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Thermoelastic limit on the focal intensity in Fabry-Pérot cavities
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Light in the mode of a Fabry-Pérot cavity heats the mirror surfaces via optical absorption, causing thermoelas-
tic deformation of the mirror substrates, which in turn dictates the shape of the mode. We develop an analytical
model which predicts that this effect limits the maximum focal intensity of the mode. Using two near-concentric
Fabry-Pérot cavities—one with 4.5-fold-higher mirror absorption than the other—we measure the thermoelastic
properties of the cavity mirrors and demonstrate that it is possible to achieve at least 70% of this predicted limit
(in the high-absorption cavity) and that the predicted limit is 2.9 TW/cm2 (in the low-absorption cavity).
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I. INTRODUCTION

Fabry-Pérot optical cavities are widely used in optical
science and technologies, including lasers [1], telecommuni-
cation [2,3], atomic physics [4], spectroscopy [5,6], quantum
computation and information [7,8], and gravitational wave
detectors [9,10]. The shape of the cavity mirrors and the length
of the cavity determine the spatial and spectral properties of
the cavity’s electromagnetic modes. It is well known that heat-
ing of the mirrors by the cavity mode results in thermoelastic
deformation of the mirror surface, thereby changing the prop-
erties of the cavity. For example, this may create unwanted
degeneracy between modes [11], change the cavity’s input
coupling efficiency [12], or change the mode waist at the focal
point [13].

We present an analytical model for the change in mirror
curvature due to mode-induced thermoelastic deformation and
show that this deformation limits the maximum achievable in-
tensity at the focus of the cavity. We then measure the change
in mirror radius of curvature as a function of circulating power
in a near-concentric Fabry-Pérot cavity and demonstrate that
it is possible to achieve at least 70% of the intensity limit
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predicted by our model. The existence of such a limit is
relevant to high-focal-intensity applications of Fabry-Pérot
cavities, e.g., for use in extreme ultraviolet, x-ray, and gamma
light sources [14–18]; transmission electron microscopy laser
phase plates [19]; and optical dipole trapping of molecules
[20]. State-of-the-art implementations of these technologies
already achieve focal intensities within an order of magni-
tude of their predicted intensity limit, which therefore may
become a limiting factor in next-generation designs. Addi-
tionally, our model may be useful in precision applications
such as cavity QED and cavity optomechanics in which even
small thermoelastic changes to the cavity waist, mode volume,
transverse-mode spectrum, or detuning affect coupling, coop-
erativity, or radiation-pressure backaction [6,8,21].

II. ANALYTICAL MODEL

A. Cavity geometry

We consider a symmetric Fabry-Pérot cavity with identical
mirrors of radius of curvature (ROC) R, a distance between the
mirror surfaces along the optical axis of L, and a correspond-
ing cavity stability parameter g = 1 − L/R. The Gaussian
mode with wavelength λ supported by this cavity has a focal
waist (e−2 intensity radius) halfway between the mirrors of

w0 =

√√√√λL

2π

√
1 + g

1 − g
, (1)

while the mode radius on the mirror surfaces is

w1 =
√

λL

π
√

1 − g2
. (2)
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We assume that L and λ are independently tunable param-
eters. This is a realistic assumption for many experimental
realizations of Fabry-Pérot cavities where the cavity length is
tunable via mechanical actuators holding the mirrors and the
optical wavelength is determined by a tunable driving laser.
The fundamental Gaussian modes are resonant when

λ = 2L

(
n + arccos (g)

π

)−1

, (3)

where n is a non-negative integer.

B. Thermoelastic deformation of mirrors

The mode heats the surface of the mirrors via absorption,
changing their shape. The shape of the mirrors determines the
shape of the mode, which determines the distribution of heat
absorbed by the mirrors. These effects act together to deter-
mine the self-consistent mode shape of the thermoelastically
deformed cavity.

We begin by approximating the change of shape as affect-
ing only the mirror’s radius of curvature [12,22,23], such that

1

R
= 1

R0
+ 1

Rth
, (4)

where R0 is the radius of curvature of the undeformed mirror
and Rth accounts for changes due to thermoelastic deforma-
tion. If the thermal properties of the mirror substrate are linear,
R−1

th must be proportional to the power Q that is absorbed
by each mirror surface, and to the thermal distortivity of the
mirror substrate

δ = α
1 + ν

κ
, (5)

where ν is Poisson’s ratio, α the coefficient of thermal expan-
sion (CTE), and κ the thermal conductivity [24]. We assume
that the absorbed power Q = AP is proportional to the cavity’s
circulating power P via an absorption coefficient A. Since w1

is the only length scale relevant to the heating of the mirror
surface (assuming that the mirror dimensions are much larger
than the mode radius on the mirror surface), dimensional
analysis then requires that

R−1
th = −M

P

w2
1

, (6)

where we call the parameter M = NAδ the “mirror distortiv-
ity” with N > 0 a dimensionless constant. We will show that
N = 1

2π
using an analytical model of the thermoelastic de-

formation of the mirror surfaces (see Sec. II F). The mirror
distortivity encapsulates all relevant thermoelastic properties
of the mirror in a single parameter.

C. Self-consistent cavity mode

We now determine a self-consistent solution by requiring
that the modified radius of curvature R supports the mode that
heats the mirrors in such a way as to lead to that radius of
curvature.

From Eqs. (4) and (6) we write the deformed cavity’s sta-
bility parameter as a function of the mode’s circulating power

FIG. 1. The deformed cavity stability parameter (plus one) g + 1
[see Eq. (8)] as a function of the normalized cavity circulating power
p, for several different values of g0. Solid lines: M > 0, “+” branch
solutions; dotted lines: M > 0, “−” branch solutions; dashed lines:
M < 0, “−” branch solutions. The boundary between the “+” and
“−” branch solutions g0 = −√

1 + p2 is shown in gray.

and radius on the mirror surface,

g = g0 + ML
P

w2
1

, (7)

where g0 = 1 − L/R0 is the stability parameter of the unde-
formed cavity. Note that g0 can be changed independently of
the circulating power P via changes in the cavity length L. We
insert w1 from Eq. (2) to obtain the self-consistent solution for
the deformed cavity’s stability parameter:

g = g0 + 1 − g2
0

g0 ±
√

1 + 1−g2
0

p2

, (8)

where p = π |M|P/λ is a dimensionless parametrization of the
circulating power. Since w1 is real-valued only when −1 �
g � 1, all physical solutions of Eq. (8) necessarily satisfy this
condition.

The “+” branch of Eq. (8) is valid when M > 0,
−
√

1 + p2 � g0 � 1, while the “−” branch is valid when
M < 0, −1 � g0 � 1 or M > 0, −

√
1 + p2 � g0 < −1. We

ignore solutions with g0 > 1 since they correspond to the
unphysical case that L < 0 under our assumption that R0 > 0.
Equation (8) is graphed as a function of p for several different
values of g0 in Fig. 1. Notably, when M > 0, a solution on
each branch exists for −

√
1 + p2 � g0 < −1, beyond the nor-

mal stability range (−1 � g0 � 1) of the undeformed cavity.
In principle, the cavity can be brought to this condition on the
“+” branch by introducing circulating power to a geometri-
cally stable cavity with −1 � g0 � 1 and then increasing the
cavity length while maintaining circulating power. However,
it is unclear if this can be achieved in practice (Sec. II E). It is
also unclear how the “−” branch can be reached since it only
connects to the “+” branch when g0 = −

√
1 + p2 at the edge

of the region where valid (real) solutions of Eq. (8) exist. For
these reasons we mostly restrict our attention to the solutions
with −1 � g0 < 1.

043507-2



THERMOELASTIC LIMIT ON THE FOCAL INTENSITY … PHYSICAL REVIEW A 114, 043507 (2026)

D. Mode shape and limiting intensity

Equations (1) and (8) yield an expression for the focal waist
of the deformed cavity:

w0 =
√

λR0

2π

⎛
⎜⎝(g2

0 − 1
)1 ±

√
1 + 1−g2

0
p2

1 ∓
√

1 + 1−g2
0

p2

⎞
⎟⎠

1/4

. (9)

Considering the “+” branch solutions (M > 0, −
√

1 + p2 <

g0 � 1), we find that as p → ∞ for any fixed g0, the focal
waist approaches

w0,min =
√

λR0 p

π
. (10)

For the special case of g0 = −1, the focal waist is always
given by w0,min. Interestingly, since this focal waist is pro-
portional to the square root of the circulating power, the
corresponding maximum achievable focal intensity is

I0,max = 8

πMR0
, (11)

which is finite, independent of the circulating power, and
only depends on the mirror radius of curvature and mirror
distortivity parameter. That is, in the limiting cases p → ∞
or g0 = −1 (recalling that g0 can be set independently of p by
changing the cavity length L), an increase in circulating power
will increase the focal waist due to thermoelastic deformation
of the mirrors, and will not lead to a larger intensity. Note that
Eq. (11) gives the intensity at an antinode of the cavity mode
standing wave, which is 8P/πw2

0 owing to the interference of
two counterpropagating beams, each having a power P.

Even if it is possible to achieve the condition −
√

1 + p2 �
g0 < −1, such limits still exist on the solution boundary
g0 = −

√
1 + p2 for any p > 0: the minimum achievable focal

waist is a factor of
√

2 smaller than that given in Eq. (10)
and therefore the corresponding intensity limit is a factor of
2 higher than given in Eq. (11). No such limits exist if it is
possible to operate the cavity on the “−” solution branch in
the region −

√
1 + p2 � g0 < −1 since those solutions have

g → −1 as p → ∞.
If M < 0, then g → −1 when p → ∞ for any value of g0

for which a solution exists, and so no minimum focal waist or
maximum intensity limits exist. Such behavior could be useful
in a high-circulating-power near-concentric cavity, since the
thermoelastic deformation naturally pushes the cavity toward
but not beyond concentricity. M < 0 may be possible using a
mirror substrate material with a negative CTE.

E. Limitations of the model

Our model is only valid within the paraxial approximation
w0 � λ/π since Eqs. (1) and (2) are only valid in that limit.
Using Eq. (1), we find that in terms of the cavity stabil-
ity parameter the paraxial approximation is satisfied when
g + 1 � 8(λ/(πL))2.

So far, our model does not account for the fact that the
thermoelastic curvature change R−1

th of the mirror surface will
not be uniform over the surface of the mirror but will decrease
in magnitude with distance from the center of the cavity

mode. This leads to increasingly large aspherical aberration
of the cavity mode as the undeformed cavity configuration
approaches concentricity (g0 → −1). While for g0 < −1 it
is still possible that the center of the deformed cavity mirror
is geometrically stable, we hypothesize that this leads to a
substantially distorted mode shape and increased diffraction
loss from the cavity mode. This may preclude high circulating
power and/or small focal waists. Thus, the results derived so
far are most accurate when the undistorted cavity is stable,
−1 � g0 � 1. The following section accounts for nonspheri-
cal changes to the mirror surface profile to leading order in a
perturbative expansion.

F. Analytic expression for the dimensionless constant N

To determine the numerical factor N in the expression for
the mirror distortivity parameter M = NAδ and consider the
effect of the aspherical distortion, we now study the mirror
surface deformation arising from a Gaussian laser beam. The
displacement of the mirror surface in the z direction (defined
to be along the optical axis pointing into the mirror) for a
point-like source of heat Q applied to the surface is taken from
Ref. [24], Eq. (17.20):

G(r) = Qδ

2π
ln (r), (12)

where r ∈ R2 is the position on the surface of the mirror,
r = |r|, and δ is the thermal distortivity as defined in Eq. (5).
For a Gaussian heat distribution,

q(r) = 2Q

πw2
1

e−2r2/w2
1 , (13)

where w1 is the laser beam radius at 1/e2 intensity on the
mirror and Q the total dissipated heat; we use Eq. (12) as a
Green’s function and integrate to find the axial displacement
of the mirror surface

u(r) =
∫

q(r′)G(r − r′)d2r′ (14)

= 2Qδ

2π2w2
1

∫
e−2r′2/w2

1

× ln(
√

r2 + r′2 − 2rr′ cos θ )r′dr′dθ ′ (15)

= Qδ

π2

[
π

2
ln

(
r

w1

)
− π

4
Ei

(
−2

r2

w2
1

)]
(16)

= Qδ

π2

(
−π

4
[	 + ln(2)] + π

2

r2

w2
1

+ · · ·
)

, (17)

where 	 is the Euler-Mascheroni constant and Ei the
exponential-integral function. The corresponding temperature
distribution is

T (r) = Q√
2πκw1

exp

(
− r2

w2
1

)
I0

(
r2

w2
1

)
, (18)

where I0 is the modified Bessel function of the first kind of
zeroth order.

Figure 2 shows the mirror surface figure distortion calcu-
lated in Eq. (17). It is parabolic near the center of the mirror,
which amounts to a change in the radius of curvature of the
mirror in the paraxial approximation. Farther away from the
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FIG. 2. Mirror deformation and beam intensity. Blue: Gaussian
beam intensity (arbitrary units), Orange: Deformation of the mir-
ror surface, Eq. (15). Green: Aspherical part of the deformation,
Eq. (20), assuming β = 1/2.

center, however, the distortion deviates from spherical. Our
strategy to treat the effects of this deformation is as follows:
We rewrite the deformation u(r) as the sum of a spherical part
s(r) and a residual aspherical part a(r).

u(r) = s(r) + a(r), (19)

s(r) = Qδ

π2

(
γ + β

π

2

r2

w2
1

)
. (20)

The spherical part is the sum of a constant term Qδγ /π2

(which we absorb into our definition of the cavity length L)
and a quadratic term Qδβr2/(2πw2

1 ). This decomposition is
not an approximation, and the two free dimensionless param-
eters γ and β are, in principle, arbitrary. However, we show
in Appendix that β = 1/2 and γ = −π (1 + 2	)/8 ≈ −0.846
minimize the magnitude of aspherical perturbation terms.
Specifically, the perturbation proportional to a Laguerre-
Gaussian mode with radial index ρ = 1 vanishes with this
choice, leaving only the small contributions of ρ > 1 modes.
Of course, the actual shape of the cavity mode is independent
of our choice, but we are free to express it in a set of Laguerre-
Gaussian modes that contains the fewest non-negligible terms.

The spherical part amounts to a change in the radius of
curvature given by

R−1
th = −βQδ

πw2
1

. (21)

Comparing to Eq. (6) and noting that Q = AP, we find the
coefficient

N = β

π
= 1

2π
. (22)

As a point of comparison, we are also able to nonpertur-
batively simulate the aberrated optical cavity eigenmodes
resulting from the full displacement profile u(r) using the
method of [25]. The aberrated eigenmode leads to a non-
Gaussian heat distribution, which modifies u(r) through
Eq. (14), and feeds back to the aberrated mode profile. Using
an iterative numerical procedure, the self-consistent cavity
eigenmode and deformed mirror profile can be determined.
The numerical results agree with Eq. (9), with a coefficient
N = (1 ± 0.1)/2π , consistent with Eq. (22). Thus, with our

choice of β and γ to define the spherical part of the mirror
surface deformation, almost all of the effects of the deforma-
tion are well explained by a change to the mirror radius of
curvature.

The remaining aspherical part of the deformation is given
by

a(r) = Qδ

π2

[
π

2
ln

(
r

w1

)
− π

4
Ei

(
−2

r2

w2
1

)
− γ − πβr2

2w2
1

]
.

(23)

The effect of this aspherical part is explored in Appendix. At
low powers, we find the aspherical corrections to the intensity
to scale with p, so the spherical part explains the vast majority
of the deformation. When p � 1, the aspherical corrections
produce a ≈5% adjustment to the intensity limit equation (11),

I ′
0,max =

[
3

2
+ Li2

(
−1

2

)]
I0,max

≈ 1680
GW

cm2

(
R0

cm

A

10−6

δ

100 nm/W

)−1

, (24)

which does not account for the (very small) change to the
aspherical deformation due to non-Gaussian corrections to the
aberrated mode profile.

III. EXPERIMENTAL RESULTS

We have measured the mirror distortivity in two near-
concentric Fabry-Pérot cavities which use Corning ULE 7972
substrate mirrors with a nominal ROC of R0 = 10 mm. The
mirrors have ion-beam-sputtered dielectric coatings with a
nominal transmission of 80 × 10−6 at the laser wavelength
of λ ≈ 1064 nm. The design of these cavities is described in
detail in Ref. [19]. The cavities have an identical geometry
and coating design, but differ in the mirror absorption A.
Both cavities are operated in the near-concentric regime with
g0 ≈ −0.9996.

We measure the change in mirror ROC by measuring the
cavity’s transverse mode spectrum and laser wavelength. The
frequencies of the (first-order) transverse modes are trans-
lated to the corresponding cavity stability parameter (using
Eq. (2.37) of Ref. [19]). Changes in the cavity length during
the experiment due to thermal expansion of the cavity mount
when the circulating power is changed are inferred from the
measured changes in the laser wavelength. An initial cavity
length of 20 mm is assumed since the results of the measure-
ment only depend on changes in the cavity length around this
nominal value. The mirror radius of curvature can then be
calculated from the cavity stability factor and cavity length
measurement (see Eq. (2.21) of Ref. [19]). This procedure
is applied to both the (1, 0) and (0, 1) TEM cavity modes,
and the resulting radii of curvature are averaged (geometric
mean).

This data is then fit with the model described by Eq. (8),
where the laser wavelength λ, cavity length L, and circu-
lating power P are measured for each data point, and the
zero-circulating power mirror radius of curvature R0 (equiv-
alent to the zero-circulating power stability parameter g0)
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FIG. 3. Change in the radius of curvature of the mirrors R − R0 as a function of circulating power P in the (a) high-absorption and (b)
low-absorption cavities. Black dots show the measured data, and red X’s show the best fit to the model described by Eq. (8).

and the mirror distortivity parameter M are used as fit
parameters.

A. High-absorption cavity

While both cavities have mirror coatings that are expected
to have absorption coefficients around A = 1 × 10−6, one of
them suffered slight contamination during assembly and has a
higher absorption than usual. The results of the measurement
for this cavity are shown in Fig. 3(a). The fit shows reasonable
agreement with the data, though there is a small systematic
error in the residuals which causes the fit to underestimate
the radius of curvature change at low and high circulating
powers. We have not yet determined the source of this error.
One possibility is that it is due to the temperature dependence
of the ULE 7972 mirror substrates’ CTE [26]. It could also be
from the model approximating the change in mirror surface
due to thermoelastic deformation as being simply a change in
radius of curvature.

As expected, the data shows an increase in mirror radius of
curvature with increasing circulating power. The nonlinearity
of the increase is due to the lower numerical aperture mode
(at higher radius of curvature) causing yet more thermal de-
formation of the mirror substrate. The fit model has a mirror
distortivity parameter of M = 4.2 × 10−14 m/W. According
to Eq. (24), this should restrict the cavity focal intensity to a
maximum of I ′

0,max = 637GW/cm2. Figure 4 shows the cavity
mode focal waist w0 as a function of circulating power from
the data used in Fig. 3(a). This illustrates how the cavity
achieved a focal intensity of 450 GW/cm2, which is 70%
of the predicted limit. Note that the maximum value of p
achieved in this experiment was only 0.017.

Assuming the thermal distortivity to be the temperature-
averaged (20◦–150◦) nominal value δ = 45 nm/W of ULE
7972 [26] gives an absorption coefficient of A = 5.8 × 10−6,
which implies an implausibly high peak temperature on the
mirror surfaces [∼900 K, see Eq. (18)]. A more plausible
explanation is that the effective thermal distortivity may be
higher than the nominal substrate value because of contri-
butions from the coating, both directly from its higher CTE
and indirectly through thermally induced stress because of
the CTE mismatch. A higher effective thermal distortivity
would correspond to a lower mirror absorption coefficient
and concomitantly lower mirror surface peak temperature. We
have not investigated this in detail but note that the data are

seemingly well described by a single effective thermal dis-
tortivity parameter. This distortivity can be determined from
the data if combined with an independent, ideally in situ
measurement of the absorption coefficient.

B. Low-absorption cavity

The results of the measurement for the low-absorption
cavity are shown in Fig. 3(b). The fitted mirror distortivity
of M = 9.3 × 10−15 m/W, 4.5 times lower than for the high-
absorption cavity, corresponds to a predicted focal intensity
limit of 2.9 TW/cm2.

Combining this value for the mirror distortivity with the
nominal thermal distortivity δ = 45 nm/W of ULE 7972 im-
plies an absorption coefficient of A = 1.3 × 10−6. This is
several times larger than the absorption of 0.4 × 10−6 mea-
sured by photothermal common-path interferometry [27] on
a witness sample coated in the same coating run as the mir-
rors in this cavity. If we instead assume that the witness
sample measured absorption accurately represents the absorp-
tion of the cavity mirrors, the effective thermal distortivity is

FIG. 4. Measurements of the mode focal waist as a function of
circulating power (black dots) using the high-absorption cavity. The
corresponding standing-wave focal intensities are shown with gray
lines. The predicted maximum focal intensity is shown with the black
line.
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δ = 146 nm/W, which suggests a coating contribution to the
distortivity on the order of 100 nm/W.

IV. DISCUSSION

Our analytical model predicts that thermoelastic deforma-
tion of the mirrors in a Fabry-Pérot cavity sets an upper
limit on the focal intensity. Our experimental results show
that it is possible to achieve a substantial fraction (70%) of
this intensity limit, and that the predicted limit can be as
high as 2.9 TW/cm2 using low-absorption ion-beam sputtered
dielectric mirrors with Corning ULE 7972 substrates.

It should be possible to further reduce the effects of ther-
moelastic deformation and increase the predicted intensity
limit by using mirrors with a smaller radius of curvature
R0, smaller absorption A, and/or smaller (positive) thermal
distortivity δ. It is possible to manufacture cavity mirrors
capable of supporting high circulating powers (few and/or
small enough surface defects to avoid laser-induced damage,
and low enough surface roughness to support a high cavity
finesse) with a ROC of R0 = 5 mm or perhaps somewhat
lower using conventional polishing methods. Smaller ROCs
on the order of 100 µm can be achieved in fiber tip cavities
[28] or microfabricated mirrors [29]. However, a smaller ROC
also leads to a higher intensity on the mirror surfaces (for the
same focal intensity), which may cause laser-induced damage
of the mirrors and limit the focal intensity to well below that
predicted by Eq. (24).

Our model indicates that mirrors with a negative CTE such
that M < 0 may be the most promising approach to avoid a
thermoelastic deformation focal intensity limit and simultane-
ously achieve a small focal waist and high circulating power
in a Fabry-Pérot cavity. Examples of conventional optical sub-
strate materials with negative CTE include Corning ULE 7972
at a temperature below 295 K, fused silica at a temperature
below 170 K, and silicon at a temperature between 20 K and
120 K [19]. Alternatively, substrates with small average CTEs
over a wide temperature range (such as Schott Zerodur Ex-
pansion Class 0 Special) may be used [30]. However, we note
that coating contributions to the effective thermal distortivity
must be taken into account, as they may dominate over the
substrate’s contribution. In this case, it should still be possible
to reduce the magnitude of the effective thermal distortivity
by using a substrate material with higher thermal conductivity
(e.g., diamond or cryogenic sapphire), thereby reducing the
temperature change and concomitant thermoelastic deforma-
tion in the coating [19].

Cavities with more than two mirrors can be engineered
such that thermoelastic deformation of the mirrors with
M > 0 increases the mode waist at the mirror surfaces,
thereby avoiding the type of focal intensity limit predicted
by our model (similar to the case of a Fabry-Pérot cavity
with M < 0) [31]. However, using more mirrors decreases the
maximum possible finesse of the cavity and increases its size
and optomechanical complexity.
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APPENDIX: CAVITY MODE WITH ASPHERICALLY
DEFORMED MIRRORS

We now calculate the distortion of the cavity mode that
arises from the aspherical part of the mirror distortion, using
the (Gaussian) self-consistent mode as a starting point. Of
course, one could go further and consider a correction to the
distortion based on the corrected, non-Gaussian mode shape.
We will, however, find that the corrections calculated in this
section are already small, so that corrections of even higher
order will be negligible.

We start by expanding the electric field of the cavity mode
E (r, φ, z) in Laguerre-Gaussian modes LG�ρ , where � = 0
because of the cylindrical symmetry. We express these modes
using a z coordinate which is zero at the center of the cavity
and z = ±L/2 ≡ ±� at the mirrors. Thus,

E (r, φ, z) =
√

2

π

w0

w(z)
exp

(
− r2

w(z)2

)

× exp

(
−ikz − ik

r2

2R(z)
+ iψ (z)

)

×
⎡
⎣1 +

∑
ρ

αρLρ

(
2r2

w2(z)

)
exp

(
i2ρψ (z)

)⎤⎦,

(A1)

where k = 2π/λ, R(z) is the wavefront curvature and ψ (z)
the Gouy phase. The αρ are the expansion coefficients that
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we wish to determine. Note that the symmetry of the cavity
demands αρ ∈ R. If the |αρ | 
 1, the final bracket approxi-
mates an exponential function:

E (r, φ, z) =
√

2

π

w0

w(z)
exp

(
− r2

w(z)2

)

× exp

(
−ikz − ik

r2

2R(z)
+ iψ (z)

)

× exp

[∑
ρ

αρLρ

(
2r2

w2(z)

)
exp (i2ρψ (z))

]
.

(A2)

This mode must match the boundary condition that there be
no parallel electric field on the mirror surface. This can be
achieved by setting the imaginary part of the combined expo-
nents to zero. The first exponent, −ikz − ikr2/2R(z) + iψ (z),
vanishes at the surface of the mirror before it is affected by the
aspherical part of the distortion. Thus, the second exponent
must equal the aspherical part of the distortion a(r),

a(r) = 1

k

∑
ρ�1

Lρ

(
2r2

w2(z)

)
Im(αρei2ρψ (z) ). (A3)

To solve for the αρ , we multiply both sides with a Gaussian
function times a Laguerre polynomial and integrate over r
using the orthogonality of the Laguerre polynomials,∫ ∞

0
a(r)Lq

(
2r2

w2

)
e−2r2/w2

rdr

= 1

k

∫ ∞

0

∑
ρ�1

Im(αρei2ρψ (z) )

× Lρ

(
2r2

w2

)
Lq

(
2r2

w2

)
e−2r2/w2

rdr

⇒ 4k

w2

∫ ∞

0
a(r)Lq

(
2r2

w2

)
e−2r2/w2

rdr

= Im(αqei2qψ (z) ). (A4)

We can now insert a(r) from Eq. (23) and substitute r′ = r/w,

4k
Qδ

π2
[Cq + Dq] = Im(αqei2qψ (z) ), (A5)

where

Cq =
∫ ∞

0

[π

2
ln
(
r′) − π

4
Ei
(−2r′2)]e−2r′2

Lq(2r′2)r′dr′

Dq =
∫ ∞

0

[
−γ − π

2
βr′2

]
e−2r′2

Lq(2r′2)r′dr′. (A6)

We find

C0 = −π	

16
(A7)

Cq>0 = − π

32

1

2q−1q
(A8)

D0 = −πβ − 4γ

16
(A9)

D1 = πβ

16
(A10)

Dq>1 = 0. (A11)

Thus, if we choose β = 1/2 and γ = −π (1 + 2	)/8, then
the (usually dominant) lowest-order Laguerre-Gaussian cor-
rections C0 + D0 = C1 + D1 = 0. Thus, we need to consider
only the (small) terms with q = 2, 3, . . ..

1. Some properties of the distorted cavity mode

The power in each mode is proportional to the integral of
the intensity over the beam area and is easiest evaluated at
z = 0:

Pq ∝ |αq|2 2

π

∫ ∞

0
e−2r2/w2

0 2πrdr = |αq|2w2
0 . (A12)

When the mirror is distorted, power is transferred from the
fundamental mode to higher-order modes. The fraction of the
transferred power is

Pq>0

P0
=
∑
q�2

|αq|2. (A13)

The intensity I of the distorted beam at the origin z = 0, r = 0
relative to the intensity I0 of the undistorted beam is given by

I

I0
=
∣∣∣∣∣1 +

∑
q�2

αq

∣∣∣∣∣
2

. (A14)

2. Near-concentric cavity

Our beam waist is located at z = 0 while the mirrors are at
z = ±L/2 = ±�. The Gouy phase is

ψ = ψ (�) = arctan

(
�

zR

)
= π

2
− arctan

( zR

�

)
, (A15)

where zR = πw2
0/λ is the Rayleigh range. In a near-

concentric cavity, � � zR and the Gouy phase is ψ ≈ π/2 −
zR/�. Within the same approximation, sin(2qψ ) ≈ sin(qπ −
2qzR/�) = −(−1)q sin(2qzR/�), so Eq. (A5) yields

αq ≈ kQ�δ

8πzR

(−1)q

2qq2
= B

(−1)q

2qq2
, (A16)

where

B = kQ�δ

8πzR
= Q�δ

4πw2
0

≈ Qδ

4λ

√
− g0

1 + g0 + p2
, (A17)

where we used the expression for the waist w2
0 =

(�λ/π )
√

−(1 + g0 + p2)/g0 of the self-consistent mode for
g ≈ −1. In the low-power limit p 
 √

1 + g0, the leading-
order contribution is B = Qδ

√−g0/(1 + g0)/(4λ), which
scales linearly with p, since Q ∝ p. On the other hand, when
p is large, we find (assuming δ > 0)

B → Qδ

4λp
= 1

2
. (A18)
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For the intensity at the origin, we obtain

I

I0
=
∣∣∣∣∣∣1 + B

⎛
⎝ ∞∑

q=1

(−1)q

2qq2
+ 1

2

⎞
⎠
∣∣∣∣∣∣
2

= 1 + 2B

[
Li2

(
−1

2

)
+ 1

2

]
+ · · · → 1.051, (A19)

where the ellipsis indicates terms of order B2. Since B ∝ p
for low p, the corrections to the intensity due to the aspheri-
cal mirror distortion are only important when p � √

1 + g0,
where they lead to a slight increase of the intensity compared
to the case of only spherically distorted mirrors.

For p � √
1 + g0, the total power transferred into a higher-

order Gaussian mode is

Pq>0

P0
= 1

4

⎛
⎝ ∞∑

q=1

(1/4)q

q4
− 1

4

⎞
⎠

= 1

4

[
Li4

(
1

4

)
− 1

4

]
≈ 0.00103, (A20)

where Lis(z) = ∑∞
j=1 z j/ js is the polylogarithm function.
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