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Stellar rank of quantum state of light quantifies the amount of non-Gaussian resources required for its
generation. One popular and practical approach to certification of stellar rank is based on measurement of
click statistics with an array of binary detectors that can only distinguish the presence and absence of photons.
Specifically, it was shown that measurements with an array of m + 1 detectors allow one to certify stellar rank
m of approximate Fock state |m), even when the state is subjected to losses or certain noise. Here we address
the question as to how many click detectors are in principle required to certify stellar ranks higher than one. We
show that two click detectors arranged in a Hanbury Brown-Twiss setup suffice. Interestingly, detection of stellar
ranks higher than one is greatly facilitated by making the total detection efficiency of the detectors sufficiently
low but well calibrated. Losses affect the response of the detection scheme in a way that can be exploited to
certify stellar rank of higher Fock states. We explicitly construct the corresponding stellar rank witnesses and
discuss dependence of the stellar rank thresholds on parameters of the considered setup. Our results reveal that
it is possible to certify stellar ranks higher than 1 even with a minimalistic scheme that provides only very

coarse-grained information about the photon number statistics of the characterized state.

DOI: 10.1103/hct3-6hgn

I. INTRODUCTION

Generation of highly nonclassical states of light such
as Fock states [1-4], various catlike states [5-15], ap-
proximate Gottesman-Kitaev-Preskill states [16,17], states
exhibiting nonlinear squeezing [18,19], or other interest-
ing states [20-22] requires non-Gaussian operations [23-25]
in addition to Gaussian squeezing, coherent displacements,
passive linear optics, and homodyne detection [26,27]. The
non-Gaussian resources required for preparation of a given
quantum state of light can be quantified by its stellar rank
[28,29]. Finite superpositions of Fock states possess stellar
rank equal to the number of the highest Fock state in the
superposition. Stellar rank is invariant under Gaussian unitary
operations and Gaussian states have stellar rank equal to zero.
There exist states with infinite stellar rank such as super-
positions of coherent states. The concept of stellar rank is
equivalent to the genuine n-photon quantum non-Gaussianity
introduced in Ref. [30].

In practical terms, the stellar rank quantifies the number
of elementary photon additions [31-35] or photon subtrac-
tions [5,6,8] that have to be performed to generate the state,
following, e.g., the protocols proposed in Refs. [36,37].
Equivalently, the stellar rank defines the minimum number of
photons that have to be detected when the state is prepared by
photon counting measurements on a part of multimode Gaus-
sian entangled state [38]. The simplest yet illustrative example

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2469-9926/2025/112(6)/063712(11)

063712-1

is the conditional preparation of Fock state |n) by detection of
n photons in the idler mode of two-mode squeezed vacuum
state [1-4].

Stellar rank can be certified by suitable stellar rank wit-
nesses [29,30,39]. Various witnesses of stellar rank have
been proposed in the literature and tested experimen-
tally [29,30,39-45]. The stellar rank witnesses represent
generalization and extension of witnesses of quantum non-
Gaussianity [46-59]. Those latter witnesses can certify that
the state is not a Gaussian state or a mixture of Gaussian states
and thus possesses nonzero stellar rank.

Quantum states of light are often detected with binary click
detectors that can only distinguish the presence or absence
of photons. To enable approximate photon counting one can
utilize spatial or temporal multiplexing [30,60—80] and split
the input signal onto an array of M detectors and measure
the probabilities that a particular set of k detectors click. In
Ref. [30], stellar rank witnesses based on linear combinations
of clicks of m detectors and clicks of m + 1 detectors for array
of m + 1 click detectors were constructed and utilized to cer-
tify the stellar rank m (or equivalently the genuine m-photon
quantum non-Gaussianity) of multipohoton Fock states.

Certification of stellar rank m of Fock state |m) by co-
incidence measurements with M > m binary click detectors
is a natural choice since such detection reasonably well ap-
proximates the ideal photon counting. One can nevertheless
wonder whether it would be possible to certify stellar rank
of Fock states even with simpler experimental configuration
and smaller number of binary detectors. Here we answer this
question in affirmative and we show that it suffices to employ
a scheme with two binary detectors. Interestingly, detection of
stellar ranks higher than one is greatly facilitated by making
the total detection efficiency sufficiently small which can be
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ensured by inserting additional losses in front of the detec-
tors. It has been proposed in the past that photon number
distribution of a quantum state can be reconstructed from
measurements with a single binary click detector preceded
with tunable losses [81,82]. By contrast, here the losses are
fixed and a single measurement configuration is utilized to
certify the stellar rank. While the losses are helpful, they
are not strictly necessary and we show that an unbalanced
detection scheme can certify stellar rank higher than one even
with perfect detectors. However, even in this case losses can
make the detection of higher stellar ranks more experimen-
tally feasible.

Recently, quantum non-Gaussianity criteria (i.e., crite-
ria for certification of stellar rank one) that account for
losses of click detectors were presented in Ref. [83] and
utilized to certify quantum non-Gaussianity of photons emit-
ted from quantum dot. Inclusion of detection efficiency into
the description of the detector makes the resulting quantum
non-Gaussianity criteria more efficient since the losses that
belong to the detection are not attributed to the state which
is characterized [83]. Here we focus on a different aspect
of lossy detection, namely, the ability to certify stellar ranks
higher than one with a minimum number of click detectors.
Admittedly, the considered setup can certify high stellar ranks
of a narrow subset of states only. Nevertheless, we believe
that it is of fundamental interest to investigate what are the
minimum experimental resources required for certification of
higher stellar ranks, and the setup considered in this work is
remarkably simple.

The rest of the paper is organized as follows. In Sec. II
we review some basic definitions and facts concerning the
stellar rank and its certification. We also specify and discuss
a property of quantum measurement diagonal in Fock basis
that makes it useful for certification of higher stellar ranks.
In Sec. IIT we describe the considered measurement scheme.
In Sec. IV we present the numerically derived stellar rank
thresholds for stellar rank witness based on the probability
that one detector clicks and the other does not click, and we
discuss dependence of the thresholds on the setup parameters.
In Sec. V we extend our analysis to more refined class of
witnesses based on combination of probabilities of clicks of
one detector and both detectors. Various experimental factors
that can influence the ability to certify higher stellar ranks
are discussed in Sec. VI. Finally, Sec. VII contains a brief
summary and conclusions.

II. STELLAR RANK

A pure single-mode quantum state of light possesses stellar
rank m if it can be expressed as [28,30]

W) =Uc ) caln), (1)
n=0

where Ug denotes an arbitrary Gaussan unitary operation, |n)
stands for Fock states, and ¢, # 0.

In practice the generated quantum states are affected by
various imperfections, noise, and decoherence. It is therefore
important to generalize the concept of stellar rank to arbi-
trary mixed states described by density matrix p. A mixed

state p has a stellar rank m if it can be expressed as a sta-
tistical mixture of pure states with stellar rank at most m
but cannot be expressed as a mixture of pure states with
stellar rank lower than m only [28,29]. More formally and
rigorously, consider all possible pure-state decompositions
p =" pilyi){¥il, pi = 0, and denote by m; the stellar rank
of ;). The stellar rank m; of mixed state o can be defined as
[29]

mp = inf (sup mi), 2)
Dis| i) i

and the infimum is calculated over all possible pure-state

decompositions.

In experiments, we are interested in characterization and
certification of stellar rank of the generated states. As already
noted in the Introduction, various witnesses of stellar rank
have been proposed and utilized in the literature. The sim-
plest witnesses are based on fidelity F' of a given state with
some pure state with stellar rank m such as the Fock state
|m) [29,34,40,41]. More generally, one can consider a linear
witness specified by some Hermitian operator W [29,30,39]
and determine stellar rank thresholds W,, such that the stellar
rank m is certified if

Te[WH] > W,. 3)

The stellar rank witnesses are conceptually similar to entan-
glement witnesses [84,85] since in both cases the goal is to
prove that a given quantum state p does not belong to some
convex set of states. In the present case these convex sets S,
are formed by all pure states (1) and their convex mixtures.
Therefore, the witness threshold W, can be determined by
maximization of Tr[W p] over S,,—1. Thanks to the linearity
of the witness, it actually suffices to perform the maximization
over all pure states (1) [29,39].
More explicitly, we can express W,, as [29,39]

W= sup (du1lOcWUSm1), 4)
|pm—1)» Uc

where the supremum is taken over all unitary Gaussian
operations Ui and over all finite superpositions of Fock
states |¢,,_1) = ZZ:OI cy|n). Optimization over the pure states
|¢m—1) leads to the maximum eigenvalue of the operator
UGWU;} projected onto the subspace H,,—; spanned by the
Fock states up to m — 1. Let us define the corresponding
projector

Zn-1 =) _ |n)nl. (5)
n=0
We have [39,86]
W,, = sup { max eig[Z,,_ UsW AéZm_l]}. (6)

Us

The remaining optimization over all single-mode Gaussian
unitaries can be performed numerically, as discussed in more
detail in Sec. IV.

Consider now a measurement scheme described by POVM
elements 1, that are diagonal in Fock basis. Let pi(n) =
(n|T1¢|n) denote the probability of measurement outcome k
for input Fock state |n). Let us consider a witness formed by
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FIG. 1. Proposed measurement scheme (a). The input signal is
attenuated by attenuator (Att) and split at a beam splitter (BS) to be
detected by two binary click detectors D, and D,. Example of tunable
attenuator for input linearly polarized light (b). The attenuator is
formed by a sequence of half-wave plate (HWP) and polarizing beam
splitter (PBS).

a specific positive operator-valued measure (POVM) element
W = II;. A sufficient condition for this witness to certify the
stellar rank m of Fock state |m) is that

n# m. 7

It is important that the inequality is strict and there exists a
finite gap between py(m) and the other probabilities,

A= igrfn[pk(M) — pr(n)] > 0. ®)

pr(m) > pr(n),

Nonzero A ensures that the measured probability p, =
Tr[I1;p] provides a lower bound on the fidelity F;, with Fock
state |m):

pi(m) — pi
Sy )

As shown in Refs. [29,46] fidelities with Fock state represent
witnesses of quantum non-Gaussianity and stellar rank, asso-
ciated with witness operator W = |m)(m|. In particular, for
any Fock state |m) it is possible to determine a threshold F,,, ¢
such that the state has a stellar rank m if F,, > F, s, and the
fidelity thresholds are strictly smaller than 1. For any state,
pr = pr(m)F,, holds. This, together with Eq. (9), implies that
the lower bound on fidelity F;, will never be lower than

Ey = (m|plm) = 1

Fovin = 1 — Pr(m)

(1 _Fm)v (10)

where F, is the true value of the fidelity. Stellar rank m will
thus be certified for any state that satisfies Fmin > Fin.th,
which can be equivalently expressed as

F,>1- (1 = Fym)- an

pi(m)
Note that, depending on the exact shape of the photon number
distribution of state p, certification of stellar rank m may
be possible even for fidelities F,, smaller than the bound in
Eq. (11).

III. MEASUREMENT SCHEME

After these general considerations, let us focus on the ex-
perimental scheme depicted in Fig. 1. The input signal is first
attenuated by an attenuator with intensity transmittance 74
and then it is split into two parts at a beam splitter (BS) with
transmittance 7" and reflectance 1 — T'. The transmitted and
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FIG. 2. Probabilities R, (n) of click of detector D; and simultane-
ous no-click of D, for input Fock states |n) are plotted for balanced
detection scheme with 7 = 0.5 and four different total detection
efficiencies n = 1 (a), n = 0.6 (b), n = 0.4 (¢), and n = 0.2 (d).

reflected modes are detected with binary click detectors D,
and D, that distinguish the presence and absence of photons.
The detection efficiency np of the detectors can be incor-
porated into the overall loss factor n = nanp. The POVM
element associated with a click of the binary detector with
total detection efficiency n reads as

o]

e =) (1= (1= n)n)(nl. (12)

n=1

We note that the Hanbury Brown-Twiss setup depicted in
Fig. 1 has been utilized in the first experimental test of quan-
tum non-Gaussianity of approximate single-photon states [87]
and analytical criteria of quantum non-Gaussianity were de-
rived for this scheme in Refs. [48,54].

The probability R; that only detector D, in Fig. 1(a) clicks
can be expressed as a difference of probability that D, does
not click irrespective of the response of Dy, and the probability
that both D; and D, do not click. For input Fock state |n) we
obtain

Ri(m)=[1—=n(1-=1)]"—(1—n), (13)
and for n = 1 this expression simplifies to
Ri(n)=T"—34,,. (14)

For n = 1, probability R;(n) is maximized at n = 1 and then
monotonically decreases with increasing n. This is illustrated
in Fig. 2(a) for balanced setup with 7' = % However, with
decreasing 1 the maximum of R;(n) shifts to higher photon
numbers n, as also illustrated in Fig. 2.

In order to get some insight into the mechanism which
shifts the maximum detection probabilities to higher Fock
states it is instructive to compare results for Fock states |1)
and |2). To simplify the discussion it is convenient to attribute
all losses to the attenuator Att. For input Fock state |1) the
probability that D; clicks reads as R;(1) = nT, which is the
product of probabilities that a single photon passes through
the attenuator and reaches the correct output port with detec-
tor D;. For the input Fock state |2) both photons will pass
through the attenuator with probability n? and with probability
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1.0 T . . T losses. The probability of detection of k photons for input
— n=1 Vs n-photon Fock state |n) reads as
08 ___,-» yae n
06 L — n=3 /// Pi(n) = (k) n(—n)""* nxk (19)
= i /// i
;':: s = and the probability vanishes for n < k. Specifically for k = 1
0.4 r 2 T we have
== _- - n—1
02 = 1 Py(n) =nn(1 —n)", (20)
-~
0.0 = ) , . and the maximum of P;(n) can be found analytically. After

FIG. 3. Probability R (n) of click of detector D, and simultane-
ous no-click of D, for input Fock state |n) is plotted as function of
T forn = % and n = 1 (blue solid line), n = 2 (red dashed line), and
n = 3 (green dotted-dashed line).

2n(1 — n) only one of the photons passes through the attenu-
ator. Consequently, the probability R;(2) can be expressed as
a sum of two contributions,

Ri(2) = n*T? + 2n(1 — nT. (15)

Observe that for n < % the attenuated two-photon Fock state
contains higher single-photon contribution than the attenuated
single-photon state, since 2n(1 — ) > n. More generally, by
comparinng the single-click probabilities R; (1) and R;(2) we

find that the peak of the function R;(n) will be at n > 2 when

1
n < ST (16)

The dependence of Ri(n) on T is plotted in Fig. 3 for
fixed n = 5, which illustrates the role of the beam-splitter
transmittance We can see that as T increases the peak of
R (n) shifts to higher photon numbers n.

In order to obtain additional insight into the dependence of
the shape of Ri(n) on n and T we shall treat for a while n
as continuous parameter and seek n that maximizes R;(n) by
solving the extremal equation ‘% = 0. This yields

In In[1-n(1-T)]

Mmax = Ind=n) . (17)
In(1 —7n) —In[1 —n(1 —=T)]

In practice, we should consider the ny,,, rounded up and down
to find the integer number of photons which maximizes R, (n).
Formula (17) simplifies in the limit of n < 1,
—1
e~ 2T (18)
nT

Formulas (17) and (18) approximately quantify the maximum
stellar rank that can be certified based on the knowledge of the
probability R;. In accordance with the results plotted in Figs. 2
and 3 these formulas indicate that the maximum certifiable
stellar rank increases with increasing losses and also increases
with increasing T .

The mechanism by which the losses help to increase the
certifiable stellar rank is not limited to the specific detection
scheme in Fig. 1 but is rather general. To illustrate this, we
consider now a projection on Fock state |k) preceded by

some algebra we get

1
max = —T————- 21
Nma In(1 —7) 21
In the limit of low 1 we obtain ny,,x ~ 1/1.Fork > 1 a similar
approximate asymptotic formula can be derived, ny.x ~ k/1n.
The scaling npmax o 1/ thus emerges as rather universal.

IV. STELLAR RANK THRESHOLDS

In order to determine the stellar rank thresholds (4) we first
write the POVM element corresponding to click of D; and
no-click of D,:

o0

Z 1(m)ln) (n (22)

This explicitly reads as

W= ZU — (1 = T)]"|n) {n| —

n=0

Z(l —n)"In)(n]. (23)

To proceed, we recall the expression for density matrix of a
thermal state with mean number of photons 7:

o ~n

o) =3 ol (24)
n=0

By comparing Egs. (24) and (23) we find that the formula (23)
can be interpreted as a weighted linear combination of density
matrices of two thermal states,

W = (1+a)pw@) — (14 i) pm(#2), (25)
where
1 1
n = - 1 n = - — 1 26
iy 2= T) , iy ; (26)

To explicitly perform the maximization in Eq. (6), we need
to calculate density matrix elements in Fock basis of mixed
single-mode Gaussian states

b6 = Upun(@®U, 27)

where Uy is an arbitrary Gaussian operation.

According to the Bloch-Messiah decomposition we can
express any single-mode unitary Gaussian operation as a se-
quence of phase shifts, single-mode sugeezing, and coherent
displacement [88],

Ug = ™ D(a)8(r)e™, (28)
where

S(r) = 5@ =), (29)

N PSSP
D(Ol) — ¥ —a a’
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The phase shift 6 is irrelevant because the thermal state is
diagonal in Fock basis. Similarly, the second phase shift ¢ can
be omitted because ¢’#? commutes with the projector Z,,_
and leaves the subspace H,_; invariant. We can therefore
set 8 = ¢ = 0 without any loss of generality and consider
Ug = D(a)S(r).

Analytical formulas for density matrix elements pg . =
(m|pg|n) of the displaced squeezed thermal state have been
derived in Refs. [89,90]. For completeness, we recall that
these density matrix elements can be calculated using the
well-known fact that the Husimi Q function

1
0B, B") = ;(ﬁlf)lm (30)
is a generating function of p,,,
T 8m+n N
N e #3181
Pmn = \/Waﬁ*’"aﬂ" [Q(ﬁ,ﬂ )e ]|f3:ﬂ*:O' a3

Here § and B* are formally treated as two independent vari-
ables. The displaced squeezed thermal state pg possesses
Gaussian Husimi Q function

[ (Br —ar)* (B — 0!1)2]
exp | — - ,

=l
Q(B. ") = . 7

1
T &/ VRV[

(32)
where

Ve = 5[Q+ De + 11, Vp =3[0+ De ™ + 1],

(33)
and the complex amplitudes are decomposed into their real

and imaginary parts o = ag + iy and B = Bg + iff;. On in-
serting the expression (32) into formula (31) one obtains [90]

m!n! ( ag Ot12> mignjn) Amtn=2igi
PG,mn = eXp\ — — A N .
¢ VaVi Ve Vi) S jlm= =)
X Hy j(0)H,— j(@"). (34)

Here H,(-) denotes Hermite polynomial of degree n, and the
parameters A, B, and o read as

11 11
A= |——— B=1-———,
Ve 4V, We 2V

P (a_R n 1)
A\2Vyx  2V;

The optimization of the stellar rank thresholds W,, over
three real parameters ag, o, and r was performed numeri-
cally by an exhaustive search. The numerics reveals that it is
optimal to displace the state along one of the principal squeez-
ing axes, which is consistent with previous observations
[30,46,48]. The final optimization was therefore performed
over real non-negative « and real r (both positive and nega-
tive). Numerical results for a balanced scheme with T = % are
summarized in Table I. In addition to the stellar rank thresh-
olds we also specify in the table the maximum possible value
of the witness, i.e., maximum of R;(n) over all n for given .
We can see that the maximum stellar rank that can be certified
by measurement of the single-click probability R; increases

(35)

TABLE L. Stellar rank thresholds W,, for the witness W = R,
specified in Eq. (22). The thresholds W,, are presented for 7" = 0.5
and four different values of the total detection efficiency 7. The wit-
nesses W, are rounded up to four decimal places. The last two rows
specifiy the maximum physically achievable value of the witness and
the Fock number n,,,x for which R (1ax) = Wiax 18 reached.

n 1 0.6 0.4 0.2
W, 0.2979 0.2784 0.2696 0.2606
A 0.3119 0.2810 0.2638
Ws 0.2881 0.2654
W, 0.2664
Ws 0.2672
Ws 0.2679
Winax 0.5000 0.3300 0.2960 0.2693
nmax 1 2 3 6

with decreasing detection efficiency n, which is consistent
with the shift of the maximum of R, (n) to higher n [cf. Fig. 2
and Eq. (18)]. However, the interval Wp,,x — W,, becomes very
narrow as m increases. This indicates that the witness can
certify only a narrow subset of states with stellar rank m and
the measurement precision would have to be very high to
achieve reliable certification. In Table II we present the stellar
rank thresholds for several different values of beam-splitter
transmittance 7. In accordance with the behavior observed in
Fig. 3, then maximum certifiable stellar rank increases with
increasing 7.

V. WITNESSES BASED ON R; AND R,

In this section we consider more general class of stellar
rank witnesses based on the pair of probabilities of R and R,
where R, denotes the probability that both detectors D; and
D, click simultaneously [30,72,83,87]. We shall first consider
balanced detection scheme with T = % The probability R,(n)
for input Fock state n is then given by

Ry(n) = 1 —2(1 _ g) + (=g (36)
Here we made use of the identity R, = 1 — 2R — Ry valid
for balanced two-detector scheme, and Ry(n) = (1 — n)" is
the probability that none of the detectors click for input Fock
state |n). The POVM element R, associated with this detector

TABLE II. The same as Table I but the total detection efficiency
is fixed at n = 0.5 and the stellar rank thresholds are presented for
four different values of beam-splitter transmittance 7 .

T 0.4 0.6 0.8 0.9
W 0.2055 0.3535 0.5660 0.7234
W, 0.2235 0.3732 0.5822 0.7345
W; 0.5914 0.7403
W, 0.7449
Winax 0.2400 0.3900 0.6040 0.7520
Nmax 2 2 3 4
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FIG. 4. Witnesses of stellar rank based on the pair of probabili-
ties Ry and R, are plotted for balanced setup with 7 = 0.5, and total
detection efficiency n = 1 (a) and n = 0.5 (b). The color of each area
indicates the minimum stellar rank that is certified when the point
[R,, R;] lies in that area. Points in the light gray area are compatible
with Gaussian states and their mixtures. For n = 1, only stellar rank
1 can be certified (the light blue area), while stellar ranks higher
than one become certifiable for n = 0.5. The black lines indicate the
boundary of all physically achievable probability pairs [R, R;]. See
text for additional details.

outcome reads as
o0
Ry =" Ram)ln)(nl. (37)
n=0

Note that R, can be expressed as a linear combination of
identity operator and density matrices of two thermal states.

Following  the  long-established  approach  of
Refs. [30,46,72,87], we can consider witnesses formed
by linear combinations of R, and R,:

W, =R, — AR,. (38)
Explicitly, we get
Wi = (1 +20)(1 + 7)) pin(711)
— (14 )1 + i) pin (i) — I (39)

Here [ denotes the identity operators 7i; = 2/n — 1 and i, =
1/n—1.

The set of probability pairs [R,, R;] that are achievable by
quantum states with stellar rank at most m — 1 forms a convex
set S;,—1 in a two-dimensional space (see Fig. 4). Determi-
nation of the stellar rank threshold W, , for the witness W,
identifies a line that is tangent to the boundary of this convex

set at some point. By varying the parameter A we can probe
and find the whole boundary of this convex set S,,,_;.

For reference, we first plot in Fig. 4(a) the results for
n =1 [30]. In this case, the setup allows to certify only the
stellar rank 1. Note that analytical description of the quantum
non-Gaussianity boundary depicted in Fig. 4(a) was derived
in Ref. [48]. Aside from the boundary between the various
sets Sy, it is also important to identify the ultimate boundary
of all physically achievable probability pairs [R;, R;]. For
n = 1, this boundary is formed by a triangle [48], as illustrated
in Fig. 4(a). The vertices of this triangle correspond to the
vacuum state [0,0], single-photon Fock state [0, %], and a
Gaussian quantum state with asymptotically infinite energy so
that both detectors always click [1,0]. Note that the probability
pairs [R,(n), Ri(n)] for input Fock states with n > 1 all lie
on a straight line that connects the points [0, %] and [1,0]. To
show this, note that for n = 1 we get Ry(n) = 1 —2/2" 4 4,9
and R;(n) = 1/2" — §,0. For n > 0 we thus obtain a simple
linear relationship

1 —Ry(n)

Ri(n) = 2

(40)

As illustrated in Fig. 4(b), this picture changes for n < 1
and stellar ranks higher than 1 become certifiable for certain
states. Note that the witnesses based on pair of probabilities
R; and R, are strictly stronger than witness based just on R;
because the knowledge of probability of simultaneous clicks
of both detectors R, provides additional information that im-
poses stricter limit on the maximum achievable probability R;
of click of the first detector only. Note also that the quantum
non-Gaussianity criterion for this type of lossy detection with
a pair of click detectors was presented in Ref. [83] [cf. the
boundary of the gray area in Fig. 4(b)].

For n < 1 the boundary of the set of all physically achiev-
able probability pairs [R;, Ri] is not a simple triangle but is
instead formed by an infinite number of straight lines that
connect the points [R,(n), Ri(n)] and Ry(n + 1), Rj(n+ 1)].
The probability pairs [R,(n), Ry (n)] corresponding to various
Fock states |n) do not lie on a single straight line anymore
but on a concave curve (see Appendix for more details). The
boundary of the convex hull of this set is thus formed by the
above specified sequence of straight lines. This structure of
the physical boundary suggests that stellar rank m of arbitary
high Fock state |m) is in principle certifiable by this scheme.
However, for large m the boundaries of the various sets S,
practically coincide. Successful application of the witness to
high Fock states may therefore require extremely high preci-
sion of the measurement of click probabilities R; and R;.

Finally, let us investigate also an unbalanced detection
scheme with 7' # % In this case, the degeneracy is lifted and
probabilities of clicks of single detectors D and D, differ. The
probability of simultaneous click of both detectors for input
Fock state |n) can be expressed as

Ro(m)y=1-0—=nT)' =1 =0 =T)"+1-n)",
(41)

and the corresponding POVM element R, can be written as a
linear combination of identity operator and density matrices
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FIG. 5. The same as Fig. 4, but T = 0.75. Witnesses of stellar
rank based on the pair of probabilities R; and R, are plotted for total
detection efficiency n = 1 (a) and n = 0.5 (b). The color of each area
indicates the minimum stellar rank that is certified when the point
[R,, R;] lies in that area. The black lines indicate the boundary of all
physically achievable probability pairs [R;, R;].

of three thermal states,

Ry =T~ (1+i)pn(ir) — (1 + i13) o (73)
+ (1 + 72) p (722), (42)

where 7y =1/[n(1 —T)] — 1,
1/(nT) — 1 [see also Eq. (26)].
In Fig. 5 we plot the numerical results for 7 = 0.75. We
can see that for unbalanced detection scheme the witness
based on the pair of probabilities of click of the first detector
only R, and probability of simultaneous click click of both
detectors R, can detect stellar ranks higher than 1 even for
n = 1. However, the area corresponding to detection of higher
stellar ranks is very small. When the detection efficiency is
decreased to n = 0.5 then also the area corresponding to the
certification of stellar rank 3 becomes visible [see Fig. 5(b)].

p=1/n—1, and n3 =

VI. EXPERIMENTAL CONSIDERATIONS

Several experimental factors can influence the ability to
certify stellar ranks higher than one with the proposed ap-
proach. First of all, the total number of measurements N
must be high enough to suppress the statistical errors. To
simplify the analysis we shall consider here the stellar rank
witnesses based solely on the probability R} = Zn d,R{(n),
where d, = (n|p|n). The required number of measurements
to certify stellar rank m can be estimated by requiring that the

gap R; — W, between R; and the stellar rank threshold W, is
larger than three standard deviations of the estimate of R;:

Ri(1 — R
R —w, >3 /R =R) = D, 43)

Formula (43) yields
< IRl — Rl)'
~ (Rl - Wm)2

Assuming that the actual value of R; is Wy (hence the
characterized state is a pure Fock state), and plugging in the
data from Tables I and II we find that reliable certification
of stellar rank 2 is possible with N &~ 10* samples, while
certification of stellar rank 3 may be possible with slightly
less than 10° samples. The number of required samples N
will further increase for imperfect Fock states and is mainly
sensitive to the width of the gap R| — W,.

Dark counts represent another factor that can influence the
measurement. We consider here a simple model of dark counts
that appear with probability Pp that does not depend on the
state which is measured by the detector. Presence of dark
counts modifies the expression for R;(n) as

Ri(m)=(1—Pp)[1 —n(1=T)]" = (1= Pp)*(1 —n)", (45)

and similar generalization can be performed also for R,(n).
The stellar rank witnesses and thresholds can be determined
for this modified and extended detection model in the same
way as for the original model without dark counts. In practice,
the dark counts can be of the order of 100 per second or even
less. Considering measurement with detection window whose
width is several nanoseconds, the probability of dark counts
will be Pp < 1079, hence typically negligible.

Finally, the precision of calibration of the parameters 1 and
T can also play important role. It may be particularly simple
to achieve the balanced operation T = %, as in this setting
the response of the two detectors in Fig. 1 shall be the same
(up to statistical fluctuations). Precise absolute calibration of
losses may be more challenging. Let us suppose that n can
be calibrated with mean value 7 and residual uncertainty Ap.
Then one should consider the stellar rank threshold W,,(n) as
a function of n and choose the maximum in the interval of
possible values of 7,

Wy = max Wn(m), Z=1[h— An, i+ Anl. (46)
n

(44)

As can be seen from data in Tables I and II, the stellar
rank thresholds typically increase with increasing n. A con-
servative choice will therefore usually be to consider the
maximum possible value of 7, given by 7 4+ An. This choice
will conservatively assign part of the actual losses to the
incoming state. Increased stellar rank thresholds will lead
to increased numbers of required samples N, as indicated
by Eq. (44). Moreover, if the uncertainty of n will be large
enough, then the certification of stellar ranks higher than one
may become unfeasible. Numerical calculations for 7 = 0.5
and 7 = 0.6 show that the threshold W, = 0.3119 increases
to W, =0.3144 for An = 0.01 and becomes W, = 0.3265
for An = 0.05, which is already very close to the maximum
possible value Wy,.x = 0.3300. This example illustrates that
the precision of calibration of 1 should be of the order of 0.01.
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As a final remark, we note that the spatial multiplexing
utilized in Fig. 1 can be replaced by temporal multiplexing.
This alternative approach requires only a single detector that
is preceded by tunable losses [81,82]. The probabilities R;
and R, can be estimated from the measured probabilities of
nonclicks of the detector for three levels of transmittances of
the lossy channel: n, n7T', and n(1 — T'). For balanced setup
with 7 = 1 this reduces to just two different loss factors

2
and n/2.

VII. CONCLUSIONS

In conclusion, we have shown that stellar ranks higher
than 1 can be certified with a very simple experimental setup
that consists of a beam splitter, two click detectors, and an
attenuator. The price to pay for the experimental simplicity
is that the successful certification of higher stellar ranks is
only possible for a limited set of states, in particular states that
are sufficiently close to ideal Fock states. We have explained
how the reduced total detection efficiency helps to certify
stellar rank of higher Fock states, and we have numerically
calculated the stellar rank thresholds for the considered stellar
rank witnesses. For the simple witness based on probabil-
ity that D, clicks and D, does not click we have observed
that the maximum detectable stellar rank increases with de-
creasing detection efficiency and increases with increasing
beam-splitter transmittance. The ability to certify higher stel-
lar ranks can be further improved by considering more refined
stellar rank witnesses that combine probability R; and prob-
ability R, that both detectors click simultaneously. In this
latter case stellar ranks higher than 1 can be certified even
with perfect detectors and n = 1 by utilizing an unbalanced
scheme with 7' # 0.5. Nevertheless, even in such case losses
can be helpful. Our results provide unique insights into the
capabilities of the multiplexed click detectors and reveal that
high stellar ranks can be certified even with a very simple
scheme that involves only two detectors.
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APPENDIX

Here we discuss the properties of a parametric curve
specified by R,(n) and R|(n), where n is now treated as a
continuous parameter and 7 = % Recall that

Riy=(1-2)" ==y (A

2

and

Ry(n) = 1 —2(1 — g)"+(1 — ) (A2)

This parametric curve specifies R; as function of R,. We want
to prove that this function is concave for n > 1. First observe
that R, (n) is monotonically increasing function of n forn > 1.
Clearly, adding more photons to the input can only increase
the probability that both detectors click simultaneously. More
formally, since n is now treated as a continuous parameter, we
evaluate the derivative

dRy(n) Q" 2—-2n\" o o
- _<1—2> [(2_n>1n(1 ) 21n(1 2)}

(A3)

We want to prove that this function is positive forn > 1. Since
In(1 —n) <0 and (2 —2n)/(2 —n) < 1 it suffices to prove
positivity for n = 1. This leads us to the expression

=213l

which is positive for 0 < n < 1. Since R,(n) monotonically
increases with n, in order to prove the concavity it suffices to
consider the signed curvature of the curve, defined as

\_ BRI -RIR]
O’ +RY
1 2

(A4)

(A5)

Here the prime denotes derivative with respect to n. Since we
are only interested in the sign of %, it suffices to consider the
function

f(n)=R,R| —R\R;. (A6)
After some algebra, we get
_ 0 n\" . 2—2n
fm)_(l—n)(l 2)1n(1 nnn(l 2)m T,
(A7)

For 0 < n < 1 this function is negative for all n > 1. This

proves that the points [R,(n), Rj(r)] lie on a concave curve

_ 1
when 7' = 3
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