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We study an optomechanical Otto engine whose working medium is a single-mode cavity driven by beams
of coherently prepared three-level phaseonium atoms. The atoms are not thermal reservoirs in the Gibbs sense;
rather, their populations and ground-state coherence set the detailed-balance ratio of the cavity collision map,
so that the field relaxes to a Gibbs state at an operational apparent temperature. We combine the finite-time
collision-model dynamics with radiation-pressure work extraction and compare three reservoir preparations: a
thermal reference at the same apparent temperatures, an incoherent atomic beam with the same populations,
and the coherent phaseonium beam. We show that the phaseonium isochore charges the cavity passively: the
cavity ergotropy and energy-basis coherence remain zero up to numerical precision, while the state converges
to the Gibbs fixed point selected by the apparent detailed balance. We further estimate lower bounds on the
cost of preparing the atomic populations and coherence, showing that the relevant advantage of phaseonium is a
resource-preparation tradeoff rather than a cost-free enhancement over a thermal bath at the same temperature.
Finally, we assess the finite-time performance of a two-cavity cascade with additive mechanical work accounting.
Over the investigated coherence-phase range, the cascade produces approximately 47%—52% more power than
the single-cavity engine while requiring only 65%—68% of the hot and cold phaseonium atoms needed by two
independent engines, resulting in a 9%—15% enhancement of power per injected atom over a complete cycle.
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Quantum thermodynamics extends classical thermody-
namic principles to microscopic systems, where genuinely
quantum resources such as coherence and correlations may
affect heat, work, and irreversibility [1-3]. Coherence is es-
pecially subtle when it is placed in an environment rather
than in the working medium. In this case the reservoir need
not be thermal in the Gibbs sense, but it can still impose a
well-defined excitation-dissipation ratio on the system. This
motivates the use of “local” or “apparent” temperatures,
which characterize the stationary state and heat-flow direction
of a system interacting with a nonthermal environment [4,5].

Only coherences between degenerate levels can modify
such an apparent temperature without introducing oscillating
worklike terms in the system dynamics [5—8]. Phaseonium
[9] is one of the simplest systems where this mechanism
appears. It consists of a beam of three-level atoms in V
or A configuration, with coherence between the degenerate
excited or ground states. Its phase-dependent optical and
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thermodynamic properties have been studied from lasing
without inversion to phase-controlled heat exchange [9-14].

In the thermodynamic domain, phaseonium is studied be-
cause its internal coherence modifies the apparent temperature
of a cavity. Here we use this mechanism as a minimal and
analytically transparent reservoir-engineering tool. We ask
how it performs in a concrete optomechanical Otto engine,
where heat exchange, mechanical work, passive energy, and
the cost of preparing the reservoir can be tracked explicitly.
Importantly, a phaseonium beam is not a freely supplied equi-
librium bath. It is a stream of coherently prepared atoms,
and its thermodynamic role must be assessed against suitable
reference preparations.

Optomechanical cavities [15] provide a natural platform
for this question. Radiation pressure can move one mirror as
a piston, while the cavity field is heated and cooled through
engineered reservoirs. Previous phaseonium-engine proposals
often focused on idealized cycles or on comparisons with
effective thermal bounds [13,16]. In contrast, we describe
a finite-time Otto cycle whose isochores are generated by
a collision model [17], using the exact phaseonium-cavity
dynamics derived in Ref. [14], and whose adiabatic strokes
are implemented through the cavity length dependence of the
field Hamiltonian.

Our contribution is threefold. First, we connect micro-
scopic phaseonium parameters to the detailed balance of the
cavity dynamics and to mechanical work extracted by ra-
diation pressure, and we show that the phaseonium-driven
isochore charges the cavity passively: the cavity remains
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FIG. 1. Quantum heat engine architecture. (a) The working medium consists of a single-mode optical cavity with a movable end mirror,
allowing the cavity length to vary from x; to x; + L under the influence of radiation pressure. The cavity interacts with a stream of three-level
atoms in A configuration, characterized by partial coherence in the ground-state subspace and represented by the density matrix A. These atoms
serve as a tunable quantum reservoir. (b) Thermodynamic Otto cycle plotted in the entropy-temperature (S-7') plane. The movable mirror is
attached to a piston to transfer useful work to the outside environment. Isochoric strokes correspond to energy exchange with phaseonium
atoms, while isentropic strokes are driven by mirror displacement. Adjusting the coherence phase ¢ changes the detailed balance of the
isochoric transformations and therefore the apparent temperatures that determine the cycle. With respect to an incoherent reservoir with the
same atomic populations, which would thermalize the cavity to temperatures 7" and T, coherence can increase the hot apparent temperature
qul > T" and/or decrease the cold apparent temperature T < T°. This increases the accessible temperature contrast and can enhance the
extracted work. (c) Cascade setup: two identical cavities, each with a piston, are sequentially traversed by the same atomic beam, enabling
heating or cooling via a shared phaseonium reservoir. The atomic flux is tuned so that each cavity contains at most one ancilla at a time, while
different atoms may simultaneously occupy the two cavities. Thus, although every atom interacts sequentially with S; and then S,, successive
atoms can propagate through the cascade in a pipelined configuration.

diagonal in the energy basis and its ergotropy is zero up to
numerical precision. Second, we compare the phaseonium
engine with a thermal reference at the same apparent temper-
atures and with an incoherent reference at the same atomic
populations, and we estimate lower bounds on the preparation
cost of populations and coherence. Third, we quantify the
finite-time performance of a two-cavity cascade by account-
ing explicitly for the collision number, cycle duration, output
power, and atomic consumption. The resulting picture is a
quantitative tradeoff between reservoir preparation, relaxation
time, and power output.

Figure 1 shows the architecture considered throughout the

paper.

I. MODEL

The system consists of two optical cavities in cascade con-
figuration, interacting with a beam of three-level phaseonium
atoms, as shown in Fig. 1(c). The single-cavity engine is ob-
tained by considering only the first cavity and is the reference
setup for the thermodynamic analysis below. For the cascade,
each atom interacts first with S; and subsequently with S,
while the following atom may already interact with S;. After
the initial filling transient, one atom can therefore interact with

each cavity simultaneously. The two pistons are also driven
synchronously during the adiabatic strokes.

The two cavity fields, S; and S,, are modeled as standard
single-mode harmonic oscillators [18], with a controllable
interaction with a stream of phaseonium atoms acting as engi-
neered nonthermal reservoirs. The coherent state that defines
phaseonium atoms can be represented by the density operator
A presented in Fig. 1(a), with the normalization condition
la|?> = 1 — |B]>. We choose a resonant coupling for the cav-
ity and atomic frequencies and use the interaction picture
to leave the free evolution of both the cavity and the bath
out of the analysis. We use the collision model to study the
thermalization dynamics of the systems interacting with the
phaseonium. This is a thermalization process toward an appar-
ent temperature given by the phaseonium atoms’ coherence
and population [14]:

hw
In (ﬁQ(lfsintlJ))

202

ksT = . (1)

For comparison, the master equation for a cavity interacting
with a thermal (diagonal) three-level atom in A configuration,
without quantum coherence, leads to a stable temperature for
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FIG. 2. Ratio between the apparent temperatures induced in the
cavity by phaseonium atoms, T, and by diagonal A atoms, T. The
classical temperature 7 is defined only for a < V'L, while phaseo-
nium temperature T} is defined for o < /(1 —sin¢)/(3 — sin¢),
limited by the dashed black line represented in the plot. For ¢ = kx
and k € Z, along the dashed-dotted gray lines, the two temperatures
are the same.

the cavity
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Figure 2 shows the quantum to classical ratio of temperatures
T4/ T. From this figure, it is clear that for 2km < ¢ < (2k +
I)r and k € Zy, given a certain o within the boundaries of
Egs. (1) and (2), coherence increases the stable temperature
of the pumped cavity with respect to the diagonal atomic
reference. In contrast, for (2k — 1)w < ¢ < 2km, the final
temperature of the pumped cavity is lower than in the diagonal
reference, meaning that coherence changes the balance be-
tween emission and absorption in the opposite direction. The
two temperatures are the same for ¢ = kmwr, when coherence is
purely imaginary.

kpTy = )

A. Thermodynamic interpretation of the phaseonium isochore

The temperature in Eq. (1) should be understood opera-
tionally. The phaseonium atoms are not themselves in a Gibbs
state at 7. Rather, the collision map representing the cavity-
phaseonium interactions fixes the ratio between the cavity
excitation and deexcitation rates,

ry(@h 202 |: hao ]
— = " =exXp|——= |-
Fi(a) ,32(1 - 51n¢) kBT¢

The apparent temperature is therefore a detailed-balance
parameter of the reduced cavity dynamics. In this sense,
phaseonium coherence acts directly on the balance of gain and
loss processes of the working fluid.

This is a property of the fixed-point steady state of the
isochore map, verified analytically using the collision-model
framework. What follows is a complete thermodynamic char-
acterization of the whole out-of-equilibrium evolution of the
cavity state under the interaction with phaseonium atoms
during the isochoric stroke, starting from the kind of energy
delivered to the cavity. For a state ps of the cavity with Hamil-
tonian Hy, the ergotropy is the maximum work extractable
by a cyclic unitary acting on the cavity alone [19]. It can be
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FIG. 3. Cavity energy and entropy production of collisions dur-
ing the isochoric strokes. (a) The internal energy Us exchanged with
the coherent phaseonium atoms is all stored as passive energy U™,
thus, the two lines coincide. The coincidence of the two curves shows
that the cavity ergotropy remains zero during the isochoric stroke.
This establishes passivity of the evolving state. (b) Single-collision
entropy production * of the reduced cavity dynamics. Each point
refers to the kth collision. Its positivity verifies the discrete Clau-
sius inequality associated with the effective temperature 7, while
its decay to zero shows that irreversibility vanishes as the cavity
approaches the Gibbs fixed point.

written as
Es(ps) = Tr[Hsps] — Tr[Hsp§ "], 4)

where p§™ is the passive state obtained by rearranging the
eigenvalues of pg in decreasing order over increasing energy
levels [20,21]. If & = 0, the internal energy of the cavity can-
not be extracted as work without changing the Hamiltonian or
coupling to another system.

In our engine, the cavity starts each isochore from a ther-
mal and therefore passive state. The phaseonium collision
map preserves diagonality in the cavity energy basis and
drives the oscillator toward the Gibbs fixed point associated
with Eq. (3). Numerically, we find that the ergotropy &g re-
mains zero up to numerical precision throughout the isochoric
stroke. Hence, the energy exchanged with the atomic beam
is stored as passive energy rather than as locally extractable
work, as shown in Fig. 3(a).

Let @, denote the completely positive trace-preserving
map associated with a single cavity-atom collision, and, using
Eq. (1), define its invariant Gibbs state as

e Hs/(ksTy)

Z, (&)

Ty =
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satisfying ®4(74) = 74. For p,1.1 = ®4(p0,), the contractivity
of the quantum relative entropy S(g || ') implies

29 = S(oellTg) — S(orsalizg) = 0. (6)

This decrease of the relative entropy with respect to the sta-
tionary state defines the coarse-grained entropy production
% ® associated with the kth collision [17,22]. Since the cavity
Hamiltonian remains constant during the isochoric stroke, the
energy variation

Ok = Tr[Hs(p+1 — pic)] (N
is heatlike. Moreover, using the Gibbs form of 4, the entropy
production can be rewritten as

Ok >
(kpTy)

2® = AS{ — (8)

where

ASE = S(piy1) — S(ox). ©)

Therefore, the phaseonium-induced temperature 7, is not
merely a parameter characterizing the stationary cavity oc-
cupation. It is the temperature entering the entropy-flow
contribution for which the reduced cavity dynamics satisfies
a discrete Clausius inequality. In this operational sense, Ty
is a thermodynamically consistent effective temperature. We
stress, however, that ©® describes only the coarse-grained
entropy production of the reduced cavity dynamics and does
not include the work required to prepare the nonthermal
phaseonium atoms, the residual thermodynamic resources car-
ried by the outgoing atoms, or the correlations generated
during each collision.

Passivity alone, however, does not imply that a state is ther-
mal [23], and neither that the transformation is reversible. To
characterize separately the absence of energy-basis coherence,
we compute the relative entropy of coherence

Crelent.(ps) = S(Dlps]) — S(ps), (10)

where D[ ps] denotes complete dephasing in the cavity energy
basis. This quantity remains zero up to numerical precision,
confirming that no energy-basis coherence is generated during
the isochore. The cavity state is therefore diagonal and passive
throughout the evolution and converges to the Gibbs fixed
point selected by the phaseonium detailed balance.

Although the cavity remains passive during the isochoric
stroke, each phaseonium atom can create correlations and lose
part of its initial coherence during its collision with the cavity.
Let A, denote the common incoming atomic state and let AX
denote the state of the atom leaving the cavity after the kth
collision. First, we quantify the entropy production associated
with the kth collision through the quantum relative entropy
between the joint states after and before the interaction. The
incoming cavity and atom are initially uncorrelated,

PV @A (11)
and evolve unitarily to
o = Uss (8 @ AU, (12)
Second, we define the single-collision coherence loss as

ACX{) = Crel.entA(}\fn) - Crel.ent.(?\]gut)' (13)

A positive value therefore means that the outgoing atom con-
tains less relative entropy of coherence than it had before
the collision. This quantity is not cumulative: each point in
the left panel of Fig. 4 is the coherence lost by the individ-
ual atom involved in that collision. We repeat the isochoric
thermalization for different values of the phase ¢ and eval-
uate ACX‘) at the sampled collision numbers. As the cavity
approaches its stationary state, the single-collision loss ap-
proaches a phase-dependent stationary value. The right panel
compares the cumulative cavity-energy variation generated
by the phaseonium beam with that generated by its fully
dephased counterpart at the same atomic populations. In the
displayed regime, the coherent beam heats the cavity whereas
the dephased beam cools it. The field is therefore not charged
as a quantum battery. Its energy gain is passive energy de-
termined by the apparent temperature given by the detailed
balance.

B. Engine cycle and work accounting

The simplest cycle to implement with this working medium
is an Otto cycle, represented in Fig. 1(b), where energy ex-
change with the atomic beams occurs during the two isochoric
strokes and mechanical work is associated with the two adia-
batic strokes. During an isochore, the cavity length is fixed and
the Hamiltonian is constant. We therefore identify the heatlike
energy exchanged with the atoms as

0 = AUs = Tr[Hs(ps — py)]- (14)

During an adiabatic stroke the state is transported while
the cavity frequency changes through the length dependence
w(t) oc 1/L(2).

For the adiabatic strokes, we use the radiation-pressure
operator of a cavity mode [15,24,25], to the order O[(&T&)z],

o)
T2V(@)
Neglecting the rotating terms, the pressure is p(t) =

Tr[z (t)p(t)] = w(t)((A) + 1/2)/V (t). For two independent
pistons, the global pressure operator is additive,

@'a+aa" —aae 2 —atate®.  (15)

(t)

[(t) = 75, (1) ® Is, + 5, @ 7, (2). (16)

For a single cavity pushing a piston of surface S, the mechan-
ical work reads as

Ly
w =/ p(L)SdL. 17
L,
Using dL/L = —dw/w and neglecting the zero-point contri-
bution, this becomes
123

W~ — (Mydw. (18)
)
This classical expression of work can be compared with the
pure quantum equation given by Alicki [26], which stems
directly from the first principle of thermodynamics:

d B dH (1) dp
7 H®) = Tr[,o(t) o } +Tr[EH(I)} : 19

WAI QAI
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FIG. 4. Thermodynamic diagnostics of the phaseonium-driven isochore. Left: single-collision coherence loss ACX‘) = Crel,em,(%f‘n) —
Crel_em_O\’gm) for the atom involved in the kth collision, shown for different phaseonium phases. The plotted quantity measures how much
relative entropy of coherence an individual atom loses while interacting with the cavity at the corresponding stage of the thermalization process.
The loss approaches a phase-dependent stationary value as the cavity approaches its fixed point. Right: cumulative internal-energy change of
the cavity for phaseonium atoms and for an incoherent same-population reference. The phaseonium beam can increase the passive energy
of the cavity while the corresponding incoherent preparation may cool it, showing that the coherence changes the detailed balance generated
by the same populations. In the same simulations, the cavity ergotropy and relative entropy of coherence remain zero up to numerical precision.
The field therefore remains diagonal and passive while approaching the Gibbs fixed point.

Our sign convention is that extracted work is negative in the
energy balance of the cavity. We therefore quote positive work

output as Wy = —W;er and define the bare cycle efficiency as
Wou Whe

Neye = o = ———. (20)
Qin Qin

We note that this bare efficiency characterizes the working-
fluid cycle only, and does not take into account the cost of
preparing the reservoirs.

C. Reservoir preparation cost

To compare phaseonium with thermal or incoherent refer-
ences, we estimate the minimum work required to prepare the
incoming atoms from a reference thermal state at temperature
Tp. For an atomic state A and Hamiltonian H,, the nonequilib-
rium free energy is

Fry(A) = Tr[HAN] — kgToS(A). 21

The preparation work is lower bounded by the corresponding
nonequilibrium free-energy difference [27,28]

W (To) = Fry(A) — Fi, (o), (22)
where 19 = exp[—Hx\/(kgTy)]/Zy is the reference Gibbs state.
We separate this into a population contribution and a coher-
ence contribution by introducing the dephased state D[A] in
the atomic energy basis,

Wb (Ty) = Fr,(DIAD — Fr (o), (23)
Ween(To) = Fr,(\) — Fr,(DIAD). (24)

Since the phaseonium coherence lies inside a degenerate
subspace, it does not change the mean atomic energy. Its
lower-bound cost is therefore entropic,

Wcl(t))h(TO) = kpToCrel.ent. (M), 25)

where Crejent.(A) = S(D[A]) — S(A) is the relative entropy of
coherence [29,30]. This decomposition is a lower bound, but
it is sufficient to show that coherence-assisted operation must
be evaluated as a resource-preparation tradeoff.

The per-atom preparation cost is not, by itself, a com-
plete measure of the resources consumed by the reservoir.
Even when thermal and phaseonium atoms drive the cavity
toward the same apparent temperature, they can generate dif-
ferent relaxation rates and therefore require different numbers
of collisions to complete an isochoric stroke. The apparent
temperature fixes only the detailed-balance ratio in Eq. (3),
whereas the thermalization speed is controlled by the absolute
relaxation gap

ky=T),—T4, r=hc (26)

For a fixed initial state and convergence tolerance, the mini-
mum collision number consequently scales approximately as

N™ o L (27)
Ky
This behavior is verified explicitly for both the single-cavity
and cascade protocols in Fig. 5, using the hot isochore as
reference. Thus, coherence affects not only the stationary ap-
parent temperature but also the atomic flux and time required
to realize the corresponding thermodynamic stroke.
Therefore, we include both the lower-bound preparation
cost of each incoming atom and the number of atoms con-
sumed during the hot and cold isochoric strokes. For each
preparation route x € {¢, th}, we define the collision-weighted
total preparation-cost lower bound over one complete cycle as
CO(To) = Npx iy (To) + New we (T, (28)

3 X

where N, and N, , are the minimum numbers of atoms re-
quired to complete the hot and cold isochores, respectively,
and wl'fx is the corresponding per-atom preparation-cost lower
bound for reservoir r = h, c¢. For the phaseonium route, w%
includes both the population and coherence contributions,
whereas the thermal route contains only the population-
preparation contribution required to reproduce the same
apparent temperature.
The quantity plotted in Fig. 6 is

AC®(Th, ¢) = C (To. ¢) — Ci (To. §). (29)
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FIG. 5. Minimum hot-isochore collision numbers for the single-
cavity engine N, and the cascade M,. Both scale approximately
linearly with the inverse relaxation gap 1/«;, while N, < M), < 2Nj,.

Thus, AC"® < 0 means that the phaseonium preparation route
has the lower collision-weighted preparation-cost bound,
while AC™ > 0 means that the thermal preparation route has
the lower bound. These quantities are thermodynamic lower
bounds and do not include implementation-dependent experi-
mental costs.

II. RESULTS

A. Phaseonium engine

We first compare three engines that follow the same op-
tomechanical protocol. The first is a thermal reference, where
the hot and cold reservoirs are ordinary thermal reservoirs
chosen to reproduce the same apparent temperatures T¢h and
Ty induced by the phaseonium beams. The second is an
incoherent atomic reference with the same populations as
the phaseonium atoms, but with the ground-state coherence
removed. The third is the phaseonium engine.

This comparison separates two distinct effects of the
atomic preparation. At fixed apparent temperatures, the
phaseonium and thermal-reference reservoirs select the same
stationary Gibbs states. Consequently, when both isochoric
strokes are continued until convergence, they generate the
same fully thermalized bare Otto cycle. This stationary-state
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FIG. 6. Difference between the collision-weighted lower bounds
on the total preparation costs of the phaseonium and thermal reser-
voir routes, AC" = Cy — Cy. Both Cg’ and CY include the hot-
and cold-reservoir contributions and the corresponding minimum
collision numbers required to complete the isochores. The thermal
reservoirs are chosen to reproduce the same apparent temperatures
as the phaseonium reservoirs. The black contour marks AC™ = 0.
In the region where AC™ < 0, the phaseonium reservoir has the
lower preparation-cost bound; where AC™ > 0, the thermal reservoir
preparation has the lower bound.

equivalence does not imply identical finite-time dynamics: the
two preparations may have different absolute excitation and
deexcitation rates, relaxation gaps, collision numbers, cycle
durations, and powers. At fixed atomic populations, instead,
removing the coherence changes the detailed-balance ratio
and therefore produces a different Otto cycle. Phaseonium is
useful in this second sense: it changes the apparent hot and
cold temperatures generated by a given population prepara-
tion.

The work data are shown in Fig. 7(a). The thermal same-Tj
reference and the phaseonium engine give the same bare cycle
efficiency 7cye, and the same net work once the hot and cold
isochores have reached their stationary states. For compari-
son, the bare cycle efficiency computed from Eq. (20) is below
the Curzon-Ahlborn efficiency nca benchmark [31,32],

Ty
% ~0.388. (30)
Ty

Neye #0333 <1 —

The incoherent same-population reference behaves differ-
ently. Since the coherence is removed while the populations
are kept fixed, the gain and loss rates no longer satisfy the
same detailed balance. The apparent temperatures are shifted
and the cycle area is reduced, with a smaller net work output.

For a more precise calculation of efficiency, we must ac-
count for the cost of preparing the reservoir. The preparation-
cost lower bounds for the engines considered in this sec-
tion are shown in Figs. 7(b) and 7(c). The cost of preparing
populations decreases with the temperature of the reference
state, while the coherence contribution grows linearly with
Ty because the coherent levels are degenerate and the cost is
purely entropic.
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FIG. 7. Bare cycle performance and preparation-cost lower
bounds. (a) Work contributions for three reservoir preparations: a
thermal reference at the same apparent temperatures Ay, an inco-
herent same-population atomic beam PD[A], and the phaseonium
beam A. Once the isochores have reached their stationary states,
the thermal same-T}, and phaseonium preparations produce the same
fully thermalized cycle, with the same work output and absorbed
heat. The incoherent same-population reference gives a smaller net
work output because it works between different temperatures, closer
together. At the same time, it absorbs less heat. Therefore, the ef-
ficiency for these three reservoirs is the same. (b) Lower bound
on the population-preparation work as a function of the reference
temperature Ty, comparing the thermal reference and the phaseonium
population preparation (same as the incoherent atoms). (c¢) Decom-
position of the phaseonium preparation lower bound into population
and coherence contributions. Creating coherence inside the degen-
erate subspace has no energetic contribution, but it has an entropic
free-energy cost proportional to 7yCrejen.. The figure shows a re-
source tradeoff between populations and coherence preparation for
the same engine efficiency.

This comparison emphasizes the operational role of coher-
ence, that is a control parameter for the detailed balance of the
cavity after thermalization. For the same atomic populations,
coherence can enhance or hinder the energy exchange from
the reservoir to the system.

The comparison therefore identifies a tradeoff between
population engineering and coherence preparation. In the re-
gion where AC™ < 0, the phaseonium route has a lower
preparation cost bound than the thermal reference. Whether
this translates into an experimental advantage depends on
implementation-specific preparation costs and efficiencies.

B. Finite-time cascade performance

The same collision-model framework naturally allows one
phaseonium beam to drive more than one working medium.
Therefore, we compare two architectures. Setup A consists
of two identical single-cavity engines operated independently
in parallel, each supplied by separate but identically prepared
hot and cold phaseonium beams. Setup B is the two-cavity
cascade, shown in Fig. 1(c), in which each atom interacts
first with S| and then with S,, mediating a unidirectional flow
of information from the upstream to the downstream cavity.
Mechanical work remains additive because the two cavities
act on independent pistons,

Wzom — Solut + W;;ut. (31)

Although W will be greater than the work output of one
cavity alone, the downstream cavity in setup B requires more
collisions to reach its target thermal state. We therefore deter-
mine the duration of each isochoric stroke dynamically. The
evolution is stopped when the last cavity reaches the corre-
sponding stationary temperature within the same prescribed
numerical tolerance.

We denote by N, the minimum number of atoms required
by the single-cavity engine during isochore r = h, ¢, and by
M, the corresponding number for the two-cavity cascade.
Also, N = N; + N, and M = M;, + M. denote the total num-
ber of collisions for a full cycle. One cascade collision step
corresponds to the injection of one atom that traverses both
cavities. Because successive atoms propagate through the two
cavities in a pipeline, the cycle durations are

T4 = (N + No)Ateol + Tag, (32)

B = (Mh +M0)Atcol + Tad, (33)

where 7,4 is the total duration of the synchronized adiabatic
strokes, same for both architectures. The corresponding output
powers are

Wlout Wzout

P] = ’ PB - ’ (34)
T1 T

for one single-cavity engine and the cascade, respectively.
Clearly Py = 2P;.

Figure 5 shows the collision numbers required for the hot-
stroke thermalization. Both N, and M, increase approximately
linearly with 1/ky, consistently with Eq. (27). The cascade
always requires more atoms than one cavity but substantially
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TABLE 1. Finite-time cascade performance as a function of the
hot phaseonium phase ¢,. The cold phaseonium phase is kept fixed
at ¢. = /6. Here, Rp = Py/(2P,) is the fraction of the power of
two independent single-cavity engines retained by the cascade, while
R, = M/(2N) is the ratio of consumed atoms, with M = M, + M,
and N = N, + N,.

¢h/7T N M PB/PI RP Ra RP/Ra
10/13 206750 280100 1.4763 0.7382 0.6774 1.0897
2/3 120880 162470 1.4882 0.7441 0.6720 1.1072
1/2 77430 102940 1.5046 0.7523 0.6647 1.1317
1/3 62950 83100 1.5153 0.7576 0.6600 1.1479

fewer than two independently thermalized cavities,
]Vh < Mh < 2Nh. (35)

The downstream cavity therefore increases the cycle duration,
but the same atomic beam is reused before being discarded.

The numerical results of the coherence-phase scan are re-
ported in Table I. At every point, the cascade produces more
power than the single-cavity engine, Pg > P, although it does
not reach the power P, of two independent engines, as shown
in Fig. 8(a). To compare this power gain with the atomic
resources consumed, as in Fig. 8(b), we introduce

Pp M
RP = -, Ra W

(36)

Here, Rp is the fraction of the power of two independent
single-cavity engines retained by the cascade, while R, is
the corresponding fraction of the total phaseonium atoms
consumed during the hot and cold isochores. The tradeoff
between retained power and reduced atom consumption is

x 106
_'A"'I""I""I""I' ]
] i
L \\\\\ - P
\\*\ -k - 2P]_ 4
6_
& -
4_
2_

(a)

quantified by

Re _ _Ps/M (37)
R,  P4/(2N)

This quantity compares the cycle-averaged powers, normal-
ized by the number of atoms consumed per completed cycle.
Throughout the scan, Rp/R, > 1, showing that the retained
fraction of power Rp is systematically larger than the corre-
sponding fraction of consumed atoms R, over the complete
cycle.

The scan exhibits two consistent trends. Moving toward
smaller ¢, increases the relaxation rate and reduces both cycle
durations, thereby increasing the absolute powers P4 and Pg.
Moreover, the ratio Rp/R, increases across the investigated
points: reusing the atomic stream in the cascade retains a
larger fraction of the two-engine power than the fraction of
hot atoms it consumes. The demonstrated advantage is there-
fore an improvement of power per injected hot atom for the
explicitly simulated two-cavity cascade extension.

The finite-time operation also generates correlations be-
tween the cavities. If the isochoric strokes are not long enough
for both cavities to reach the stationary state, the two working
media perform different cycles, as shown in Fig. 9. In this
scenario, before the two cavities are both thermalized, they
remain correlated through the action of common phaseonium
atoms interacting first with the first cavity and then with the
second. This action creates a unidirectional flow of informa-
tion, and thus the mutual information [33] of the bipartite
system will be nonzero throughout the cycle.

Figure 10 shows the work and heat exchanged as functions
of the mutual information generated during partial thermal-
ization. In this scan, larger mutual information corresponds to
shorter isochoric strokes. Less heat is consequently absorbed

EA ——————————— A _

1.1_‘ = E
1.0F |

] - Rp ]
= 09F R
E ; ~&- Rp/Ra |
0.8} |
- —e—— - °]

| ]

0.7F :
(- ——a— -+ — - - 4]

04 05 06 07
o/
(b)

FIG. 8. Finite-time performance of the two-cavity cascade. (a) Output powers of the single-cavity engine P, and the cascade, Pg, as
functions of the hot coherence phase. The curve 2P, = P, is the power of two independent copies of the single-cavity engine. The cascade
consistently satisfies P < Pg < 2P;. (b) Retained-power ratio Rp = Pg/P,, atomic-resource ratio R, = M/(2N), and their quotient. Since
Rp/R, > 1, the cascade delivers more power per injected phaseonium atom than two single-cavity independent engines.
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FIG. 9. Finite-time dynamics of two cavities S, and S, during
one thermodynamic cycle. The isochoric stroke is not sufficiently
long for the second cavity to reach the stationary state, and the down-
stream cavity consequently performs a smaller cycle, represented
by the dashed gray line. The hot and cold coherence phases are
¢y = 0.847 and ¢c = 7 /40, respectively. The mutual information
during expansion is approximately 0.008. The upper panel shows the
energy-frequency cycles, while the lower panels show the frequency
and energy dynamics.

and less work is extracted. The agreement between the me-
chanical work of Eq. (17) and the Alicki work of Eq. (19)
confirms that the pressure-based work accounting is consistent
with the quantum first law in the regime considered.

Since the analytical collision map employed here is derived
explicitly for two cavities, we do not provide an asymptotic
scaling law for larger arrays. Nevertheless, the two-cavity
cascade establishes a clear operational advantage: reusing the
same atomic stream increases the absolute finite-time power
and improves the power delivered per consumed phaseonium
atom.

C. Discussion

The phaseonium beam is a nonthermal resource, and its
apparent temperature is not the temperature of an equilibrium
reservoir. It is the temperature of the Gibbs state selected
by the cavity collision map, or equivalently the parameter
that rewrites the gain-loss ratio in detailed-balance form. This
allows the phaseonium beam to operate as an engineered
nonthermal reservoir for the cavity cycle.

The passive-energy analysis addresses this point at the
level of the working fluid. The phaseonium atoms do not

0.0050{ &
% Z} —A— ™
£.0.00451 & WAl
'*E &
2 D
~ 0.0040
Z X
£ 0.0035 N~
0.0 05 1.0 15
T 04
E
=  0.31
0.0 05 1.0 15

Mutual Information

FIG. 10. Mechanical work W, Alicki work WA!, and heat ab-
sorbed during the hot isochore as functions of the mutual information
shared by the two cavities. Increasing mutual information in this
scan corresponds to shorter thermalization times, and therefore to
less absorbed heat and extracted work. The hot and cold coherence
phases are 0.681x and 1.5257, respectively.

deposit ergotropy in the cavity field. Starting from diago-
nal thermal states, the cavity remains diagonal during the
isochoric strokes, and its ergotropy is zero up to numerical
precision. Thus, the piston extracts work during the adiabatic
strokes from a thermal state of the cavity, with a continuous
and slow change in the eigenvalues of the Hamiltonian.

The cost analysis addresses the same issue at the level
of the reservoir. A thermal same-T; reference reservoir is
used as benchmark for the bare Otto cycle and gives the
same efficiency. The same efficiency can be obtained with
an incoherent same-population reference reservoir, used as
benchmark for isolating the role of coherence in the atomic
preparation. The phaseonium route is therefore useful when
the desired apparent temperatures are more naturally obtained
by adding coherence to a given population distribution than
by changing the populations alone. The lower-bound analysis
in Fig. 6 identifies a region in which the phaseonium route has
the smaller collision-weighted preparation cost bound, when
the preparation temperature 7j is some order of magnitude
lower than the target temperature.

Phaseonium provides a simple and tunable route to en-
gineer apparent temperatures. The cascade analysis extends
this resource-level comparison to finite-time operation. The
downstream cavity increases both the extracted work and the
number of collisions required per cycle. Nevertheless, the
additional thermalization time does not cancel the perfor-
mance gain: the two-cavity engine produces approximately
47%-52% more power than the single-cavity engine over
the investigated phase range. At the same time, it uses only
65%—-68% of the total atoms required by two independent
engines. The resulting 9%—-15% enhancement of power per
injected hot atom shows that the atomic stream is reused
more efficiently in the cascade. This conclusion concerns the
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explicitly simulated one-to-two-cavity extension and should
not be interpreted as an asymptotic linear-scaling result.

In our numerical simulations, we adopt natural units, where
h=kg = 1. In this framework, all physical quantities are
scaled by the cavity’s fundamental frequency wp. Time is
expressed in units of inverse frequency (o, 1, and energy and
temperature are expressed in units of frequency (wy). The cav-
ity length L(¢) is strictly defined by the fundamental resonance
condition L(¢t) = 2mc/w(t). This allows us to simulate the
cycle dynamics in a scale-invariant manner, where results can
be mapped to any physical frequency range of interest.

In our simulations, the piston displacement was kept at the
percent level. Larger excursions can be obtained by changing
the operating parameters, but the tradeoff is time: phases that
strongly modify the apparent temperature may also slow down
thermalization. Moreover, slower adiabatic motion can reduce
nonadiabatic and dissipative corrections that are neglected
in the present pressure model. More refined treatments of
radiation pressure and moving boundaries can be found in
Refs. [34-36].

To provide a concrete experimental context for our re-
sults, we define a reference frequency scale ws based on
the physical dimensions of the system. To probe our results
on a macroscopic scale, our proposal is the use of macro-
scopic Fabry-Pérot resonators, which currently achieve cavity
lengths L on the scale of millimeters to centimeters. Accord-
ingly, we select a reference frequency of wf = wy = 2w X
50 GHz, corresponding to a fundamental mode wavelength
of A &6 mm, to be consistent with the seminal work by
Kuhr [37]. This choice fixes the physical scales of our dimen-
sionless units: the unit of time maps to fp = a)r’efl ~ 3.18 ps,
while the unit of temperature maps to Ty = fiwr.s/kp ~ 2.4 K.
Consequently, a simulation temperature of 7 & 1 corresponds
to a physical temperature of 2.4 K, placing our engine in the
standard cryogenic regime of microwave cavity QED experi-
ments.

We also neglected photon losses by assuming ideal high-
Q cavities. This is the natural first step for isolating the
thermodynamic role of phaseonium coherence. Losses and
dephasing would reduce the contrast between the phaseonium
and reference cycles and should be included in a device-level
optimization.

Many different optomechanical platforms can be selected
to perform this cycle. Several macroscopic cavity archi-
tectures offer distinct geometric and frequency advantages
for physically realizing the engine, from cantilevers to sus-
pended mirrors to membranes [15]. The canonical standard
is established by the superconducting Fabry-Pérot resonators.
These can achieve cavity lengths on the scale of millime-
ters to centimeters, while exhibiting ultra-high-quality (Q)
factors, which indicate strong resilience to photon losses
[38—40]. The canonical superconducting Fabry-Pérot res-
onator [37] operates at 51.099 GHz, utilizing an open
geometry with 50-mm-diameter mirrors separated by a 27.57-
mm gap. For tighter confinement, seamless three-dimensional
(3D) crossed-tube niobium cavities operate at 98.2 GHz
via intersecting 1.5-mm-diameter tubes, forming macroscopic
cavities [41]. To balance high cooperativity with neces-
sary transverse optical access, modern near-confocal Fabry-
Pérot resonators target the 50 to 100 GHz band, featuring

48-mm-diameter mirrors and extended macroscopic gaps up
to 47.15 mm [42].

III. CONCLUSIONS

We have analyzed an optomechanical Otto engine driven
by phaseonium atoms, with a detailed treatment of passive
energy, radiation-pressure work, reservoir-preparation costs,
and scalability considerations, thanks to the use of a collision
model to find the exact atom-cavity interaction equations.

The phaseonium beam sets the detailed balance of the
cavity collision map through its populations and ground-state
coherence. The cavity then relaxes to a Gibbs state at the
corresponding apparent temperature. During this process, the
field remains diagonal and passive: its ergotropy and energy-
basis coherence vanish up to numerical precision, while the
collision map drives it toward its Gibbs fixed point. The en-
gine therefore converts passive cavity energy into mechanical
work through the controlled change of the cavity Hamiltonian.

The Otto cycle performed using phaseonium reservoirs
reproduces the same cycle of a thermal engine operating at the
same apparent hot and cold temperatures. On the other hand,
an incoherent same-population atomic beam cannot because
removing coherence changes the gain-loss balance. Including
lower bounds on preparation costs shows that phaseonium
is best understood as a reservoir-engineering strategy with a
population-coherence tradeoff.

We have also quantified the finite-time performance of a
two-cavity cascade. Although the downstream cavity length-
ens the minimum collision number required to thermalize it,
this number of collisions is controlled by the absolute relax-
ation gap ¥ = I') — I'y, again dependent on the phaseonium
phase ¢. After this increase in duration is included, the cas-
cade still produces more power than the single-cavity engine.
With respect to two independent single-cavity engines, the
cascade retains approximately 75% of the power of two in-
dependent engines while consuming only approximately 66%
of their total hot and cold phaseonium atoms, corresponding
to an enhancement of power per injected atom over a complete
cycle.

Phaseonium remains attractive because it is a minimal
coherent reservoir whose effect on detailed balance is analyt-
ically transparent. This makes the proposed optomechanical
engine a useful testbed for studying how microscopic coherent
resources are converted into macroscopic mechanical work
once thermodynamic accounting is made explicit.
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APPENDIX A: MICROSCOPIC
PHASEONIUM-CAVITY MODEL

In this appendix, we summarize the microscopic collision
model underlying the isochoric strokes. The derivation fol-
lows Ref. [14].

The working medium is a single-mode cavity field de-
scribed by the Hamiltonian

Hs = hoc(a'a + 1), (A1)

where @' and & are the photon creation and annihilation opera-
tors and w, is the cavity frequency. For the two-cavity cascade,
the free Hamiltonian is

Hys s, = Hs, ® I, + II5, ® Hg,, (A2)

with Hy, = Hs from Eq. (Al) for j =1, 2.

Each atomic ancilla is a three-level system in A configura-
tion, with excited state |e) and two degenerate ground states
|g1) and |g2). We introduce the transition operators

87 =leMgl, 67 =lgMel. i=12. (A3

Taking the energy of the ground-state doublet as zero, the
atomic Hamiltonian is

an)A A A A A
Hy = hiwy le)(e] = — (6167 +676,). (A4)

All incoming atoms are identically prepared in the phaseo-
nium state

o? 0 0
w=|0 5 —ife?| (AS5)
B i 8
0 l?ed) 5
where
o+ B2 =1. (A6)

The populations are therefore o in the excited state and 82 /2
in each ground state, while the parameter ¢ controls the phase
of the coherence inside the degenerate ground-state subspace.
Complete dephasing in the atomic energy basis gives the
same-population incoherent reference

o? 0 0
D=0 £ o0 (A7)
o o £

The phase convention in Eq. (A5) differs from that used in
Ref. [14] only by a constant shift of 7 /2.

Within the rotating-wave approximation, the interaction
between the cavity field and one atom is

Vsa = hQla(6]" +65) +a" (6] +65)1,  (AB)

where  is the atom-cavity coupling strength. The total
Hamiltonian during one collision is consequently

Hio« = Hs + Hp + Vsa. (A9)
We assume resonant atom-cavity interactions

W = Wa = w.

(A10)

Moving to the interaction picture with respect to Hs + Hy
then removes the free evolution during each collision, leaving
Eq. (A8) as the generator of the atom-cavity dynamics. For the
cascade, the interaction with cavity S; is obtained by replacing
a with a; in Eq. (A8).

APPENDIX B: SINGLE-CAVITY COLLISION DYNAMICS

We now derive the reduced dynamics generated by the
repeated interaction of the cavity with the phaseonium atoms.
Each incoming atom is initially uncorrelated with the cavity
and interacts with it only once. Immediately before the kth
collision, the joint state is therefore

P8 @ Ay, (B1)

where Ay is given in Eq. (AS5).
Let Aty be the duration of a single atom-cavity interaction
and define the accumulated Rabi phase

0 = QA (B2)

In the interaction picture, the collision unitary is
i
Usa = exp <_EVSAAtim)- (B3)

Introducing the dimensionless interaction operator VSA =
Vsa/(A2), this can equivalently be written as Uy =
exp(—ifVsa).

In the atomic basis {le), |g1), |g2)}, the exact unitary for
an arbitrary interaction time takes the form

¢ -8t —is
P e
Usa = | —iS 2 B (B4)
e | C'+1
—iS 5

where the entries are operators acting on the cavity Hilbert
space,

C = cos(9v2aa"), (B3)
C' = cos(6V2ata), (B6)
S = &Tsin(G— 'Z&&T). (B7)
2aaf
These operators satisfy
C?+2878 =1, C?%+288" =1. (B8)
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After the collision, the atomic degrees of freedom are traced
out. The reduced cavity state is consequently updated through
the collision map

,Oék) =&y [Pékil)] Tra[Usa (P(k Ve )‘¢)USTA]' (B9)

The map admits the Kraus representation

4
Eslps) =Y EupsEy, (B10)
n=0
with
A Ya V4
Ey= J1—-22 -2, Bl11
0 > > (BI11)
£ = [Ye (B12)
2
E = /7.5, (B13)
£ = % ¢, (B14)
Ey= 58" (B15)

The two coefficients appearing in the map are the relevant
atomic second moments:

Yo = Tral(6;7 4+ 6,067 + 6, ] = 207, (B16)
vp = Tral(67 + 65)(6; + 657 )] = B*(1 — sin ).
(B17)

The phase dependence of the dynamics is therefore entirely
contained in yg. In particular, the coherence between the
degenerate ground states modifies the atomic absorption chan-
nel, while y,, depends only on the excited-state population.

Using Eq. (B8), the exact finite-difference equation can
also be written as

ps) =y = ZD[EM]p<k v, (B18)
n=1
where
DILlp = LpL" - F{L'L, p} (B19)

is the standard dissipator.

The structure of the Kraus operators also shows that the
map preserves diagonality in the cavity number basis. The
operators C and €’ are dlagonal functions of the photon-
number operator, while § and $* change the photon number
by one. Consequently, if the cavity enters a collision in a state
diagonal in the energy basis, the state remains diagonal after
the collision. This property underlies the absence of cavity
energy-basis coherence discussed in Sec. T A.

For weak individual collisions, Eq. (B9) reduces to the
usual continuous-time master equation. Expanding the oper-
ators in Eqgs. (BS), (B6), and (B7) to second order in 9 gives

dps

—= =T Dlalps + M Dla"1ps,

. (B20)

where

'y =Toye, Ty =Toys. (B21)

Here I'y is a common positive rate determined by the atom-
cavity coupling, the interaction time, and the atomic injection
rate. For an injection rate v, the weak-collision expansion
gives I’y = v#2. Since this prefactor is common to the two
channels, it does not affect their detailed-balance ratio. In col-
lision units, the same dynamics can be characterized directly
by I'y =y and ') = yp.

The stationary state pg is the fixed point of the collision
map,

Eglog] = ps. (B22)
Writing it as
[o¢]
ps =y pyin)n (B23)
n=0
the stationary condition gives the recurrence relation
3
w I
Pt _ Yo _ 21 (B24)
pyoove Iy
For y, < yp, the normalizable solution is
* 1 ad y()t "
Ps = 7= n)(nl, (B25)
Z¢ n=0 VB
with
—1
Z, = (1 - ﬁ) . (B26)
Ve
Comparison with the Gibbs distribution gives
12] ho
— =exp| — , (B27)
V8 kpTy
and therefore
hw
kgTy = (B28)

In I:/Sz(lfsinzﬁ)].
202

The temperature T is thus not the temperature of the in-
coming atomic state. It is the temperature of the Gibbs fixed
point selected by the detailed balance of the reduced cavity
dynamics.

For the dephased same-population preparation, Eq. (A7),
the coherence contribution vanishes and

vg = B> (B29)
The corresponding stationary temperature is
ho
kpTa = (B30)

8\’
In (W)
recovering Eq. (2).
While the ratio of the two rates determines the fixed-point
temperature, their difference determines the relaxation scale.
We define the relaxation gap as

k =T, — Ty = To[B*(1 —sing) — 2a7]. (B31)
Indeed, Eq. (B20) gives
d
E(fw = —« () + Iy, (B32)
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so that
I’y

() = ——.
T, —T;

(B33)
Therefore, two atomic preparations may generate the same ap-
parent temperature, and hence the same stationary state, while
producing different relaxation gaps and different finite-time
collision numbers.

APPENDIX C: TWO-CAVITY CASCADE
COLLISION DYNAMICS

We now consider two identical single-mode cavities, S;
and S,, arranged in cascade and driven by the same stream
of phaseonium atoms. Each incoming atom interacts first with
S) and then with S,, as shown in Fig. 1(c). The complete
finite-time collision map follows the derivation of Ref. [14].

During the isochoric strokes, the two cavities have the
same frequency and interact with each atom with the same
coupling strength and interaction time. The local interaction
Hamiltonians are

Vs = hQ1a;(67 +65) +al (67 +67)1. j=1.2
€1

and the corresponding collision unitaries are
i
UjA = exp (— EVSjA Alim> . (CZ)

The unitary associated with one complete cascade collision is
therefore

Ucas = UZAU1A~ (C3)

The ordering in Eq. (C3) fixes the direction of the cascade:
the atom interacts with the upstream cavity before reaching
the downstream one.

Let pgg_l) denote the joint state of the two cavities im-
mediately before the kth atom enters the cascade. Since each
incoming atom is initially uncorrelated with the cavities, the
global precollision state is

Py ® A, (C4)

After the two sequential interactions, the atomic degrees of
freedom are discarded and the cavity state becomes

Py = Englofy ] = Tra[Uaalia (o1 ® Ag)UL, UL, |
(C5)
Equation (C5) defines a completely positive and trace-
preserving map on the joint two-cavity system.

To write the map explicitly, we introduce the local
operators

A]- = cos(0,/2a;a;), (C6a)

= cos(0,/2aa;), (Céb)
_sin(0,/2a;a})

j=a =1,2 (Cé6¢)

where 6 = QAjy, as in Eq. (B2). The tensor products below
are ordered as Hs, @ Hs,.
The cascade map admits the Kraus representation

4
Englon] = Zﬁuplzfij, (C7
n=0
where
fy = /1—%—%]112, (C8a)
Fi= 2ot -25 08, (C8b)
b= /r$ie0+C o5, (C8¢)
B= @b+ es), (C8d)
B = %(C{ ®C,— 281 ®8,). (C8e)
Here
I =15 ® L, (C9)
and the coefficients are the same as in the single-cavity map,
Yo =202, yg = p*(1 —sing). (C10)
The Kraus operators satisfy
4
Y EiF =1, (1)

u=0

ensuring trace preservation.
The corresponding exact finite-difference equation is

4
P =Y DAY, (1)
=1

with the dissipator defined in Eq. (B19). Unlike the single-
cavity map, the operators in Eq. (C8) contain nonlocal
products of cavity operators. The common atoms can there-
fore generate correlations between S; and S, during the
isochoric evolution.

The unidirectionality of the dynamics becomes explicit by
considering the two reduced cavity states

P =Trg[ply]. j=1.2. (C13)
For the upstream cavity, tracing Eq. (C5) over S, gives
P = Trsa[UnaUia(pfs " @ Ap)ULUS, ]
= Tra[Una (o} ® M) U]
= &[0 "] (Cl14)

The interaction occurring afterward between the atom and S,
cannot affect the reduced state of S;. The first cavity therefore
follows exactly the single-cavity map derived in Appendix B,
independently of the state of the downstream cavity.

The situation is different for S,. After the atom has inter-
acted with Sy, the joint state entering the second interaction
is

W =Trg [Ua (05 @ ag)Uf, ] (C13)
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The downstream cavity then evolves as

p3) = Tea[Unaxsy U |- (C16)

The intermediate state Xz(/]? depends on the joint two-cavity

state pfgfl), including the correlations created during the pre-
ceding collisions. Consequently, the evolution of S, cannot in
general be expressed as an autonomous completely positive
map acting only on ,oék*l). Its reduced dynamics retains infor-
mation about the upstream cavity and is therefore effectively
non-Markovian.

The atomic stream thus mediates a one-way flow of infor-
mation from §; to S,: the dynamics of S; is independent of S5,
whereas the evolution of S, depends on the state and previous
evolution of S;. No direct cavity-cavity interaction is present.

The correlations observed during finite-time operation arise
solely from the sequential interaction with the common atoms.

In the mixing regime y, < yg, the first cavity converges
to the Gibbs fixed point, Eq. (B25). The atoms leaving the
first cavity continue to drive the downstream cavity toward
the same local fixed point, so that

k

oS —s pi, (C17)

where pg has the apparent temperature T given by Eq. (B28).
The convergence of the second cavity is generally slower be-
cause it interacts with atoms that have already been modified
by the upstream collision. When an isochoric stroke is stopped
before this convergence is complete, the two cavities leave the
stroke in different local states and may retain nonzero mutual
information, as discussed in Sec. II B.
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