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Ultrafast science studies the dynamics of electrons in matter with extreme temporal precision, typically in the
attosecond and femtosecond time domain. Recent experimental and theoretical progress has put metal-insulator-
metal (MIM) tunneling nanojunctions in the spotlight of ultrafast science. Waveform-controlled laser fields can
induce ultrafast currents in these junctions, opening the door to petahertz electronic operation and attosecond-
scale scanning tunneling microscopy. Inspired by our strong-field model for attosecond tunneling microscopy [B.
Ma and M. Kriiger, Phys. Rev. Lett. 133, 236901 (2024)], here we generalize our model to MIM nanojunctions.
We introduce several refinements and corrections, accounting for the image potential inside the gap and boundary
effects. Moreover, we also find that the Keldysh parameter, which is a hallmark parameter for ultrafast light-
matter interactions, alone is insufficient for describing the physics in thin MIM nanojunctions. We introduce a
new parameter ¢ that accounts for the effects of the limited size of the junction and provide several interpretations
of the parameter that shed new light on the complex physics in the light-driven junction. Most strikingly, we
find that for ¢ > 1 photon-assisted tunneling is dominating the ultrafast electron transport across the junction,
regardless of the value of the Keldysh parameter. Here one or more photons are absorbed and the electron
undergoes static tunneling through the barrier. { < 1 is required for a regime in which the laser field and the
Keldysh parameter dominate the transport. We also discuss the three-step model of electron transport across
the nanojunction in the adiabatic regime, the energy cutoff of the transported electrons, and the carrier-envelope
phase control of the net current. Our theory model provides a rich toolbox for understanding and predicting the

physics of ultrafast MIM nanojunctions.

DOI: 10.1103/h2zg-712n

I. INTRODUCTION

In recent years, attosecond science has seen tremendous
development and has been applied in fields beyond its initial
realm of atomic and optical physics [1,2], such as molecular
physics [3-5] and condensed-matter phyiscs [6-8]. High-
order-harmonic generation (HHG) in gases and solid-state
systems and photoelectron emission are the foundational ef-
fects in attosecond science [9-11]. The unique properties of
attosecond timescales make them essential for studying elec-
tron dynamics in atomic-scale matter. Such studies require
ultrafast observation that does not disrupt the coherent evolu-
tion of the electrons in matter, alongside atomic resolution on
angstrom scales [12]. Recently, the attosecond timescale has
been introduced in electron microscopy approaches, such as
transmission electron microscopy [13,14]. The electron natu-
rally possesses a short de Broglie wavelength, enabling a high
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spatial resolution in microscopy. By embedding attosecond
timescales into electron pulses, it is possible to achieve high
spatial-temporal resolution at the same time.

However, electron wave packets stretch in time as they
propagate due to the dispersion relation [15]. To address this
issue, a straightforward approach is to bring the detector (or
sample) closer to the electron source. The most extreme case
is a metal-insulator-metal (MIM) nanojunction, consisting of
two metal contacts separated by a nanojunction filled with
an insulating material, for example, a vacuum. In history,
Giaever and Megerle first designed this structure to verify
the BCS theory of superconductivity [16]. The paradigm of
MIM nanojunctions was used in the inception of scanning
tunneling microscopy (STM) [17,18]. As an important MIM
application, STM plays a crucial role in physics, chemistry,
material science, and biology [18-20]. Due to the extremely
thin junction, electron transfer between the two metal elec-
trodes occurs via the tunneling effect. When a femtosecond
laser field drives an MIM junction, it generates an ultrafast
current that is well confined in both space and time [21-24].

Another paradigm in light-matter interactions involving
MIM junctions is the strongly enhanced near field caused
by plasmonic effects in nanostructures which significantly
amplify light-matter interactions [25-27]. This pronounced
enhancement of the local field can exceed the amplitude of
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the incident laser by orders of magnitude. Moreover, the near
field is spatially confined at sharp nanometric protrusions and
junctions, resulting in photoemission with a high degree of
spatial coherence [28,29]. These two properties of the laser-
assisted MIM nanojunction lead to several key consequences:
they lower the threshold for the laser intensity, localize the
electron burst, steer the electron motion, and create high-
energy electrons [27]. Furthermore, an intense few-cycle laser
pulse can easily break the symmetry of the nanojunction while
also introducing coherent control through the carrier-envelope
phase (CEP) [21]. In the most extreme case, single-cycle ter-
ahertz pulses have been shown to achieve extreme symmetry
breaking. For instance, Cocker et al. coupled an STM junction
with a single-cycle terahertz beam, achieving manipulation of
the tunneling current [30] and enabling direct observations of
molecular vibrations with picosecond resolution [31]. Jelic
et al. and Yoshioka et al. controlled the tunneling current
in terahertz STM by switching the polarization and CEP,
respectively [32,33]. Garg and Kern were the first to observe
attosecond currents in STM using a near-infrared laser [24],
with application to molecular charge state oscillations [34].
Besides ultrafast STM, a wealth of research on other elec-
tronic devices has emerged. Zhu et al. studied quantum effects
on plasmonic resonances in two separated metallic parti-
cles [35]. Savage et al. observed tunneling between two tips
using a white-light laser [36]. In a bow-tie antenna junction,
Rybka et al. used a single-cycle near-infrared pulse to achieve
CEP control of the current [21]. Ludwig et al. demonstrated
electron transport in a 6-nm-gap bow-tie structure [22]. All
nanodevices in these studies can be classified as laser-assisted
MIM junctions.

Despite experimental achievements, a robust strong-field
theory with an accurate description has remained elusive,
particularly for ultrathin junctions with widths of approxi-
mately 1 nm, such as STM junctions. Static electron tunneling
cannot be neglected in these junctions, even in the absence
of lasers. Furthermore, unlike terahertz STM, a junction ex-
posed to an intense few-cycle near-infrared laser is far from
an adiabatic condition. The laser cycle duration is compa-
rable to the intrinsic tunneling time of the current, meaning
that electron dynamics must be considered [37]. In our pre-
vious work, we introduced a time-dependent theory based
on the strong-field approximation (SFA), incorporating a
novel three-step model for laser-assisted STM [38]. This
theory provides a semiclassical picture for photoemissions
in STM junctions, distinguishing them into the multiphoton
regime and the laser-induced tunneling (adiabatic) regime. We
indicate that photoemissions in the STM can also be char-
acterized by the well-known Keldysh parameter. However,
our model has serious drawbacks. For instance, the strong-
field approximation neglects the image potential and a range
of boundary effects. A cutoff energy of the electron spec-
trum that encompasses all emission regimes is still unknown,
and the electron dynamics in each regime require further
discussions.

In this paper, we establish a strong-field theory for ultra-
thin MIM nanojunctions, addressing the drawbacks of our
previous theoretical approach and providing more accurate
calculation results and predictions. The key advancements are
outlined below.

(1) We derive the tunneling amplitude in detail, obtaining
a time-dependent version of Bardeen’s tunneling matrix ele-
ment consistent with the tunneling effect. As a correction to
the approximation, we introduce the Van Vleck propagator as
a replacement for the Volkov propagator. Unlike the Feynman
path-integral approach [39], the Van Vleck propagator is con-
structed using classical trajectories, allowing for the selection
of specific paths and the incorporation of the image potential.

(2) The freed electron is constrained by the narrow width
of the junction, preventing unlimited laser-driven acceleration
as seen in HHG or larger nanojunctions. Electrons bouncing
off the boundaries may not only transmit, but also scatter,
causing energy accumulation and affecting the overall tunnel-
ing probability [40]. In this work, we incorporate trajectory
selection into the propagator for continuum states, filtering out
unphysical trajectories and resolving the issue of unexpected
ponderomotive energy accumulation.

(3) We propose a correction approach for the transmission
process that reduces continuity and scattering errors, enhances
the overall reliability of the calculations, and ensures more
consistent and accurate results.

(4) We introduce a three-step model that incorporates the
image potential to describe the photoemission mechanism in
MIM junctions. Semiclassical trajectories, which account for
tunneling effects, provide comprehensive description of the
emission process.

(5) The cutoff energy, representing the maximum energy
allowed by classical dynamics [38,41], has been extensively
studied in the adiabatic regime. However, it remains less ex-
plored in the multiphoton and nonadiabatic regimes. In this
work, we propose a unified definition of cutoff energy that is
applicable across all regimes, along with a physical interpre-
tation specific to each regime.

(6) We introduce a new parameter, ¢, which governs the
conditions under which strong-field photoemission occurs in
MIM systems. Our findings demonstrate that the Keldysh
parameter y alone is insufficient to fully describe the interac-
tions in narrow nanojunctions. Instead, a characterization of
the effective photoemission mechanism requires considering
both y and ¢. The physical interpretations and implications of
this new parameter are explored in detail.

(7) We investigate the conditions required for CEP mod-
ulation in laser-assisted nanojunctions. This widely used
technique in attosecond physics enables a coherent breaking
of the spatial symmetry and precise control of attosecond
electron trajectories. Through simulations, we explore and
identify optimized conditions for effective CEP modulation.

This paper is organized as follows. In Sec. II, we de-
scribe the basic approach to derive the tunneling amplitude
without relying on approximations. In Sec. III, approxima-
tions are applied to the tunneling amplitude, incorporating
the effects of the image potential and boundary constraints.
The Van Vleck propagator is introduced into our the-
ory and boundary corrections are developed. In Sec. IV,
we apply the saddle-point technique. A three-step model,
semiclassical trajectories, classifications of photoemission
mechanisms, the cutoff energy, and the new parameter ¢
are obtained. In Sec. V, we conclude with a summary of
our findings and provide an outlook on future research
directions.
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FIG. 1. Strong-field theory for a MIM nanojunction. (a) A schematic sketch of a laser-driven MIM nanojunction: W, tip work function;
W, sample work function; £(¢), laser electric field. (b) The variation of the spatially averaged image potential Vin,, With the junction width d.
(c) The tunneling electron spectrum calculated by the time-dependent Schrodinger equation (TDSE) (solid red line), Volkov propagator (dotted
green line), and Van Vleck propagator with boundary corrections (dashed blue line). For these calculations, the junction width is d = 1 nm,
the laser pulse with central wavelength 830 nm has a duration of 6 fs, and CEP ¢ = 0 (full width at half maximum; see inset for the field
waveform) and the field strength F is 25 V nm~!. The material for tip and sample is gold (W, = W, = 5 V), the tip electron is initially at the

Fermi energy Ey = —W, = —5 eV, and no bias potential U is applied.

I1. BASIC APPROACH

A. Time-dependent metal-insulator-metal junction model

An ultrathin MIM nanojunction is formed by two con-
ductive metals separated by an insulating gap, as shown in
Fig. 1(a). Following the convention used in STM, we label
the left contact as the tip and the right contact as the sample.
We assume that the insulator gap is a vacuum. This vacuum
junction is so small that the electronic wave functions within
the tip and sample can tunnel through it with non-negligible
probability, leading to static tunneling currents [42,43]. By
applying a bias voltage to the system (with both metals
possessing Fermi energies at the same level), the junction
symmetry is broken, causing the static tunneling current to
flow in only one direction.

We assume that electrons move freely in the metals and
possess an effective mass identical to the rest mass in vac-
uum [44]. The Fermi energies in the tip and sample are defined
as Ep . and Ef g, respectively. Their work functions are defined
as W, and W, respectively [32,33]. The field-free junction
potential in the length gauge is given by

—(Ep + W), x<0
Vo(x) = Vimag(x) —e(p + US)X/d, 0<x<d 1)
_(EF,S+W§+E()0+€U§)7 X > d»

where e = —|e| is the charge of the electron and Vimag(x) is
the spatially dependent image potential. ¢ = (W, — W)/e is
the contact potential difference, which is also known as the
Volta potential, and Uy is the static bias voltage applied to the
junction. Here, the tip boundary is set at x = 0 and the sample
boundary is set at x = d. According to the Simmons theory,
the image potential inside the gap is described as [33,45]

é? 1 > nd 1
Vimeg () = (—Q) [z_ > {—(nd>z — _d”

n=1

2)
Here, the permittivity ¢ of the vacuum gap is 1. This image
potential has singularities at the boundaries. As noted in Sim-
mons’s original work [45], the divergence should be truncated
at the depth of each potential well, as illustrated in Fig. 1(a).
Figure 1(b) shows how the averaged image potential Vipae
varies with the junction width d. It approaches zero when the
width exceeds 1 nm.

When irradiated with a laser field, the tip and sample are
considered ideal metals, ensuring that the laser field is per-
fectly screened. We assume that the polarization of the laser
electric field is along the x axis, so the interaction in the length
gauge is given by

0, x<0
Vitx,t) = { —eE@)x, 0<x<d 3)
—eEM)d, x>d,
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where £(t) = —% is the electric field of the laser. A(¢) is
the vector potential with definition

r2
¢ P gin(r + ¢). (4)

F
Alt) = —
1)
The pulse duration 7, is defined as the full width at half
maximum (FWHM), F is the effective field strength after
plasmonic enhancement, w is the angular frequency of the
central wavelength, and ¢ is the CEP. The dipole approx-
imation is justified here because the width of the vacuum
junction is much smaller than the laser wavelength [46]. The
full potential V(x,t) = Vp(x) + Vi(x, 1) combines the static
potentials with the electric dipole and image potential and
describes photoemission, charge transport, and barrier reduc-
tion effects, such as the Schottky effect [47,48]. The electronic
wave functions in the laser-assisted nanojunction are governed
by the time-dependent Schrodinger equation (TDSE),

2 92

ih%lll(x,t) = —Eﬁ\ll(x,t)—i—V(x,t)\I/(x,t), (5)
where 7 is the reduced Planck constant and m is the mass of
the electron. The tunneling wave functions in the presence
of the laser field can be obtained by solving this TDSE. It
should be noted that this TDSE describes a single-electron
system, which is reasonable due to the low emission rates
observed in nanojunctions. For instance, in attosecond STM
measurements [24], a laser-induced current of approximately
10 pA was generated using a laser with an 80-MHz repetition
rate. This corresponds to an emission rate of 0.78 electrons
per pulse, which is less than one electron. This emission rate
justifies the single-electron model. Moreover, this model can
be extended to a multielectron framework by incorporating
electron density scaling, as the theoretical model used in
Ref. [32].

B. Current conservation

In practice, experimental observations in MIM structures
are performed by detecting currents. The wave functions
traversing the vacuum gap must satisfy the continuity condi-
tion

B}
5wﬂ+v¢=a (6)

Here W is the electronic wave function at arbitrary time z.
J is the corresponding current density. The rapid changes
induced by the laser field are too fast to be recorded due to the
slow electronic response. Hence, the laser-induced tunneling
(LIT) current recorded in experiments is averaged over the
comparatively long timescale of conventional electronics [24].

We define that the interaction starts at —oo and ends at
+00. The entire system relaxes and returns to its original state.
The flux conservation of currents can be easily obtained from
Eq. (6) by applying the relaxation condition in the nanojunc-
tion, that f_Jr;c Jodt = fj;o Jidt . Here, J; and J are used to
represent the current from the tip and the sample, respectively.

With the laser interaction, the wave functions in the tip and
sample are perturbed and redistributed. Wave functions |W;)
and |\W) which are initially located in the tip and the sample
are driven out by the laser, bifurcating into the tunneling

wave functions |Wr) and |Wgr) in the sample and the tip,
respectively. Based on Eq. (6) and the conservation constraint,
we obtain the average net current 7 at the final time as follows
(for detailed derivations see Appendix A):

e
J = _L__[<\IltT|‘IJtT) — (Wer|Wsr) 1. (7
L
Equation (7) shows that the net current is related to the
tunneling probabilities from the two sides. Denoting the field-
free eigenfunction inside the sample (tip) at energy E as |{sg)
(|¥&)), the current 7 can be rewritten as

J = % 3 W) (W | Wer) — (W) (Y [ Wir)
E

S (M — Mg ), ®)
18 7

where the completeness of eigenfunctions has been used. Mg
and Mg are tunneling amplitudes for |W) and | W), respec-
tively.

C. Tunneling amplitude

In the preceding section and Appendix A, we established
a connection between the net current and the tunneling am-
plitude, which can be obtained from the time evolution of the
wave function governed by the TDSE. Due to the geometric
structure and the polarization of the laser, it is straightforward
to demonstrate that |\Wsr) can be also solved in the same way
as |Wr), only switching the conditions from the tip to the
sample (see Appendix B and Refs. [38,49]). Hence, in the
following, we focus only on the evolution of |W¥) and drop
the subscripts.

Before the laser interaction, the MIM is in a static condition
and its initial wave function in the energetic state Ey is |Wy)
(from the tip to the sample) as shown in Fig. 1(a). When the
laser is switched on, the wave function evolves with time and
its tunneling amplitude at the final time is

Mg = (Ve[ xsU (00, —00)[Wo), (€))

where U (t;, t;) denotes the evolution operator with #, > #.
|Yg) is an eigenfunction of the sample in the energetic state
E. We use the operator y; to select spatial integration only in
the sample domain. To elucidate the processes of ionization
and transmission, we use the Dyson equation to expand the
evolution operator to second order [50,51]:

U (o0, —00)

= Uy(oc0, —00) + (-%)

o0
x / U (00, 1) Vi(t)Uo(t1, —00) dy

oo

i o.¢]
+ (_ﬁ>/ Urs(00, t1) XgapV1(t1 )Uo (21, —00) dty

o0

.\ 2 o0 15
+ (-%) / / U(oo, )X + X511V (12) — Vis(22)]

x Uss(tz, t1) XgapV1(t1)Up (1, —00) dt1dty, (10
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where Up(+, -) is the evolution operator for the Vo, xgap and x;
are selection operators applied in the gap and tip, respectively,
and Ug(+, -) is the evolution operator for Vi, which is an
interaction with partial static potentials:

0, x<0
Vis(t) = ‘/imag_ex[g(t)"‘((D‘i‘Us)/d]v 0<x<d
—e[E(t)d + ¢ + Ui, x>d.

(1)

The subscript “Is” represents the time-dependent interaction
with the static potentials. The first term of Eq. (10) describes
the unperturbed evolution, while the second term represents
the phase modulation after the static tunneling. Both terms
are unrelated to the laser-induced charge transport and can be
eliminated by subtraction in Eq. (8) and by applying periodic
boundary conditions to the sample. Substituting the rest into
Eq. (9), we obtain the tunneling amplitude Mg as

Mg = (Ye|xs|Vis) + (—%) / (@)D + xs]

x [V (1) — Vi (D] Wi (1)) dty, (12)

where (Y (t)| = (YelxsU(oo, 1)  and  [Wi(1)) =

—%)ffoo Uis(t1, 1) xapVi(t)|Wo(¢)) dt . They are wave
functions that evolve inside the junction and the sample,
respectively. The potentials in Eq. (12) can be replaced
with the Schrodinger equation (for detailed derivations, see
Appendix C) and are further simplified as

ih [ a .
Mg = — Wis(x, 1) — ¥ (x, 1)
2m J_o ox
9 x=d
— Y (x, t)—‘lfls(x,t)} drt, (13)
0x =0

where Ws(x, t) and ¢*(x, t) are (x|W(z)) and (¥ (¢)|x), re-
spectively. The notation [- - - ]|izg at the end of Eq. (13) stands
for the subtraction of the term inside the brackets evaluated at
x = 0 from the term evaluated at x = d.

Wis(x, ¢) is the time-propagated wave function driven by
the laser, which is generated from |Wy) inside the gap. v *(x, t)
is the complex conjugate of the eigenfunction in the sample
region propagated to a specific time. Equation (13) reveals
the connection between these wave functions located on ei-
ther side of the contact boundary. It has a typical form of
Bardeen’s tunneling matrix element [52], which is a standard
theoretical model for the static STM [18]. In our Mg, the
matrix element becomes time dependent. Equation (13) also
includes the tip-vacuum boundary at x = 0. The field-driven
Wis(x, ¢) in the gap can scatter at the tip boundary at x = 0,
leading to a rescattering effect [40]. The tunneling amplitude
inside the sample also depends on the flux through the tip
boundary, which is a direct result of the current continuity.
Equation (13) is a formal solution of the TDSE applied to
MIM nanojunctions. Its evaluation requires a series of approx-
imation methods, which we will discuss in the following.

III. STRONG-FIELD APPROXIMATION
AND VAN VLECK PROPAGATION

A. Volkov propagator

In the previous section, we derived the analytical solution
for the tunneling amplitude. Equation (13) requires finding
the values of Wi(x,t) and *(x,¢) at the junction bound-
aries. Exact analytical expressions are generally unattainable
due to the complexity of the interactions with the laser field.
Therefore, approximate methods focus only on the dominant
interactions in each process while neglecting weaker contribu-
tions. One such method is the strong-field approximation for
atomic systems, which considers only the interaction with the
laser field and neglects Coulomb interactions after the electron
is released [26,27,51,53,54]. The SFA provides both quali-
tative and quantitative insight by emphasizing the dominant
interactions. However, unlike in the SFA for HHG [2,41,51]
and above-threshold ionization (ATT) [50,55,56], the Coulomb
potential of the junction cannot be neglected [33]. A com-
promise approach is to remove the static field in the vacuum
junction and independently evolve the wave functions within
each region [38,49].

In the laser-assisted MIM junction, three main properties
can help to establish an approximation:

(1) The averaged image potential [defined in Fig. 1(b)]
compared with the laser interaction potential is usually weak.

(2) The junction width is small compared with the elec-
tron’s quiver length.

(3) The gradient of the interaction, —aVj(x, t)/dx, is zero
everywhere except within the junction.

If the image potential and boundary effects are neglected,
the electron driven by the laser field in the vacuum can be
described with Volkov wave functions [57]. The propagator
corresponding to the Volkov wave functions is (Appendix D)

m i
0|Uy (6, t)|x)) = | —————enP=eAx
(x2|Uy (2, t1)|x1) i — 1)

i i p—eA(T 2
x ¢~ HPmeAOII—] [T SRR AT g

;112 eA(t) dt +m(x,—x1) . .
where p = =————— is the canonical momentum.

|x;) and |x,) are pgzostition eigenstates corresponding to the
initial and final positions, respectively, translated by the
propagator. Classically interpreted, the Volkov propagator de-
scribes the wave function of a free electron traveling from x;
to x; in a homogeneous laser field in the time frame between
t; and t,.

The approximation using the Volkov wave functions
is justified for large junctions and has played a crucial
role in many strong-field theories and attosecond experi-
ments [2,40,41,50,58]. However, due to the unconstrained
wave propagation, applying the Volkov function in the MIM
junction can lead to unexpected energy and phase changes,
strongly amplifying the ponderomotive effect where the elec-
tron performs a quiver motion [38].

Property (3), which is valid in the tip and sample domains,
describes a force-free system where the classical charged par-
ticle can only move forward freely. Based on this property,
the transmitted wave function in the sample corresponds to a
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traveling plane wave for a free electron, which is given by
Yr(x, 1) = (YelxsU (00, 1)lx)
~ > (el Xl Yen) (Ve (0)x)

I
= (Ye®)x)

_e—;(PsX Et— eA(f)d) (15)

where ps is the momentum of the transmitted elec-
tron for the eigenstate E. In the sample, we have ps =
V2mlE — Vy(x)], x > d. Equation (15) drops the backward-
propagation solution so that it is valid only in the region far
away from the boundary [44].

Applying the two solutions above makes the tunneling
amplitude in Eq. (13) analytically solvable. However, as dis-
cussed, they also introduce unexpected errors by neglecting
the effects of the boundary. The Volkov wave function, with-
out any trajectory constraints, is allowed to extend beyond
the junction region. However, laser-driven motion outside the
junction is unphysical and needs to be avoided in the the-
ory. Moreover, the evolution inside the junction excludes any
variation of the vacuum potential, such as the reduction of
the vacuum potential by the image potential. As a result, the
tunneling amplitudes may show unphysical resonant peaks
in some cases. Corrections to the Volkov propagator are re-
quired.

In Fig. 1(c), we present a comparison between the spectrum
based on Volkov approximation (dotted green line) and the
TDSE spectrum (solid red line) to illustrate the shortcomings
of the approximations. The TDSE is numerically solved using
the Crank-Nicolson scheme [40,44]. The use of unconstrained
Volkov wave functions introduces strong noise around 15 eV,
while the boundary artifacts in the transmission cause a strong
divergence near zero energy.

B. Van Vleck propagator

The Coulomb potential in laser-atom interactions poses
a similar problem compared to the image potential in an
MIM nanojunction. To incorporate the Coulomb potential into
the strong-field description of HHG, the Coulomb-Volkov
approximation and eikonal approximation have been uti-
lized [59,60]. These approaches treat the long-range Coulomb
potential as a weak perturbation, introducing corrections to
both the phase and amplitude. In our case, we have to intro-
duce a correction due to the image potential confined within
the nanojunction. Therefore, a boundary constraint is neces-
sary for the nanojunction. In this section, we introduce a new
approach using the Van Vleck propagator, which accounts for
classical trajectories in its formulation [61-63]. The formal
expression for the Van Vleck propagator is

82SVdn %
8x28x1

(02| Uvan (12, 11) 1) = Z

V2mih
X e,Svdn(xz X1, t)—i% , (16)

where v is the Morse index [61], and action Svan (X2, 2, X1, £1)
is the time integral of the Lagrangian defined for each of
the paths. The sum in the Van Vleck propagator is only over

the classical paths (denoted as cl here), not over all possible
virtual paths as in the Feynman path expression [39]. For
a movement from position x; to x, with a time-dependent
momentum P(t), the Lagrangian is written as

dx(t) P2[x(t), t]
2m

Due to the interaction described by Eq. (3), the laser field
drives the electron only within the junction along classical
trajectories (after the excitation from the initial state). Con-
sequently, the initial position must lie within the junction
(0 < x1 < d), and the trajectory cannot cross the boundaries
before the electron reaches its final position at x, = d, as
illustrated by trajectories 1 and 2 shown in Fig. 2(a). The
trajectories in the thin junction do not involve singular points;
therefore, the Morse index is v = 0. For an electron moving
without any scattering, it must have a canonical momentum,

f,f eA(t) dt +m(x — x1)

L(x, 1) = P(1)

+ VIx(@), t]}. 17)

= , (18)
b (r—1)
and a trajectory,
t
—eA
x(t) = x +/ peA) 4o (19)
n m

Here, we neglect the force exerted by the image potential
because it is weak compared to the time-dependent potential
due to the strong laser field. Substituting all these into the
Lagrangian, the action Svy, is finally expressed as

[5)
SVanz/ L(x, 1) dt
1

A [p—eA(tr)]xy — [p — eA(t)]x;

P _ 2
_/ [% + Vimag(x(t))i| dt. (20)

It should be noted that the above action only includes the
“direct electrons” which never interact with boundaries [tra-
jectories 1 and 2 in Fig. 2(a)], so the trajectory x(¢) has a
constraint 0 < x(¢) < d.

The derivative of the action Sv,, is

825‘Vam _ ap /tz r—n d? Vlmag[x(t)] 3x(t)
1

dx0x,  Oxy h—t x> ox
m
A — . 21
P 21
Substituting it into the prefactor of Eq. (16), the Van Vleck
propagator for the nanojunction is finally expressed as

(x2|Uvan (2, 11)1x1)

Z ;,(P eA(t2))x2
27Tlrl(t2 — Il)

« o FPmeAtXI— ] f”[%wm (o)l dr (22)
If the trajectory constraint and the image potential are ne-
glected, the result aligns with the Volkov propagator described
in Eq. (14). Therefore, the states described by the Van Vleck
propagator can be referred to as spatially constrained Volkov
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FIG. 2. Corrections to the approximations and comparison with exact TDSE solutions. (a) Possible electron trajectories in the junction.
Trajectories 1 and 2 represent direct electrons and satisfy the physical boundary constraints. Trajectory 3 can be included in a rescattering
approximation. Trajectory 4, however, is unphysical and must be excluded as it penetrates deeply into the (force-free) sample. (b) Comparison
of the amplitude of W at the sample boundary (x = d) according to three methods: TDSE (solid red), Van Vleck (dashed blue), and Volkov
(dotted black). The Volkov propagator without trajectory selection strongly deviates from the TDSE simulation after half a cycle (1.4 fs).
(c) Nlustration of the Green’s function in the sample region. A wave generated at x, produces both a forward-propagating plane wave and
a backward wave. A reflection at the sample boundary with an average amplitude R is taken into account. (d) Comparison of the tunneling
spectrum according to three approaches: TDSE (solid red), Van Vleck with reflection (dashed blue), and without reflection (dotted black). The
curve without reflection correction exhibits an unphysical enhancement peak near zero energy. The simulation parameters are identical to those

used in Fig. 1, with the CEP ¢ = 0.

states. The contribution of the image potential to the phase
accumulates along the trajectory, in agreement with the con-
clusions of the eikonal approximation [60,64].

Up to this point, we have only considered direct electrons.
In small junctions, additional paths arise from contributions
by reflected electrons. This phenomenon, known as rescatter-
ing, has been observed at nanotips [40] and in above-threshold
ionization [50]. Electrons emitted from the tip are driven
by the laser field, return to the parent metal surface after
approximately 3/4 of an optical cycle, and undergo elastic
scattering [40,65]. However, in strong fields on the order of
10 V/nm or higher, most electrons traverse the small junction
in less than half an optical cycle. As a result, the electrons
do not quiver and rescattering is weak [22]. To incorporate
rescattering within the junction, we employ a weak approx-
imation. We consider trajectories that “gently” exceed the
boundaries during their motion and quickly return [trajec-
tory 3 in Fig. 2(a)]. These trajectories can be interpreted as
electrons that undergo reflection. It is important to emphasize
that this is not a higher-order perturbation; instead, we use
unconstrained trajectories to approximate the scattering effect.
By relaxing the constraints, we obtain the following condition:

(ty —11)
—

(23)

Ji eA(x) dt +md
(t—1)

>f,’f eA(r) dt +md

1 =

m

where the notation |--- ] denotes the minimum value dur-
ing t € [t;, t]. Trajectories 1, 2, and 3 in Fig. 2(a) are
included. Figure 2(b) illustrates the amplitude of Wy at the
vacuum-sample boundary x = d. Compared to the TDSE,
values obtained using the Volkov propagator deviate after half
acycle (1.4 fs), whereas wave functions derived with the Van
Vleck propagator closely match the TDSE results.

C. Boundary effect

The solution in Eq. (15) also requires a boundary correc-
tion. To incorporate the boundary effect into the approximated
¥*(x,t), we adopt the approach introduced by Yalunin
et al. [44]. Unlike the Fourier method, which matches the
values at the boundaries [66,67], this approach introduces a
time-averaged reflection into the propagator. The propagator
in the sample Y ., (x2|¥g (12)) (¥ (71)|x1) can be interpreted
as a matrix of forward plane waves and backward plane waves
[see Fig. 2(c) for an illustration]. There should be reflections
for the backward waves after interacting with the sample
boundary at x = d. Therefore, we introduce the boundary
correction into ¥ *(x, t):

0 t) = (Wl xsU (00, D)
~ > Wl sl V) (D (0) + Ry (1)l)

E
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<« —
= (Ve(®) + Rye(0)lx)

— [e—;’,psx _i_Re;',psx]e;',(EweA(t)d)’ (24)
where we use the left and right arrows to represent the
backward and forward waves, respectively. Similarly to the
approach in Ref. [44], the quasireflection amplitude R is ob-
tained with the continuity of the wave functions:

=P (p + py)(pe — ps)
U(pg = P)(Pg — Ps) = (Pe+ Pe)(Pg + Ps)

i

ethg
er2Pe=P (p — b Y(pg + ps)

+ =
eﬁzlygd(pg - pt)(pg

’

= ps) — (P + p)(pg + ps)
(25)

where p, = /2m[E — Vp(x)] (x > 0) is the momentum in the
tip, ps = /2m[E — Vp(x)] (x > d) is the momentum in the
sample, and p, = /2m[E — U,(t)] is a time-dependent mo-
mentum in the gap, respectively. Here U, is a ponderomotive
energy averaged over the interaction duration:

[ leA(D? dt

2m(ty —t) (26)

Up(t) = lim
th— 00

The quasireflection amplitude R is time dependent and
related to the laser field strength. The interpretation is that the
backward wave, adiabatically reflected by the sample bound-
ary at time ¢, generates an outward wave with an amplitude
of R [see Fig. 2(c)]. It is assumed that, at the moment of
reflection, energy is conserved (i.e., no photons are absorbed).
Since the wave in the junction oscillates with the laser field,
the reflection amplitude R also varies with time. In the absence
of the laser field, this amplitude satisfies the static condition,
reducing to the exact static reflection amplitude.

Figure 2(d) illustrates the tunneling amplitude near zero
energy, calculated using three different methods. The result
with boundary correction aligns closely with the TDSE, while
the uncorrected result exhibits unphysical errors as the energy
approaches zero. In Fig. 1(c), we present the simulation re-
sults with corrections. The spectrum incorporating trajectory
selection closely matches the TDSE results, even at energy
levels around 15 and 0 eV, where the simulation based on the
Volkov propagator shows significant deviations.

IV. SEMICLASSICAL ANALYSIS
A. Three-step model

So far, we have focused on the derivations. Now, we
substitute the constrained Van Vleck propagator and the ap-
proximated eigenfunction into the formal solution [Eq. (13)]
and obtain

oo 1) l' iS( )
Mg = ——n(t1, )er> 2 dudt,.
E /;oo/ioo S —tl)n(l 2) 1dty

27

Here n(t1,t,) is a prefactor coming from transition matrix
elements at times #; and #, (see Appendix E). For an initial
bound state Ey = —|Ey| and a final state E, the phase factor

S(ty, t1) in the exponent is given by

ﬁZ 153 EZAZ(T)
S, t) =Etr + —(tr—11) — dt
2m Y 2m

5]
- f Vimeglx(0)] d + |Eolts, 28)
n

N f/z eA(t)dt +md . X
where p = IT is the effective canonical momen-

tum from the Valtl2 Vleck propagator. Phase S(z,, #;) describes
a quasiclassical action. The freed electron excited from the
initial bound state at time #; travels with the canonical mo-
mentum p in the laser field and obtains an energy E at the final
time #,. Due to the thin junction, the higher-order rescattering
of the wave function from the tip boundary has been ignored.
The exponential factor in Eq. (27) varies much more
rapidly than the other factors, justifying the use of the
saddle-point method [41,51,68]. The stationary points of this
integration are the extrema points of the exponent’s phase,

Vt|,t2S(t27 tl) = 0 (29)

Combined with the definition of the effective canonical
momentum, we obtain the following three saddle-point equa-
tions:

[Bs) — eA(trs)]? _

Vima = —|E s 30

o [Vimag| |Eo] (30)
I ~§ _ A

/ Mu’t —d, (31)
s m

~s - Ats 2

P — AP ey o

2m

Here, the subscript (s) indicates that these values correspond
to mathematical saddle points rather than physical quantities.
[Vimag| Tepresents the averaged absolute value of the image
potential defined in Fig. 1(b). Similarly to the three-step model
for HHG [2,41] and high-order ATI [50,69], the three equa-
tions above provide a three-step framework for describing
electron transport in the laser-driven MIM structure:

(1) At the time of emission, the bound electron is freed
from the tip by the laser field. Equation (30) describes the
energy relationship at this instant. The image potential lowers
the barrier, enhancing the emission of the electron.

(2) The freed electron is accelerated by the laser field,
moving from the tip to the sample. Equation (31) describes
its dynamics. Unlike the hallmark recollision processes of
attosecond science, the electron does not return to its origin.
The force exerted by the image potential is disregarded.

(3) Transmission into the sample: The energy accumu-
lated during the second step is transferred to the sample, as
described by Eq. (32).

It should be stressed that the initial energy is negative,
leading to complex values of fi5, p(s), and fp,. Figure 3(a)
shows the imaginary parts of the emission time #;; and the
arrival time #5. Before the cutoff energy, the emission time
takes on an imaginary value related to the Keldysh parameter,
y = w+/2m|Ey|ce/|e|F, where F is the laser field strength,
|Eolett = |Eo| — [Vimag| is the effective binding energy, and
is the central frequency. The imaginary part of the emission
time corresponds to purely quantum processes, such as photon
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FIG. 3. Saddle points and integration contour for semiclassical trajectories. (a) Imaginary components of emission time, Im 7, and arrival
time, Im #,,. Before the cutoff energy, the emission time follows the Keldysh parameter, while the arrival time vanishes. (b) The contour of the
displacement. The branch along the imaginary part of #;; corresponds to ionization, the branch along the real axis represents driven motion,
and the imaginary branch of #,, corresponds to attenuation. (c) Comparison of TDSE current burst with semiclassical trajectories. Before
the tunnel exit is a classically forbidden region. The laser-driven trajectories closely match the TDSE results. The color map represents the
simulated current density, where positive amplitude (red) indicates current flowing from the tip to the sample, and negative amplitude (blue)
indicates current flowing from the sample to the tip. In these simulations, the junction width is 1 nm, the field strength is 25 V/nm, and the
classical current burst is modeled as a superposition of possible trajectories with final energies ranging from zero to the cutoff. All other

parameters are the same as those used in Fig. 1. CEP ¢ = 0.

absorption and tunneling through the barrier. In contrast, the
arrival time #,¢ is almost exclusively real, which, as implied
by Eq. (32), makes the canonical momentum p ) nearly real
as well. For y « 1, the vanishing imaginary part of p
results in

Rety
Retys

eA(t)dt + m(d — xp)
Re s — Retq,

—eARets) =0, (33)
where the notation Re denotes the real parts and xy =
fliet“ %Am drt is the tunnel exit. This formula can be in-
terpreted as indicating that the freed electron has no kinetic
energy at the tunnel exit, which is consistent with the adiabatic
tunneling picture [9,70,71]. The imaginary part of the arrival
time appears only when the final energy E reaches the cutoff.
Therefore, the imaginary component of t,; corresponds to
attenuation.

In the adiabatic regime (y < 1), the saddle-point solutions
also offer a semiclassical trajectory scenario. In Newtonian
mechanics, the displacement of a classical pointlike electron

in the laser field is
" [Py — €A
/ [Ps) — eA(T)] dr.
s m

Since the times are complex, the integral must be taken over
a complex contour [Fig. 3(b)]. Each branch corresponds to
a specific step in the three-step model. The trajectory begins

D(t) = (34)

with a tunnel exit, after which it follows a path that leads to
the sample [Fig. 3(c)].

B. Classification of laser-driven processes in the MIM junction

Due to the narrow width of the junction and the strong laser
field, electron emission is highly localized near the crest of
the waveform, with trajectories traversing the junction within
half an optical cycle, as illustrated in Fig. 3(c). Consequently,
in this section, we analyze the photoemission mechanisms
within a single optical cycle. To simplify the few-cycle laser
pulse, we only focus on the central laser frequency within a
short time domain and set the static bias voltage U; = 0:

F .
A(t) = — sin (wt). 35
w

Substituting this formula and Im#y =0 into Eqs. (30)
and (32), and subsequently subtracting the equations and
extracting the imaginary terms, we obtain sinh(wIm#5) ~

w«/2m|Eo|ett/le|F =y, with

1 1
Imt;y = — arsinh(y) = — In(y + /1 + y2),
® ®

where arsinh[---] is the inverse hyperbolic sine function.
Equation (36) is a well-known solution in the strong-field ion-
ization of atomic systems [71-73]. It characterizes the regime
transition in terms of the Keldysh parameter y. Under saddle-
point analysis, the current emitted from the tip is proportional

(36)
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FIG. 4. Photoemission in different regimes. (a) Photon excitation under the barrier. The electron in this regime is excited to a higher
eigenstate below the threshold energy. This regime is associated with ¢ > 1. (b) Multiphoton regime. The bound electron reaches the threshold
energy by absorbing multiple photons. The parameter ¢ becomes smaller than 1. (c) Nonadiabatic regime. The bound electron absorbs photons
while tunneling through the barrier and is subsequently accelerated by the laser field after exiting the barrier. (d) Laser-induced tunneling
(adiabatic) regime. The electron tunnels through the barrier, is driven by the laser field, and ultimately transmits into the sample.

to the exponential of the imaginary component of the action
S [44,50,51,72]:

J e*%lm[S(Iszn)]_ (37)

To classify the photoemission, here we define a new pa-
rameter ¢, given by

yIn(y +/1+y?)
¢ = ; (38)
28
where § = % is a length parameter introduced for spatially

confined nanostructures by Herink et al. [74]. The properties,
derivation, and interpretation of ¢ will be discussed in detail
in the following two sections. After some algebra (see Ap-
pendix F), we obtain the following results:

(a) For weak interactions with ¢ > 1, the photocurrent is
given by

2
J o exp |:—Ed\/2m( |Eolert — nhw )}, (39)
where n = % represents the effective photon number. This

expression shows an exponential decay with respect to the
barrier width d, which is a characteristic feature of tunneling
under a rectangular barrier [Fig. 4(a)]. In the absence of the
laser field, the formula reduces to exp[—%d 2m|Eglest], cor-
responding to static tunneling in the nanojunction. This result
confirms that our strong-field theory is applicable even in the
weak-perturbation regime.

(b) As the interaction increases to ¢ < 1, the photoemis-
sion can be characterized by the Keldysh parameter y. For
y > 1, we find Im#;; = In(2y)/w, corresponding to the mul-
tiphoton regime [Fig. 4(b)]. In this regime, photon absorption
reaches the threshold of the effective work function, and the
photocurrent is given by

1Eg leff

J o Qy) . (40)

The current is dominated by the laser.

(c) For nonadiabatic conditions (y ~ 1), performing a
Taylor expansion of Im#s at y = 1, the photocurrent becomes

T < [(y + 1T+ p2) 2%

[ Q2m|Eolefr)?
X e —_——

—_ 2—.-.
Sl 1+ 0.3y )]. 1)

This formula includes both a photon absorption term and an
exponential tunneling term [Fig. 4(c)]. In this regime, the
barrier is not static, and electrons absorb photon energy while
tunneling through the laser-suppressed barrier, resulting in
an energy shift at the tunnel exit. This result aligns with the
findings in Ref. [51].

(d) For the adiabatic condition (y < 1), we find
Im#; = y /w. Here, the photoemission occurs in the laser-
induced tunneling regime [Fig. 4(d)]:

202m|Eoleir)? }

42
3hm|e|F 42)

J o exp |:—

This is the well-known Fowler-Nordheim field emission
formula for a stationary field with image potential correc-
tions [75,76]. In this case, the tunnel exit depends on the laser
field instead of the junction width d.

These results indicate that for ¢ > 1, the current is primar-
ily governed by the static junction, whereas for ¢ < 1, it is
dominated by the laser field. In the case of ¢ > 1, photon
excitation is under the junction barrier. In contrast, for ¢ < 1,
the electron is first ionized from its initial state to a free state
(spatially confined Volkov state) in the vacuum gap and then
driven across the junction.

In Fig. 5, we calculate the laser-induced tunneling current
J as a function of field strength F for different junction
widths. The slopes dIn(J)/dIn(F) for y > 1 correspond to
twice the effective number of absorbed photons. For y > 1
with ¢ < 1, currents for 1 and 2 nm show 2.85 and 3 effective
photon absorption, respectively [Figs. 5(d) and 5(e)]. For a
0.6-nm gap with ¢ < 1, the current is dominated by an ef-
fective 2.5-photon absorption process for y > 1 [Fig. 5(c)].
These values are slightly below the threshold of |Ey|/liw =
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FIG. 5. (a) TDSE calculations of the current J as a function of field strength for different junction widths. The plot is presented in
double-logarithmic scale, with the corresponding Keldysh parameters listed above. [(b)—(d)] The slopes d In(7)/d In(F') as a function of field
strength F in (a). The photoemission can transition to the strong-field regime only when ¢ < 1. The simulation parameters are the same as

those used in Fig. 1. CEP ¢ = 0.

3.34 due to the contribution of the image potential. For an
extremely thin junction of 0.2 nm, as well as for other junction
widths with ¢ > 1, the multiphoton process does not occur
at any field strength. Instead, single-photon absorption domi-
nates. This behavior arises from the direct constraint imposed
by the parameter ¢, which permits only a weak excitation be-
low the junction, as described by Eq. (39). As the field strength
increases and the Keldysh parameter drops below 1 (y < 1),
the curves begin to merge for all junction widths, except the
curve for the 0.2-nm junction. This indicates the transition to
the laser-induced tunneling regime. In this regime, the laser
field completely dominates the process and the suppressed
tunneling barrier is thinner than the junction width [Fig. 4(d)].
The curves for different junction widths converge to the same
tunneling current since they all have the same tunnel exit,
Xo. The curve for the 0.2-nm junction, however, does not make
the transition into the tunneling regime until { < 1. For a
field strength of 25 V/nm, the tunnel exit is at a position of
0.2 nm, which is comparable to the width of this junction. The
thinness of the junction enhances static tunneling, making it
consistently stronger than other nonlinear processes.

The curves for junction widths larger than 0.6 nm exhibit
rapid oscillations around y = 1, a phenomenon attributed
to channel closings caused by the increase in ponderomo-
tive energy [Figs. 5(c)-5(e)]. During the optical cycle, the
electron quivers and possesses ponderomotive energy. How-
ever, the spatial confinement of the nanojunction limits this
quiver motion. Sufficient ponderomotive energy can only
accumulate if the junction width exceeds the quiver ampli-
tude. This condition is characterized by the length parameter
8 [74]. For MIM junctions, the parameter § is defined as
the ratio of the junction width to the quiver amplitude,
and sufficient ponderomotive energy accumulation occurs
when § > 1. In our simulations, at y =1, the 0.6-, 1-,
and 2-nm junctions yield § values of 1.04, 1.72, and 3.45,
respectively, satisfying the condition for channel closing.
Conversely, junction widths smaller than 0.6 nm do not meet

this criterion and therefore cannot support sufficient channel
closing.

To compare with our analytical method, we also present
the same calculations for all three approaches in Appendix G.
The results based on the corrected Van Vleck approxima-
tion closely match the TDSE results. In contrast, the Volkov
approximation fails to filter out unphysical trajectories and
significantly amplifies the ponderomotive oscillations around
y = 1, which should only occur for large gap widths. Chan-
nel closings in the TDSE calculations and the corrected Van
Vleck approximation are observed only when the gap width
d > 0.6 nm.

C. Cutoff energy

As discussed in Sec. IV A, the imaginary component of
the arrival time #,s remains zero until the energy E reaches
the cutoff. In this section, we aim to derive a cutoff law that
accommodates the photoemission types described above. The
cutoff energy represents the maximum energy the electron
can classically acquire during these processes. Based on our
preceding derivations in Sec. IV B, we obtained that the imag-
inary component of the duration 7 = ty5 — t15 is —Imz;5 until
the final energy E reaches the cutoff. After the cutoff, the
duration decreases strongly. For this case, T can be expressed
using a Taylor expansion,

2md
7= ,
2mEegr + in/2m|Ep|esr

(43)

where Eeff = E + |Vima|. Figure 6(a) illustrates the agree-
ment between the two approximated solutions and the
numerical results. Each solution aligns well with the exact
solution in its respective spectral region. Notably, the duration
before the cutoff maintains a constant imaginary value, while
Eq. (43) exhibits a varying imaginary value. In the latter case,
the change in the imaginary part leads to significant attenua-
tion of the tunneling amplitude. Consequently, we define the
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FIG. 6. Cutoff energy of the tunneling spectrum. (a) The two
approximated solutions for the duration t are compared with the nu-
merical result. The intersection point is defined as the cutoff. (b) The
cutoff energy is compared with the TDSE spectrum. Approximations
for the adiabatic and multiphoton regimes are included for compar-
ison. The color map represents the simulated tunneling spectrum,
with the amplitude shown in the color bar (not normalized). In these
simulations, the junction width is set to 1 nm. Panel (a) is calculated
with a field strength of 25 V/nm, while the TDSE simulations in
panel (b) use a 6-fs, 830-nm pulse. Other parameters match those
used in Fig. 1, with the CEP ¢ = 0.

intersection of these two approximated solutions as the cutoff
energy. By equating the imaginary parts of these solutions, we
derive

le|Fdy |Eoletr

E =———— — |Ey| =

cutoff ln(y—i—m) | 0| ¢
where ¢ is defined in Eq. (38). With this relationship, we
can examine how the cutoff energy varies under different
conditions.

(a) For the adiabatic case (y <« 1), the barrier can
be treated as static while the electron moves through it
[Fig. 4(d)]. Equation (44) simplifies to

Ecuotr = lelFd — |Ey]. (45)

— |Eol, (44)

This cutoff corresponds to the energy shift in a completely
static homogeneous field, which is also the maximum energy
acquired in the ultrafast STM [38].

(b) For the multiphoton regime (y > 1), the electron does
not undergo tunneling ionization but can only be ionized

through photon absorption [Fig. 4(b)]. In this case, the cutoff
energy is reduced to

d~/2m|Eolete
Rin(2y)

The factor in the square brackets is dimensionless and limits
the effective maximum number of absorbed photons. Fur-
thermore, as y approaches infinity (F = 0), which can be
interpreted as the laser-free case, the cutoff energy is Ecypoff =
—|Ey| = Ep, equivalent to the energy relation in stationary
tunneling.

(c) For the nonadiabatic case (y ~ 1), photoemission is
a mixture of photon absorption and tunneling ionization
[Fig. 4(c)]. The cutoff energy will be slightly higher than
the adiabatic cutoff energy due to photon absorption. For
instance, we find Ecyof = 1.1346|e|Fd — |Ey| for y = 1. To
clearly illustrate this phenomenon, we can perform a Taylor
expansion around y = 1. Therefore, Eq. (44) can be rewritten
as a series:

d2mlEgletr [~ "
Ecuott = aole|lFd — |Eo| + [T Zany ho,

Ecuorr = |: :|ha) — |Eol. (46)

n=1

47

where the coefficient a, comes from the Taylor expansion
of y/In(y ++/1+ y2), with the zeroth order ag ~ 1. This
indicates that the tunneling process is still dominant. The
result is consistent with the conclusion in Sec. IV B.

Figure 6(b) shows the cutoff plot of Eq. (44) compared to
the TDSE tunneling spectrum, demonstrating a match across
all regimes. For comparison, the adiabatic approximation
[Eq. (45)] and multiphoton approximation [Eq. (46)] are also
shown.

D. Discussion of the new parameter ¢

In strong-field theories, the Keldysh parameter y plays an
important role in characterizing the photoemission mecha-
nisms. However, in the preceding two sections, we frequently
encountered a new dimensionless parameter ¢. This parameter
is a function of the field strength and junction width, and it
vanishes as the width increases. Our results in Fig. 5 suggest
that the Keldysh parameter alone is insufficient for describing
interactions and regime transitions in nanojunctions, and a
new parameter is required.

The issue with the Keldysh parameter arises from the term
“strong field.” While a strong field is used to stimulate the
system, the interaction is ultimately governed by the dipole
potential, which depends on both the field strength and the
displacement [54]. In a system without spatial constraints,
a strong field strength is equivalent to a strong interaction.
However, the situation differs for a nanojunction with con-
fined boundaries, where a strong field coupled with a small
junction may result in a weak dipole potential. The Keldysh
parameter, which only accounts for the field strength, cannot
fully characterize the interactions in MIM junctions.

The new parameter, ¢, is defined in terms of the Keldysh

2 .
parameter y and the length parameter § = %. This pa-
rameter addresses the limitations of the Keldysh parameter
in our context. According to Zheltikov’s interpretation, the

Keldysh parameter describes the time required for an electron
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FIG. 7. Scheme for different interpretations of ¢. The figure is
presented exclusively in the adiabatic regime (y < 1). Key parame-
ters include the junction width d, tunnel exit xy, intrinsic tunneling
times 15, and Imt,.

to acquire ponderomotive energy equal to the ionization po-
tential [71]. However, as discussed earlier, in a nanojunction,
significant ponderomotive energy does not accumulate unless
& > 1. Consequently, § determines whether the Keldysh pa-
rameter is applicable in such scenarios. By combining y and
8, the parameter ¢ bridges the gap where y alone falls short.

However, the above definition is based on the scenario of
zero static bias, with only the laser field present. Next, we de-
velop a more general definition of ¢ derived from its physical
properties. The Keldysh parameter y can be expressed as y =
4ty /T, where 13 = /2m|Eylesr/2|e|F is the characteristic
time that the electron spends traversing the suppressed barrier
and T = 27 /w is the central period of the laser field [71,72].
This formulation provides a temporal interpretation of y, link-
ing it to the interplay between the intrinsic traversal time and
the duration of the laser cycle. In contrast, the parameter ¢ can
be expressed as

‘= V2mlEgler In(y + 14+ y?)  Imtyy  Imtyg 48)
 2md ) T 27, Imty’

where Im#¢ is the strong-field ionization time defined in
Eq. (36) and Imrty is the absolute value of the imaginary com-
ponent of T = 2md /(i/2m|Ey|er + «/2m|E|cfr) evaluated at
the threshold |E|cs = O, representing the extremal intrinsic
tunneling time (see Fig. 7). 7, represents the traversal time
with initial velocity. Without bias, Eq. (48) is equivalent to
Eq. (38), but it provides an interpretation of ¢ as the ratio of
the strong-field ionization time to the intrinsic tunneling time.
For a strong process (¢ < 1), the laser ionization mechanism,
via tunneling or multiphoton absorption, must act faster than
the intrinsic tunneling time. Otherwise, the electron would
complete junction tunneling before the strong-field ionization,
rendering the energy transfer ineffective. This interpretation
also applies to Fig. 6(a). The two approximated solutions
represent two different photoemission processes. The real
ionization (numerical result) selects only the fastest pathway,
with the cutoff serving as the boundary. The definition ¢ =

imﬁ is based solely on time parameters, making it easily
mty

extendable to other conditions, such as photoemission with
bias.

In the following, we will illustrate how ¢ influences the
interaction from both adiabatic and energetic perspectives.
The length parameter § is an adiabatic parameter defined as
a ratio of the junction width and the quiver amplitude [74].
Similar to this definition, in the adiabatic regime (y < 1), ¢
can be expressed as

)/2 |Eo lett X

le]F 0
= — = = —, 49
¢ 26 d d “49)
where xo = “\5:||;ﬁ represents the tunnel exit. Consequently,

¢ is the ratio of the tunnel exit to the junction width (see
Fig. 7). The value of ¢ provides insight into the dynamics of
tunneling:

(a) ¢ « 1: The laser field is extremely strong, causing
the tunnel exit to approach the tip. This results in efficient
tunneling, as the electron experiences a suppressed barrier.

(b) ¢ ~ I: The tunnel exit is located near the sample
boundary, leaving insufficient space for the emitted electron
to accelerate significantly. This condition limits the energy
absorption.

(¢) ¢ > 1: The laser-induced tunneling vanishes as the
tunnel exit lies beyond the junction width.

Considering the definition of the cutoff in Eq. (44), the
parameter ¢ can also be written as

¢ = yIn(y + V1+y?)  |Egless
26 Ecutoft — |E0| '

(50)

The parameter ¢ represents the energy capacity ratio, com-
paring the system’s initial energy to the maximum energy
absorbed from the laser. For a small ¢, the energy capacity is
large, allowing the MIM junction to exhibit laser-dominated
photoemission processes. Conversely, for a large ¢, the en-
ergy capacity is small, limiting the transfer of laser energy
to the photoelectrons, even if the laser field is strong. For a
given nanojunction, ¢ = 1 indicates that the maximum en-
ergy only reaches the threshold of the junction. When ¢ > 1,
only photonic excitation below the work function is possi-
ble. In contrast, { < 1 allows for multiphoton photoemission,
above-threshold photoemission, and laser-induced tunneling
emission.

Our strong-field theory is applicable only to nanojunctions.
For larger junctions, the cutoff energy E.fr Of the direct elec-
tron will eventually approach 2U,, [74]. In such cases, we find

¢ = % that is related solely to the Keldysh parameter y.
Therefore, the Keldysh parameter, which is independent of the

junction width, can sufficiently characterize photoemission in
these cases.

E. Carrier-envelope phase modulation

Electron emission in the laser-assisted nanojunction occurs
on the attosecond timescale, enabling ultrafast coherent con-
trol. In symmetric nanojunctions (the same materials, with no
bias), CEP modulation enables control over the direction of
the current and electron trajectories by adjusting the CEP of
the laser pulse [77]. In this section, we discuss CEP modula-
tion of the tunneling current. CEP control is highly sensitive
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FIG. 8. CEP modulation in the tunneling spectrum and the effect of pulse duration. (a) The tunneling spectrum (color map) calculated
using the TDSE. The junction width is 1 nm, the field strength is 25 V/nm, and the laser pulse duration is 2.8 fs (central wavelength, 830 nm).
All other parameters are the same as in Fig. 1(c). The solid black curve represents the theoretically predicted cutoff energy, calculated using the
effective field strength. (b) The visibility A of the CEP current modulation as a function of laser pulse duration. The CEP modulation rapidly
diminishes and becomes negligible beyond 6 fs (two cycles). The solid red curve is the TDSE result and the circles show the theoretical result.

to the duration of the laser pulse. For long-duration pulses
containing multiple cycles, current bursts in each cycle tend
to cancel each other out. In contrast, for few-cycle pulses,
variations in the CEP can induce sufficient symmetry break-
ing. This technique is both simple and efficient, preserving
quantum coherence. Experimental verification and theoretical
discussions of this approach have also been conducted in the
context of attosecond STM [24,38].

We first examine the effect of the CEP on the tunneling
spectrum. Figure 8(a) illustrates how the tunneling spectrum
varies with CEP. A 6-fs laser pulse with three carrier cycles is
used for this analysis. The bandwidth of the electron spectrum
oscillates periodically with the CEP as the CEP influences the
effective maximum field strength, which determines the cutoff
energy. The strongest and weakest emissions occur at CEP
values of 0 and m, respectively.

To evaluate the ability of current rectification control, we
propose testing it based on the independent current assump-
tion. A ratio parameter NV is defined to quantify the visibility
of CEP modulation:

1(0) — L(m)

, (S
1(0) + ()

where I; and I represent the tunneling currents emitted from
the tip and sample, respectively. Parameters 0 and 7 denote
the CEP values. A high NV indicates strong CEP modulation,
whereas N = 0 signifies that the currents cancel out and
the CEP effect is averaged out. Figure 8(b) illustrates the
dependence of the ratio A on the duration of the pulse. The
results show that the CEP modulation is sufficiently strong for
a single-cycle pulse (3 fs for an 830-nm laser) but vanishes
above a two-cycle pulse (6 fs). This finding suggests a direct
yet challenging approach to achieving CEP modulation: em-
ploying near-single-cycle laser techniques [21,22,78]. Such
techniques are essential for attosecond observations in MIM
nanojunctions.

V. CONCLUSION

In this paper, we have introduced a refined time-dependent
strong-field theory for attosecond electron transport in
metal-insulator-metal nanostructures. Unlike our conventional
strong-field theory formulated for ultrafast STM [38], our
approach incorporates both the image potential and boundary
effects. To this end, we employ the Van Vleck propagator,
rather than the commonly used Volkov propagator, to filter
out unphysical trajectories. This propagator further incorpo-
rates the image potential into the phase, providing insight
into how this weak effect influences the time evolution of
the tunneling electron wave packet. The results obtained with
our improved theory demonstrate excellent agreement with
numerical TDSE calculations.

Our theory accurately describes processes across differ-
ent regimes, including one-photon excitations. As a theory
for nanojunctions, it takes the form of Bardeen’s tunneling
matrix element, a standard time-independent theory for static
tunneling transmission in MIM devices. Our derivation shows
that Bardeen’s tunneling matrix can be extended to time-
dependent conditions without relying on any approximations
[Eq. (13)].

We derive saddle-point equations by analyzing the qua-
siclassical action. These three equations govern energy
conservation in the emission and transmission processes, as
well as the motion of the electron in the nanojunction. Under
strong fields with y < 1, we identify a three-step picture for
the tunneling regime. This picture illustrates how the laser
field frees an electron, drives it to the other metal contact,
and induces charge transport in the nanojunction. In contrast
to the well-known three-step model in HHG, our model does
not return the moving electron to its parent ion but instead
transports it to the other contact. To study electron transport
in the multiphoton and nonadiabatic regimes, we derive an en-
ergy cutoff law applicable across all regimes. This law limits
the extent of the tunneling spectra and reveals the underlying
quantum processes. Using the three-step model and the cutoff
law, we successfully address several key phenomena: photon
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absorption in the multiphoton regime, initial energy shifts in
the nonadiabatic regime, the merging behavior of current-
field scaling curves, adiabatic dynamics, and ponderomotive
oscillations in the tunneling regime, as well as single-photon
excitations in thin nanojunctions.

We classify electron transport regimes in the strong-field
interaction, all of which are based on tunneling phenomena.
In the photon-assisted tunneling regime, a bound electron
absorbs one or more photons but remains below the thresh-
old, tunneling through the junction barrier. The number of
absorbed photons is constrained by the laser field, the gap
width, and the image potential. In the multiphoton regime
(y > 1), a bound electron absorbs multiple photons beyond
the threshold and tunnels through the junction barrier. In the
nonadiabatic regime (y ~ 1), the barrier is both suppressed
and driven by the laser field. The electron can tunnel through
the barrier while absorbing photons, causing an energy shift
under the tunneling barrier. The freed electron outside the
tunneling exit will be accelerated by the laser field until it
transmits into the opposite metal. In the tunneling (or adi-
abatic) regime (y < 1), the laser field strongly suppresses
the junction barrier, resulting in rapid tunneling without any
energy change.

We also introduce a new parameter, ¢, which characterizes
the interactions in MIM junctions in addition to the Keldysh
parameter y. For conditions where ¢ > 1, the MIM junction
will not exhibit laser-dominated photoemission, even under an
intense laser field with y < 1. Beyond the standard definition
of ¢ using times, this parameter has several more physical
interpretations: it can represent the energy capacity ratio,
which characterizes the maximum energy transferred to the
electron by the laser field, and it can also be interpreted as the
tunnel exit ratio under adiabatic conditions. The interaction
and photoemission processes in the MIM junctions must be
described jointly by the Keldysh parameter and ¢.

For future experiments and attosecond observations, we
examine the responses of current rectification to CEP and
pulse duration. A laser pulse comprising less than three
cycles is required, which remains a challenging task, de-
pendent on the advancement of technology. In the current
theory, we treat the MIM junction within a one-dimensional
model, and the unidirectional trajectories as well as rec-
ollisions are not included. A more comprehensive model,
incorporating a three-dimensional framework, optical near-
field enhancement, and many-electron interactions, remains
elusive. Furthermore, the effect of bias voltage warrants fur-
ther exploration. However, even the present form of our theory
with its shortcomings is expected to be useful in guiding

J

N ntoo N

experiments and interpreting results, ultimately opening the
door to attosecond-angstrom microscopic observations and
petahertz electron transport.
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APPENDIX A: AVERAGED NET CURRENT

The continuity relation ensures that the time-integrated
current flux is conserved everywhere. Therefore, to calculate
the total current, we can only focus on the current flux toward
the sample side. Integrating Eq. (6) over the time and the
sample space (x € (d, +00)), we derive

400 t=00
/ Jsdt = —(W(O)|xs|W(1)) : (A1)

o0 t=—00

Here, we use —oo and +oo to represent the initial and
final times. The operator x; denotes the space integration
performed in the sample region (d,+o00). The notation
[--- ]|;zi°oo at the end represents the subtraction of the term
evaluated at the initial time from the term evaluated at the
final time. Before interacting with light, the electron is in its
initial state |W(—o0)) = |Ws). The interaction bifurcates | W)
into a tunneling wave function |Wr) in the tip and a reflected
wave function |Wr) in the sample. For a wave function ini-
tially located at the tip ¢®|W,), it can contribute to '®|Wr)
and e’®| W), respectively. A random global phase ¢ is intro-
duced, since these wave functions are originally from different
sources (tip and sample). Hence, the wave function inside
the sample at the final time is |W(+00)) = | W) + €| Y;r).
Considering N laser pulses, the average current per pulse is

e e . .
T=—=2 / Jodt = — > (€W + Ur [T Wi + Wir) — (W] W)}
L —00

T
L n=1

e
'L'LN —

e
(19 N

N
D (Wi |Wir) — (Wer|Wer) + 2Re(e " (Wir | Wik )} = %[(wmwm — (Wr|Wer)],
n=1

N
D PP + W] Wi + W) — (Wt + War U (00, —00)U T (400, —00)|Wer + Wig))
n=1

(A2)

where we have used the relation U (400, —00)|Ws) = [Wsr) + |Wsr). The interference term is averaged out.
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APPENDIX B: TIP-SAMPLE TRANSFORMATION

In this appendix, we demonstrate that Mg can be solved in the same way as Mg. The tip boundary is located at the origin
(x = 0), while the sample boundary is located at x = d. Hence if we flip the whole system and translate the sample’s boundary
to the origin, we can relabel the tip and sample. In this transform, the electric field for the sample should have an opposite sign.
Assuming that this transformation is T, the evolution of the wave function of the sample U|W¥,) now changes to TUT ~'T|¥,),
shortly written as U’|W}). The new tunneling amplitude is

(W | W) = (WU ¢ U' |0 = (W T ' TU ' T TUT ™' T|W) = (W [U ' T T T TU W)
= (Wer| + (W Dxe(|Wer) + [WR)) = (Wer|Wer), (B1)

where x; means we only select the position domain inside the tip. Hence, the transformation does not change the tunneling
amplitude.

APPENDIX C: TUNNELING AMPLITUDE DERIVATIONS

To obtain the time-dependent Bardeen tunneling matrix element from the Dyson series [Eq. (12)] we use the following two
Schrodinger equations,

|
(W)l <—ih§ - H0> [xc + xs1 = (Y OIVOlxe + xs] (C1)
and
0
[xe + Xs](ih5 - Ho) [Wis (1)) = [xe + xs1Vis ()| Wi (2)), (C2)

and insert them into Eq. (12). The inner product in space representation is executed with partial integration in the following
calculation:

(—%) / (W EIxe + (V1) = Vi) i) dry

—/t /m[ oo (=2 = N ey — v (2 = 2 Y | dxds
—700 7ooXt Xs 15X, 11 81‘1 2m3x2 X, 11 X, 11 31‘1 2m82 1s\X, 71 xdrly

— (W OIxe + x:11P1s(2)) — —/ / [xe + xs1— |:‘1’Is(x tl)—lb (x, 1)) — Y™ (x, tl)_\pls(x ll)] dx dt

h x=d
— (Y@ xs[xe + xs1IWis (1)) + ﬂf [‘I’Is(x 11)—1//*()6, t) — ¥ (x, 11) \I"Is(x t )] dt (C3)
—00 x=0
ih ([ 3y ., i 3 x=d
—(Ve @) xs|V1s(2)) + 2—/ |:\I,IS(-x1 ) —v (x, 1) — ¥ (x, tl)_\yls(xvtl):| dt.
m J_o ax ax =0

This first term can exactly eliminate the time-boundary state. Substituting the above result into Eq. (12), we finally obtain the
tunneling amplitude in Eq. (13).

APPENDIX D: VOLKOV PROPAGATOR
The Volkov wave function describes the motion of a free charged particle in a homogeneous electric field. In the length gauge,

the wave function with a certain canonical momentum p is

p—eA(T 2
eé(P—CA(l‘)) f_ (peAlr)” A( ) dr . (Dl)

(xlp) = NerT

The Volkov propagator is obtained by integrating over the momentum:

m i i (p—eA)?
(0 |U (1, 11)|x1) = / (lp)(plxy) dp = | er (PeADI— (e =5 [, =57 dT (D2)
2wih(t, — 1))

f:]z eA(t)dt+m(xp—x1)

where p = o

. The Gaussian integral has been used.
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APPENDIX E: TRANSITION AMPLITUDE

For simplicity, we define | — eA(;)) = e# P=¢A0) the initial wave function is e~ #'|Wy), and the dipole operator is

—e&(t1)x. The transition amplitude in Eq. (27) is

Nty 1) = [ps + p — eAt2)](e” 774 — ReiP?){—e&(1))(p — eA(t )|x|Wo)}.

APPENDIX F: PHOTOEMISSION FORMULAS
From Eq. (28), we define S(1,, t;) as follows:

ﬁ2 123 EZAZ(T) 123
S, ) =Etr + —(t2 —11) — dt — Vimag[x(T)1dT + |Ep|t1.
2m f 2

m f

In(y+4/14+y?)
w

For ¢ < 1, we have Imt;y =

~2
D)

Im[EIZS] = Im[%

(t2s — lls)] =0,

m

ns o242 E
Im|:/ e“A° (1) dri| _ | 0|ef2f(ym—a)lmt1s),
; 2 2wy

s

and

s
Im[/ Vimag[x(f)] dTi| = |Vimag|1mtls-

tis

Assembling all terms, the imaginary part of the action is given by

E 1+ 2y2 1 2
tms = P20 gy 4 Ty - ]

2y2 2y

Equations (40)—(42) can be derived using the corresponding approximations of y.
For ¢ > 1, the static field is dominant. We have the duration

—i2md
T = )
N2mIE et 4+ /2m|Epefe

Substituting it into the three saddle-point equations [Egs. (30)—(32)], we obtain the relation

T)] _ —|Elefr + |Eolesr

cos [a)(tls + > eIFd

It has an extremum at |E | = |Eglest — |e|F'd. The corresponding time at the extremum is

md

Imt, = —Imtr,, = .
" * 7 /ZmEles + ~2mEolen

Substituting them into the action S and expanding S to third order, we obtain

, Imty, = 0, and Imp () &~ 0. Substituting these solutions into S, we obtain

e|lFd (le|Fd)? (le|Fd)?
S(m,ns)=d\/2m|Eo|eff[1 lelFd _ (elFd)” _ (el ~ d/2m(Eoler — e|FdJ2).

 HEoler  320Eol%  128]Eol
Equation (39) comes from this result.
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FIG. 9. Comparisons between Van Vleck and Volkov calculations are presented, with all parameters matching those in Fig. 5(a). Compared
to the numerical results of the TDSE, the Van Vleck method provides highly accurate results. In contrast, the Volkov calculations overestimate
the ponderomotive energy and channel closing due to unconstrained trajectories, leading to rapid oscillations beyond 17 V/nm.

APPENDIX G: COMPARISON BETWEEN DIFFERENT PROPAGATORS

Figure 9 presents a comparison of calculations based on Van Vleck and Volkov propagators with TDSE results.
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