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Quantum mechanical pendulum clock
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We investigate an optomechanical system as a model of an autonomous mechanical pendulum clock in the
quantum regime, whose operation relies only on incoherent (thermal) resources. The escapement of the clock,
the mechanism that translates oscillatory motion into ticks, is provided by an emitter in the optical cavity and
the operation of the clock relies on the existence of a limit cycle. Since the clock is based on an oscillatory
degree of freedom, it can overcome the thermodynamic uncertainty relation and is thus more accurate than
clocks that rely only on stochastic transitions. Furthermore, by increasing the amount of emitters in the cavity, the
clock approaches the behavior expected for a macroscopic pendulum clock, where fluctuations become irrelevant
while the clock dynamics becomes completely irreversible. This allows for investigating the quantum-to-classical
transition of pendulum clocks.
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I. INTRODUCTION

The nature of time has puzzled and fascinated humanity
since millennia. A pragmatic answer to the question “What
is time?” is provided by the famous statement: “Time is
what a clock measures,” attributed to Einstein. This raises the
question of the necessary ingredients for a system to consti-
tute a clock. Any system that operates as a clock requires
irreversibility: the heat radiated by the sun in sundials, the
lowering weights in a pendulum clock, or the dissipated laser
power in an atomic clock. In recent years, thermodynamic
principles have been employed to quantify the amount of
dissipation that is needed for a clock to operate with a certain
accuracy [1–14].

A particularly prominent constraint is provided by the
thermodynamic uncertainty relation (TUR) [15–17], which
states that the accuracy [18] is upper bounded by the en-
tropy production, a common measure of irreversibility. The
TUR provides a useful benchmark and a linear scaling of
accuracy with entropy production has indeed been found both
theoretically [1,2] as well as experimentally [4] in different
implementations. However, the TUR only holds for classical
systems that obey Markovian rate equations or overdamped
dynamics. This is not the regime where most clocks operate.
Instead, most clocks that are used for timekeeping rely on
oscillatory degrees of freedom, which are not constrained
by the TUR. Still, the TUR remains a relevant benchmark
to characterize their performance (for other constraints, see
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Refs. [7,11,19,20]). Violations of the TUR have been found
in classical pendulum clocks [6,9], as well as in systems
that rely on quantum coherence [10,13,20]. Nevertheless, the
limitations and required resources of oscillating clocks have
only recently started to attract attention [6,9–11].

Here we address this gap by investigating a quantum-
mechanical pendulum clock based on an optomechanical
system, where the mechanical oscillator provides the pendu-
lum. Different from previous models of autonomous quantum
clocks [2,5,19,21,22], our model introduces a quantum me-
chanical version of the ingenious escapement mechanism
found in classical pendulum clocks. The escapement consists
of a single emitter with three energy levels coupled to a
cavity field, and relies on the mechanism of Rabi oscillations
to affect the mechanical motion. It implements the smallest
possible quantum escapement, in a similar spirit to other
minimal models of quantum thermal machines [23–25]. Our
model is only driven by time-independent thermal resources
and is thus autonomous, akin to the time-independent force
of the weights in a classical pendulum clock. This allows for
identifying all necessary resources for running the clock. As
expected, we find that the accuracy of the clock monotonously
increases with entropy production, but the TUR is violated.
Upon increasing the number of emitters, our clock behaves
more and more like a classical pendulum clock, as fluctua-
tions are suppressed and both the accuracy and the entropy
production increase, demonstrating the irreversible nature of
accurate time keeping.

Our results show that a realistic quantum mechanical
model can describe a pendulum clock from the quantum to the
classical regime. Pendulum clocks can thus be implemented in
the quantum regime, with accuracies that overcome the bound
provided by the TUR. Our work thereby introduces an avenue
for investigating the limitations and resources of oscillating
clocks, providing insight into the physics of timekeeping and
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FIG. 1. Classical and quantum mechanical pendulum clock. (a) Grandfather clock as an example of classical pendulum clock. A swinging
pendulum (blue) subject to unavoidable friction maintains its periodic motion by utilizing the energy stored in suspended weights (red).
The energy is transferred through the escapement mechanism (yellow), which imparts small impulses to the pendulum at regular intervals.
This mechanism converts the gravitational energy of the descending weights into discrete impulses (tick-tock) that sustain the pendulum’s
oscillation and move the clock’s hands. (b) Quantum version of a pendulum clock implemented in an optomechanical system. A mechanical
resonator (blue) is in contact with a finite temperature bath that provides dissipation and fluctuations. The mechanical displacement is coupled
via radiation-pressure to a cavity, which is near resonant to the lasing transition (|1〉 ↔ |2〉) of a three-level emitter (yellow). The emitter acts as
escapement, timely releasing or injecting photons into the cavity. Photons are loaded into the cavity by a hot bath (red). The ticks of the clock
are provided by the photons emitted into the cold bath. (c) Many-emitter version of the quantum pendulum clock, in which many identical
emitters are coupled to the cavity field. This configuration recovers the classical limit of an ideal (noiseless) pendulum clock.

noise engineering, and potentially resulting in more efficient
time-keeping devices for quantum technology.

This paper is structured as follows: In Sec. II, we introduce
the model for the quantum-mechanical pendulum clock and
we identify the constituents found in a conventional pendulum
clock. Section III illustrates that the model indeed operates as
a clock, with periodic motion of the pendulum and ticks that
occur twice per mechanical period. In Sec. IV, we quantify
the performance of the clock and a thermodynamic analysis
follows in Sec. V. Section VI investigates multiple emitters
and we conclude in Sec. VII.

II. THE OPTOMECHANICAL PENDULUM CLOCK

Pendulum clocks, like the grandfather clock in Fig. 1(a),
are a testament to human ingenuity and provided the most
accurate timekeeping devices for centuries [26]. Their gen-
eral working principle consists of counting the periods of
a swinging pendulum by means of an escapement mecha-
nism. The escapement mechanism moves a pointer (the hands
of the clock) in the forward direction by discrete amounts. At
the same time, it transfers energy from a descending weight
to the pendulum to compensate for the oscillator’s damp-
ing while minimally affecting its frequency. This ingenious
mechanism revolutionized time-keeping devices, allowing for
a dramatic boost in accuracy.

A mechanical pendulum clock consists of the following
key elements, shown in Fig. 1(a): (i) A pendulum that serves
as a timekeeping element, swinging at a consistent frequency;
the gravitational force acts as the restoring force. (ii) An
energy source that keeps the pendulum swinging, compensat-
ing the energy dissipated to friction; the descending weights
store potential energy that powers the clock’s motion. (iii) An

escapement mechanism to transfer energy from the weights
to the pendulum, providing periodic impulses to maintain
its motion. The escapement mechanism also serves a second
purpose. It regulates the pendulum motion converting the con-
tinuous oscillation of the pendulum into discrete steps—the
“tick-tock” sound—which, through a series of gears, ulti-
mately move the clock’s hands. It takes a “tick” and a “tock”
for the pendulum to complete one full swing. These three
elements are highlighted in Fig. 1(a) in blue, red and yellow,
respectively.

We propose a self-contained quantum mechanical model
of a pendulum clock. We first describe the model and then
illustrate the counterparts of the elements (i)–(iii) that allows
it to operate as a quantum pendulum clock. The system that
we consider, shown in Fig. 1(b), is an optomechanical system
coupled to a three-level emitter. It consists of a mechanical
(optical) resonator with frequency �m (�f ), described by
annihilation operator b̂ (â) and a three-level system with lev-
els | j〉, j = 1, 2, 3, and corresponding energies ε1 < ε2 < ε3.
The free Hamiltonian of the system is given by (h̄ = 1)

Ĥ0 =
∑

j=1,2,3

ε j p̂ j + �f â
†â + �mb̂†b̂, (1)

with p̂ j = | j〉〈 j|. In the following, we will also indicate the
detuning between the cavity and the |1〉 ↔ |2〉 transition by
� = ε2 − ε1 − �f and the transition operators of the emitter
by σ̂i j = |i〉〈 j|.

The electromagnetic field inside the cavity is coupled to
both the mechanical resonator and the emitter. It is coupled
to the |1〉 ↔ |2〉 transition with strength f and is radiation-
pressure coupled to the mechanical displacement x̂m = (b̂ +
b̂†)/

√
2, with single-photon optomechanical coupling g. In
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Fig. 1(b) we illustrate the case of a Fabry-Perot cavity with
a movable end mirror but several other designs are possible
[27]. The total Hamiltonian of the system is given by

Ĥ = Ĥ0 + f (â†σ̂ + âσ̂ †) −
√

2gâ†âx̂m, (2)

where for simplicity we set σ̂12 = σ̂
†
21 ≡ σ̂ . The sign of the op-

tomechanical coupling is due to the fact that we take positive
values of the displacement to indicate an increase in cavity
length, and therefore a decrease of the frequency. We notice
that the total Hamiltonian preserves the number of emitter plus
cavity excitations N̂ = â†â + 1

2 σ̂z, with σ̂z = |2〉〈2| − |1〉〈1|.
Besides the Hamiltonian terms, we also need to model the

dissipative processes; see Fig. 1(b). The mechanical (optical)
resonator is in contact with a thermal bath at finite tem-
perature with occupation n̄m = (eβm�m − 1)−1 [n̄f = (eβf �f −
1)−1] and rate γm (κ). The emitter is coupled to two bosonic
reservoirs: the transition ω13 = ε3 − ε1 is coupled to a hot
bath with occupation n̄h = (eβhω13 − 1)−1 at a rate γh, while
the transition ω23 = ε3 − ε2 is coupled to a cold bath with
occupation n̄c = (eβcω23 − 1)−1 at a rate γc, where βα = 1/Tα

is the inverse temperatures of bath α—we set h̄ = kB = 1
throughout the paper. We model the dissipative processes
described above via the following master equation:

d�̂tot

dt
= −i[Ĥ, �̂tot] + Lf �̂tot + Lh�̂tot + Lc�̂tot + Lm�̂tot,

(3)
which includes, in order, the thermal bath coupled to the
cavity, the two thermally driven emitter transitions and the
finite temperature mechanical phonon bath, where the thermal
dissipators are given by

Lf �̂ = κ (n̄f + 1)D[â]�̂ + κ n̄fD[â†]�̂, (4)

Lh�̂ = γh(n̄h + 1)D[σ̂13]�̂ + γhn̄hD[σ̂31]�̂, (5)

Lc�̂ = γc(n̄c + 1)D[σ̂23]�̂ + γcn̄cD[σ̂32]�̂, (6)

Lm�̂ = γm(n̄m + 1)D[b̂]�̂ + γmn̄mD[b̂†]�̂, (7)

with D[Ô]� = Ô�̂Ô† − 1
2 Ô†Ô�̂ − 1

2 �̂Ô†Ô. We refer to the
model in Eq. (3) as a quantum mechanical pendulum clock.

Let us now address how the elements (i)–(iii) are im-
plemented in our model. The mechanical resonator clearly
plays the role of the oscillating mass (i). The hot bath can
then be seen as the energy source driving the clock (ii).
The damping of mechanical oscillations is counteracted by
momentum transfer from the photons, which populate the
cavity thanks to the presence of a hot and a cold bath driving
the emitter transitions. Finally, the three-level emitter plays
the role of the escapement mechanism (iii). As we will see,
when on resonance the emitter releases timely photon pulses
in the cavity, that keeps the clock running. These in turn
are accompanied by photon emissions into the cold bath.
Resolving these emission events yields the clock’s ticking
times.

An essential aspect of our model concerns the way in which
the system is driven. Indeed, Eq. (2) lacks any coherent drive.
This is because a self-contained description of the clock can-
not resort to a coherent source of radiation, which represents
the standard scenario for laser-driven optomechanical cavities

[27]. In fact, a laser drive would provide an external well
defined frequency reference, which effectively constitutes a
clock of its own. Instead, we achieve the autonomous opera-
tion of the clock by coupling the cavity to a single, thermally
driven emitter, which realizes the simplest possible lasing
medium.

To better appreciate this point we consider the noninter-
acting limit f = g = 0, in which the emitter reaches a steady
state characterized by 〈σ̂z〉ss = (n̄h − n̄c)/(n̄c + n̄h + 3n̄hn̄c);
see Appendix A for details. From this expression we con-
clude that population inversion 〈σ̂z〉ss > 0 occurs as long as
n̄h > n̄c. In the presence of emitter-light coupling f �= 0, pop-
ulation in state |2〉 is converted into cavity photons and lasing
can be sustained. In this case, our system corresponds to a
thermally driven three-level maser [28–30], which achieves
lasing by only relying on the population imbalance between
two emitter transitions. For quantitative details we refer to
Appendix A.

III. CLOCK OPERATION

After having identified the clock’s constituents (i)–(iii) in
our model, it remains to be determined whether the system
(3) can operate as a clock. We first recall the working cycle
of a standard pendulum clock, exemplified by the grandfather
clock of Fig. 1(a) and then discuss how an analogous situation
can be realized in our quantum system. The operation cycle of
a pendulum clock consists of four steps, depicted in Fig. 2(a):

(1) The cycle starts from the point of maximum excursion,
where the pendulum is at rest and the escapement is locked.

(2) The pendulum swings under the action of the gravi-
tational force, reaching its fastest speed at the center. After
passing the center, it releases a tooth of the escapement wheel.
The release produces the “tick” sound and allows the escape-
ment wheel to rotate, pulled by the weight. The escapement
imparts a small push to the pendulum, compensating for the
energy dissipated to friction.

(3) The pendulum continues the swing until it reaches the
turning point on the opposite side.

(4) The pendulum swings back through the center in the
opposite direction. Past the center, it releases the next tooth of
the escapement wheel, producing the “tock” and imparting a
small kick to the pendulum. The cycle repeats.

We notice that in a real pendulum clock, the ticks and tocks
happen when the escapement mechanism engages, which oc-
curs slightly after the pendulum passes through the center. We
will recover this behavior also in our model; see Fig. 2(b). For
the sake of simplicity, in the sketch of Fig. 2(a) we ignore this
subtlety and put the ticks and tocks in correspondence with
the pendulum passing through the center.

A. Semiclassical analysis

Our quantum mechanical model can operate in a cycle sim-
ilar to the pendulum clock cycle described above, as shown in
Fig. 2(b). A prerequisite for a working pendulum clock is to
sustain periodic motion despite the presence of dissipation. In
our model, the mechanical resonator is driven by the photons
injected into the cavity, compensating for the energy loss
due to friction. To build some physical intuition, consider the
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FIG. 2. Clock operation. (a) The pendulum clock operates in a cycle to complete a mechanical period. The four steps of the cycle are
highlighted in the top row (see text for explanation) with their counterpart in our model the bottom row. The dashed black arrows in the
bottom row indicate the mechanical equilibrium position. (b) Exemplary mechanical trajectory in phase space, showing the evolution of the
expectation value of the mechanical position and momentum starting from the origin (light blue) and settling into a limit cycle (solid blue).
Parameters are ω13 = 240γh, ω23 = �f = 120γh (� = 0), �m = 0.9γh, f = 20γh, g = 30γh, κ = 10γh, γc = 100γh, γm = 0.01γh, n̄h = 10,
and n̄c = n̄m = n̄f = 0.

lasing transition to be resonant with the cavity, i.e., � = 0.
Ideally, for a strong enough optomechanical coupling, a single
cavity photon can displace the mechanical oscillator enough
to bring the cavity out of resonance such that the injection of a
second photon is suppressed. Once the photon leaks out of the
cavity, the mechanical restoring force brings the cavity back
to resonance, favoring the injection of the next photon into the
cavity. This autonomous self-regulating mechanism can attain
self-sustained mechanical oscillations, as we now show.

Since the Hilbert space dimension required to simulate
the mechanical oscillations with the desired amplitude is
prohibitively big, we resort to a mean-field treatment of the
mechanical oscillator. To this end, we model the emitter and
cavity through a master equation that depends on the average
position of the mechanical oscillator. To this end, we replace
the position operator in Eq. (2) by its average, resulting in the
master equation

d�̂

dt
= −i[Ĥ (〈x̂m〉), �̂] + Lf �̂ + Lh�̂ + Lc�̂ ≡ L(〈x̂m〉)�̂,

(8)
where

Ĥ (〈x̂m〉) =
∑

j=1,2,3

ε j p̂ j + �f â
†â + f (â†σ̂ + âσ̂ †)

−
√

2gâ†â〈x̂m〉. (9)

This master equation has to be solved together with the equa-
tions of motion that govern the mechanical oscillations:

d

dt
〈x̂m〉 = �m〈p̂m〉 − γm

2
〈x̂m〉, (10)

d

dt
〈p̂m〉 = −�m〈x̂m〉 − γm

2
〈p̂m〉 +

√
2g〈â†â〉. (11)

In this description, the mechanical oscillator and the cav-
ity only affect each other through their averages, neglecting
any correlations between them. We note however that the
correlations between the cavity and the emitter are fully
taken into account. With this approximation the system can
be numerically solved. Compared to the lasing case f �=
0, g = 0 discussed in the previous section, we generically

find that the presence of a nonzero optomechanical cou-
pling results in mechanical oscillations that survive in the
long-time limit, in the presence of mechanical damping.
Moreover, two qualitatively distinct regimes are found that
can be characterized by the long-time value of the popula-
tion inversion 〈σ̂z〉ss = limT →+∞ T −1

∫ t0+T
t0

〈σ̂z〉dt . If 〈σ̂z〉ss <

0 the system approaches either a truly stationary state or a
state characterized by mechanical oscillations with no ap-
preciable amplitude, while if 〈σ̂z〉ss > 0 the system displays
self-sustained mechanical oscillations with large amplitude,
which is the regime we are interested in. This confirms that
the single-emitter maser acts as the power unit of the clock.

In Fig. 2(b) we show the evolution of the expectation values
of the two mechanical quadratures in phase space, which
confirms that the system settles into a limit cycle. Although
a single trajectory is shown, the long-time dynamics converge
toward the limit cycle for any choice of initial state in the me-
chanical phase space. We note that we set n̄c = n̄m = n̄f = 0
when investigating the clock performance quantitatively. We
consider finite temperatures in Sec. V.

B. Ideal clock regime

From Fig. 2(b) we see that the mechanical self-oscillations
have a striking appearance, roughly consisting of two semi-
circular paths of different amplitudes pieced together. This
shape is the result of the escapement action and informs about
the clock’s operation, as we illustrate below. The evolution
of the mechanical quadratures is dynamically correlated with
the behavior of the average emitter populations and photon
number, as shown in Figs. 3(a)–3(c). The optomechanical
pendulum clock goes through a cycle analogous to that of the
grandfather clock. Following the four steps of Fig. 2(a) we
have the following:

(1) Starting from maximum negative excursion the cavity
and lasing transition are far off resonant, the effective detuning
being given by � − √

2g〈x̂m〉; cf. Eq. (2) and left panel of
Fig. 2(a). For simplicity, we take � = 0 in the following.
The mechanical resonator undergoes free motion under the
action of the restoring force. The corresponding state of the
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FIG. 3. Long time evolution of (a) the average mechanical
quadratures, (b) the emitter populations, and (c) the mean photon
number. Parameters are the same as those used for Fig. 2(b). The
dashed gray lines are half a mechanical period apart.

emitter and the cavity, respectively, shown in Figs. 3(b) and
3(c), shows that the emitter population is fully inverted and
the cavity is empty. Full inversion is achieved by ensuring
fast relaxation toward the lasing state, i.e., γc 
 γh, and by
inhibiting the |2〉 → |3〉 transition, i.e., n̄c = 0.

(2) The mechanics sweeps through 〈x̂m〉 = 0 and for a
brief interval of time the lasing transition becomes resonant
with the cavity frequency. The populations 〈p̂1〉 and 〈p̂2〉
almost fully exchange, and concurrently a photon pulse is
released into the cavity. This process takes place over a frac-
tion (roughly 1/10) of a mechanical period. The photon pulse
imparts a kick to the mechanical resonator, which experiences
a sudden acceleration; see Fig. 3(a). We identify the narrow
peak in 〈p̂1〉 or 〈â†â〉 as the “tick.”

(3) Past the resonance both 〈p̂1〉 and 〈â†â〉 quickly relax to
zero, while the mechanical motion proceeds freely.

(4) The resonance condition is met again and the “tock”
is produced. In this case the photon momentum is opposite
to the mechanical momentum, slowing the resonator down,
as seen by the sudden reduction in momentum once past the
resonance; see Fig. 3(a). The cycle repeats.

A distinctive feature of our optomechanical clock is that it
proceeds asymmetrically during its limit-cycle motion, reach-
ing larger excursions for positive displacements, to which
correspond larger (absolute) values of the momentum, see
Fig. 2(b). The asymmetry around the equilibrium point trans-
lates to more time spent completing the swing in the region of
positive displacement than negative ones. This is reflected in
non equal spacing between subsequent ticks.

We identify the cycle illustrated above and in Figs. 2 and 3
with the working regime of an ideal clock, which corresponds
to an impulsive radiation pressure force, acting over a narrow
fraction of the mechanical oscillation, and to the (almost)
complete extinction of the mean photon number and emitter
ground state population away from resonance; this allows for
the unambiguous identification of the ticks and the tocks. We
briefly describe in general terms how this parameter regime is
characterized:

(1) � = 0, namely the cavity is resonant with the las-
ing transition; this means that the only way they become
off-resonant is dynamical, namely, via the optomechanical
coupling.

(2) g ∼ f and g, f � κ , namely, both strong Jaynes-
Cummings coupling and optomechanical single-photon
strong coupling regime are required. In particular, the second
requirement means that it is enough to have a single photon in
the cavity to displace the mechanical position (more than its
zero point term).

(3) n̄c ∼ 0, namely the emitter cycle becomes unidirec-
tional |1〉 → |3〉 → |2〉 → |1〉. Once level |2〉 gets populated,
it can only go back to |1〉 via Rabi oscillations and not inco-
herent transitions.

(4) γc 
 γh, namely, level |3〉 is barely populated but en-
ables virtual transitions from 1 to 2.

(5) γh, γc, κ > �m/π , ensuring that the cavity is emptied
and the population inversion in the emitter is restored before
the next tick. In addition, 4g2/(κ + γcn̄c + γhn̄h) 
 �m is
required that the photon is emitted into the cavity during the
short time the cavity is resonant with the emitter.

(6) For the Markovian master equation to be
justified, we furthermore require ω13, ω23, ω12, �f 

�m, κ, γc, γh, f , g and �m 
 γm.

C. Resolving the ticks

As illustrated in Fig. 1(b), a convenient way to count the
ticks and tocks of the clock is to infer them from the photons
emitted into the cold bath. We assume that the emitted photons
can be detected with unit efficiency for simplicity. We also
refer to them just as ticks in the following. The ticks are then
described by the superoperator

J �̂ = γc(n̄c + 1)σ̂23�̂σ̂32. (12)

To keep track of the ticks, we employ a stochastic master
equation [31]. To this end, we write the master equation in
Eq. (8) as

�̂(t + dt ) = �̂(t ) + [L(〈x̂m〉) − J ]�̂(t )dt + J �̂(t )dt . (13)

This equation can be interpreted as a jump happening during
the time increment dt with probability

p = dtTr{J �(t )}. (14)

To obtain a stochastic master equation, we introduce a
stochastic variable dN , that takes on the value dN = 1 with
probability p and zero otherwise. We then unravel Eq. (13) as

ρ̂(t + dt ) = (1 − dN )

1 − p
[ρ̂(t ) + (L − J )ρ̂(t )dt]

+ dN

p
J ρ̂(t )dt, (15)

where, for ease of notation, we use L ≡ L(〈x̂m〉). Further-
more, we introduced the symbol ρ̂ to denote the density matrix
conditioned on all previous ticks. In each time step, a tick may
happen dN = 1, and the density matrix is updated to the sec-
ond term on the right-hand side of Eq. (15). If no tick happens,
dN = 0, the density matrix is updated according to the first
term on the right-hand side of Eq. (15). Averaging Eq. (15)
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FIG. 4. (a) Sample trajectory through phase space of the me-
chanics for 100 periods, starting at the origin. A similar behavior
to the semiclassical analysis is seen; cf. Fig. 2. In contrast to the
semiclassical analysis, the trajectory is noisy and thus cannot reach
a perfect limit cycle. (b) Data from 1000 periods is used to generate
the phase-space heatmap, where brighter colors indicate regions of
higher occupancy. The red curve denotes the limit cycle associated
with the unconditional dynamics, giving perspective to the fluctu-
ations that occur in the conditional case. The other parameters are
identical to those in Fig. 2.

over the different outcomes of dN reproduces Eq. (13) since
E[dN ρ̂] = p�̂. Expanding Eq. (15), and dropping terms pro-
portional to dNdt (since p ∝ dt), we arrive at

d ρ̂ = L(〈x̂m〉)ρ̂dt + (dN − dtTr{J ρ̂})

( J ρ̂

Tr{J ρ̂} − ρ̂

)
,

(16)
where d ρ̂ = ρ̂(t + dt ) − ρ̂(t ). This equation explicitly keeps
track of the ticks of the clock, since in each time increment
dt , dN = 1 denotes a tick, while dN = 0 denotes no tick.
The mechanical quadratures are still described by Eqs. (10)
and (11) which need to be solved together with Eq. (16). As
illustrated in Fig. 4 by an example phase-space trajectory for
the mechanical oscillator, the stochastic nature of the ticks
prevents a perfect limit cycle to establish in contrast to the
average evolution illustrated in Fig. 2. Figure 5 illustrates
how the emitter and the cavity occupation behave along a
trajectory. A tick occurs whenever the emitter emits a photon
into the cold bath. As anticipated, the ticks occur when the
cavity is in resonance with the emitter. During each of these
resonances, the emitter cycles through the states |1〉 → |3〉 →
|2〉 → |1〉, with the transition |3〉 → |2〉 corresponding to a
tick. Importantly, multiple cycles may be completed during
the same resonance, resulting in multiple ticks in quick suc-
cession. To test the validity of Eq. (16), we benchmark it
against an unraveled version of Eq. (3) for parameters that
result in mechanical oscillations with smaller amplitudes,
finding good agreement as shown in Appendix B.

IV. CLOCK PERFORMANCE

To characterize the clock, we focus in this section on the
idealized scenario where all thermal baths, except for the hot
one, are at zero temperature. This assumption will be relaxed
in Sec. V.

FIG. 5. Sample trajectory of (a) quadratures, (b) three-level pop-
ulations, and (c) cavity occupation. We observe a periodic behavior
similar to the classical analysis but noisy; see Fig. 3. The gray vertical
lines denote the times at which ticks occur. During one transition
through resonance (one peak in the cavity occupation), multiple ticks
may occur. Parameters are the same as in Fig. 2.

A. Waiting times

We characterize the clock by the waiting times between
subsequent ticks. A histogram of such waiting times, the
waiting-time distribution, is shown in Fig. 6(a). It consists
of three peaks, one close to zero, one close to half a period,
and one close to the period of the mechanical oscillator. The
peaks close to zero as well as the peak close to a full period
are undesired, since a perfect clock has the same waiting time
between all subsequent ticks and thus results in a waiting-time
distribution with a single, infinitely narrow peak. The peak
close to zero is a consequence of the occurrence of multiple
ticks during a single resonance; see Fig. 5. The small peak at
the mechanical period occurs when the emitter does not cycle
through the three states during a resonance, making the clock
skip a tick.

To characterize the performance of the clock, we introduce
two figures of merit, the accuracy and the resolution. The

FIG. 6. Histogram of ticks (a) before and (b) after filtering.
Before filtering, the histogram has a large peak at τ 
 0 because
multiple ticks can occur while the mechanics moves through a sin-
gle resonance. Filtering effectively removes the first peak in the
histogram, considerably improving the accuracy. Inset: Filtering pro-
cedure. The dashed vertical lines show the ticks before filtering, the
solid vertical lines show the ticks after filtering. The filtering results
in a tick whenever the blue line [Eq. (19)] crosses the red-dashed
line (I∗) from below. The parameters are the same as in Fig. 2, with
I∗ = 0.25 and the detector bandwidth γ = �m.
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accuracy is defined as the square of the average waiting time
divided by its variance [2,7]:

N = 〈τ 〉2

〈〈τ 2〉〉 . (17)

The accuracy may be interpreted as the average number of
ticks before the clock is off by one tick (on average). For the
histogram Fig. 6(a), the accuracy is very low with N 
 1.6.
For comparison, a Poisson process results in an exponential
waiting-time distribution with unit accuracy [7]. The rea-
son for this bad performance are the undesired peaks in the
waiting-time distribution.

Another important performance quantifier is the resolution
of the clock, given by the inverse of the mean waiting time,

ν = 1

〈τ 〉 , (18)

which characterizes the shortest time that can be resolved by
the clock. Generally, the resolution and the accuracy are not
independent and one may increase the accuracy of a clock by
reducing its resolution. For instance, counting each mth event
in a Poisson process as a tick results in an improvement of the
accuracy by a factor of m. However, the product N ν remains
invariant. This trade-off between accuracy and resolution is
captured by recently derived upper bounds on the products
N ν [12] and N ν2 [7].

B. Detecting ticks with finite bandwidth

To overcome the limitation in our clock presented by the
peak in the waiting-time distribution at short times, we con-
sider the ticks giving rise to a detector current

I (t ) =
∑

j

e−γ (t−t j )[�(t − t j ) − �(t − t j+1)], (19)

where t j denotes the time of the jth original ticks, γ � 0
is a decay rate, and � is the Heaviside theta function. The
current in Eq. (19) takes the form e−γ τ , where τ is the time
since the last tick. It thereby corresponds to a low-pass filter
of bandwidth γ [32], and thus provides a realistic response
of an experimental detection scheme for the ticks. From the
detector current, we may then define ticks by the times I (t )
crosses a threshold value I∗ from below. This is illustrated in
the inset of the right panel of Fig. 6. As shown in Fig. 6, this
results in a histogram that does not exhibit the peak at short
waiting times, since I (t ) has to relax below I∗ before the next
tick can be detected. Thus, Eq. (19) may also be interpreted as
modeling the dead time of a detector.

After this procedure, the accuracy of our quantum pendu-
lum clock increases by an order of magnitude to N 
 15.1.
We note that this increase in accuracy is not explained by
the above-mentioned accuracy vs resolution trade-off, as the
resolution merely decreases by less then a factor of two, from
ν = 1.59 �m/π to ν = 0.96 �m/π . The accuracy of our pen-
dulum clock is still much below Ref. [10], where accuracies of
the order of 104 were found for a clock based on an electrome-
chanical architecture. The reason for this is that we explicitly
model the detection of the ticks through photodetection. This
results in periods without a tick, resulting in the small peak
at τ 
 2π/�m. In contrast, in Ref. [10] the ticks are obtained

from the continuous trajectory of the mechanical oscillator,
which requires a classical description for the pendulum.

The limited accuracy illustrates that our quantum pendu-
lum clock is affected by both thermal and quantum noise.
This is very different from a classical, macroscopic pendulum
clock, which remains unaffected by thermal fluctuations for
a long time. In Sec. VI, we discuss how such a classical
behavior may be approached, by embedding many emitters
in a cavity.

C. Allan variance

As a further means of characterizing the clock, we consider
the Allan variance [33,34], which provides a measure of the
stability of the clock. To introduce the Allan variance, we
define the departure of the reading of our pendulum clock
from a perfect clock. Since our quantum pendulum clock
produces discrete ticks, it only provides a reading at discrete
times. We thus introduce

Xj = j〈τ 〉 − t j, (20)

where j〈τ 〉 denotes the reading of the clock, assuming that we
assign the average waiting time as the time increment of our
clock. Due to the stochastic nature of the clock, its reading
will generally deviate from the true time t j at which the jth
tick occurs. We further introduce

Yj (m) = Xj+m − Xj

m〈τ 〉 , (21)

which denotes the increase in Xj over m ticks, normalized by
the time an ideal clock takes for m ticks. The Allan variance
is then defined as

σ 2
A(m) = 1

2
〈[Yj+m(m) − Yj (m)]2〉

= 1

2m2〈τ 〉2
〈[t j+2m − 2t j+m + t j]

2〉. (22)

Note that after the initial transient dynamics, the Allan vari-
ance does not depend on j, since it does not matter when we
start observation. For large m, the Allan variance simplifies
since we can introduce two approximately identical and inde-
pendently distributed random variables τ̄ j and τ̄ j+m with

τ̄ j = (t j+m − t j )/m, (23)

which is the average of m subsequent waiting times. For suffi-
ciently large m, almost all waiting times in τ̄ j are uncorrelated
from almost all waiting times in τ̄ j+m. The Allan variance can
then be written as

σ 2
A(m) = 〈(τ̄ j+m − τ̄ j )2〉

2〈τ 〉2
= 〈〈τ̄ 2

j 〉〉
〈τ 〉2

= 1

mN , (24)

where we used that 〈τ̄ j〉 = 〈τ 〉 and for sufficiently large m,
〈〈τ̄ 2

j 〉〉 = 〈〈τ 2〉〉/m due to the central limit theorem. The Al-
lan variance, together with its long-time limit, is illustrated
in Fig. 7. The fact that the Allan variance agrees with its
long-time limit already at short times implies that correlations
between consecutive ticks are small. This is indeed the case,
as shown in Appendix C.

Evaluation of the Allan variance (22) requires an ensemble
average. Here we use an estimate for it based on a single

052427-7



BRUNELLI, MEHBOUDI, BRUNNER, AND POTTS PHYSICAL REVIEW A 113, 052427 (2026)

FIG. 7. Allan variance after filtering. The light blue curves are
obtained from 100 single trajectories, according to Eq. (25). The
thick blue line is their average. The red-dashed line is 1/Nm, the
long-time limit of the Allan variance. Note that for large m, the fixed
length of the trajectories result in less data points, explaining the
larger differences between individual trajectories. Here L = 2028.
The parameters are the same as in Fig. 6.

trajectory of L ticks, the so-called overlapping Allan variance
[34]

σ̃ 2
A(m) = 1

2m2〈τ 〉2(L − 2m)

L−2m∑
j=1

(t j+2m − 2t j+m + t j )
2,

(25)

which is similar to Eq. (22), except that the ensemble average
is replaced by averaging over the time series.

V. THERMODYNAMIC ANALYSIS

In this section, we examine the trade-off between precision
and dissipation for the pendulum clock. In our setup the first
law of thermodynamics (in steady state) reads

Jf + Jm + Jc + Jh = 0, (26)

where Jα denotes the heat that enters bath α. The second law
of thermodynamics is given by

�̇ = Jf

Tf
+ Jm

Tm
+ Jc

Tc
+ Jh

Th
� 0, (27)

where �̇ denotes the entropy production. In the following, we
assume that all temperatures except for the hot one are equal,
Tm = Tf = Tc. In this case we can use the first law to eliminate
all heat flows except the one into the hot bath from the second
law, resulting in

�̇ = Jh

(
1

Th
− 1

Tc

)
� 0. (28)

Since master equations provide an approximation to the
underlying microscopic dynamics of system and environment,
it is not always straightforward to compute heat currents in
a way that respects the laws of thermodynamics; see, for
instance, Refs. [35–37]. For our model, we can exploit the
separation of energy scales mentioned in the last point in
Sec. III B [see also Eq. (D1)] to obtain a good approximation
for the entropy production. Since ω13 
 f , the heat carried by
photons exchanged with the hot bath is approximately equal
to ω13 and we can write

Jh = −Tr{Ĥ0Lh�̂tot} = γhω13[(n̄h + 1)〈p̂3〉 − n̄h〈p̂1〉]. (29)

For a more detailed justification of the first and second laws
of thermodynamics in our master equation; see Appendix D.

To obtain a finite entropy production, we allow for a
finite cold temperature Tc. As we increase the cold tempera-
ture (keeping Tm = Tf = Tc), the entropy production reduces.
However, the clock also deteriorates because now it is possible
to absorb a photon from the cold bath, resulting in a transition
from state |2〉 to state |3〉. Unfiltered ticks are still defined
by the photons emitted to the cold bath. This implies that the
clock may now tick even out of resonance, purely by exchang-
ing photons with the cold bath resulting in transitions |2〉 →
|3〉 → |2〉. This is illustrated in Fig. 8. As the cold temperature
increases, the desired peak in the waiting-time distribution at
half the mechanical period broadens and shrinks.

We now turn to the thermodynamic uncertainty relation,
which for clocks takes on the form [10,13]

N � 1
2 〈τ 〉�̇. (30)

While this inequality bounds the accuracy of classical Marko-
vian clocks, it can be overcome in our pendulum clock as
illustrated in Fig. 9. As the cold temperature is decreased, we
find that both the entropy production as well as the accuracy
increase. The accuracy increases faster, resulting in a violation
of the TUR, before it plateaus. Once the cold temperature
becomes sufficiently small to suppress unwanted transitions, a
further decrease only increases dissipation but does not benefit
the accuracy. Our clock does therefore not allow to keep
increasing the accuracy by increasing the dissipation. This is
a consequence of the small dimensionality of the emitter that
acts as the escapement of our clock.

We note that only the filtered ticks result in a violation
of the TUR. Here we consider the filtering as a (time-
independent) postprocessing of the accessible current I (t ),
similar in spirit to only counting every mth tick in a Poissonian
clock. Investigating the entropy production required for such
data processing is an interesting avenue left for future work.

VI. MULTIPLE EMITTERS AND THE CLASSICAL LIMIT

In order to achieve a limit where our quantum mechanical
pendulum clock becomes noiseless and effectively behaves
like a classical clock, we consider multiple emitters instead
of just one being embedded in the cavity [see Fig. 1(c)]. By
increasing the number of emitters from one to many, we can
investigate the quantum-to-classical transition. To this end, we
consider the stochastic master equation in Eq. (16) with the
modified Hamiltonian

Ĥ (〈x̂m〉) =
M∑

j=1

3∑
k=1

εk p̂ j
k + f

M∑
j=1

(
â†σ̂

j
12 + âσ̂

j
21

)

+ �f â
†â −

√
2gâ†â〈x̂m〉, (31)

the dissipators

Lh = γh(n̄h + 1)
M∑

j=1

D
[
σ̂

j
13

] + γhn̄h

M∑
j=1

D
[
σ̂

j
31

]
,

Lc = γc(n̄c + 1)
M∑

j=1

D
[
σ̂

j
23

] + γcn̄c

M∑
j=1

D
[
σ̂

j
32

]
, (32)
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FIG. 8. Waiting time distributions for unfiltered (blue) and filtered (brown) ticks. From (a) to (d), the cold temperature increases. As the
temperature rises, spurious ticks contribute to a background in the distributions, eventually spoiling the periodic behavior of the clock. Aside
from n̄c and Tm = Tf = Tc, the rest of the parameters are the same as in Fig. 6.

and the jump operator

J �̂ = γc(n̄c + 1)
M∑

j=1

σ̂
j

23�̂σ̂
j

32. (33)

Here j labels the emitters and there is a total of M emitters
in the cavity. The projector p̂ j

k projects on the kth energy
eigenstate of the jth emitter, and σ̂

j
kl denotes the transition

operator for l → k of emitter j. For simplicity, we consider
all the emitters to be identical and coupled to the cavity and to
the thermal baths with equal coupling strength. According to
Eq. (33), we consider each photon emitted to the cold bath as
a tick. Since all the emitters are identical, we may characterize
them by the operators

q̂k = 1

M

M∑
j=1

p̂ j
k, σ̂ = 1

M

M∑
j=1

σ̂
j

12, (34)

and we note that 〈p̂ j
k〉 = 〈q̂k〉 as well as 〈σ̂ j

12〉 = 〈σ̂ 〉 for all j.
Due to the multiple emitters in the cavity, more photons

will be emitted per resonance. Indeed, the probability for a
tick to happen scales linearly with M:

p = dtTr{J �(t )} = dtγc(n̄c + 1)M〈q̂3〉. (35)

This results in larger limit cycles, which makes to clock more
stable as shown below. Since many photons can be emitted

FIG. 9. Thermodynamic uncertainty relation (TUR). (a) Filtered
accuracy (blue crosses), and entropy production per tick (red circles)
as a function of the cold temperature. As expected, a better clock
dissipates more strongly. The increase of the entropy production per
tick at high n̄c is due to the increase of the average waiting time 〈τ 〉;
see also Fig. 8. (b) The TUR ratio (using the filtered data), where the
shaded area represents violations of the classical TUR. At sufficiently
low temperatures the data shows a violation of the bound. Parameters
are the same as in Fig. 8.

into the cold bath during each mechanical period, filtering is
even more important for M > 1. To this end, we consider the
current

I (t ) =
∑

j

e−γ (t−t j )[�(t − t j ) − �(t − t j+M )], (36)

which recovers Eq. (19) for M = 1. As above, a tick is defined
when I (t ) crosses a threshold value I∗ from below. To com-
pute the entropy production, Eq. (27) may still be employed.
However, the heat current now reads

Jh = −tr{Ĥ0Lh�̂tot} = Mγhω13[(n̄h + 1)〈q̂3〉 − n̄h〈q̂1〉].
(37)

A. Two emitters

We start by considering two emitters. As illustrated in
Fig. 10, the limit cycle of the mechanics indeed becomes
larger. Furthermore, as there are typically two photons emit-
ted per resonance, the filtered current in Eq. (36) develops
larger peaks compared to M = 1, which results in a narrower

FIG. 10. Top: M = 1 with the following performance met-
rics. Unfiltered: ν = 1.59�m/π , N = 1.6. Filtered: ν = 0.96�m/π ,
N = 15.1. Entropy production: �̇〈τ 〉 = 39.1. Bottom: M = 2 with
the following performance metrics. Unfiltered: ν = 2.58�m/π ,
N = 0.7. Filtered: ν = 0.99�m/π , N = 35.6. Entropy production:
�̇〈τ 〉 = 58.6. Here n̄c = 10−5, Tm = Tf = Tc, γ = �m, and the filter
threshold I∗ = M/(M + 3). The rest of the parameters are the same
as in Fig. 2.
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distribution of the filtered ticks. At the same time, events
where no tick is recorded during a resonance are suppressed
compared to M = 1. As a result, the accuracy increases by
about a factor about two from N ≈ 15.1 (M = 1) to N ≈
35.6 (M = 2). The entropy production per tick increases from
�̇〈τ 〉 ≈ 39.1 (M = 1) to �̇〈τ 〉 ≈ 58.6 (M = 2). Here we con-
sider a cold temperature such that n̄c = 10−5. In this case, a
single emitter does not result in TUR violations while two
emitters do, with 2N /(�̇〈τ 〉) ≈ 1.2.

B. Many emitters

As M increases further, the Hilbert space dimensions re-
quired to simulate the clock become prohibitively large. For
this reason, we employ an additional mean-field approxima-
tion on the emitters. To this end, we derive equations of
motion for the relevant expectation values from the master

Eq. (16) with the modified Hamiltonian, dissipators, and jump
operator given in Eqs. (31)–(33). We may then obtain a set of
closed, nonlinear, stochastic differential equations by employ-
ing the factorization

〈
â†â p̂ j

k

〉 → 〈â†â〉〈 p̂ j
k

〉
,

〈
p̂i

l p̂ j
k

〉 → 〈
p̂i

l

〉〈
p̂ j

k

〉
,〈

p̂i
l σ̂

j
rs

〉 → 〈
p̂ j

l

〉〈
σ̂ j

rs

〉
,

〈
σ̂ i

lk σ̂
j

rs

〉 → 〈
σ̂ i

lk

〉〈
σ̂ j

rs

〉
, (38)

for i �= j. In this approximation, only the average values, the
mean field, of each emitter affects the cavity. We expect this
approximation to become more precise as M increases. A
similar approach, based on factorizing conditional averages,
was recently introduced in Ref. [38] and employed in [39,40]
for continuous measurements of optical quadratures. We find
the set of coupled equations

d〈â†â〉 = 2 f MdtIm〈â†σ̂ 〉 + κdt (n̄f − 〈â†â〉), (39a)

d〈â†σ̂ 〉 = dt

[
i� − 1

2
(κ + γhn̄h + γcn̄c)

]
〈â†σ̂ 〉 − i

√
2gdt〈â†σ̂ 〉〈x̂m〉 + i f dt[〈q̂2〉 + 〈â†â〉(〈q̂2〉 − 〈q̂1〉)] (39b)

−
[

dN

M
− dt〈q̂3〉γc(n̄c + 1)

]
〈â†σ̂ 〉, (39c)

d〈q̂1〉 = 2 f dtIm〈â†σ̂ 〉 + γhdt (n̄h + 1)〈q̂3〉 − γhdt n̄h〈q̂1〉 − 〈q̂1〉
[

dN

M
− dt〈q̂3〉γc(n̄c + 1)

]
, (39d)

d〈q̂2〉 = −2 f dtIm〈â†σ̂ 〉 + γcdt (n̄c + 1)〈q̂3〉 − γcdt n̄c〈q̂2〉 + (1 − 〈q̂2〉)

[
dN

M
− dt〈q̂3〉γc(n̄c + 1)

]
. (39e)

We note that these averages denote conditional averages, con-
ditioned on all previous ticks of the clock. The mechanical
quadratures are still described by Eqs. (10) and (11), which
need to be solved together with Eqs. (39a)–(39e). Compared
to a single emitter, M = 1, multiple emitters change the dy-
namics in two ways. First, the number of photons emitted into
the cavity increases by M. This can be seen in the first term of
the right-hand side of Eq. (39a). Second, the stochastic terms
are now proportional to dN/M. Whenever a jump happens,
this term is thus suppressed by M. At the same time, more
jumps happen as mentioned above. As we show in Appendix
E, these two effects combined result in a scaling of the noise
terms as 1/

√
M, such that we indeed find a noiseless clock

for large M. Importantly, even the observation of the ticks is
possible without noise in this limit.

The time evolution of our quantum pendulum clock with
multiple emitters is illustrated in Fig. 11. As M increases, the
amplitude of the mechanical oscillator increases and the rela-
tive fluctuations around the limit cycle (obtained by dropping
the noise terms) decrease. The histograms of the filtered ticks
shown in Fig. 11 further confirm that the clock approaches
an ideal behavior as the waiting-time distribution approaches
a single, infinitely narrow peak at the mean waiting time.
From the current I (t ), we can see that the clock tends towards
emitting short bursts of multiple photons twice during the
mechanical period. As discussed in Appendix E, these bursts

become deterministic in the large M limit and the pendu-
lum clock is no longer affected by thermal (and quantum)
noise.

As expected, the increased accuracy that is obtained by
increasing M comes at the cost of an increased entropy
production; see Fig. 12. From Eq. (37), we anticipate a linear
scaling �̇ ∝ M. As discussed in Appendix E, the accuracy
is also anticipated to scale linearly in the number of emitters
N ∝ M. We thus expect the TUR violations to persist in the
limit of large M, where the clock behaves like a macroscopic,
classical pendulum clock. For a number of emitters up to
M = 6 this is indeed what we observe; see Fig. 12. For larger
values of M, the simulation of Eqs. (39a)–(39e) becomes
too costly and other theoretical approaches are required. Our
findings are in contrast to Ref. [9], where TUR violations were
only found in the nanoscopic, not in the macroscopic regime.

We note that while the additional mean-field approxima-
tion has a small effect on the entropy production, results
in considerably higher accuracies for M = 1 and M = 2;
see Fig. 12. This is likely related to the small peak in the
histograms at τ = 2π/�m; see Fig. 10. While it limits the
accuracy in Sec. VI B, it is almost completely absent in
the additional mean-field approximation as can be seen in
Fig. 11. As M increases, we expect this peak to vanish, as
it becomes increasingly unlikely that no tick occurs during a
resonance.
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FIG. 11. Quantum pendulum clock with multiple emitters M ∈ {1, 2, 4, 6}, from left to right, respectively. As M increases, the pendulum
clock approaches an ideal behavior. (a) Phase-space densities of the mechanical quadratures (obtained as in Fig. 4). As M increases, relative
fluctuations around the mean decrease. (b) Current with unfiltered (filtered) ticks illustrated by dashed (solid) lines. The filter threshold is set
to I∗ = M/(M + 3). (c) Unfiltered (blue) and filtered (brown) tick histograms. As M increases, the filtered waiting time is narrowly distributed
around the average. Parameters are the same as in Fig. 10. The discrepancy between the plots for M = 1, 2 and Fig. 10 is due to the additional
mean-field approximation.

VII. CONCLUSIONS AND OUTLOOK

We introduced an optomechanical system as a model for
an autonomous mechanical pendulum clock driven solely
by thermal resources. Our work introduces an avenue to
investigate the fundamental limitations of time keeping by
demonstrating that pendulum clocks can be operated in the
quantum regime, driven by the radiation pressure of sin-
gle photons that are emitted one-by-one into a cavity. This
pendulum clock violates the TUR and is thus more accu-
rate for a given entropy production than any clock described
by classical rate equations or overdamped Langevin equa-
tions. By including multiple emitters within the optical cavity,
we demonstrated the system’s evolution towards determin-

istic, noiseless clock behavior expected from macroscopic
classical pendulum clocks. In contrast to previous findings [9],
the TUR violations do not decrease as we go towards this
regime, across the quantum-to-classical transition. We note
that, despite the experimental accessibility of optomechanical
systems, achieving the specific parameters required for ideal
clock operation currently poses a significant challenge, mainly
due to the large single-photon optomechanical coupling that is
required.

An intriguing direction for future research lies in the explo-
ration of correlations between the emitters. For instance, the
phenomenon of superradiance [41,42] could result in a scaling
of the accuracy in M that is more favorable, resulting in

FIG. 12. Accuracy vs dissipation trade-off for the quantum pendulum clock with multiple emitters. (a) The clock’s accuracy and entropy
production rate for different values of M. (b) The corresponding TUR violations. The clock maintains TUR violations for multiple emitters.
As discussed in the main text, these TUR violations are expected to take on a constant value in the limit of infinite emitters, M → ∞. Dots are
obtained from Eqs. (39a)–(39e), stars are obtained without the additional mean-field approximation. Parameters are the same as in Fig. 10.
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larger TUR violations as the number of emitters is increased,
similar to the findings in Ref. [13]. To this end, our theoretical
model could be extended to allow for correlations between
the emitters. Another avenue left for future work is to follow
Ref. [14] and investigate the entropy production associated to
turning the microscopic ticks into a macroscopic signal used
for filtering.
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APPENDIX A: ANALYTICAL STEADY-STATE
EXPRESSION IN THE LIMIT OF A RIGID CAVITY

In this appendix, we provide additional information on the
steady state of the optomechanical pendulum clock (3) in
the absence of optomechanical coupling g = 0. In this limit
the mechanical degrees of freedom decouple and the emitter-
cavity system settles into a stationary steady state, which
describes a three-level laser. For simplicity, we set n̄f = 0
in what follows. First of all, we notice that in the absence
of emitter-light coupling, i.e., for f = 0, the emitter and the
cavity factorize, the cavity decays to the vacuum while the
emitter to a steady state given by

〈p̂1〉ss = n̄c(1 + n̄h)

n̄c + n̄h + 3n̄hn̄c
, 〈p̂2〉ss = n̄h(1 + n̄c)

n̄c + n̄h + 3n̄hn̄c
,

〈p̂3〉ss = n̄hn̄c

n̄c + n̄h + 3n̄hn̄c
. (A1)

From these expression, the population inversion 〈σ̂z〉ss =
〈p̂2〉ss − 〈p̂1〉ss is easily computed and reads

〈σ̂z〉ss = n̄h − n̄c

n̄c + n̄h + 3n̄hn̄c
, (A2)

from which is clear that population inversion is achieved as
long as n̄h > n̄c.

In the presence of emitter-light coupling f �= 0 (but still
g = 0), it is still possible to obtain an analytic solution for the
steady state of Eq. (3), provided that we factorize the third-
order cumulant 〈â†â( p̂2 − p̂1)〉 → 〈â†â〉(〈p̂2〉 − 〈p̂1〉). While
explicit expressions are quite unwieldy, we can find insightful
relations between stationary quantities, such as

〈σ̂z〉ss = n̄h − n̄c

n̄c + n̄h + 3n̄hn̄c

− κ (γh(2 + 3n̄h ) + γc(2 + 3n̄c))

γhγc(n̄c + n̄h + 3n̄hn̄c)
〈â†â〉ss. (A3)

The first term on the righthand side is the same as (A2), to
which gets subtracted a non-negative term, i.e., the population
inversion gets lowered in the presence of light-matter cou-
pling, as it sustains lasing. We also find that the light-matter
correlations are proportional to the number of photons

〈â†â〉ss = 2 f

κ
Im〈â†σ12〉ss (A4)

and

Re〈â†σ12〉ss = − 2�

κ + γhn̄h + γcn̄c
Im〈â†σ12〉ss. (A5)

Large values of the mean photon number can be reached even
when population inversion has not yet occurred, in which case
one speaks of lasing without inversion. An important working
point to characterize is the inversion point. We can enforce
〈σz〉ss = 0 and obtain an expression for the threshold value
of coupling, i.e., to the strength needed to achieve population
inversion. For � = 0 and n̄h > n̄c, we obtain

fth = 1

2

√
(n̄h − n̄c)γhγc(κ + γhn̄h + γcn̄c)

γc(n̄c + 1) + γh(n̄h + 1)
. (A6)

APPENDIX B: BENCHMARKING THE APPROXIMATE
STOCHASTIC MASTER EQUATION

Here we benchmark Eq. (16) against an unraveled version
of Eq. (3) for parameters that result in smaller mechanical
amplitudes, where simulations are feasible. To this end we
unravel Eq. (3), resulting in

d ρ̂tot = Ltotρ̂totdt + (dN − dtTr{J ρ̂tot})

×
( J ρ̂tot

Tr{J ρ̂tot} − ρ̂tot

)
, (B1)

where J is defined in Eq. (12) and we introduced Ltot by
rewriting Eq. (3) as

d

dt
�tot (t ) = Ltot�tot (t ). (B2)

To compare Eqs. (B1) with Eq. (16), we first solved Eq. (B1)
for a single realization of dN (t ) (a single trajectory) by draw-
ing a random number between 0 and 1 in each time step and
setting dN = 1 if this number is below p = dtTr{J �tot}. We
then used this particular realization of dN (t ) to solve Eq. (12),
together with Eqs. (10) and (11) that describe the mechanical
resonator. This ensures that we can compare solutions where
the ticks happen at the exact same times. As illustrated in
Fig. 13, the approximate equations used in the main text
describe the pendulum clock very well, in particular the cavity
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FIG. 13. Comparing approximations to the quantum pendulum clock. Solid lines are obtained from simulating a trajectory of Eq. (B1).
Dashed lines are obtained from Eq. (16), together with Eqs. (10) and (11). Dotted lines are obtained from Eqs. (39a)–(39e) for M = 1, together
with Eqs. (10) and (11). (a) Mechanical quadratures. Correlations between the mechanical oscillator and the emitter influence the mechanical
motion slightly. (b) Atom populations. The populations are well approximated by assuming the mechanical resonator to factorize. Assuming
the emitter and the cavity to factorize results in the correct qualitative behavior. (c) Cavity occupation. The average number of photons in the
cavity is well approximated by assuming the mechanical resonator to factorize but correlations between the cavity and the emitter have a strong
impact. Parameters: ω13 = 240γh, ω23 = �f = 120γh (� = 0), �m = γh, γc = 50γh, γm = 0.01γh, κ = 3.4γh, f = 2.4γh, g = 2.6γh, n̄h = 10,
(a–c) n̄c = n̄f = n̄m = 0, (d–f) n̄c = 5 × 10−4 and Tc = Tf = Tm.

occupation and the emitter populations, which govern the
behavior of the ticks. In Fig. 13 we also include the solution
of Eqs. (39a)–(39e) for M = 1, together with Eqs. (10) and
(11). They show that for a single emitter (M = 1), correlations
between the emitter and the cavity can become relevant, in
particular in computing the cavity occupation.

These results indicate that assuming the mechanical res-
onator to factorize from the other constituents is indeed a good
approximation, even for finite cold temperatures. For larger
mechanical amplitudes, as they are present for the parameters
used in the main text, we expect this approximation to become
even better as the fluctuations in the mechanical resonator
become smaller compared to the amplitude.

APPENDIX C: CORRELATIONS BETWEEN TICKS

The performance of a clock is generally affected by
correlations between consecutive ticks. To investigate these
correlations, we consider the covariance between a tick and
the kth tick thereafter,

cov(τ j, τ j+k ) = 〈τ jτ j+k〉 − 〈τ 〉2, (C1)

where τ j = t j+1 − t j denotes the jth waiting time in a time-
series of ticks occuring at t j . These covariances are plotted
in Fig. 14. Both for the filtered and the unfiltered ticks, we
find that the correlations between subsequent waiting times
are small. For the unfiltered ticks, we find a minimum in
Eq. (C1) for k = 1, i.e., waiting times following each other.

We attribute this to the bimodal nature of the unfiltered
waiting-time distribution. With multiple ticks occuring in a
single resonance, a long waiting time (between resonances) is
more likely followed by a short waiting time (within the same
resonance). For the filtered ticks, subsequent waiting times are
weakly anticorrelated. This may be a consequence of to the
asymmetry in the limit cycle, which results in two different
waiting times during one mechanical period, see Figs. 3 and
5. Our findings are in contrast to recent findings [10], where
correlations between consecutive ticks have been found to de-
cay slowly with the distance between the waiting times. This
is likely due to the stochastic nature of the photo-emission
process which we use to model the ticks.

APPENDIX D: COMPUTING HEAT AND ENTROPY
PRODUCTION

Due to the approximative nature of our master equation, we
can only compute approximations of heat currents. While it is
possible to ensure that a Markovian master equation ensures
the laws of thermodynamics [37], this is not the case for our
master equation here. Nevertheless, the approximations taken
are well justified and we do not observe any violations of
the laws of thermodynamics for the parameter ranges that we
consider.

To shed further insight into the dissipation of our quantum
pendulum clock, we note that we have a separation of energy
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FIG. 14. Covariance between a tick and the kth tick thereafter. (a) Unfiltered data; (b) filtered data. In both cases correlations between
subsequent waiting times are small. The parameters are the same as in Fig. 6.

scales (see Sec. III B)

ω13, ω23, ω12, �f 
 �m, κ, γα, f , g. (D1)

Per tick, the heat exchanged with the hot (cold) bath is of the
order of ω13 (ω23). Similarly, the heat exchanged with the bath
of the cavity is of the order of �f . Since the phonon number
exchanged with the mechanical oscillator is of the order of
one per tick, the heat exchanged with the mechanical bath is
of the order of �m and thus negligible compared to the other
contributions to the heat current. This is illustrated in Fig. 15.
For our pendulum clock, the vast majority of dissipation is
therefore responsible for producing the ticks, not for maintain-
ing the periodic motion of the pendulum. This is in contrast
to macroscopic pendulum clocks, where the force of friction
plays a much bigger role than in nanoscale optomechanical
devices.

Indeed, our formalism does not allow for computing the
heat dissipated by the mechanical oscillator. The reason is that
the energy exchanged in the optomechanical coupling changes
the frequency of the photons [27]. Within the Markovian
master equation, we cannot keep track of the frequency at
which the photons leave the resonator and we therefore do
not have access to the energy that the photons lose to the me-
chanics. Interesting avenues for a more detailed investigation
into the dissipation of our pendulum clock are provided by
Refs. [37,44].

Within the approximation that the dissipation of the me-
chanics is negligible, we can formally prove the laws of
thermodynamics. To this end, we compute the inner energy
using the free Hamiltonian in Eq. (1),

∂t 〈Ĥ0〉 = −i〈[Ĥ0, Ĥ ]〉 + Jf + Jh + Jc + Jm, (D2)

where the heat currents are given by

Jα = −Tr{Ĥ0Lα�̂tot}, (D3)

FIG. 15. The heat currents from the hot bath, and from the me-
chanical bath shows that one can ignore the latter in comparison.
Parameters are the same as in Fig. 2.

in agreement with Eq. (29). We note that for � = 0, we find
[Ĥ0, Ĥ ] = �m[b̂†b̂, Ĥ ] and thus

�m∂t 〈b̂†b̂〉 = −i〈[Ĥ0, Ĥ ]〉 + Jm. (D4)

In the steady state, we thus find

Jf + Jh + Jc = 0, (D5)

which is the same as the first law stated in the main text,
Eq. (26), upon neglecting Jm. By using Eq. (D4) and setting
∂t 〈b̂†b̂〉 = 0, one can straightforwardly calculate the heat cur-
rent to the mechanical bath as

Jm = −
√

2g〈â†â p̂m〉 ≈ −
√

2g〈â†â〉〈p̂m〉, (D6)

which as depicted in Fig. 15, is negligible compared to the
heat exchanged with the hot bath.

The second law of thermodynamics can be derived by
casting the heat currents into the form

Jα

Tα

= kBTr{(Lα�̂) ln �̂α}, (D7)

where the state

�̂α = e−βαĤ0

Tr{e−βαĤ0} , (D8)

with βα = 1/kBTα , is a fixed point of the corresponding dissi-
pator, Lα�α = 0. By further writing the derivative of the von
Neumann entropy as

∂t SvN[�̂tot] = −∂t Tr{�̂tot ln �̂tot}
= −

∑
α=f,h,c,m

Tr{(Lα�̂tot ) ln �̂tot}, (D9)

we can cast the entropy production into

�̇ = kB∂t SvN[�̂tot] +
∑

α=f,h,c,m

Jα

Tα

= −
∑

α=f,h,c,m

Tr{(Lα�̂)(ln �̂tot − ln �̂α} � 0, (D10)

where the last inequality is Spohn’s inequality [45,46]. In
the steady state, this directly reduces to the second law of
thermodynamics stated in the main text, Eq. (27).
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APPENDIX E: THE QUANTUM PENDULUM CLOCK
WITH MANY EMITTERS

Here we consider the quantum pendulum clock with many
emitters, and we show that in the limit M → ∞, the clock
as well as the readout of its ticks becomes noiseless. To this
end, we consider Eqs. (39a)–(39e). We first note that one may
be tempted to rescale f → f /M, in order to remove the M
dependence in Eq. (39a). This would however suppress the
buildup of coherence between the emitters and the photons,
see Eq. (39b), and the clock would no longer work. Physically,
reducing f suppresses spontaneous emission into the cavity.
Since the cavity empties during each cycle of the clock, spon-
taneous emission is crucial for filling the cavity with photons
each time the mechanical oscillator is in resonance with the
cavity.

To investigate the large M regime, we assume that there
exists a time interval dτ during which many jumps occur,
but the averages involving the emitters stay approximately
constant. This is justified since the emitter operators q̂ j and
σ̂ are averages over all emitters [see Eq. (34)] and thus only
slightly affected by a single jump. To make progress, we
follow Appendix B of Ref. [31]. Within the time interval dτ ,
the jumps are uncorrelated, since the probability conditioned
on all previous jumps given in Eq. (35) does not change.
Therefore, the time integral of dN is well described by a
binomial distribution,

P

(∫ t+dτ

t
dN (t ′)

)
= B[dτ/dt, 〈q̂3〉γc(n̄c + 1)dt], (E1)

where B[n, p] is the binomial distribution with n attempts and
probability p. For large n, the binomial distribution is well
approximated by a Gaussian with average np and variance
np(1 − p). With this, one may show that the quantity

dW = 1√
M〈q̂3〉γc(n̄c + 1)

∫ t+dτ

t
dN (t )

− dτ
√

M〈q̂3〉γc(n̄c + 1) (E2)

is a Wiener increment, i.e., a Gaussian random variable with
zero mean and variance of dτ . With the help of this Wiener
increment, we can integrate the equations of motion (only of
the averages involving the emitter) and we find

d〈â†σ̂ 〉 = dτ

[
i� − 1

2
(κ + γhn̄h + γcn̄c)

]
〈â†σ̂ 〉

− i
√

2gdτ 〈â†σ̂ 〉〈x̂m〉
+ i f dτ [〈q̂2〉 + 〈â†â〉(〈q̂2〉 − 〈q̂1〉)]

− 〈â†σ̂ 〉
√

〈q̂3〉γc(n̄c + 1)

M
dW, (E3)

d〈q̂1〉 = 2 f dτ Im〈â†σ̂ 〉 + γhdτ (n̄h + 1)〈q̂3〉 − γhdτ n̄h〈q̂1〉

− 〈q̂1〉
√

〈q̂3〉γc(n̄c + 1)

M
dW, (E4)

d〈q̂2〉 = −2 f dτ Im〈â†σ̂ 〉 + γcdτ (n̄c + 1)〈q̂3〉 − γcdτ n̄c〈q̂2〉

+ (1 − 〈q̂2〉)

√
〈q̂3〉γc(n̄c + 1)

M
dW, (E5)

where we introduced the averaged photon number

〈â†â〉 = 1

dτ

∫ t+dτ

t
dt ′〈â†â〉. (E6)

Note that the photon number, as well as the mechanical
resonator, are still determined by the stochastic differential
equations given in Eqs. (39a), (10), and (11), with time in-
crement dt . These averages may vary considerably over the
timescale dτ , since each jump results in an additional photon
in the cavity (in the limit n̄c = 0), and the limit cycle of the
mechanics grows with M as a consequence.

According to Eqs. (E3), (E4), and (E5), the noise becomes
less and less relevant as M increases and we obtain determin-
istic averages in the limit M → ∞. While the mean photon
number and the averages of the mechanical oscillator may
vary during the timescale dτ , they also become deterministic
for M → ∞ since they are only affected by the noise indi-
rectly, through the emitter. We may also introduce a diffusive
current

Idiff (t )dτ = 1

M

∫ t+dτ

t
dN (t ′)

= 〈q̂3〉γc(n̄c + 1)dτ +
√

〈q̂3〉γc(n̄c + 1)

M
dW, (E7)

which may be computed from the observation of the unfiltered
ticks. In the large M limit, this measurable current directly
provides the average occupation 〈q̂3〉, from which perfect tick
statistics may be obtained since 〈q̂3〉 becomes deterministic in
the large M regime.

From Eq. (E7), we may anticipate the scaling of the ac-
curacy in the limit of large M. To this end we expect the
accuracy of any clock constructed from the diffusive current
to be limited by its noise

N ∝ 〈Idiff〉
〈〈I2

diff〉〉
, (E8)

with

〈〈
I2
diff

〉〉 = lim
T →∞

1

T

∫ T

0
dt

∫ ∞

−∞
ds{E [Idiff (t + s)Idiff (t )]

− E [Idiff (t + s)]E [Idiff (t )]}, (E9)

where the expectation value E [•] denotes the average over all
trajectories. To motivate Eq. (E8), we note that for a renewal
process, N = 〈τ 〉2/〈〈τ 2〉〉 = 〈I〉/〈〈I2〉〉 [31]. We now assume
that the stochasticity in Idiff is dominated by the last term in
Eq. (E7), i.e., we treat 〈q̂3〉 as a deterministic quantity obeying
E [〈q̂3〉X ] = 〈q̂3〉E [X ] for any quantity X . We then find

〈〈
I2
diff

〉〉 = 〈q̂3〉γc(n̄c + 1)

M
⇒ N ∝ M. (E10)
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