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Directional motional control via engineered conical intersections in trapped Rydberg ions
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We demonstrate coherent control of motional dynamics in trapped Rydberg ions engineered to exhibit a
conical intersection between adiabatic potential-energy surfaces. Using quantum optimal control, an optimally
shaped electric field drives the motional wave packet between prescribed spatial configurations on microsecond
timescales. Localized nonadiabatic coupling breaks the symmetry of the dynamics and produces a directed
trajectory: after only a few early passages through the conical intersection region, the packet proceeds toward the
target with high fidelity. In contrast, in the Born-Oppenheimer limit, where such coupling is absent, the optimized
control yields symmetric, multicycle oscillations rather than a comparably directed displacement. While both
approaches reach the target at the chosen final time, the underlying trajectories are qualitatively different. This
work demonstrates that engineered conical intersections can serve as a potential control resource for directional
motional dynamics, complementing pulse-shaping methods in trapped-ion systems. This directional motion of
the ions, enabled by the conical intersection, may provide a route toward improved control of motional states in
trapped-ion quantum information processing.

DOI: 10.1103/hdxg-fg74

I. INTRODUCTION

Trapped ions represent one of the most promising plat-
forms for quantum information processing [1–12]. Achieving
precise control over their motional degrees of freedom is
essential for scalable quantum computation, as even small
motional displacements can degrade entangling-gate per-
formance [13]. Accordingly, several protocols have been
developed to suppress residual excitations including motional
squeezing [14] or tailored pulse shaping [15].

The Born-Oppenheimer (BO) approximation is a standard
approach to treating coupled electronic and nuclear dynamics.
It was introduced by Born and Oppenheimer in 1927 and
exploits the separation of electronic and nuclear timescales
arising from their large mass difference [16,17]. Within this
framework, the electronic degrees of freedom define effective
potential-energy surfaces (PESs) on which the nuclear motion
evolves. The limitations of the BO approximation arise when
strong nonadiabatic couplings between electronic and nuclear
degrees of freedom are present, leading to a breakdown of the
separation of their dynamics [16,18,19]. In particular, the BO
approximation fails to describe the geometric and topological
effects that arise in the vicinity of a conical intersection (CI),
which corresponds to a degeneracy point between adiabatic
PESs in the nuclear coordinate space. CIs are ubiquitous in
molecular photochemistry and govern the dynamics of many
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ultrafast photoinduced processes [20–23]. Recent theoretical
proposals showed that CIs can also be engineered in synthetic
quantum systems [24–26], including Rydberg atoms [27,28]
and trapped Rydberg ions [29]. The latter provide an exper-
imentally tunable platform to study nonadiabatic dynamics
near CIs [29]. Their large electric polarizabilities and strong
dipolar exchange interactions allow the shape of the PESs and
the position of the CI to be engineered with external fields.
Unlike molecular systems, where CIs occur on femtosecond
timescales and nanometer length scales, Rydberg ions enable
the same physics to be explored on microsecond and microm-
eter scales, where both the nuclear-like and electronic-like
dynamics can be directly controlled and observed in real time
within a state-of-the-art ion-trap setup [29].

In this paper, we aim to investigate the optimal control
of Rydberg-ion motion near an engineered CI. Using a time-
dependent electric field and shaping its temporal profile using
quantum optimal control theory [30–36], we demonstrate
coherent steering of a vibrational wave packet from an ini-
tial Gaussian state to a predefined spatial target. Our spinor
model incorporates nonadiabatic couplings arising from the
CI, allowing direct comparison with the BO limit where such
couplings are absent. Near a CI, optimized fields induce a
directed displacement of the wave packet with only a few
early passages through the CI before reaching the target,
whereas in the BO limit the control produces symmetric,
multicycle oscillations. These results suggest that engineered
CIs could provide a useful resource for realizing directed and
robust motional control in trapped-ion platforms for quantum
information science.

Our paper complements the recent work of Whitlow et al.
[37] who simulated a CI using ground-state trapped ions
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by encoding the electronic and nuclear degrees of freedom
in the spin and motional modes of the ions and observing
the resulting geometric phase. In contrast, the present study
employs Rydberg ions as a physical system in which a gen-
uine CI arises from dipolar exchange and state-dependent
polarizabilities [29]. This platform enables the exploration
of nonadiabatic motion and optimal-control strategies on real
PESs, extending beyond the quantum-simulation approach of
Ref. [37].

This paper is organized as follows. In Sec. II, we present
a model that enables the construction of a CI and the control
of the motional states of two Rydberg ions confined in a Paul
trap near the engineered intersection. In Sec. III, we apply this
model to control the motional states of 88Sr+ Rydberg ions
and compare the results with those obtained in the absence of
the CI under the BO approximation (Sec. IV). Finally, Sec. V
summarizes our findings and outlines the main conclusions of
this work.

II. EQUATIONS OF MOTION

We consider two Rydberg ions of mass m confined in a
Paul trap, which generates an effective harmonic potential
with frequencies ωx, ωy, and ωz [38–40]. By assuming that
ωy � ωx > ωz, the motion of the two ions can be analyzed in
the X-Z plane. Hence the potential energy of the two trapped
ions is given by

Vtrap = m

2

[
ω2

x

(
X 2

1 + X 2
2

) + ω2
z

(
Z2

1 + Z2
2

)] + Vc, (1)

where Ri = (Xi, Zi ) denotes the nuclear coordinates in the
laboratory frame of the ith ion, with i = 1, 2. Vc is the re-
pulsive Coulomb potential expressed as Vc = k e2/|r|, where
k is the Coulomb constant, e is the elementary charge, and
r = R2 − R1. By applying a static electric field u0 along
the X axis, a potential Vm = u0 φ(X ) is generated, where
φ(X ) = e (X1 + X2) [29]. The static electric field controls the
transverse equilibrium positions of the ions and thus enables
the construction of the CI.

Each trapped ion is modeled as a two-level Rydberg system
|↓〉≡|nS〉 and |↑〉≡|nP〉, where n is the principal quantum
number. These levels can be coupled by a microwave field
with Rabi frequency � and detuning � [29]. Two such Ryd-
berg ions interact through a resonant dipole-dipole exchange
process, described by

Hex = Uex(r) ⊗ (σ+
1 ⊗ σ−

2 + σ−
1 ⊗ σ+

2 ), (2)

where σ+
i |↓〉i = |↑〉i and σ−

i |↑〉i = |↓〉i. This exchange po-
tential couples the single-excitation states |↑↓〉 and |↓↑〉, and
its strength Uex(r) depends on the ion separation r = |r|. In
addition, the two Rydberg levels possess different polarizabil-
ities, ρ↑ and ρ↓, which lead to state-dependent modifications
of the trapping potential. This contribution can be written as

Hρ = −α2
(
X 2

1 ⊗	ρ ⊗12 + X 2
2 ⊗12⊗	ρ

)
, (3)

where 	ρ = ρ↓ |↓〉 〈↓| + ρ↑ |↑〉 〈↑| and α denotes the gradi-
ent of the radio-frequency field in the Paul trap. Together, the
dipolar exchange and the state-dependent trapping potentials
form the basis for engineering coupled PESs that intersect

when tuned by an external static field, thereby realizing a CI
in a controllable trapped-ion environment [29].

We analyze the dynamics in the center-of-mass and rel-
ative coordinate frames, defined as R = R1+R2

2 and r =
R2 − R1, respectively. We restrict our analysis to the single-
excitation subspace spanned by |π1〉 = |↑↓〉 and |π2〉 = |↓↑〉,
realized by setting � = 0 and holding � constant [29,41].
In this subspace, we define the effective Pauli operators
as S0 = |π1〉 〈π1| + |π2〉 〈π2|, Sx = |π1〉 〈π2| + |π2〉 〈π1|, and
Sz = |π1〉 〈π1| − |π2〉 〈π2|. For typical experimental condi-
tions, the harmonic trapping potential dominates the energy
landscape, allowing the remaining interactions to be treated as
perturbations. We perform an harmonic expansion around the
equilibrium positions R0 = (X0, Z0) for the center-of-mass
coordinate and r0 = (x0, z0) for the relative coordinate, in-
troducing displacements Q = R − R0 and q = r − r0. The
derivation of the equilibrium positions X0, Z0 = 0 and x0 =
0, z0 is provided in Appendix A.

Following Ref. [29], we neglect the center-of-mass motion
(Q = 0) and focus on the relative coordinate, which captures
the key nonadiabatic effects (see Appendix A for details).
The resulting effective Hamiltonian incorporating all relevant
interaction terms is given as

H0 = − h̄2

2 μ

(∇2
qx

+ ∇2
qz

) ⊗ S0 + Hspin, (4a)

where

Hspin = S(q) ⊗ S0 + W (q) ⊗ Sx + G(q) ⊗ Sz, (4b)

with

S(q) =
[μ

2
ω̄2

x q2
x + μ

2
ω̄2

z q2
z

]
, (4c)

W (q) = [Uex(r0) + Fz(r0) qz], (4d)

G(q) = α2 ρ− X0 qx. (4e)

Here, the reduced mass is μ = m/2, h̄ is the reduced
Planck’s constant, and the effective frequencies are ω̄2

x =
ω2

x − α2

2 μ
ρ+ − k e2

μ |z0|3 , ω̄2
z = ω2

z + 2 k e2

μ |z0|3 , with Fz(r0) =
∂zUex(r)|r=r0 and ρ± = ρ↑ ± ρ↓. Equation (4) is formulated
within the pseudopotential approximation, where the fast
radio-frequency (rf) micromotion of the ions in the Paul
trap is averaged out. This treatment is standard and well
validated for Rydberg-ion experiments operating under
typical trapping conditions [29,38,39]. In this regime, the
micromotion contributes only small periodic corrections to
the harmonic potential and can be safely neglected on the
microsecond timescales relevant to the control dynamics. A
detailed derivation of the effective Hamiltonian, starting from
the full spinor model and including the harmonic expansion
around equilibrium, is provided in Appendix A. The PESs
refer to the eigenvalues of the electronic Hamiltonian Hspin

[16,42]. These eigenvalues are defined as

E± = S(q) ±
√

G(q)2 + W (q)2. (5)

In general, CIs occur at positions q∗ where the adiabatic
potentials become degenerate, i.e., E+(q∗) = E−(q∗). Ac-
cording to Eq. (5), this condition is equivalent to G(q∗) = 0
and W (q∗) = 0. This implies that the system described by
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FIG. 1. One-dimensional slice of the PESs at qz = 0, show-
ing the lower (E−, red) and upper (E+, blue) as functions of
qx (in µm). The yellow dot marks the position of the CI at
(q∗

x = 0, q∗
z = 0). Parameters correspond to 88Sr+ Rydberg ions:

m = 87.9 × 1.66 × 10−27 kg, ρ↓ = 8.9 × 10−30 C2 m2/J, and ρ↑ =
−3.8 × 10−31 C2 m2/J (Corresponding to Rydberg |nS〉 and |nP〉
states with n = 50). Additional parameters used are ωx = 2π ×
1.6 MHz, ωz = 2π MHz, u0 = 2.529 V/m corresponding to X0 =
−0.024 µm, α = 8.17 × 108 V/m2, Uex(r0) = 0, z0 = 4.31 µm and
F0/ h̄ = 2π × 20 MHz/µm.

Eq. (5) exhibits a CI at q∗
x = 0 and q∗

z = −Uex(r0)/Fz(r0).
Figure 1 shows a one-dimensional slice of the PESs at qz = 0
and the position of the CI for two trapped 88Sr+ Rydberg ions.

In this paper, we demonstrate that the motional state of two
trapped Rydberg ions near a CI can be coherently controlled
using a time-dependent electric field applied to a single ion.
This control field, designed through quantum optimal control
theory, steers the system from an initial spatial configura-
tion to a desired target at a fixed final time. We consider a
spatially localized electric field u(t ) applied to the first ion
along the X axis, resulting in an interaction term Vu(t ) =
e u(t ) X1. Spatially selective control is experimentally feasible
using tightly focused laser beams or near-field microwave
radiation [43–47]. In our work, we model the control field
as a generic time-dependent electric drive, which makes the
results broadly applicable independent of the specific imple-
mentation. After performing the harmonic approximation, the
control Hamiltonian can be given by

Hu(t ) = e u(t )
(
X0 − 1

2 qx
) ⊗ S0. (6)

The dynamics of the system are governed by the following
Schrödinger equation:

∂

∂t
|ψ (qx, qz, t )〉 = −i

h̄
(H0 + Hu(t )) |ψ (qx, qz, t )〉 , (7)

where |ψ (qx, qz, t )〉 belongs to the Hilbert space H = Hq ⊗
Hspin, with Hq is the single-particle motional Hilbert space
in two spatial dimensions, and Hspin

∼= C2 is the two-
dimensional Hilbert space associated with a spin- 1

2 degree
of freedom. For a known external electric field, the time-
dependent Schrödinger equation given in Eq. (7) can be solved
numerically. However, in quantum control problems, the form
of the electric field is unknown and needs to be designed
to minimize or maximize a cost function [30,31]. As seen

in Eq. (6), the control field couples directly to qx, enabling
efficient manipulation of the ions’ relative motion. If instead
the control field is applied symmetrically to both ions, the
resulting control Hamiltonian becomes HB

u (t ) = 2 e u(t ) X0 ⊗
S0. Therefore, applying this control Hamiltonian introduces
only a constant energy shift and does not provide the nu-
anced control achievable with the control Hamiltonian given
in Eq. (6). We therefore apply the time-dependent electric field
to a single ion to achieve full motional control.

III. CONTROL OF MOTIONAL STATES
OF TRAPPED RYDBERG IONS

Our objective is to determine the optimal electric field u(t )
that drives the system from an initial to a target state at a fixed
final time t f . The initial state is

|ψ (qx, qz, 0)〉 = φ0(qx, qz )|π2〉, (8)

where φ0(qx, qz )=
xz exp{− μ

2 h̄ [ω̄x(qx−q0
x )2+ω̄z(qz−q0

z )2]},
with 
xz = ( μ2ω̄xω̄z

π2 h̄2 )1/4. The target motional state φd (qx, qz ) is
a Gaussian with the same widths as φ0(qx, qz ) but centered at
(qd

x , qd
z ). We define the target operator as

Ô = 	|φd 〉〈φd | ⊗ S0, (9)

where the action of the projector 	|φd 〉〈φd | on a wave function
�(qx, qz ) ∈ Hq is given by

(	|φd 〉〈φd |�)(qx, qz ) = φd (qx, qz )

×
∫∫

dq′
x dq′

z [φd (q′
x, q′

z )]∗ �(q′
x, q′

z ).

(10)

Our goal is to maximize the expectation value of the pro-
jector Ô while minimizing the energy of the control field,
subject to the Schrödinger dynamics given in Eq. (7). Follow-
ing Refs. [30,31], this objective can be equivalently expressed
as the maximization of the following functional:

J = J1 − J2, (11)

where

J1 = 〈ψ (qx, qz, t f )|Ô|ψ (qx, qz, t f )〉

−2 �
∫ t f

0
dt 〈λ(qx, qz, t )|

(
∂

∂t
− L̂

)
|ψ (qx, qz, t )〉 ,

(12a)

J2 = α0

∫ t f

0
[u(t )]2 dt . (12b)

The functional J1 given in Eq. (12a) includes the expecta-
tion value of the target operator Ô and a constraint term
that enforces the Schrödinger dynamics, while J2 provided in
Eq. (12b) penalizes large field amplitudes to limit the total
fluence. Here, |λ(qx, qz, t )〉 is a Lagrange multiplier used to
enforce the system’s evolution, and L̂ is the operator given on
the right-hand side of Eq. (7). The parameter α0 is a positive
weighting factor that controls the contribution of the field
fluence. To derive the optimal control capable of transitioning
the system from the initial state to the target state, we apply
the monotonically convergent algorithm (MCA) summarized
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FIG. 2. Optimal control of spatial dynamics near a CI. (a) Convergence of the target functional J1, the penalty J2, and the total J = J1 − J2

over the MCA iterations. (b) Time evolution of 〈qx (t )〉 with (blue) and without (red) the control field, demonstrating successful steering.
(c) Temporal profile of the optimized electric field u(t ). (d)–(f) Probability density |ψ (qx, qz, t )|2 at (d) t = 0 µs, (e) t = 5 µs, and (f) t = 10 µs,
illustrating transport to the target region under control. Additional parameters are provided in the main text and in Fig. 1.

in Appendix B. The MCA iteratively updates the control field
to maximize the objective functional while ensuring stable
convergence. Before starting the optimization, an initial guess
for the control field is specified. Then, the control field is
refined over successive iterations of the algorithm until the
objective functional reaches its maximum.

In our simulations, the initial wave-packet center is set
to (q0

x , q0
z ) = (−11.4 nm, 0), the target wave-packet center

to (qd
x , qd

z ) = (11.4 nm, 0), and the final time to t f = 10 µs.
For the trap parameters considered in this work, rf-driven
micromotion remains well below the nanometer scale for
the ∼10 nm secular displacements relevant to our control
protocol (see Appendix C). For the optimization parame-
ters listed in Appendix B, we take η = ζ = 1. The fluence
penalty in Eq. (12b) is α0 = 0.01. The initial electric field
used to seed the optimization is a rectangular pulse, E(t ) =
−14.39 V/m−1 for t ∈ [0, 20] ns and 0 otherwise.

In Fig. 2(a), we show the target function J1, the penalty
term J2, and the total functional J = J1 − J2 as a function
of the algorithm iteration number. The functional J increases
rapidly in the first 20 iterations, then stabilizes after ap-
proximately 100 iterations. At the final iteration, J1 reaches
99.08%, indicating a high overlap with the target operator Ô,
while J2 decreases. To confirm the control objective, Fig. 2(b)
shows the time evolution of the position operator qx with and
without the optimized electric field u(t ). The relative position
between the ions exhibits oscillatory behavior, and under the
action of the optimal field, it reaches the desired value at the
final time, indicating successful spatial control. By contrast,
in the absence of the control field the final expectation value
is 〈qx(t f )〉 = 8.96 nm, compared to the desired qd

x = 11.4 nm.
From Fig. 2(b), one can conclude also that the optimized

field induces a directed displacement toward the target: the
wave packet traverses the vicinity of the CI point twice at
early times and does not return thereafter. In Fig. 2(c), we
show the optimized electric field u(t ), which is responsible
for achieving the control objective.

Figures 2(d)–2(f) show the density |ψ (qx, qz, t )|2 at three
representative times: initial, intermediate, and final. These
snapshots illustrate the real-space dynamics of the wave
function under the optimized field, and demonstrate that the
control objective is achieved by driving the system from the
initial to the target configuration.

The optimal control fields obtained here should not be
viewed as prescriptions for direct experimental implementa-
tion. Rather, they serve to demonstrate the control concept and
to elucidate the underlying dynamical mechanisms enabled
by the engineered Rydberg-mediated coupling structure. In
particular, while the finite Rydberg-state lifetime (70–100 µs)
implies a nonnegligible decay probability over the ∼10 µs
control times considered here, leading to a reduction of the
achievable fidelity by an amount of order 0.1, this effect pri-
marily reduces the overall success probability and does not
invalidate the coherent control mechanism identified by the
optimization.

In practice, experimental realizations of quantum optimal
control should rely on closed-loop optimization protocols in
which control fields are iteratively refined directly in the labo-
ratory [48,49]. Such approaches automatically incorporate all
relevant physical effects, including spontaneous decay, micro-
motion, and technical noise, without requiring their explicit
inclusion in the theoretical cost functional. From this perspec-
tive, the present results identify engineered Rydberg-induced
structures as a control resource that can be exploited by
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FIG. 3. Optimal control of wave-packet dynamics under the BO approximation. (a) Evolution of the target functional J1, penalty J2, and
total J = J1 − J2 over the MCA iterations. (b) Time evolution of 〈qx (t )〉 under optimal control. (c) Time profile of the optimized electric field
u(t ). (d)–(f) Density |ψ (qx, qz, t )|2 at representative times: (d) t = 0 µs, (e) t = 5 µs, and (f) t = 10 µs. Additional parameters are provided in
the main text and in Fig. 1.

experimental optimization schemes, rather than as a require-
ment to reproduce a specific theoretically optimized pulse
shape.

IV. CONTROL DYNAMICS IN THE ABSENCE
OF THE CI (BO LIMIT)

To isolate the effects of the CI on the control of the mo-
tion dynamics, we solve the same optimal control problem
within the BO approximation. This approximation confines
the system’s dynamics to a single adiabatic PES, neglecting
nonadiabatic couplings between electronic states. Under this
approach, the full spinor structure of the Hamiltonian is re-
moved, and the dynamics is governed by the time-dependent
Schrödinger equation with the Hamiltonian

HBO = − h̄2

2 μ
∇2

qx
− h̄2

2 μ
∇2

qz
+ E− + e u(t )

(
X0 − 1

2
qx

)
,

(13)
where E− is given in Eq. (5). We apply the same opti-
mization procedure to the reduced model, targeting the same
objective operator Ô. The optimization parameters, shown in
Appendix B, are η = ζ = 1 and the fluence penalty α0 = 0.1.
The initial electric field used before optimization is a sim-
ple Gaussian-shaped pulse along the X direction, defined as
E(t ) = E0 × exp[− (t−t0 )2

2 τ 2 ] where the pulse center t0 = 4 µs,
E0 = −0.719 mV/m, and τ = 0.85 µs. This field served as the
initial guess for the optimization algorithm.

In Fig. 3(a), we show the evolution of the target function
J1, the penalty term J2, and the total functional J = J1 − J2 as
a function of the algorithm iteration number for the BO limit.
By comparing the evolution of the objective functional J in the
BO case with that in the full spinor dynamics case (including

the CI) shown in Fig. 2(a), we observe that in the BO case,
the total functional J converges to its optimal value in signifi-
cantly fewer iterations, approximately 30 compared to 100 for
the exact dynamics. This indicates that the CI complicates the
control process due to the presence of nonadiabatic couplings.
In Fig. 3(a), the curves for J1 and J = J1 − J2 nearly overlap
because the fluence penalty J2 is much smaller than J1 during
the optimization.

In Fig. 3(b), we show the time evolution of the expectation
value 〈qx(t )〉 under optimal control for the BO approxima-
tion. The control field produces regular oscillations, such
that the wave packet repeatedly traverses the spatial region
corresponding to the CI point in the full spinor model. The
absence of nonadiabatic coupling preserves symmetry in the
motion, resulting in periodic dynamics with 〈qx(t )〉 spanning
a broad range (approximately from −12 nm to +12 nm).
In contrast, as seen in Fig. 2(b), the dynamics exhibits two
early passages through the vicinity of the CI point, after
which the wave packet proceeds toward the target without
further return. At later times (t → t f ), the motion becomes
localized near the desired position (≈11.4 nm), with 〈qx(t )〉
oscillating within a narrow interval around this value. This
contrast suggests that the localized nonadiabatic coupling near
the engineered CI, together with optimal field shaping, is
responsible for the emergence of directional motional con-
trol. It is known that even a small amount of displacement
of trapped ions erodes the performance of entangling gates
[13], while protocols based on motional squeezing have been
shown to enable clean, residual-free transport and separa-
tion of ions [14]. Moreover, tailored pulse shaping has been
successfully employed to design robust motional trajectories
for high-fidelity gate operations in trapped-ion experiments
[15]. In this context, the directional movement of the relative
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FIG. 4. Time evolution of J1.

ions induced by the presence of the CI may provide a useful
resource for quantum information science. Figure 4 compares
the time evolution of the target functional J1 for the exact
dynamics including the CI and for the BO approximation.
With the CI, J1 rapidly approaches unity and remains stable
(typically ≈0.9–1 after t ≈ 2 µs), whereas in the BO limit it
exhibits large oscillations over the same time interval, ranging
from near unity down to ≈0.2, signaling repeated departures
from the target and increased sensitivity to timing. Directed
motion in trapped-ion systems has also been demonstrated in
the transport of topological solitons in Coulomb crystals [50].
In analogy, the engineered CI provides a complementary route
to convert oscillatory dynamics into robust directed transport,
a feature that is promising for enhancing coherence and sta-
bility in future trapped-ion applications.

We note that identical optimization parameters were not
used in the CI and BO cases, as applying the same settings in
the BO limit leads to poor convergence and limited motional
displacement. The parameters were therefore adapted in each
case to ensure effective optimization. We find that moderate
variations of the initial guess and control parameters do not
qualitatively affect the observed behaviors and results, and
the emergence of directional motion in the presence of the CI
remains preserved.

In Fig. 3(c), we present the optimized electric field u(t )
under the BO approximation. Compared to the full dynamics
with the CI, the control energy is significantly lower. This
reduction reflects the simplified optimization landscape in
the absence of nonadiabatic couplings. As a result, the opti-
mization algorithm requires a less intricate field to reach the
target, reducing the field amplitude and total fluence needed
for optimal control.

Figures 3(d) to 3(f) display the wave-function density
|ψ (qx, qz, t )|2 at representative times under the BO approx-
imation, showing the evolution from the initial to the target
configuration.

V. CONCLUSION

We demonstrated coherent control of motional dynamics
in trapped Rydberg ions near a CI using an optimally shaped
time-dependent electric field. To isolate the role of nonadi-
abatic effects, we compared the full spinor dynamics with

the BO approximation. With the CI present, the optimized
field drives the wave packet toward the target on microsecond
timescales, producing a directed motional displacement. In
the BO limit (no CI), the control produces symmetric, multi-
cycle oscillations of large magnitude rather than a comparably
directed displacement within the same time interval. This
contrast suggests that the localized nonadiabatic coupling near
the engineered CI, together with optimal field shaping, as the
mechanism enabling directional motional control. While both
cases reach high fidelity at the chosen final time, the CI case
achieves it through a qualitatively different trajectory. This
prospect suggests a potential pathway toward overcoming a
key challenge in trapped-ion quantum computing: residual
motional excursions that degrade gate fidelity. By adding CIs
to the trapped-ion control toolbox, this work lays the ground-
work for implementing future strategies that could contribute
to improving the fidelity and scalability of ion-based quantum
information platforms.
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APPENDIX A: DERIVATION OF THE
EFFECTIVE HAMILTONIAN

We provide here the derivation of the effective Hamilto-
nian used in the main text. The total Hamiltonian includes
the trap potential, Coulomb repulsion, exchange interaction,
polarizability-induced potential, the microwave coupling, and
the external control field. The full Hamiltonian is given by

H = H0 + Hu(t ), (A1)

where

H0 = [Tn + Vtrap + Vm] ⊗ 12 ⊗ 12 + Hex + 1n ⊗ HMW + Hρ,

(A2)
and

Hu(t ) = Vu(t ) ⊗ 12 ⊗ 12, (A3)

where Vtrap, Vm, Hex, Hρ , and Vu(t ) are defined in the main text,
1n is the nuclear identity operator, and Tn is the kinetic energy
operator expressed as

Tn = − h̄2

2 m
∇2

R1
− h̄2

2 m
∇2

R2
. (A4)

The two Rydberg levels are coupled by a microwave field
with Rabi frequency � and detuning � [29]. This coupling
Hamiltonian appearing in Eq. (A2) can be described by

HMW = h̄ �
(
σ 1

x ⊗ 12 + 12 ⊗ σ 2
x

)+ h̄ �
(
σ 1

z ⊗12+12 ⊗ σ 2
z

)
.

(A5)

052615-6



DIRECTIONAL MOTIONAL CONTROL VIA ENGINEERED … PHYSICAL REVIEW A 113, 052615 (2026)

We now recast the Hamiltonian H0 in center-of-mass and
relative coordinates R = R1+R2

2 , r = R2 − R1. This leads to

H0 = HCoM + Hrel + HCoM−rel, (A6)

where HCoM depends solely on the center-of-mass coordi-
nates, Hrel depends on relative coordinates, while HCoM−rel

depends on both sets of coordinates [29]. The expressions of
these Hamiltonians are as follows:

HCoM =
[
− h̄2

2M

(∇2
X + ∇2

Z

) + M

2

(
ω2

x X 2 + ω2
z Z2

) + 2 u0 e X

]
⊗ 12 ⊗ 12 − α2X 2 ⊗ [	ρ ⊗ 12 + 12 ⊗ 	ρ], (A7)

Hrel =
[
− h̄2

2μ

(∇2
x + ∇2

z

) + μ

2

(
ω2

x x2 + ω2
z z2) + Vc

]
⊗ 12 ⊗ 12 − α2 x2

4
⊗ [	ρ ⊗ 12 + 12 ⊗ 	ρ] + Hex + 1n ⊗ HMW, (A8)

and

HCoM−rel = α2 X x ⊗ [	ρ ⊗ 12 − 12 ⊗ 	ρ], (A9)

where 	ρ is defined in the main text and M = 2m. In the following, we restrict our analysis to the case where only one ion is
excited to the Rydberg state |↑〉, while the second ion is prepared in the Rydberg level |↓〉. This condition requires that � = 0
and � remains constant [29,41]. Hence, the dynamics can be fully described within the Hilbert space spanned by the vectors
|π1〉 = |↑↓〉 and |π2〉 = |↓↑〉. It follows that

HCoM =
[
− h̄2

2M

(∇2
X + ∇2

Z

) + M

2

(
ω2

x X 2 + ω2
z Z2

) − α2 X 2 ρ+ + 2 u0 e X

]
⊗ S0, (A10)

Hrel =
[
− h̄2

2 μ

(∇2
x + ∇2

z

) + μ

2

(
ω2

x x2 + ω2
z z2

) + k e2

(x2 + z2)1/2 − α2ρ+
x2

4

]
⊗ S0 + Uex(x, z) ⊗ Sx, (A11)

and

HCoM−rel = α2 ρ− X x ⊗ Sz, (A12)

where ρ± = ρ↑ ± ρ↓ and S0, Sx, and Sz are defined in the main
text. Thus, the Hamiltonian H0 of Eq. (A6) can be expressed
in the following form:

H0 =
[
− h̄2

2 M

(∇2
X + ∇2

Z

) − h̄2

2 μ

(∇2
x + ∇2

z

)] ⊗ S0 + Hspin,

(A13)
where the Hamiltonian Hspin is given by

Hspin = (VCoM + Vrel ) ⊗ S0 + Uex(x, z) ⊗ Sx + HCoM−rel,

(A14)
with

VCoM = M

2

(
ω2

x X 2 + ω2
z Z2

) − α2 X 2 ρ+ + 2 u0 e X, (A15)

and

Vrel = μ

2

(
ω2

x x2 + ω2
z z2

) + k e2

√
x2 + z2

− α2 ρ+
x2

4
. (A16)

The control Hamiltonian becomes

Hu(t ) = Vu(t ) ⊗ S0. (A17)

For particular values of the system parameters, the terms
Uex(x, z) ⊗ Sx, HCoM−rel, and Hu(t ) can be treated as small
perturbations to (VCoM + Vrel ) ⊗ S0 [29]. Hence, the equi-
librium positions R0 and r0 of the ions can be determined

by solving ∂VCoM
∂X |X0,Z0

= 0, ∂VCoM
∂Z |X0,Z0

= 0, and ∂Vrel
∂x |x0,z0

=
0, ∂Vrel

∂z |x0,z0
= 0. As suggested in Ref. [29], we choose x0 =

0 and z0 can be numerically determined from ∂Vrel
∂z |x0,z0

= 0. By
performing a harmonic approximation of VCoM and Vrel around

the corresponding ions’ equilibrium positions, we find

VCoM ≈
[

M

2
ω2

x − α2 ρ+

]
Q2

X + M

2
ω2

z Q2
Z , (A18)

and

Vrel ≈
[
μ

2
ω2

x − α2

4
ρ+ − ke2

2|z0|3
]

q2
x +

[
μ

2
ω2

z + ke2

|z0|3
]

q2
z ,

(A19)
where

Q = R − R0 = (X − X0, Z − Z0),

q = r − r0 = (x − x0, z − z0).

Therefore, Eq. (A14) can be written in terms of operators
Q and q as

Hspin ≈ S(Q, q) ⊗ S0 + W (Q, q) ⊗ Sx + G(Q, q) ⊗ Sz,

(A20)
where

S(Q, q) =
[(

M

2
ω2

x − α2ρ+

)
Q2

X + M

2
ω2

z Q2
Z

+
(

μ

2
ω2

x − α2

4
ρ+ − ke2

2|z0|3
)

q2
x

+
(

μ

2
ω2

z + ke2

|z0|3
)

q2
z

]
, (A21)

W (Q, q) = Uex(r0) + Fz(r0) qz, (A22)

G(Q, q) = α2ρ−(QX + X0) qx, (A23)

and we expand Uex(r) around r0 with

Fz(r0) = ∇rUex(r)|r=r0 .
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The PESs refer to the eigenvalues of the electronic Hamil-
tonian Hspin [16,42]. These eigenvalues are defined as

E± = S(Q, q) ±
√

G(Q, q)2 + W (Q, q)2. (A24)

The corresponding eigenvectors are expressed as

|ϕ+(Q, q)〉 = cos [�(Q, q)] |π1〉 + sin [�(Q, q)] |π2〉 ,

(A25)
and

|ϕ−(Q, q)〉 = − sin [�(Q, q)] |π1〉 + cos [�(Q, q)] |π2〉 ,

(A26)

where �(Q, q) is defined by the relation tan[2 �(Q, q)] =
W (Q, q)/G(Q, q).

The control Hamiltonian provided in Eq. (A17) can be
written in terms of Q and q as

Hu(t ) = e u(t )
(
QX + X0 − 1

2 qx
) ⊗ S0. (A27)

By using Eq. (A20), the CI is located at (q∗
x , q∗

z ) =
[0,−Uex(r0)/Fz(r0)]. In this configuration, the CI lies entirely
in the subspace of the relative nuclear coordinate, and its
position is therefore not affected by the center of mass degrees
of freedom, as discussed in the Supplemental Material of
Ref. [29].

Moreover, by introducing the characteristic oscillation
length associated with the center-of-mass motion


Q =
√

h̄

Mω̄x
,

where ω̄2
x = ω2

x − α2ρ+/m, one finds that 
Q < |X0|. As a re-
sult, the center of mass undergoes limited oscillations around
its equilibrium position and does not significantly affect the
structure of the potential energy surfaces or the CI-induced
dynamics. The dominant nonadiabatic effects are governed by
the relative coordinate, which justifies neglecting the center
of mass motion and setting Q = 0 to a good approximation,
yielding Eqs. (4) and (5).

APPENDIX B: MONOTONICALLY CONVERGENT
OPTIMIZATION ALGORITHM

To solve the control problem defined by the objective func-
tional in Eq. (11), we begin by choosing an initial electric field
u0(t ). The state vector is then propagated forward in time over
the interval [0, t f ] using

∂

∂t
|ψ0(t )〉 = [A + iNu0(t )] |ψ0(t )〉 , |ψ0(0)〉 = |ψ0〉 ,

(B1)

where the operators A and N can be determined from Eq. (7),
and |ψ0(t )〉 ≡ |ψ0(qx, qz, t )〉. The index 0 indicates the initial
iteration [32].

For subsequent iterations k � 1, the Lagrange multiplier
|λk (t )〉 ≡ |λk (qx, qz, t )〉 is propagated backward in time from
t = t f to t = 0, starting from the final condition |λk (t f )〉 =
Ô |ψk−1(t f )〉 with |ψk (t )〉 ≡ |ψk (qx, qz, t )〉. The backward
evolution is given by

∂

∂t
|λk (t )〉 = [−A† + iN†ūk (t )] |λk (t )〉 , (B2)

where

ūk (t ) = (1 − η)uk−1(t ) − η

α0
Im[〈λk (t )|N |ψk−1(t )〉]. (B3)

Next, the state vector is propagated forward again via

∂

∂t
|ψk (t )〉 = [A + iNuk (t )] |ψk (t )〉 , |ψk (0)〉 = |ψ0〉 ,

(B4)
where the updated control field is given by

uk (t ) = (1 − ζ )ūk (t ) − ζ

α0
�[〈λk (t )|N |ψk (t )〉]. (B5)

At each iteration k, the states |ψk (t )〉, |λk (t )〉, and the
control field uk (t ) are used to evaluate the objective functional
J . The algorithm continues until convergence is reached.

APPENDIX C: MICROMOTION ESTIMATE

The confinement of an ion in a linear Paul trap is generated
by static and rf electric fields. Near the trap center, the electric
potential can be given by

�(x, y, z, t ) = α(x2 − y2) cos(�rft )

+ β(2z2 − x2 − y2) + γ (x2 − y2), (C1)

where α denotes the curvature of the rf quadrupole potential,
while β and γ describe static confinement and �r f is the rf
frequency [51].

The motion of an ion along a radial direction in this poten-
tial is described by a Mathieu equation [51]. The solution of
the Mathieu equation along the x direction can be written as a
modulation of the secular motion

x̂(t ) = x̂sec(t )

[
1 + q(rf )

x

2
cos(�rft )

]
, (C2)

with the Mathieu parameter

q(rf )
x = 4eα

m�2
rf

, (C3)

where m is the ion mass and e is the elementary charge [51].
Here x̂(t ) denotes the position operator of the ion along the
x direction in the laboratory frame and x̂sec(t ) denotes the
secular component of the ion motion.

The secular trap frequencies [38–40] are given by

ωx = 2e

m�rf

√
α2 − m�2

rf

e
(β − γ ), (C4)

ωy = 2e

m�rf

√
α2 − m�2

rf

e
(β + γ ), (C5)

ωz =
√

4eβ

m
. (C6)

In this work, we use an ion of mass m = 1.46 × 10−25 kg and
trap parameters α � 8.2 × 108 V m−2, β � 9.0 × 106 V m−2,
γ � −1.5 × 106 V m−2, with �rf = 2π × 18.12 MHz. This
yields secular frequencies ωx = 2π × 1.60 MHz, ωy = 2π ×
1.65 MHz, and ωz = 2π × 1.00 MHz, and a Mathieu parame-
ter q(rf )

x � 0.277.
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The ground-state wave-packet size is

x̃0 =
√

h̄

2mωx
� 6–7 nm. (C7)

The corresponding rf micromotion amplitude is therefore

δxmm = q(rf )
x

2
x̃0 ≈ 0.80 nm. (C8)

Even for secular excursions (or quantum wave-packet extents)
of order 10 nm, micromotion remains at the ∼1 nm level [29].
Micromotion therefore constitutes only a small, fast oscilla-
tory modulation of the ion position and is neglected in the
effective Hamiltonian used in the main text. The ion motion
remains confined to a region much smaller than the character-
istic trap length scales. Since the micromotion amplitude is at
least an order of magnitude smaller than the secular displace-
ment and oscillates at the rf frequency, it averages out on the
microsecond timescales relevant to the control dynamics.
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