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Relativistic effects on photoabsorption cross sections of highly charged ions
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The study of highly charged ions offers a unique platform for probing the breakdown of nonrelativistic theory
under the influence of extreme electromagnetic environments. Here we investigate the photoabsorption of highly
charged ions within the dipole approximation using both the time-dependent Schrödinger equation (TDSE)
and the time-dependent Dirac equation (TDDE), modeling the external field as an instantaneous broadband
excitation. Nonrelativistic scaling relations with respect to the nuclear charge are utilized as a diagnostic
tool to systematically identify and quantify relativistic contributions. Within the purely nonrelativistic TDSE
framework, these scaling relations hold exactly, allowing the absorption spectra of arbitrary highly charged
ions to be inferred directly from a neutral hydrogenic reference. However, as the nuclear charge increases,
relativistic effects become dominant through a sizable blueshift in the absorption cross section, due to the
relativistic enhancement of the binding energy. We further evaluate semirelativistic TDSE approximations by
direct comparison with full TDDE simulations, assessing their predictive power and establishing the regimes
where a full Dirac treatment is indispensable for quantitative accuracy. These results establish a baseline for
subattosecond relativistic quantum coherence and transient polarization, providing the theoretical groundwork
for impulse spectroscopy at next-generation x-ray free-electron laser facilities.
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I. INTRODUCTION

Recent advances in extreme light sources, such as the Eu-
ropean X-Ray Free-Electron Laser (XFEL) [1] and the Linear
Coherent Light Source (LCLS) [2], have opened a new fron-
tier of light-matter interaction, providing access to radiation
intensities on the order of 1023 W/cm2 or beyond. These mod-
ern facilities combine unprecedented peak brightness with
attosecond-scale pulse durations [3,4], enabling the coherent
excitation and real-time tracking of electronic wave packets
in the x-ray spectral range [5,6]. In this ultraintense regime,
the electron dynamics becomes inherently nonperturbative
and relativistic, as the quiver velocity of liberated electrons
approaches the speed of light [7,8]. The states generated under
these extreme conditions are currently the subject of pio-
neering experimental research at large-scale facilities [9–11].
Recently, Son et al. [12] highlighted the complexities of
interpreting XFEL-driven spectra, demonstrating that res-
onancelike features in multiresonant x-ray scattering can
arise from sequential absorption rather than true resonances.
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Complementary theoretical work by Müller et al. [13] has fur-
ther established the necessity for high-precision Dirac-based
modeling, achieving sub-meV agreement with experimental
measurements of double-K-hole resonances in He-like ions.
These advances reveal the complexity of accurately decipher-
ing the spectroscopic signatures of highly charged ions, where
transient polarization and high-frequency coherence dominate
the early-time dynamics.

From a theoretical perspective, a rigorous characterization
of the electron dynamics at relativistic velocities requires the
solution of the time-dependent Dirac equation (TDDE). While
this formalism intrinsically incorporates relativistic kinemat-
ics and spinorial corrections, such as spin-orbit coupling and
the Darwin term [14–17], it lacks the elegant universal scaling
symmetry found in the time-dependent Schrödinger equa-
tion (TDSE). In the nonrelativistic dipole approximation, any
hydrogenlike ion can be mapped exactly onto a hydrogen
atom benchmark through a space-time coordinate transfor-
mation. This scaling has served as a cornerstone for energy
calibration and cross-section predictions across the Periodic
Table [18–20]. However, as the nuclear charge Z increases,
this universal symmetry relation inevitably breaks.

The central goal of this work is to utilize scaling re-
lations as a physical diagnostic tool for relativistic states.
By comparing full TDDE solutions against scaled TDSE
benchmarks, we systematically isolate and quantify purely
relativistic spectral signatures. To achieve this goal, we em-
ploy a theoretical idealization: perturbing the system with

2469-9926/2026/114(2)/023109(9) 023109-1 Published by the American Physical Society

https://orcid.org/0009-0006-9721-8533
https://ror.org/05qpz1x62
https://orcid.org/0000-0002-9243-9461
https://ror.org/05qpz1x62
https://crossmark.crossref.org/dialog/?doi=10.1103/hq5k-bwzj&domain=pdf&date_stamp=2026-08-26
https://doi.org/10.1103/hq5k-bwzj
https://creativecommons.org/licenses/by/4.0/


ANVAR KHUJAKULOV AND CATERINA COCCHI PHYSICAL REVIEW A 114, 023109 (2026)

a broadband, instantaneous δ-kick excitation. Following the
formalism introduced by Yabana and Bertsch [21] for real-
time time-dependent density-functional theory, this approach
impulsively populates the entire excited-state manifold [22],
providing the response of the system to the full spectral range.
While the δ-kick method has recently become a valuable
tool for describing optical nonlinearities [22–24], we focus
here on the weak-field regime to isolate the fundamental
influence of relativistic kinematics on the spectral blueshift.
This analysis provides the necessary baseline for validating
numerical frameworks before moving toward the highly com-
plex regimes of strong-field multiphoton excitation. Within
this framework, we evaluate the predictive power of semirela-
tivistic approximations, including effective nuclear charge Z ′
mapping [16] and field-dressed mass modifications [25,26], to
determine where these shortcuts succeed and where full Dirac
dynamics are indispensable.

The article is organized as follows. In Sec. II we sum-
marize the theoretical framework and the implementation of
the length-gauge solvers, designed to effectively suppress
negative-energy states in the relativistic regime [27,28]. Af-
ter defining the numerical settings in Sec. III, we report our
results in Sec. IV, where we demonstrate the emergence of
the relativistic blueshift and the breakdown of nonrelativistic
scaling for highly charged ions. We provide a comparative
analysis of semirelativistic mapping techniques and summa-
rize our conclusions in Sec. V.

II. THEORETICAL FRAMEWORK

A. Numerical methods for solving the TDSE and TDDE

1. Nonrelativistic approach

We model the interaction between a hydrogenlike ion and
the external field as a broadband instantaneous excitation,
represented by a δ kick [21], arbitrarily oriented along the
z axis,

F(t ) = ẑF0δ(t ), (1)

where F0 denotes the field amplitude. Such an impulsive
excitation provides a uniform, infinitely broadband spectral
distribution that populates the entire excited-state mani-
fold simultaneously. This idealization allows the intrinsic
spectroscopic signal, including both bound-to-bound and
bound-to-continuum transitions, to be extracted from the sub-
sequent temporal evolution of the dipole moment in a single
simulation. In a laboratory context, the pulse always possesses
a finite bandwidth, which acts as a frequency-domain win-
dowing function, introducing a high-frequency cutoff (e.g.,
with a Gaussian profile) that suppresses the excitation of high-
lying states near the ionization threshold. While this spectral
filtering modifies the initial wave-packet composition and
dampens the absolute amplitude of the transient polarization,
the underlying relativistic physics investigated here remains
qualitatively robust.

The electron dynamics initiated by the broadband exci-
tation is governed by the TDSE in the length-gauge dipole
approximation [21]

ih̄
∂ψnr (r, t )

∂t
= [Ĥnr,0 + F0δ(t )z]ψnr (r, t ), (2)

where

Ĥnr,0 = − h̄2

2μ
∇2

r − Ze2

4πε0r
(3)

represents the field-free Hamiltonian and μ is the reduced
mass. The subscript nr denotes nonrelativistic operators and
wave functions. In Eq. (2), the interaction term F0δ(t )z acts as
an impulsive driving force, imparting an instantaneous phase
shift e−iF0z/h̄ onto the initial state at t = 0+.

For the numerical solution of the TDSE (2), we exploit
the universal scaling symmetry of the nonrelativistic dipole
Hamiltonian. We expand the time-dependent wave function
ψnr (r, t ) into a complete basis formed by the eigenstates φ(r)
of the field-free nonrelativistic Hamiltonian Ĥnr,0 [16,29],

ψnr (r, t ) =
∑

j

c je
−iEnr, j t/h̄φ j (r) (t > 0), (4)

where time-independent expansion coefficients c j are deter-
mined by the δ kick at t = 0. The sum runs over all discretized
eigenstates (including both bound and continuum states), with
j ≡ {n j, � j, mj} encoding the complete set of quantum num-
bers. The eigenstates of the field-free Hamiltonian,

Ĥnr,0(r)φ(r) = Enrφ(r), (5)

are factorized into radial functions and spherical harmonics

φ(r) = Rn,�(r)

r
Y�,m(θ, φ), (6)

with the radial function represented using a B-spline basis
set [30]

R(r) =
n∑

i=1

piBi+1(r). (7)

The radial coordinate is confined to r ∈ [0, Rmax] with the first
and the last spline being omitted to enforce the boundary con-
ditions: R(r = 0) = R(r = Rmax) = 0. Substituting Eq. (6)
into Eq. (5) yields a generalized eigenvalue problem of size
n × n ∀ �, which is diagonalized using the LAPACK routine
DSBGVX.

In the δ-kick formalism [21], the initial nonequilibrium
state is expressed by

ψnr (r, 0+) = e−izF0/h̄ψnr (r, 0−). (8)

In the weak-field limit (F0 � 1), the exponential part of
Eq. (8) can be expanded and rewritten in the first order as

ψnr (r, 0+) ≈
(

1 − izF0

h̄

)
ψnr (r, 0−). (9)

Taking the initial state ψnr (r, 0−) as the field-free ground
state φ0(r), the first-order correction δψ = −izF0φ0(r) rep-
resents the dipole-coupled perturbation that populates the
excited-state manifold via dipole transitions, determining the
time-independent expansion coefficients c j in Eq. (4).

The time-dependent dipole moment induced by the kick is
evaluated as the expectation value of the ẑ operator [22,31]:

dnr (t ) = 〈ψnr (r, t )|ẑ|ψnr (r, t )〉. (10)
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Substituting the wave-function expansion [Eq. (4)] into
Eq. (10) yields

dnr (t ) =
∑

i

∑
j

c∗
i c je

−i(Ej−Ei )t/h̄F0〈φi|ẑ|φ j〉, (11)

where the time dependence is governed by the transition fre-
quencies ωi j = (Ej − Ei )/h̄. The matrix elements 〈φi|ẑ|φ j〉
are evaluated using the radial-angular decomposition [Eq. (6)]
and the B-spline representation [Eq. (7)]:

〈φi|ẑ|φ j〉 = Wi jM
L
i j . (12)

Here the angular factor Wi j encodes the dipole selection rules

Wi j = (−1)l j−mj
√

(2l j + 1)(2li + 1)

×
(

l j 1 li
−mj 0 mi

)(
l j 1 li
0 0 0

)
, (13)

and the radial matrix element

ML
i j =

∫ Rmax

0
dr r Ri(r)R j (r) (14)

is evaluated via Gaussian quadrature up to a convergence-
tested radius Rmax, which effectively approximates the infinite
limit of the analytical treatment.

The photoabsorption cross section is computed as the
Fourier transform of the dipole moment [21]

σnr (ω) = 4πω

c

Im[d∗
nr (ω)F ∗(ω)]

|F ∗(ω)|2 , (15)

where F ∗(ω) is the Fourier transform of the δ kick in Eq. (1),
yielding a constant spectrum, and c is the speed of light.

2. Relativistic approach

Relativistic effects become increasingly prominent with
rising nuclear charge, particularly for ions with Z �
20 [32,33]. In this scenario, the electron dynamics is ruled by
the TDDE

ih̄
∂ψr (r, t )

∂t
= [Ĥr,0 + F0δ(t )z]ψr (r, t ), (16)

where ψr (r, t ) is a four-component spinor wave function and
the interaction term is again described by a δ-kick excitation.
The subscript r denotes relativistic quantities. In Eq. (16), the
field-free Dirac Hamiltonian reads

Ĥr,0 = cα · p̂ + βmec2 − Ze2

4πε0r
, (17)

where α = (αx, αy, αz ) and β are the four Dirac matrices
satisfying the Clifford algebra {αi, α j} = 2δi j I4, and {αi, β} =
0 [33].

While this work focuses on hydrogenlike ions, the un-
derlying numerical methods provide a scalable framework.
Specifically, the two-center Dirac equation is solved by
extending an adapted B-spline basis-set method originally
developed for relativistic atomic calculations, a robust ap-
proach that avoids the spurious states commonly encountered
in alternative methods, such as those used for H2

+ [34].
The broader applicability of this methodology has been re-
ported for the ground-state energies for Bi-Au, U-Pb, and
Cf-U quasimolecules [35], calculated within the two-center

approach along with evaluations of the leading quantum
electrodynamic (QED) contributions in the monopole approx-
imation, in good agreement with prior calculations. These
examples underscore the versatility of the present numerical
framework and highlight the need for further development of
two-center QED methods for precise quasimolecular spectra.

From the diagonalization of the time-independent Dirac
equation

Ĥr,0�(r) = Er�(r), (18)

using a B-spline basis expansion [16], the eigenstates are
represented in spinorial form as [33]

�κm(r) = 1

r

(
Pκ (r)χκ,m(r̂)

iQκ (r)χ−κ,m(r̂)

)
, (19)

where Pκ (r) and Qκ (r) denote the large and small radial
components, respectively. The angular part is described by the
�s-coupled spherical spinor χκ,m, while the symmetry of the
spinor is governed by the relativistic angular quantum number

κ =
{

−(
j + 1

2

) = −(� + 1) for j = � + 1
2(

j + 1
2

) = � for j = � − 1
2 .

(20)

By substituting Eq. (19) into Eq. (18) [16,33], the field-free
Dirac eigenvalue problem turns into coupled radial equa-
tions for Pκ (r) and Qκ (r), which are expanded in a B-spline
basis

P(r) =
n∑

i=1

piBi+1, Q(r) =
n∑

i=1

qiBi+1, (21)

in analogy to the nonrelativistic case [Eq. (7)]. Inserting these
expansions into the radial Dirac equations yields a 2n × 2n
generalized eigenvalue problem. The same diagonalization
procedure used in the nonrelativistic case yields the relativistic
energy spectrum and the corresponding eigenstates.

The solution of the TDDE (16) for t > 0 is obtained by
expanding the time-dependent wave function ψr (r, t ) in the
basis of field-free Dirac eigenstates � j (r),

ψr (r, t ) =
∑

j

Cje
−iEr, j t/h̄� j (r), (22)

where j ≡ {n, κ, m} denotes the set of relativistic quantum
numbers. Immediately following the δ kick, the wave function
undergoes an instantaneous phase shift. Similar to the non-
relativistic case [Eq. (8)], this shift represents an impulsive
momentum transfer to the initial spinor state, populating the
relativistic excited-state manifold across the entire spectral
range. In the weak-field limit, the expansion coefficients Cj

are determined by projecting the “kicked” initial state onto
the relativistic basis for a given field strength F0. The rela-
tivistic dipole moment after the pulse is found in analogy with
Eq. (10), using the relativistic wave function [Eq. (22)]. The
relativistic analog of Eq. (11) is therefore [31]

dr (t ) =
∑
i, j

C∗
i Cje

−i(E r, j−Er,i )t/h̄〈�i|ẑ|� j〉. (23)

For spinor states �i and � j with quantum numbers i ≡
{ni, κi, ji, li, mi} and j ≡ {n j, κ j, j j, l j, mj}, respectively, the
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time-independent matrix elements are computed as

〈�i|ẑ|� j〉 = δmj ,miδ|l j−li|,1WjiMji, (24)

where the angular factor Wji is given by

Wji = (−1) j j−mj (−1) ji+1/2
√

(2 j j + 1)(2 ji + 1)

×
(

j j 1 ji
−mj 0 mi

)(
j j 1 ji

− 1
2 0 1

2

)
(25)

and the radial matrix element Mji is

Mji =
∫ Rmax

0
dr r[Pi(r)Pj (r) + Qi(r)Qj (r)]. (26)

After determining the relativistic dipole moment from
Eq. (23), the relativistic photoabsorption cross section is cal-
culated as

σr (ω) = 4πω

c

Im[dr (ω)]

F0
. (27)

It is worth noting that working in the length gauge
[Eq. (16)] ensures that the interaction term remains diagonal
in the spinor space. In the weak-field regime, this effec-
tively decouples the positive- and negative-energy solutions,
allowing the time propagation to be physically confined to
the electronic subspace. This approach is consistent with the
no-pair approximation [36] and avoids the numerical and
physical complications associated with the explicit evolution
of positronic components. Furthermore, while observables
are fundamentally gauge invariant in an exact, untruncated
Hilbert space, gauge choices heavily impact convergence in
numerical implementations [37,38]. In the relativistic domain,
the velocity gauge strongly couples electronic bound states to
the negative-energy continuum, which requires significantly
larger basis sets and explicit handling of electron-positron
pairs to suppress numerical artifacts. By contrast, the length
gauge effectively suppresses these negative-energy states
in the weak-field regime, maintaining a robust electronic
subspace and optimizing numerical convergence [16,27,39].
Finally, since the electric-field strengths employed remain
several orders of magnitude below the Schwinger limit (F �
FS = m2

ec3/eh̄ ≈ 2.6 × 106 a.u.) [40], any contributions from
vacuum polarization or electron-positron pair production are
strictly negligible.

B. Exact scaling relations for the TDSE

The TDSE scaling relations serve as a benchmark for rel-
ativistic effects: Any deviation from these exact mappings in
full TDDE simulations represents a direct quantifiable mea-
sure of relativistic symmetry breaking. In the nonrelativistic
dipole approximation, the TDSE for a hydrogenlike ion can
be mapped exactly onto the hydrogen atom reference due to
the underlying 1/r potential symmetry [19]. Through a coor-
dinate and time scaling transformation, the dynamics of an ion
with nuclear charge Z are analogous to those of the hydrogen
atom. For the coordinates, time, and frequency, these relations

establish a theoretical benchmark

r′ = μ

me
Zr, (28a)

t ′ = μ

me

t

Z2
, (28b)

ω′ = me

μ
ωZ2, (28c)

where the primed variables refer to the hydrogen atom (Z = 1)
and μ ≈ me is assumed. For a continuous laser field with am-
plitude F (t ), the scaling is F ′ = F/Z3. However, when using a
δ kick of the form F (t ) = F0δ(t ), the transformation property
of the Dirac δ function, δ(at ) = δ(t )/|a|, must be taken into
account. With the time scaling as t ′ = Z2t , the δ-kick strength
F0 scales as

F0 = ZF ′
0 . (29)

The other scaling relations in Eqs. (28a)–(28c) remain un-
changed. Moreover, although Eq. (9) provides an approximate
analytical form of the wave function following the kick,
the scaling transformations for time and pulse characteristics
[Eq. (29)] maintain their validity when applied to the exact
wave function [Eq. (8)], as these scalings derive from the
fundamental symmetries of the underlying equations.

The induced dipole moment and the photoabsorption cross
section are subject to scaling relations too. For hydrogenlike
ions, they are obtained by substituting Eqs. (28) and (29) into
Eqs. (10) and (15). The resulting quantities exhibit an explicit
functional dependence on Z:

d (t ) = 1

Z
d ′(t ′), (30a)

σ (ω) = σ ′(ω′). (30b)

From these results, the absorption cross section of any hydro-
genlike ion can be predicted based on the known results for
the hydrogen atom by scaling the field strength according to
Eq. (29).

C. Semirelativistic scaling relations for the TDSE and TDDE

Semirelativistic approaches provide a critical bridge be-
tween the nonrelativistic framework of the TDSE and the
fully relativistic TDDE, for which exact scaling relations are
unknown. For any nuclear charge Z , the relativistic bind-
ing energy always exceeds its nonrelativistic counterpart, as
sketched in Fig. 1(a). To isolate the impact of this energy shift,
we introduce an effective nuclear charge

Z ′ =

√√√√√2c2

⎡
⎣1 −

√
1 −

(
Z

c

)2
⎤
⎦ (31)

to allow a nonrelativistic electron to mimic the relativistic
contraction and increased binding energy of the Dirac 1s
ground state. By matching the relativistic binding energy of
a system with charge Z to a nonrelativistic model with charge
Z ′, we can evaluate the predictive power of the semirela-
tivistic approximations. This mapping, hereafter referred to
as TDSE(Z ′), allows us to distinguish whether the observed
spectral shifts arise purely from the relativistic enhancement
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FIG. 1. (a) Schematic of n = 1 → 2 transitions for nonrelativis-
tic (blue) and relativistic (red) systems. The relativistic contraction
of levels increases the transition energy (�Er > �Enr). (b) Scaling
of binding energies relative to Z = 1 as a function of nuclear charge
Z . The relativistic factor S−1(Z ) (red) grows faster than the nonrel-
ativistic Z2 scaling (blue). The inset shows that the ratio S−1(Z )/Z2

highlights the relativistic enhancement as Z increases.

of the binding energy or if they necessitate the full spinorial
treatment of the Dirac framework [16].

Alternative semirelativistic scaling relations can be derived
by combining the nonrelativistic laws specified in Sec. II B
with the relativistic energy shift [26]. For a hydrogenlike ion
with nuclear charge Z and the hydrogen atom (Z = 1), the
electric-field frequency and strength are mapped according to

ω′ = ω
1 −

√
1 − 1/c2

1 −
√

1 − Z2/c2
:= ωS(Z ), (32a)

F ′
0 = F0S3/2(Z ), (32b)

respectively. Physically, the scaling factor S(Z ) represents the
relativistic binding energy of hydrogen (Z = 1) to the rel-
ativistic binding energy of a hydrogenlike ion with nuclear
charge Z , both expressed in units of mec2. The dependence
of the inverse of S(Z ) on the nuclear charge Z is visualized
in Fig. 1(b), together with its nonrelativistic counterpart. In
contrast to the nonrelativistic case, the relativistic function
exhibits a steeper increase with increasing Z [see the inset
of Fig. 1(b)]. By incorporating this ratio, the semirelativistic
mapping accounts for the tightening of the atomic structure as
Z increases. To adapt these relations to the δ-kick excitation,
where F0 scales with the inverse of the time scaling, Eq. (32b)
is modified to

F0 = F ′
0S−1/2(Z ). (33)

The semirelativistic analogs to Eqs. (11) and (15), obtained
with the semirelativistic scaling relations, are

d (t ) = S1/2(Z )d ′(t ′), (34a)

σ (ω) = σ ′(ω′). (34b)

While other semirelativistic approaches, such as the field-
dressed effective mass method [25,41], offer excellent agree-
ment between the TDSE and TDDE for the hydrogen atom,
they typically require the velocity gauge. To maintain con-
sistency with our length-gauge framework and its superior
suppression of negative-energy states, we restrict our focus
to the scaling methods outlined above. By systematically

comparing these scaling predictions against full TDDE
simulations, we can now delineate the regimes where non-
relativistic intuition fails and quantify the intrinsic relativistic
signatures in the absorption spectra of highly charged ions.

III. COMPUTATIONAL SETTINGS

The calculations presented hereafter are performed in
spherical geometry using the B-spline basis framework de-
scribed in Sec. II. Atomic units (with e = me = h̄ = 4πε0 =
1 and c ≈ 137) are adopted for numerical simplicity. To en-
able a direct comparison across different nuclear charges,
all physical observables are presented in scaled coordinates.
Time is scaled as tZ2, while the photon energy is represented
on a scaled axis defined by E/Z2 and plotted in eV, rep-
resenting the energy mapped back onto the baseline Z = 1
hydrogenic scale (where 1 a.u. of energy is approximately
equal to 27.2114 eV).

For the hydrogen atom (Z = 1), we employ a basis of
order k = 9 with N = 200 splines within a radius Rmax = 100
a.u. The maximum angular momentum is set to �max = 10,
and the time step is dt = 0.05 a.u. To maintain a consistent
physical resolution of the wave-packet dynamics as the nu-
clear charge increases, the numerical environment is rescaled
for each highly charged ion. Specifically, the box radius and
temporal sampling dt are adjusted following the Z-scaling
laws in Eqs. (28a) and (28b). This ensures that the spatial
resolution relative to the hydrogenic Bohr radius a0/Z and
the spectral sampling remain physically equivalent across all
species.

To calculate the photoabsorption cross section, we set a
total propagation time of T = 500 a.u. for the hydrogenic
reference, providing a frequency resolution of �ω ≈ 2π/T .
For high-Z ions, T is scaled by 1/Z2 to preserve the number
of cycles resolved. While the 1/Z2 reduction in time step
significantly increases the computational overhead for heavy
ions, this rigorous approach is necessary to isolate the intrinsic
relativistic signatures from numerical discretization errors.

IV. RESULTS AND DISCUSSION

A. Scaling relations for the dipole moment

We begin by contrasting the relativistic and nonrelativistic
dipole moments computed from the TDSE and TDDE. As
expected, the two results are identical for Z = 1 [Fig. 2(a)].
This validation confirms that relativistic corrections are neg-
ligible for the weak-field strengths and low nuclear charges
considered here [25,42–44].

For Z = 10, relativistic and nonrelativistic results remain
similar [Fig. 2(b)], reflecting the comparable binding energies
of the corresponding hydrogenlike ions. The oscillation fre-
quency is substantially higher compared to hydrogen, scaling
as Z2 in accordance with Eq. (28c). To resolve these accel-
erated dynamics while maintaining numerical efficiency, the
simulation time step is shortened according to the scaling
prescription in Eq. (28b). Accordingly, the data are presented
over a compressed time interval to resolve individual oscil-
lations. The semirelativistic TDSE(Z ′) results (green curve),
obtained with the effective nuclear charge defined in Eq. (31),
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FIG. 2. Evolution of the dipole response from the nonrelativistic
to the relativistic regime. (a) At Z = 1 (F ′

0 = 0.01 a.u.), the TDSE
and TDDE results coincide. (b) For Z = 10 (F0 = 0.1 a.u.), the
dynamics accelerates according to the Z2 scaling, with the semirel-
ativistic TDSE(Z ′ = 10.007) tracking the full TDDE result. (c) At
Z = 25 (F0 = 0.25 a.u.), relativistic influences emerge as a cumula-
tive phase deviation over extended timescales. (d) For Z = 50 (F0 =
0.5 a.u.), the relativistic signature becomes dominant, manifesting as
a significant temporal compression and frequency up-conversion that
the TDSE(Z ′ = 50.885) model only partially recovers.

closely follow the full TDDE calculations, demonstrating the
initial consistency of the energy-matching approach.

As the nuclear charge increases to Z = 25, relativis-
tic effects become clearly visible over extended timescales
[Fig. 2(c)], consistent with previous findings for Z �
20 [32,33]. For Z = 50, these effects become dominant
[Fig. 2(d)], with the relativistic dipole moment exhibiting
both an enhanced amplitude and a significant temporal com-
pression compared to its nonrelativistic counterpart. These
characteristics underscore the dominant role of relativistic dy-
namics at high Z , where increased binding energy and tighter
wave-packet confinement fundamentally alter the response to
the broadband instantaneous excitation.

For increasingly large Z , the TDSE(Z ′) results exhibit a
progressive phase deviation from the full TDDE calculations
as time advances [Fig. 2(d), inset]. This divergence illustrates
that while Z ′ scaling captures the static relativistic correction
to the binding energy, it fails to account for the dynamical
differences in the transition energy manifold. In this regard, it
is worth noting that while a temporal deviation on the order of
tens to hundreds of zeptoseconds may appear subtle on stan-
dard atomic timescales, it represents a significant fraction of
the subattosecond characteristic oscillation period for heavy
hydrogenlike ions such as Z = 50. Accumulated over multi-
ple cycles, this phase shift desynchronizes the wave-packet
dynamics, highlighting the importance of a proper relativis-
tic treatment of transient polarization on these zeptosecond
timescales.

In the Dirac framework, the energy spacings �Ei j do not
scale uniformly as they do in the Schrödinger case, leading
to the observed dephasing in the time-domain dipole. This
discrepancy reveals a fundamental limitation of the TDSE(Z ′)
framework: While it successfully emulates the ground-state
energy, it cannot fully replicate the dynamical phase accu-
mulation dictated by the Dirac equation. This behavior arises
because the nonrelativistic dipole function dnr (t ) in Eq. (11)

FIG. 3. Temporal evolution of the scaled dipole moment d (t ) ×
Z plotted against scaled time for increasing nuclear charges com-
puted from the (a) TDSE, (b) TDDE, and (c) TDSE(Z ′). (d) Fourier
transform spectrum of the transient dipole response for Z = 50
(broadening parameter of 27.2 meV), highlighting the contrast be-
tween the nonrelativistic singlet from the TDSE and the fully
relativistic doublet from the TDDE. All simulations are performed
for a reference field amplitude F ′

0 = 0.01 a.u.

and its relativistic counterpart dr (t ) in Eq. (23) involve dif-
ferent sets of energy eigenvalues in their exponential factors,
leading to a phase shift that accumulates over the duration of
the field-free propagation [Eqs. (11) and (23)].

The manifestation of these effects depends on the nu-
clear charge, the field strength, and the duration of the
propagation [16,26]. These interdependent parameters are
unified through the scaling relations, which are validated in
Fig. 3(a) using the TDSE, with parameters scaled according
to Eqs. (28) and (29), and the dipole moment adjusted via
Eq. (30a). The perfect overlap of these curves confirms that
nonrelativistic hydrogenlike dynamics is entirely predictable
from the neutral hydrogen atom benchmark. In contrast, the
TDDE results in Fig. 3(b) reveal the systematic breakdown of
this scaling as Z increases. While the Z = 10 scaled dipole
moment still coincides with the hydrogenic reference, a rel-
evant phase shift emerges at Z = 25, which becomes the
dominant signature at Z = 50. Notably, the TDSE(Z ′) results
in Fig. 3(c) successfully recover the essential features of
this breakdown. By employing the effective nuclear charge
Z ′, the nonrelativistic model aligns more closely with the
corresponding relativistic benchmarks, demonstrating the pre-
dictive power of the semirelativistic scaling approach even
when the temporal phase tracking is not exact.

In addition to the phase shifts increasing in real time
with the atomic number Z , the transient polarization contains
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TABLE I. Scaled dipole-allowed relativistic and nonrelativistic
(nr) transition energies from the ground state to the first excited shell
(n = 2) of hydrogenlike ions with nuclear charges Z = 10, 25, and
50.

Transition E/102 (eV) E/252 (eV) E/502 (eV)

1s → 2p (nr) 10.204 10.204 10.204
1s1/2 → 2p1/2 10.217 10.283 10.538
1s1/2 → 2p3/2 10.221 10.312 10.661

additional structural information that can be neatly resolved
in the frequency domain. As shown in Fig. 3(d) for the
heaviest ion considered (Z = 50), the nonrelativistic TDSE
spectrum features a single resonance corresponding to the
degenerate 1s → 2p transition at the benchmark value of
10.204 eV (Table I). In contrast, the fully relativistic TDDE
dynamics resolves the breaking of this degeneracy into a fine-
structure doublet, mapping the 1s1/2 → 2p1/2 and 1s1/2 →
2p3/2 transitions. The relative intensities of these two com-
ponents follow the expected branching ratio of the 2 j + 1
state degeneracies, confirming that the underlying relativistic
angular momentum coupling is accurately preserved in the
numerical transition matrix elements. As shown in Table I,
the resolved peak positions match the analytical Dirac energy
levels with excellent precision, providing an unambiguous
frequency-domain signature of the subattosecond quantum
coherence driven by the broadband impulse.

B. Scaling relations for the photoabsorption cross section

We complete our analysis by computing the photoabsorp-
tion cross sections. In the nonrelativistic regime, the binding
energy of a hydrogenlike ion scales as Z2 with the photoab-
sorption cross section following the universal scaling law
discussed in Sec. II B. This behavior is confirmed in Fig. 4(a),

FIG. 4. Scaled photoabsorption spectra for hydrogenlike ions
with different Z , plotted against scaled energy. A broadening pa-
rameter of 0.408 eV is used for hydrogen and scaled for the ions
via Eq. (28c) for (a) Z = 10, (b) Z = 25, and (c) Z = 50 calculated
using nonrelativistic and relativistic formulations. The amplitude
parameter is fixed at F ′

0 = 0.01 a.u. for the hydrogen atom (Z = 1).

FIG. 5. Scaled photoabsorption cross section as a function of
scaled energy for hydrogenlike ions with various nuclear charges Z .
The adopted semirelativistic framework incorporates kinematic cor-
rections that effectively realign the absorption peaks for moderate Z .
The inset highlights the residual blueshift that reappears for Z = 50,
marking the transition into the fully relativistic regime where simple
frequency mapping is no longer sufficient. The reference amplitude
parameter is fixed at F ′

0 = 0.01 a.u. for the Z = 1 case.

where the scaled hydrogenic benchmark coincides with the
hydrogen atom reference (black curve). In contrast, the full
TDDE solutions (red curve) reveal a systematic relativistic
blueshift in the absorption peak. This behavior is expected,
as the relativistic energy difference between the ground state
and the dipole-allowed first excited state is larger than its
nonrelativistic counterpart, as illustrated in Fig. 1(a). This
shift, representing the transition from the ground state to the
excited manifold (primarily 1s → 2p), is negligible at Z = 10
[Fig. 4(a)] and marginal at Z = 25 [Fig. 4(b)] but becomes
pronounced as the nuclear charge rises to Z = 50 [Fig. 4(c)].
This behavior represents a clear departure from the nonrel-
ativistic benchmark, revealing the spectroscopic signature of
the relativistic increase in the central potential depth, which
exceeds the Z2 prediction and pushes the absorption resonance
toward higher scaled energies. It is worth noting that the fine-
structure splitting resolved in the transient dipole spectrum
[Fig. 3(d)] is not visible in these macroscopic cross sections.
Applying here the same very narrow broadening (27.2 meV)
that is needed to spectrally resolve the j-dependent compo-
nents would introduce nonphysical spectral oscillations that
would prevent a clear identification of the overall relativis-
tic blueshift. To maintain a consistent broadening across the
scaled energy axis, the broadening parameter is scaled accord-
ing to Eq. (28c).

Notably, the semirelativistic TDSE(Z ′) approximation
(green dashed curves) fails to reach the quantitative accuracy
of the full relativistic treatment. This divergence is rooted
in the underlying energy structure: While the nonrelativistic
transition energy scales quadratically [�E ∝ Z2, as shown
by the blue curve in Fig. 1(b)], the relativistic correction
introduces additional Z-dependent terms that yield a steeper
increase, resulting in the observed spectral shift.

Finally, we test the semirelativistic scaling relations that
incorporate kinematic corrections to the frequency and ef-
fectively suppress the blueshift at moderate nuclear charges
(Fig. 5). While the overall cross section does not exhibit
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visible variations across the entire energy scale examined, a
close inspection of the peak energy (inset of Fig. 5) reveals
a residual blueshift at high Z . Furthermore, as demonstrated
in Fig. 1(b), the corresponding scaling exhibits a faster in-
crease compared to the nonrelativistic case [see red curve
in Fig. 1(b)]. Consequently, a higher field strength than that
expected from conventional nonrelativistic scaling is required.
This effectively helps to partially compensate for relativistic
effects and yields a more appropriate scaling for the rela-
tivistic regime. Nevertheless, this scaling alone is insufficient
to fully capture the underlying relativistic dynamics. This
behavior indicates that while kinematic frequency mapping
accounts for a significant portion of the relativistic effects,
it cannot fully reproduce the complex dynamical signatures,
such as spin-orbit splitting, the Darwin term, and wave-packet
contraction, that become indispensable for an accurate spec-
tral description in the highly relativistic regime.

V. CONCLUSION

In summary, we investigated the relativistic signatures
of hydrogenlike ions interacting with a weak instantaneous
broadband excitation. This approach enables the extraction
of the full spectroscopic response and the evaluation of the
systematic breakdown of nonrelativistic scaling symmetries
as the nuclear charge Z increases.

The central finding of this work is the emergence of a rela-
tivistic blueshift in the photoabsorption cross section, which
becomes relevant for ions with Z � 25. This spectral shift
is the frequency-domain manifestation of a cumulative phase
divergence in the time-dependent dipole moment, highlight-
ing the fundamental difference between the TDSE and TDDE
frameworks. We demonstrated that the Z-scaling relations,
while exact in the nonrelativistic limit, serve as a rigorous
diagnostic tool for quantifying these relativistic kinematics.

Furthermore, we evaluated the predictive limits of semirel-
ativistic approximations. While the Z ′-scaling model captures
the corrected binding energies, it fails to maintain temporal
synchronization with the full TDDE evolution due to the
nonuniform scaling of the Dirac energy manifold. However,
we have shown that specialized semirelativistic mappings can
effectively suppress the blueshift at moderate Z , offering a
computationally efficient alternative to the full TDDE.

Looking forward, our benchmarks not only provide a
valuable bridge toward relativistic ion dynamics, defining a
clear validity boundary for scaling-based predictions in the
emerging field of highly charged ion attosecond spectroscopy,
but more importantly they offer an essential framework for
interpreting ultrafast light-matter experiments at advanced fa-
cilities such as the European XFEL and LCLS-II. As these
extreme light sources push toward brighter, subfemtosecond
x-ray pulses, they open up real-time access to the subattosec-
ond and zeptosecond dynamics of highly charged ions. In this
context, extending our framework to map explicit space-time
Dirac probability currents and incorporating many-electron
correlations represents exciting avenues for future work,
serving as vital steps toward fully deciphering the ultrafast
relativistic spectroscopy of complex, highly charged systems.
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