 0).

The two nondegenerate eigenvalues are £, = +1, which de-
termine the unitary evolution to be U(t) = e " = 7P, +
e"P_, where Py denote the projectors onto the respective
eigenspaces. For a two-level system, we compute 7 (¢, 17) by
Egs. (28), (29), and (31). We use the vectorization approach
of Ref. [23] and usep := |v) (Y],

cost isint 1
U’_(isint cost)’ |w>_<0)’

n= (9 8) = (7 )

and

/1 —ncost

isint cost

lj,](t)z < i«/l—nsint>

to evaluate g(z, x, n) := Tr[veca(t, x, n) vec p]. Then,
.0
Too(t, n) = 1 + lim —g(t, x, n)
x—1 8){

() [y ft=km kel
2
n

(35)

n , else.

g(t, x, n) is written out in Appendix C.
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Our findings coincide with the first hitting times calculated
in Ref. [31]. There, it was shown that

1, ift=km, keZ
Toolt) = 2, else.

Their result corresponds exactly to the projection-valued limit
n = 1. Consequently, our weak protocol yields for a two-level
system:

Too(1)
Toot, ) = ——. (36)
n
More generally, consider a tight-binding Hamilton operator
for rings of length L:
L-1
H == "(i)(i+ 1] + i + 1)) (37)

i=0

For this system, the mean first detection time 7., reads [see
Eq. (57) in Ref. [31,38]]

( 1) L2 ifLiseven 38)
T = =
. LEL i Lis odd.

Hence, for all noncharacteristic times ¢ € [0, 27), we ex-
pected a mean value of two, which is confirmed by the red
curves (n = 1) in Fig. 3. At those times ¢ € [0, 27), that
belong to the spectral support of the system, one observes dis-
continuous jumps in the return time. The height of the plateaus
contains both information about the size of the system and
also the spectral degeneracy of the underlying graph. Rings
of size L are studied in great generality in Ref. [31]. The
exceptional sampling times f, are given by [31]

2k
AE
for k € Z and energy difference AE = E; — E; > 0. In our
minimal example, L = 2 so there is only one energy gap
AE = +1 — (—1) = 2. Thus, the exceptional sampling times
occur at integer multiples of 7, which is seen in Fig. 3.

We emphasize that the weak measurement procedure does
not have any influence on the exceptional sampling times or
the relative shape of the peaks. It is merely an offset in the
first detection time t due to a decreasing coupling strength
between the ancilla qubit and the quantum system. The special
sampling times are degeneracies in the spectrum of the unitary
operator [46].

mod 27 39)

e

B. Numerical examples and quantum-computational
demonstration

1. Two-level system on an IBM quantum computer

We implement the quantum circuits shown in Fig. 1 on a
superconducting quantum processor for the two-level system.
The hardware, used for this demonstration, is IBM-Aachen,
an IBM Quantum Heron R2 processor featuring 156 super-
conducting transmon qubits [47].

The readout assignment error—which quantifies the in-
accuracy in qubit state discrimination—is approximately
5x1073. The qubit relaxation times lie between 334 and
360 us with resonance frequencies between 4.7 and 4.82 GHz.
The qubit dephasing times range from 133 to 460 us. The
single-qubit gate error ranges between 1x 10~ and 3x10~*

0
5
0
; A 0
0 z T 3n 2 0 z T 3n 2p —n=1
2 2 2 2
t
() N=200 (d) N - o0

FIG. 5. Benzene ring: expected first return time of an MCTQW
on Benzene with (a) N =10, (b) N =20, (c) N =200, and (d)
N = oo measurements for several values of . We start the protocol
in vertex 5 and compute the expected first return time t (7, ¢) against ¢
for several 1. n = 1 corresponds to a projection-valued measurement
with 7(1,¢) = 4, except for the exceptional points Tgenzene (as dis-
cussed in the main text). Hence, the average return time is expected
to be between 4 and 40 [compare with (40)]. Again, there are Gibbs
oscillations of the return time, which increase in the amplitude as n
goes to 0. For n = 1, this is clearly at (1, 0) = 1. For other values
of n, that goes up according to (40). We see oscillations for a small
number of interspersed measurements (N ~ 10'), which decay for
larger N. This (Gibbs) phenomenon is caused by a slow convergence
of the underlying Fourier coefficients.

with a gate runtime of approximately 75 to 76 ns and a
readout time of 2600 ns. The error rates for two-qubit cross-
resonance gates are approximately 1.5x1073. To mitigate
decoherence effects, we employ dynamical decoupling [48],
a technique that preserves quantum coherence by applying a
sequence of control pulses to suppress environmental noise
and system-bath interactions during measurement. The exem-
plary hardware results obtained from IBM-Aachen (blue dots)
provide an illustrative proof-of-principle demonstration of the
protocol and show qualitative agreement with the theoretical
prediction (red curve) in Fig. 4. The standard deviation is
obtained by statistical bootstrapping.

2. Benzene ring

The first return time problem for strongly monitored quan-
tum walks on Benzene-type rings was extensively studied in
Ref. [31]. The complete graph K subjected to an open quan-
tum dynamics was studied in Ref. [49]. To make an adequate
comparison to our weak measurement protocol, we choose
the Benzene ring of length L = 6 as the second example
(see Fig. 6). The Hamiltonian is given in (37). The energy
eigenvalues of the Hamiltonian are o (H) = {—2, —1,, 1, 2},
where the subscript 2 indicates double degeneracy. For L = 6,
Eq. (38) predicts on average 15, = 4 for nearly all values of ¢,
which corresponds to the expected first return time through
strong measurements (n = 1, compare with red curves in
Fig. 5). According to (39), we expect exzceptional sampling

T T

times at (see Fig. 5) t € Tgenzene := {5, 5 7T, 47”, 37”} with

discontinuous return time due to fractional revival of the wave
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(1 —2) (1 —(2)
(o) /O 3)

& o
(a) (b)

N

FIG. 6. (a) Benzene ring encoded into a four-qubit basis. This
is the (quantum) system on which an MCTQW is performed. The
blue areas indicate one qubit each. The initial vertex that is being
measured is marked in red. Since benzene is symmetric, which vertex
we measure does not play any role. (b) The benzene ring from
panel (a) with an additional ancilla qubit “a.” The weak measure-
ment procedure on the quantum system is implemented through the
ancilla qubit with the coupling strength 1. The encoding follows
Proposition 4.

packet [31]. The resulting curves in Fig. 5 show qualitatively
the same offset, which is proporitional to 1/n, similar to
those in the two-level system (Fig. 3). Again, the exceptional
sampling times Tgenzene are not affected by the type of mea-
surement protocol: whether we measure strongly (n = 1) or
weakly (0 < n < 1) makes no difference for the location of
exceptional sampling times. This was to be expected, since the
weakening of the measurement strength should not affect the
spectral characteristics of the unitary operator [46]. As n goes
to zero, the according loss of information causes an increase
of the expected first return time. Figure 5(d) suggests that the
first hitting time after N — oo measurements for Benzene,
Tg(t, 1), holds:

1, t=
sy 0 _1]2 refF k)
= |3 refs 7
4, else,

where every ¢ is modulo 2.

C. Analytical result: The %-decay of the first hitting time

Numerical computation showed that the leading order in
which the expected return time decays as n goes from 1 to 0,
behaves like 1/7n. In the limit of N — oo, the 1/5 behavior
is very sharp, which indicates to(7,1) = %too(t, 1), where
7,.(t, 1) denotes the expected return time through strong,
projection-valued measurements, i.e., n = 1. Recall that the
mean recurrence time for rank one projections on localized
initial states—as shown by Griinbaum et al. [15]—is always
an integer or infinite.

This raises the question: Does such a scaling law hold true
in general? Restricting to recurrent pairs (U, |¥)) with an
expected first return time 7., € N, which are monitored via
the protocol in Fig. 1, we can give a positive answer. Under
our weak-monitoring protocol—the weak first detected return

— 1In

)
0‘1
h
\)

=— 1/1 Tstrong

i
"
.
0
/
n)

]
%
‘¢‘0
i

""" Tstrong

/" X 5. g g Z e o N=5
% "0z o4 06 o8 1°N=10
N =20
e N=50
""""""""""" e N=100
— Random N =200
0 — Complete e N=500

10° 10% 1.5x10°

L]
P4
n
IN]
=]
1s]
=]

FIG. 7. More examples for the n~! decay of the first hitting
time with weak measurements: (a) complete bipartite graph with
10 vertices and (b) random graph with 10 vertices. The initial sites
are marked in red. The blue surface indicates one qubit, which is
coupled to one ancilla qubit. For # = 0.9, the projection-valued first
hitting time 7y (horizontal dashed gray line) is compared with
the weak first hitting time 7y (25), according to Fig. 1, for several
values of N up to N = 2000 for 10 values of 1 between n = 0.1
and 1 = 1.0. The strong hitting times are (a) too""¢ = 3 and (b)
730°" = 10. The correlation in Eq. (40) is visible, although 73 (1)
converges move slowly to 1 7y for the random graph (b) compared
with the complete bipartite graph (a). The yellow surface marks the
range of expected first hitting times % < Too(n, t) (see Lemma A3).

is plotted for fixed n = 0.1.

. 1
Inside (b), the convergence to %r;m"g

time T, (n) = %roo for n € (0, 1]. Moreover, it is not relevant

whether U is a continuous-time or a discrete-time unitary
operator, the mere property of being unitary is sufficient. This
is shown explicitly by the following Lemma:

Lemma 1. Let H be finite-dimensional and (U, [¥)) be
recurrent for U = U, := ¢~ with recurrence time 7., :=
> 120 0%y} |I> € N. Here, the projection operators are P :=
|Y) (| and Q := 1 — P. Then, the weak first return time from
(26), i.e., Too(n) := Z/fio ||U,;<|1p)||2, is given by

1
Too () = —Teo (40)
n

for all n € (0, 1].

The proof is in Appendix D. Several examples, which
underscore Eq. (40), are shown in Figs. 7 and 8. Obviously,
Eq. (40) is not restricted to fully localized initial states, as
seen in Fig. 8.

In Fig. 7(a), we choose a complete graph (often applied
in machine-learning setups) and a random graph in Fig. 7(b).
For some fixed but arbitrary time ¢+ = 0.9 (which is not a
fractional multiple of 27), the first hitting time converges
differently to the ! scaling for the more symmetric complete
graph, rather than the random graph. In Fig. 7(a), the limiting
scaling is already reached for N = 500, whereas in Fig. 7(b),
for small values of n and N = 2000, the scaling is not yet
met. Nevertheless, the lower bound % < To(n, 1) proved in
Lemma A3 works well even for small N values (N > 20 for
n > 0.1), as Figs. 7 and 8 reveal. Moreover, Fig. 8 shows
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—— 1n
— 1/ Tgyong

""" Tstrong

FIG. 8. Examples for the 5! decay of the first hitting time with
weak measurements for initial states that are a superposition of two
sites: (a) Petersen graph with 10 vertices and (b) graph of a 4x4
grid. The sites that span the initial state are marked in cyan. The
blue surface indicates one qubit, which is coupled to one ancilla

qubit. The initial states are (a) |/) = %(|6> +17)) and (b) ) =

%(H) +12)). For t = 0.9, the projection-valued first hitting time
Ty (horizontal gray line) is compared with the weak first hitting
time ty (25), following Fig. 1, for several values of N up to N = 2000
and for 10 values of n between n = 0.1 and n = 1.0. The strong
hitting times are (a) oo =3 and (b) T5°" = 9. The expected
correlation from Eq. (40) is visible. The yellow surface marks the
range of expected first hitting times % < Too(n, 1) (see Lemma A3).

is plotted for fixed n = 0.1.

In panel (b), the convergence to %riém"g

that the scaling of Eq. (40) is invariant under localized initial
states: both the Petersen graph [Fig. 8(a)] (despite its role for
several counterexamples in algebraic combinatorics [50]) and
the grid graph [Fig. 8(b)] (commonly used for representing
two-dimensional (2D) lattices in data science, molecular biol-
ogy, or material science [51]) indicate convergence to ™' 7.,
for uniformly superposed initial states. As well as in Fig. 7, a
smaller projection-valued first hitting time 7y"*" in Fig. 8(a)
causes faster convergence compared with a larger 7y ™ in
Fig. 8(b).

Numerical computations reveal that Eq. (40) is not re-
stricted to pure quantum states but seem to hold true for
arbitrary initial states—assumed that those are fully sup-
ported within the range of P. For a counterexample, consider
a triangular graph consisting of three vertices, labeled—i €
{0, 1, 2} and corresponding basis states |i) € C3. Consider the
projection P = |0)(0]| onto site |0) and perform the weak mea-
surement protocol with an initial state po(c, B) := «|0)(0| +
BI1)(1] such that Trpg (e, B) = 1. Depending on the weight «,
the obtained scaling is always larger than 1~!, but only up to
slight variations. This observation is in correspondence with
Lemma A3. Investigations toward the effect of the overlap of
the initial state with the range of the measurement projector, as
well as scaling laws for a broader class of quantum channels
and quantum states, are part of ongoing research.

There are two physical intuitions behind Eq. (40). As al-
ready mentioned, 1/n is the expected value of a geometric

distribution arising from the events “detecting the quantum
walker with probability n” and “not detecting the quantum
walker with probability 1 — n.” However, the events do not de-
couple from the measurement observables, since there is also
the event of measuring the quantum walker but losing it: there
are states within the range of Q,, which have a \/1 — 5 overlap
to P but only those states correspond to detected states, if and
only if there is a nonzero overlap to Q (cf. Proposition A3).

Geometrically, 1/n corresponds to the curvature of the
circle induced by the radius arising from the norm of the
scaled success projector ||P,,|w)||2 =1, which is one if and
only if we measure strongly.

Preliminarily, we believe that the scaling law can be linked
to the amount of entanglement between the control qubit
and the ancilla. To illustrate, consider only one iteration and
change the n values between the extreme points n = 1 and
n = 0, respectively (cf. Proposition A2). n = 1 yields a Bell
state (up to normalization) while n = 0 gives a separable state.
Hence, the entanglement strength induced by 7 is inherited in
the altered recurrence statistics. Conversely, provided that a
universality of the hitting time under various initial states and
quantum channels can be established, the recurrence statis-
tics could reveal a computable connection to the underlying
amount of entanglement between the ancilla and control qubit.
Therefore, Fig. 1 could eventually be transferred to a possibly
novel approach of entanglement determination, which raises
an interesting question for future work.

The increase in the expected-first return time, which is
proportional to 1/1, gives rise to the question: which n’ €
(0, 1] characterizes the threshold between the quantum and
the classical expected first return time? For the generic case of
rings of size L, and for N — oo measurements, we can give a
simple answer:

“w 1 N 1, ifLiseven @

TEE2T L, ifLisodd,
which goes to 1/2 as L — oo. This can be seen as follows: the
classical return time for those rings was shown to be 7 = L
[31]. The expected first return time through projection-valued

measurements was derived in Ref. [31] and is given in (38).

Based on (40), we can solve #z;;”“g = t forn’ € (0, 1] and

conclude (41). We emphasize that Eq. (40) remains valid, even
if the time-reversal symmetry is broken, through the pres-
ence of a weak, homogeneous magnetic field [52]. For rings,
these systems are modeled by a tight-binding Hamiltonian of
the form [26] H = — Y723 (™| j)(j + 1] + e7|j + 1) {j])
where e/, for o # 1, is a Peierls phase [52] which represents
the magnetic flux and that causes different degeneracies in the
energy levels and hence affects the mean recurrence time [26].

The scaling law (40) begs the question of under what
circumstances does its validity fail? As discussed, one restric-
tion covers the support of the initial state: once the initial
state cannot be fully recovered by the measurement oper-
ation, the scaling of t,, is larger than n’l. Moreover, its
applicability is limited to systems that can be implemented
according to Fig. 1. Specifically, if the unitary operator is not
implementable, there are no recurrence properties observable
independent of the type of monitoring.
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Consequently, there are two canonical insights of our re-
sults. First, we have found a novel method for controlling the
recurrence time of a quantum system by varying its measure-
ment strength, while simultaneously preserving its recurrence
properties. In this way, we are able to modify its dynamics
in a controllable setting. Second, by employing a stochastic
measurement method (coupling the quantum system to an
environment and allowing for phase loss), we still find a
deterministic recurrence property that scales inversely with
the stochastic information loss, caused by the measurement.
This second recognition especially underscores once more
the beautifully stochastic yet controllable nature of quantum
theory—an artifact of a supposedly never-ending journey of
scientific discovery.

V. CONCLUSIONS

In this work, we analyzed the first hitting time prob-
lem for continuous-time quantum walks on graphs through
weak measurements. The composite quantum system under
investigation was chosen to be suitable for implementation
on quantum computers. The graph is encoded into a finite
qubit register and an ancilla qubit is connected to one of
the system qubits. The weak measurement is implemented
by a controlled rotation gate, whose reparameterized rota-
tion angle indicates the measurement strength. This specific
operator-valued measurement corresponds to quantum evolu-
tion through a phase-damping channel [33]. The monitoring
process of the quantum walk is realized by an on-site mea-
surement protocol at a constant rate. After an initially fixed
time period, the quantum system is intercepted and weakly
measured. Depending on the outcome of this measurement,
the protocol either continues for no-click measurement, or is
terminated for click measurement. By applying the theory of
quantum state recurrence [15] and quantum subspace recur-
rence [22], we can compute the first hitting time depending on
the rotation angle of the measurement. Both for finitely and
infinitely many measurements, we can evaluate the weakly
monito red first return time by utilizing the Hilbert space
formalism without dilation [Eq. (26)]; a special case, which
fails in general for operator-valued measurements.

Unlike in the seminal work of Griinbaum et al. [15], where
the mean return time is strictly integer quantized, or infi-
nite, in our setting, the mean return time is not quantized.
Nevertheless, a quantized structure emerges in the obtained
scaling law Eq. (40): Tyeak = %‘Estrong, where n = sinz(g) and
g are the rotation angle inducing the strength of the mea-
surement. For higher-dimensional pure quantum states, the
n~! scaling is also found to lower bound the weak return
time: 1/n < Tyeak- However, the derived scaling (40) is not
universal, but holds true only under weak monitoring through
phase-damping channels, rank-one projections, and pure ini-
tial quantum states. Nevertheless, its universality remains to
be precisely enclosed, and numerical computations suggest
that similar scaling behavior may also arise for more general
initial states. We emphasize, however, that this observation
is preliminary and does not constitute a theorem. Relation
(40) reveals a direct connection between recurrence properties
under strong projective measurements and those under weak
measurements through phase damping channels. While we

expect such a correspondence to generally hold for recurrence
observables, its validity for other classes of observables re-
mains an open question.

Moreover, a generalized scaling law enlightening recur-
rence properties for arbitrary mixed states would constitute a
desirable result. Computational investigations reveal that the
overlap from the statistical mixture of the initial states to the
range of the measurement observable plays a relevant role.

The relation shows, as expected, that the weaker we mea-
sure, the longer it takes to detect the recurrence. Thus, on the
one hand, weak measurements interfere less with the system.
On the other hand, we need more measurements to detect the
system in the target state.

Ultimately, the validity of the n~" scaling law is restricted
to either finite-dimensional Hilbert spaces (which naturally
cover the scope of gate-based quantum computation) or ab-
stract recurrent quantum systems, where a unitary operator
and an initial state are known to be recurrent. On the contrary,
its applicability to quantum mechanics in infinite-dimensional
systems remains an open field of research. The recurrence
assumption in infinite dimensions must be revisited so that a
general scaling behavior might not be visible.

Consequently, several natural research questions arise. At
first, can we find a similar dependence on the first hitting
time by the measurement parameter if we use a different
coupling, i.e., an XX coupling? If yes, is it also proportional
to the inverse of the parameter? Second, a generalization to
multiqubit weak measurements with various rotation angles
provides a promising area of research with applications in
designing measurement-induced quantum algorithms. Third,
our implementation draws a bridge between recurrence and
the rich literature on entanglement measures [53-55] and in-
formation theory of networks [56]. Studying the connection
between the first hitting time and quantum nonlocality may
provide further insights into the interplay between stochas-
tic processes, entanglement theory, information theory, and
foundational quantum mechanics. Finally, the analogous first
transfer time problem may be studied within the same scope,
both for phase-damping channels and more general quantum
measurements.
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FIG. 9. (a) Strong and (b) weak measurements. (a) One itera-
tion of the MCTQW with a projection-valued measurement on the
system. We refer to this type of measurement as a strong measure-
ment. (b) One iteration of the MCTQW with a weak measurement:
projection-valued measurement on the ancilla system corresponds to
a weak measurement on the quantum system. We refer to this type of
measurement as a weak measurement.

hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

APPENDIX A: RECURRENCE BY WEAK
MEASUREMENTS

1. Encoding of the first return event

To implement monitored quantum walks on real quantum
hardware, one must give a precise encoding of states into
qubit-Hilbert spaces of dimension d = 2V. The goal of such
an embedding is to keep N € N as small as possible in order
to minimize computational resources. The following well-
known block encoding ensures the usage of log d many qubits
for computing first hitting times on rings.

J

9)) @ 1),

\\/ =
%0 {|¢n> ®10),

Here, |¢;1) = (ﬂrg(n)) and |¢,) = (ﬂfgzn))’ where a(n) :=
/1 =7 and b(n) := /0 originate from the weak measure-
ment, for some n € (0, 1].

Proof. The weak measurement consists of two steps. First,
we apply the controlled R, rotation on the ancilla qubit and
second, we measure the ancilla in the computational basis.
The controlled R, rotation applied to the state |4;) ® |0),,c
gives

CRy (1Y) ®10))
= (10001 @1 + [1)(1] ® Ry (m)(1¢:) ® |0))
= ;]0)[0) + B[1)(a(m)|0) + b(n)|1)).
We define the state after this rotation by |¢;) := o,|0)|0) +
B\ 1)(a(n)|0) 4+ b(n)|1)). Now, the measurement is applied

to the ancilla qubit. Let @ = |0)(0] and P = |1)(1], so that
we get

Pley) = Bib()|1) ® [1),
Qlgr) = (2:]0) + Bra(n)(1)) @ 10).

Proposition Al. Consider the tight-binding Hamiltonian of
the form (37) for rings of length L € N. If k < L sites are
to be weakly measured, then there exists an encoding which
requires N(L) = [log,(L — k)] + 2k many qubits.

Proof. Our goal is to keep the number of qubits N € N
as small as possible, where N is a function of the ring
length L. Assuming we measure k < L qubits weakly, we
need an additional register of k ancilla qubits (one an-
cilla per site). We call the number of sites that we do
not measure n =L —k, thus L =n+ k. For the first n
sites we can choose the canonical bit-to-qubit mapping
to occupy n modes. That is, take the binary represen-
tation of each i € [n], i.e., 0 =1000...0,000...00), 1 =
|000...1,000...00), 2=100...10,000...00) and so on.
To get the number of qubits needed for this, just compute
[log,(n)] = [log,(L — k)]. Since there are 2k qubits left, the
number of required qubits is N(L) = [log,(L — k)] +2k. W

State after the weak measurement

We consider a strong [Fig. 9(a)] and a weak measurement
[Fig. 9(b)]. Let us consider the postmeasurement state. Let
[¥ (1)) = U(t)|®)ctriquic denote the 7-dependent state after
one iteration of U (¢) on the control qubit.

Proposition A2. Let
_ (%
V) = < ,Bz>

be some arbitrary state on the control qubit after U (¢) has been
applied. Then, the state after the null-type weak measurement
on the ancilla qubit is a separable, subnormalized, two-qubit
quantum state of the form

if the particle has been detected, i.e., yes

(AD)

if the particle has not been detected, i.e., no.

(

Note that the projector P corresponds to a YES measurement
and Q to a NO measurement. By defining |¢:7) = Bb(n)|1)
and |¢,) := oy]0) + Bra(n)|1), we have the assertion. |
The quantum circuits displaying the respective post-
measurement states are visualized in Fig. 10. The postmea-
surement state is obtained by normalizing P|¢;), respectively,
Q|e;). Proposition 5 shows that there is no additional reset
operation needed in the protocol. Mathematically, the ancilla
remains in state |0) after every unsuccessful measurement.

2. Weak measurements: Subnormalized states and recurrence
a. Shear mapping of the projection operators

By Proposition A2, we can now say how the orthogonal
projections are stretched to those linear mappings that repre-
sent the weak measurement. The transformation matrix from
A7), A, := (\/fﬁ%n (1)) is singular if and only if n = 0. For
n = 1,A; = 1, and all other values 0 < n < 1 induce a shear
mapping of the observables. Since the weak measurement is
unitarily equivalent to a phase-flip channel, a picture of how
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|¢>aﬂ 4‘{?1@]

FIG. 10. Quantum state before and after it is measured weakly. (a) State after the “NO” event: |W(n)) =

“YES” event [W(n)) = |¢]) ® |1).

the above mapping acts on qubits is seen, i.e., in Chap. 8 from
Nielsen and Chuang [33].

It is recaptured that the encoding is invariant under any
unitary basis transformation. Let B denote a unitary complex
2 x2 matrix, which transforms the computational basis, i.e.,

P~ B'PB=:P, Qw B'OB=:0Q.

Then, using Eq. (17),
P, B'P,B= /nB'PB= /nP' = P.,
0, B'0,B=B"(Q+/1—1nP)B
= BTQB ++/1-nB'PB

=0 +/T—9P' =0, (A2)

An important application is, when the diagonal basis
{|4),]—)} is chosen. In this case, B = H, where H is
the Hadamard gate so that |0) — H|0) =: |4+) and |1) —

H|1) =: |—). Explicitly, H—f(1 _11), yielding with

Eq. (A2)
=i )
o =41 Ty 1TV

Definition Al. Cons1derS ={lY) eV llY)l=ynVne
(0, 17}. The orthogonal projection P : H — V gives a linear
(but not projection-valued) mapping P,:H — V, P, =
/MP. Similarly, the mapping Q, is given by (17), ie.,
O, =0+ +1—nP.

Proposition A3. Consider Sy = {|y) € V :
VT=nyand 7 = {ly) €V : 1Y) = ).

(i) Let [/) € Sy. Then, P,|v) € SY" and Q,|v) € Y.

(ii) Let|y) € Sy.. Then, P,|¢) = 0 and Q,|¥) € Sy..

Proof. The statements follow immediately by definition of
P, and Q,:

(i) Let|y) € Sy. Then P)|y) = \/n|y) € S‘}/ﬁ. Moreover,
0,l¥) = vT=nly) e sy,

(i) Let |¥) € Syi. Then Py|y) = /nP|y) = 0. More-
over, Oy|¥) = QlY) = |¥) € Sy.. u

Y =

) cen — U @)

(b)

l¢,) ® 10). (b) State after the

b. Weak recurrence

For shorter notation, we sometimes abbreviate U := U (t)
and Un = U,, (t). It is mentioned that any unitary operator U
depends continuously on time t e R, ie., U =U, =U(t) =
o—iH!

Lemma Al. Let |Y) € Sy be an initial state and U(t) be
a unitary operator. Then, after measuring N € N times, the
n-dependent return probability to V, denoted by Ry (7, ¢), and
the expected first return time, denoted by 7y (7, t), are

Ry, t) =1 — [T,V 1y) |12,

Yoo 1T, )P = NIT, )N [y) |2
L= 1T, [y '

Proof. We follow the procedure of Ref. [22] and com-
pute an anologous decomposition of the form &, + U"P =
UU"'P. Naturally, the “pseudo-orthogonality” of (18) is
inherited in such a decomposition for weak measurements.
For |y) € Sy, Proposition A3 yields P,)|y) € S‘}/ﬁ. The n-
dependent quantities become (compare with Definition A1)

w(n, 1) =

PP, U~ U,:=0U, a,+— & :=PUUP.
Recall that the projector on the right-hand side controls that
|Yr) € ran P. This is not a measurement after the zeroth step,
so that there is no n term arising here. The modified decom-
position reads

ay+ 0P =

[1+ f(PIUT,)"'P. (A3)

Details are presented in Appendix B 1. To transfer the con-
struction from Ref. [22], we have to show that the telescoping
series for the return probability is preserved in the case of
measuring weakly. Indeed, one computes (see Appendix B 1)

P = @Ol |* = 10,6 )12 = 10,6 19) 1%
(A4)

By definition of the overall V-return probability [22] and the
above telescoping sum,

N N
Ry(n.1):= Y pl)y =Y [aloy)|’

n=1 n=1
=1 — U,V

which shows (22). We insert the above expression for the
expected first V-return time [15], i.e., Ty = 22]21 np,/Ry, so
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that we have for ty(n, t):

YN |ayom|
S Janown |

_ S W@ ) 12 = NIT, 0 [9) 1P
L= 10, [¥) 1P ’

w(n, t) =

]
Corollary Al. Let |{) € Sy be V-recurrent, i.e., Ry (t) =
1. Then, |¢) is also V-recurrent in the weak measurement
protocol, i.e., Ro(n,1) = 1, for all € (0, 1].
Proof. For n = 1, the statement is trivial. Let n € (0, 1).
Then, we compute:

Roc(1.1) = lim Ry(n.t) = lim (1= 10,)"1¥)11*)

=1— lim [T, )| = 1.

>0

—0

The fact that limy_, o | U, ()Y |¥)|* = 0 holds true is seen as
follows: For n € (0, 1], we have for any unit vectors |¢) and

W) = Uly),
0 < 0,112 = (WIT[T,1y) = (/11— nPly)
— 1 —n(¥/|PPIY) < 1, (AS)

J

since P is a projector (i.e., P = P?). Moreover, Eq. (AS)
yields (1//|U,7*Un|1p) =1, if and only if P|Y') = PU|y) =
0. Focusing on this case, we define |¢) := U,gV’IW) and
assume that |0, ¥/} (1> = (¥|U;] U, |¥) = 1, for some initial
state |Y) € Sy. Then,

L= (OO 1Y) = (w|ON100,0) " [v)
= (Y|0,0,1¥) = (U (1 —nP)U )
=1—-n(U'PU|Y)

implies that PU |y) = 0. Thus, when |/) is a unit vector and
|[Yr) € Sy is an initial state,

[ IUI) P = [WIPU )P = (@ |PUTY " [P = 0,
which implies that the return probability |(1//|£1,\,|1//)|2 =
(1P UGN ) 1> = nl(@ |PUTYN ) |* = 0. Hence,
we conclude that |[[)| = 0N y)| <1 for all
initial states |¢¥) € Sy and N > 2, ie.,, for M :=N — 1,
limy o0 |0, O™ [9)* = 0.

Note that, in the case of n=0 (full decoupling),
limy oo [T, OV )17 = limy—oo [UON ) I* =1, e,
R+ (0,1) = 0, coinciding with the intuition that no state is
recurrent, when nothing is being measured. |

Corollary A2. Let Ry(n, t) denote the V-return probability
of an initial state |y) € Sy after N weak measurements with
coupling strength n € (0, 1]. Then, Ry(n,t) < Ry(1,1) =
Ry(t). Clearly, also Ry (1,1) < Roo(l,1) = Roo(t), where
Reo(n, 1) = limy - 00 Ry (n,1).

Proof. As usual, n € (0, 1]. We distinguish between two cases. First, n = 1 and second, 0 < 1 < 1. In the first case,
we always have to recover the projection-valued quantities from [22]. Due to U, := Q,U = (Q + /T — nP)U, we have
U, =0QU =U.Thus,Ry(t, 1) =1 — [TV |12 =1 = [UON|¥)||? = Ry (t). We take the limit N — oo and have Ry () =
1 —limy_oo [0V 9) |12

Now, let 0 < 1 < 1. For two positive (diagonal) operators A; and A,, N € N, it holds true that

(AL + AU ) = 1A U)Y [9)I,

lv)eSy = ||t7,§V|1/f>||2 = I[(Q + 1 = nPYUTN Y 1> = 1QUN [¥)IIF = 1Ty 1.
Consequently,
Ry, t) = 1= [T,V 1Y) 1P < 1= [T |[¥)II* = Ry (2).

The monotonicity of taking the limit proves the assertion. |
Corollary A3. Let ty(n, t) denote the expected V first return time of an initial state ) € Sy after N weak measurements with
coupling strength n € (0, 1]. Then, ty(n,t) = n(1, 1) = Tn(¢). Clearly, also 75, (1,1) = Too(l, 1) = Too(t), Where Too(n, 1) 1=

limy 00 T (1, 1).
Proof. We apply Corollary A2 and note that, for alln > 1,

|T7 1) | = 10719 1% = 1QU Y ¥ I < Q@ + VT — nPYUY W) < 1,
— 1= TP =1 - [T |
From this, and T |¥)[| > |T*|)]| for all k > 1 (cf. Corollary A2), it follows that
Yo 10, M2 = NIG, @V IE Y 10 @MW) = NG, @V [9)12
1= 1T, )12 - 1= 1T, )12

N S MO @ )1 = NNT @Y 1w )12 o Yo IOV = NIT OV et )
- 1= 10, y) )2 - L= TNy '

The monotonicity of taking the limit proves the assertion. ]

TN(nv t) =
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Lemma A2. Let |¢) € Sy. Fort = 0 and for all € (0, 1],
the expected return time 7y(n, t = 0) is given by

1 N1-pV
i, 0) = & = P

Especially, 7o,(n, 0) = 1/n. The rate, of which 7y(1, 0) con-
verges point wise to 1/nisc(n) =1 —n.

Proof. For t =0, U(0) = 1. As mentioned in the text,
if 1 =0, clearly y(1,0) = 1. So let n € (0, 1). Since there
is no evolution at all, U, = 1, = [(Q + +/T — nP)1], which

implies Tl]:] = Q + (/T=1n)P due to P, Q being projection
operators. Then, for all [{) € Sy, ||]1’;|1p>||2 = (1 —n)k. In-
serting this in Eq. (25) gives
Yo (L=t =N —n)"

L= =mV

Since |1 —n] < 1, we can simply use the geometric sum

w(n,0) =

Yoo ¢ = =L (Iq] < 1), from which we get
HOS N =Y 1 N =)V
v (n,t = 0) = -0 BLAOY A . Dy
I==n) n 1—(1-n)

Taking the limit N — oo yields 7,,(1,0) = 1/7.
The rate of convergence is defined by c(n):=

: ,0)—70(1.0 . . !
limy 00 %. A simple computation yields

) N+DA—V+!
. T— (I
c(n)_Nh—E%o )N(l—n)"’
T—(1—n)"
N+ DA =N =1 =]
lim
N—oco N1 —mN[1 — (1 =N+
1=+ 5D —a—p»
O Ul a0 | Ll Ul D
Neso00 1—(1 - n)N+1

]
The subsequent Lemma shows that 7, (7, ) is lower-bounded
by 1/n forallz € R.

J

Lemma A3. Lett € R and n € (0, 1]. Then,
1
" < To(, 7). (A6)

Proof. Letk € N. We define for [y (n, 1)) := (QnU,)klw),
Yr(n, 1) := [lYx(n, NI* and ge(n, 1) := [IPU |y (n, D) 1.
We show the claim in three steps:

(1) At first, we show that g; < V.

Due to the orthogonal projections P and Q, any v € H, is
uniquely decomposed as v = Pv 4+ Qu, which gives |[v|*> =
|Pv||?> 4+ |Qv||*> and consequently ||Pv|> < ||v|?. Take any
unitary operator U on #, so that we have ||[P(Uv)|?* <
IUv|I* = [[v]|*. Therefore, gi(n,t) := IPU|yx(n, O)II* <
e Gr, MI? = Yi(n, t). Abbreviating the n— and ¢t — depen-
dencies, this shows that g; < .

(i) Second, Y¥y1 = Vi — NGk-

The (pseudo-) orthogonal decomposition through Q,
also gives rise to the following: |Viyil® = ||(Q,,U,)"Jrl
[)IIP =10+ V/T—= P)Ut(QnUr)"Ilﬁ I>=11(Q++T=7P)
Uil¥i(n, OMNIP=I1QU: Wi (n, ) 1P+l T=1PU; [ (n, ) |*=
1L = PYUy [yi(n, O + IVT = 0PU; [i(n, O) 1> = 1Us [¥x
(. OVIP = A=T=mHIPU Y (. N 1> = Y (. O)I* —

IPU [ (r N S W — g

(i) 1/n < teo(n, ).

Combining (i) and (ii), we find that Y4 = Yx — ngx =
Y — ne = (1 — n)Yy. Iterating this over k € N, we get
Y = (1 — )% = (1 — n)*, because of ¥y =1 by con-
struction.

Hence, (1 — n)* Yo < Y, so that we can lower bound, due
to monotonicity and Lemma A2, the following partial sum:

SN = Zﬁcvzo Vi > Zk —o Yo(1 —n) et L 1(1(1?7):;]'
Too = Soo = liMy_ 00 sy = limy_, o0 Zk:@ Yr we conclude
by monotonicity and writing the n— and #— dependencies:
Too(n,2) 2 1/1. u

It is worth mentioning, that the choice of a continuous-time
unitary operator does not affect the generality of the proof.
The reasoning works equivalently for all unitary operators on
a finite-dimensional Hilbert space.

Since

APPENDIX B: DETAILS OF PROOFS

1. Lemma A1l
To show Eq. (A3), we start by computing the left side of (A3) and conclude the right.

ay +
= (P,U +Q,U)U'P =
=1+ f(PUT,;"'P,

where

£:(0,11 = [0, V2 — 1],

Thp rn—1 Tnp rn—1 7 yin—1lp __
"p=PUU'P+ 0P =PUU'P+0,0/'P =
(P, +Q)UU'P =

(P,U +0,)0'P
rrn—1
(VnP+ @A —P)+ /1 —nPUU"'P

fa):=yn+yl—-—n—L (BI)

Moreover, Eq. (A4) is shown. From the above pseudo-orthogonal decomposition, one writes

QD

n_ ~r—
n_U n

1 Frn rrn—1
P—0!P+ f()PUT!'P.
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For |{) € Sy, we have by construction P|yr) = |¥). Thus,
ally) =00, 1y) = 0] [y) + fF(PUT, " |y),

=:a =:b

so that [|a|yr)||? is of the form
N 2
|alv)|” = lla+ 61> = llall* + [1b]1* + 2Re (a, b).

Here, we have defined a := (U U,;’_' — U,;‘)W) and b := f(n)PU U,;"l [v). Hence, we compute separately the subsequent three
expressions: ||al|?, ||b||?, and 2Re (a, b).

The results are

(D) llall® = =10~ 1) I + 1001917 + 2 &,?II&ZIWIIZ,

@ 1617 = L2 jaziy) |,

(3) 2Re (a, b) = DLW any) |2,
Details are presented in Sec. B 2. For simplicity, we define h(n) := i[2g(n) + 2(n) +2g(n)f(n)] = 2. Then, we find by
combining all three expressions:

8(77) ” f (77) H Zg(n)f(n) H

) I” = ~1a7 ol + 1o P + 2 = =g [+ ==z |* + ===z’

= — |G| + 01w ||2+h('7> laziw)|? =—||U#*‘|w>||2+||U:|w>|| +2|a]
= |auw|’ =0 1w’ - [ |

2. A few details
a. Details to B 1

(1) Such an expression was already computed in Ref. [22]. It corresponds to the n = 1 projection-valued measurement.
However, we repeat the computation to follow closely what will change in the case of our weak measurement protocol. The
result is

lal? = (O = O |* = [u0: 1) |* + 001wy |* - 2Re (UT; "y, G7')
= WU IR0~ 1) |* + 07190 | = 2Re (U Ty, 0,0, y)
= |G| + | T2 |P = 2Re Uy, Ty,

where we have defined |') := U)~'[¢/).

We now compute Re(Uy’,U,¥’). Recall that Q, =Q+J/T—nP=1-P+ /T—pP=1-(1-J/T—n)P=:
[1 —g(m))Pforg: (0,1] — (0,1], g(n) :=1—/T—n.

Uy, 09y = (U, (QUIY') = (¥, UN(Q,U)Y")
= U1 —gmPUY") = (Y, (U'U = U*gPUW') = (¢, (1 — U*g(mPU)Y')
=" ¥") =g UPUY) = (¥'. ¥') — g(y', U"P*PUY)
= (Y ¥) =g, (PUYPUY") = (Y, ') — g)(PUY', PUY")
= [lIY)IIP = gn(PUY', PUY').
Since |[¢) € Sy andn > 0, |¢) = f(fP|1p ). Using this identity, one computes

(PUY', PUY') = (PUU 'y, PUT; ")

1 ~ 1 4
= (—mPUT"' Py, — JPUT'P >
\/ﬁﬁ . PV ﬁﬁ n PY
L ) 1
= (PO P RUTTPY) = lan]

From this, we summarize (U, Uy} = ||y — gm){PUY', PUY') = [|[y) | = £2[1a7]y)||. Thus,

2 S a2

Re (Uy', Uyy') = Re(nwn2 - # a,'z|w>||2> =071
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Altogether, we finally write
lall* = ||Un”*1|1ﬂ>||2 + ||l7,7|1/f)||2 —2Re (UY', U, y")

oz 13 + el = 2( oy wal” - £2 )

2
— |l

g(n) ”

oy I + g [P +2 5= azivn |

From the structure of ||a||?, we already see that the telescoping property is preserved. The expressions ||b||> and 2Re (a, b) will
erase the prefactors in 7.
(2) Again, since |) € Sy:

~ 1 N
b= f(ﬂ)PUU,;HIIM = f(n)—\/ﬁPUU,’]HPW) AU PUUT}" Ply) = f(n)”’hﬁ)

=a,

Hence, we have ||b])? = L@ (”) lany) 2.
(3) The expression for b was computed in the above step 2. Compute a and combine:

O ) = Oy = U = 00" y) = 0 — QUG |y) = (L — Q) UT! " Ply)

=g(mP
= sPUT ' Ply) = B2 Jmpudn-ply) = g(")PUU" p iy = By,
\/_ \/_
Finally,
8 ., f(n) 28 f () o 28mfm) . 2
2Re (a, b) = 2Re < ay, nl/f> ay. app) = ————lai)l-.

It is mentioned that the telescoping sum in the numerator of (25) is of the form (compare with Lemma A.3 in Ref. [22])

N N—1
Zn(un_l —uy) =uyg—uy +2u; —2up +3ur —3uz + ...+ N(uy_1 —uy) = Zuk — Nuy.
n=1 k=0

b. Details of the integral representation

The following statement follows immediately from the findings of Bourgain et al. [22] and were subsequently worked out in
more generality by Griinbaum and Velazquez [23]. Expression (30) is derived in the following. A similar derivation of such a
scalar-valued complex return integral was presented in Ref. [15] and can also be found, for instance, in Ref. [41]. We explicitly
write out Eq. (30) and start by (a/(t) = a,)

o0

. 2
T, 1) = Y _nlalOly)| "
n=1
Note that, for @ € R, we can write n = —i->-e™|,_y and similarly ine™ = 2 ¢™". Moreover, we use 8, = 5= [, df ¢”"~™
for n,m € N and the generating function for the first return operator, i.e., a(n, z,t) := ,fil &Z(t)zk, which can be written for

lzl = 1asa(n, e’ 1) =Y ;o alt)e™, forz := €, 0 € [0, 2]. Then,

N

2w
el = (v o) = swagfagon) = (v, o= [ doevmaian ),
0

Combining all, we can write

_ = ~ 2_ - 8 ina 1 o i0(n—m) AnT AT
roo(n,r)_;nnag(tw)” _H;I (—lae a_0><w,§/0 dbe ar(a 7(;)¢>

)eingag (t)w>
a=0

— 1 [ 9
— Z — f d9<w’ e_imgflgf(t)<—eim
- 2mi Jy do
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Now, we use

)az<t>w>.
a=0

o 1 2
— - 4o —imf ant ¢ m(a+9)
;2;11‘/0 <1ﬁ 2 e ()<

m=1

:&T(n,em,f)
1 2 : " S 9 . )
= do(v,a"(n, e?,t — Mt g .
i ), O\v-ae );(M &)y
© 4 00 ) 00 P
e m(aJrG)An _ . in(a+0) an _ s infaneN _ inf Y an

Z 80[ an(t)) » = Zlne al(t) . = Zzne al() = Z (396 )an(t)
n=1 n=1 @ n=1 n=1

0 - 1 ~ def. ~ i
- _GZ ay (1) i (n,e(’,t),

which concludes

1 2 . ) 9 )
Too(n,1) = Z_m/ d9<1ﬂs a‘(n, e”, l)ﬁa(ﬂ, e’ l)1ﬁ>-
0

APPENDIX C: ANALYTICAL EXPRESSION OF THE TWO-LEVEL SYSTEM

Even for an example of minimal dimension, the involved quantities quickly become infeasible to control analytically. The
involved operators for a complex contour integral are

and

~ UO(LZ, 1’])
Ur](Z?t)z 2 ’
14+22/1T—n—z(1++/T—n)cost
__ (1—zcost  —izy/T—nsint
Uo(t,z,m) := ( —izsint 1—2zJ1— ncost)’

J/nz(cost—z) 0
a(mn, z,t) = 1+zzﬂ—z8+m>cosz o)

However, evaluating the integral representation of t..(n, ) symbolically does not work, so we take the vectorization approach
as described in Refs. [23,24]. We define g(¢, x, ) := p(t, x, n)/q(t, x, n) with

pt. x ) =n(1 +2{=2/T = n+2[1 + 21— 5+ 2z(=1 +17) — 51}
+ {1 +2[~2+2—2y/T— 1+ 22/T—n — zn]} cos 2r)

gt x, ) =2{1 + 2l—/T =1 — 22(1 — )7 — 2/T = (=2 + ) + (=1 + )]
— =1+ 2 (=1 +MI(=2+n)cos’t + z{—y/1 —n+2z[1 + /1 —n — 1]
+ 2/1 = nlz(=1 4 n) — nl} cos 2¢}.

(

APPENDIX D: PROOF OF LEMMA 1: THE MEAN RETURN which is expanded in powers of x as

TIME SCALES WITH 1/y

With x:=T—7, P:=|¢)(¢], and Q:=1—P we =@-QU)"' Y ¥ [PUG-QU)'I'P
redefine the survival operator U, := (Q + xP)U for 0 < 120
x < 1. Then, the return amplitude ¥, := (1 — x*)"/?(yr|(z — —( 1 ! Lpal
ALy o, - . =(z—QU) X [PU(z—QU)" PI'P.
U '[Y)yy, = (¥ l(z— QU —xPU)~'|y) we can write 1220

for the resolvent

(z— QU —xPU)"'P
=(z—QU) 'l —xPU(z—QU)'I"'P, >0 L=y

Since PU(z — QU)™'P = P(y|(z — QU) "'y )P = Py we
obtain for the right-hand side

=@-QU)"' Y xPiP=(z-0QU)'P
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FIG. 11. Effect of the sampling size on the error bars through statistical bootstrapping, when drawing over 40000 shots executed on
IBM-Aachen. Exemplary distributions fort; = iAt, fori = 1,2, 3,4 and At = zg—g(a) R = 1000 repetitions of S = 1000 samples. (b) R = 5000
repetitions of 10000 samples. As the sample size and the number of repetitions increase, the clean normal distributions around the obtained
first hitting time become visible. The standard deviation decreases, so the error bars become extremely small. Numerical values are presented

in Table L.

such that the return amplitude 1, reads
T 2 1&]
1/’)( = 1 —x?——.
1 —_ Xlﬂl
Then, in Ref. [57], it was shown that
. i )
Ji(@®) = —— =¥,
i
i) = — (@[ — )| ).
This can be used to calculate the mean return time as

—i 2w

7 V() 3, e (e)dw
T Jo

_—i(1—x2)/2’r e
T 27 o 11—

From the expansion of the denominators in geometric series,
we get

1 —x?

2 x?

—ip eiqo

dow.

— 0, .
xe~% 71— xe¥

/2n lele_i(pl' Z llezeiwlz d_<,0dw
0 d(,()

h>1 h>1

2 2
= Z 12x11+121__x/ eiw(lzfll)d_wdw (D1)
2nx2 Jo dw
I, h>1
Then for I, # [; we have
1

2 ) d
euﬂ(lZ_ll)_(pdw

2 0 w

dow =0

—i 27 Jeie(b—h)
B Zn(lz—ll)/o dw

due to the periodicity of 2=/ and for I, = I,

1 2w d @ J

— —dw =Ty = To,

27 Jo dw Y *

with the winding number 7,,. Note that this winding number
is the same as 7. Thus, we obtain for the right-hand side of
Eq. (D1)

B d
(1 —xP)ty Y 12D = (1~ xz)rwm >

I>1 >0
(=), T T
A =x22 1=x2 1-x2
_ > (D2)
n

This concludes the proof.

APPENDIX E: STATISTICAL BOOTSTRAPPING

Ideally, we would repeat the quantum-computational in-
vestigation multiple times. However, due to limited resources,
one can obtain statistical deviations by statistical bootstrap-
ping. We follow the construction presented in Appendix C in
Ref. [58].

Given N = 40000 trajectories for 80 different angles ¢
and a first-return statistics, we can perform a sampling with
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TABLE 1. First four values of the first hitting time: theory, quantum computation, and statistical resampling.

Theory, quantum computing, and bootstrapping.

Theory values, Eq. (24) IBM-Aachen R = 1000, § = 2000 R =5000, S = 10000
t =0, T(t) =4.767 T(t;) = 4.556 T(t;) =4.551£0.119 T(t;) = 4.556 +£0.037
t, =0.079, 7(t,) = 3.663 () =4.174 T(t) = 4.177 £ 0.136 T(t) = 4.174 £ 0.043
t3 = 0.157, ©(t3) = 7.328 T(t3) = 7.461 T(t3) = 7.460 £ 0.237 T(t3) = 7.463 £0.072
ty = 0.236, 7(t4) = 7.185 T(ty) = 7.233 T(t;) =7.233 £0.186 T(t4) = 7.233 £0.058

replacement experiment to obtain an empirical mean value.
Since such a randomized sampling procedure converges to a
normal distribution by the central limit theorem, one can find a
reliable estimate on the true mean first hitting time. Note that
we can also compare the result to our theoretically obtained
curve by Eq. (25).

The bootstrapping procedure for the depicted values from
Table I is visualized in Fig. 11. For each angle #; repeat the
following: For R repetitions and S samples, draw one out of
N bit strings and compute its first hitting event. Example: 010
would be a yes measurement after the second measurement
(first 1 appears at the second position, i.e., n = 2). In practice,

the bit strings have length N = 20 (recall that N denotes the
circuit depth). Then, sort the bit strings according to their
first hitting appearance and compute the statistical probability
pn = (number of strings with first hitting event n)/N. Com-
pute T = 22121”1%/22/:1 pn according to Eq. (24). This
gives alist (ty, ..., Tg), from which we compute the empirical
mean L = 1—1325121 T,. Similarly, the standard deviation is

computed by o = [% SR (T — w)*1Y2. In our case, N =
40000 already provides a large sample size. The error bars
presented in Fig. 4 correspond to u &+ o, which are computed

for R = 1000 and S = 2000.
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