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Mass-imbalanced two-dimensional Bose-Fermi mixtures with boson-fermion pairing
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We analyze a two-dimensional Bose-Fermi mixture at zero temperature in the presence of a tunable Bose-
Fermi attraction. We adopt a diagrammatic T -matrix approach and study the behavior of several thermodynamic
quantities for the two species as functions of density, mass ratio, and coupling strength. These include the chem-
ical potentials, the boson momentum distribution function, the condensate density, and Tan’s contact parameter.
We analytically demonstrate that the present T -matrix formalism recovers the correct second-order perturbative
expansion of the chemical potentials in the weak-coupling regime, and test it numerically. The near-universal
behavior of the condensate fraction already found in prior work for the mass-balanced case is confirmed for
different masses and becomes even more accurate when the boson mass is large. The mass imbalance emerges
as an additional control parameter that qualitatively affects the bosonic momentum distribution. In particular, we
found that it can be used to allow for the experimental observation of a peculiar peak in the boson momentum
distribution at finite momentum.

DOI: 10.1103/gy5f-fg91

I. INTRODUCTION

Ultracold quantum gases provide a controlled environ-
ment that exhibits genuinely quantum-mechanical behavior.
Among these, Bose-Fermi (BF) mixtures have been stud-
ied extensively both theoretically [1–34] and experimentally
[35–66], as their high degree of tunability enables the ex-
ploration of diverse many-body effects. Optical or magnetic
trapping techniques make it possible to cool atomic vapors
to the nanokelvin scale and reach the quantum degenerate
regime, in which bosons and fermions exhibit their character-
istic quantum statistics [42,46,49,54]. In addition, Feshbach
resonances offer precise control over interparticle interac-
tions, while the trapping geometry controls the atomic density
distribution. These techniques also allow for the tuning of
the system’s effective dimension. In particular, confinement-
induced resonances provide access to a dimensional crossover
from a three-dimensional (3D) confinement down to a (quasi-)
two-dimensional (2D) system.

The realization of BF mixtures has allowed exploration of a
wide range of phenomena like phase separation [50], polarons
[45,53,56,67–69], dual superfluidity [43,44,47,70], collective
excitations [60,62], mediated interactions [30,55,61,71], and
Feshbach molecules [35,37,39–41,51,52,57,59,63], mostly in
three-dimensional ultracold atomic mixtures.

*Contact author: pierbiagio.pieri@unibo.it

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

However, two-dimensional systems are expected to attract
considerable experimental interest for several reasons. First,
a combination of a Feshbach resonance and a confinement-
induced resonance allows the simultaneous tuning of both the
BF attraction and the boson-boson (BB) repulsion [72–74],
with the latter being crucial for ensuring the mechanical
stability of a homogeneous mixture. Moreover, recent theo-
retical work [75] has shown that weakly bound BF molecules
in the presence of a finite BB repulsion are collisionally
stable and are predicted to exhibit strong p-wave pairing,
potentially leading to p-wave superfluidity. The realization of
p-wave superfluidity could open the way to the exploration
of topologically protected states, including Majorana modes
and non-Abelian vortex excitations [76,77], thereby providing
a potential route toward fault-tolerant quantum computation
[78–83].

The quest for p-wave superfluidity is actively pursued also
in BF mixtures realized in semiconducting nanostructures
belonging to the class of transition metal dichalcogenides
(TMDs) [84,85]. TMDs are layered systems consisting of
crystalline sheets of transition-metal and chalcogen atoms
[86–99]. Newly developed exfoliation techniques have en-
abled the fabrication of few- and monolayer TMD structures,
in which charge carriers are effectively confined to two di-
mensions. In their monolayer form, TMDs can exhibit a direct
band gap [91], allowing efficient optical excitation across the
gap. Such excitations create an electron in the conduction
band and a hole in the valence band, which interact through
the Coulomb force and may form a bound state known as
an exciton. Excitonic states in TMD monolayers are more
strongly bound compared to those in bulk TMD semiconduc-
tors due to the enhancement of Coulomb attraction in reduced
dimensions. Their typical binding energy is of the order of
hundreds of meV [89,95], often exceeding the electron Fermi
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TABLE I. Representative experimentally realized ultracold het-
eronuclear BF mixtures, their mass ratios, and the corresponding
references.

Mixture (B-F) mB/mF References

87Rb - 171Yb 0.509 [42]
23Na - 40K 0.575 [37,38,53,57,59,62,63]
168Er - 161Dy 1.043 [49]
87Rb - 40K 2.175 [35,40,41,45,52,55]
23Na - 6Li 3.833 [39]
41K - 6Li 6.833 [46,50,56,61,66,70]
84Sr - 6Li 14 [54]
133Cs - 6Li 22.167 [51,60]
174Yb - 6Li 29 [47]

energy by an order of magnitude for not too high a density of
charge carriers. If these remain sufficiently dilute compared
to the spatial extent of excitons, the latter can then be treated
effectively as atomlike bosons even in the presence of the
fermionic medium. This allows for the investigation of mix-
tures of excitons and doped charges in analogy with atomic
BF mixtures.

Excitons can be involved in bosonic scattering processes
[96] and are expected to exhibit collective phenomena such
as Bose-Einstein condensation and superfluidity [97,98]. Re-
garding the BF interactions, an electrically tunable Feshbach
resonance has recently been realized in a MoSe2 bilayer sys-
tem, enabling precise electrical control over the exciton-hole
interaction strength [87]. This electrical tunability offers a
promising route toward realizing degenerate BF mixtures with
fully controllable BF interactions in a purely two-dimensional
solid-state platform.

In a mixture of excitons and doped charges, the bosonic and
fermionic components are mass imbalanced, with the exciton
effective mass being roughly twice that of the charge carriers
in typical TMDs [89,99]. A similar imbalance arises naturally
in ultracold atomic mixtures, where it can vary substantially
depending on the species involved. In Table I, we report a list
of experimentally realized ultracold heteronuclear BF mix-
tures, their mass ratios, and the corresponding references. The
wide range of mass-imbalance values between the bosonic
and fermionic species, appearing in both ultracold atomic
gases and TMDs, motivates the present work.

We extend a previous analysis [32], which considered
a mass-balanced two-dimensional Bose-Fermi mixture with
attractive BF interactions at zero temperature, to the experi-
mentally relevant case of mass-imbalanced mixtures.

Our main findings can be summarized as follows. The mass
imbalance produces significant quantitative modifications of
thermodynamic quantities such as the chemical potentials,
while leaving their qualitative behavior largely unchanged. By
contrast, the bosonic momentum distribution exhibits qualita-
tive changes. In particular, we identify a range of parameters
for which a predicted finite-momentum peak should remain
observable in a mechanically stable system.

The near-universal behavior of the condensate fraction
found in [32] is affected by the mass ratio, with universality
becoming more accurate for larger boson masses. Finally, the

hybridization between molecular and atomic states previously
found in [32] is significantly affected by the mass ratio, with
large boson masses suppressing it and thus making the disper-
sion of dressed BF pairs closer to its not-hybridized form.

The article is organized as follows.
In Sec. II, we illustrate the system Hamiltonian, explain our

choice of diagrams, and show the set of thermodynamic equa-
tions to be solved. Section III reports the numerical results
for chemical potentials, Tan’s contact parameter, and boson
momentum distribution in a mixture with an equal number
of bosons and fermions for several values of mass ratios. In
Sec. IV we report the boson momentum distribution for a sys-
tem with a majority of fermions and study the effects of mass
imbalance on the condensate density and the hybridization
energy scale introduced in [32]. Finally, in Sec. V we draw
our conclusions. The two Appendixes provide details on the
weak- and strong-coupling expansions of our theory.

II. METHODS

We consider a dilute homogeneous mixture of spinless
bosons and spin-polarized fermions with interspecies attrac-
tion in a two-dimensional setting in the zero-temperature
limit, in which bosons may condense even in two dimensions
[100]. In a previous work [32], we studied the thermodynamic
properties of the same system at T = 0 within a T -matrix
diagrammatic approach extended to the condensed phase. The
strengths and limitations of this method are discussed in [32]
and in the references cited therein.

Here, we are interested in the case of mass-imbalanced
mixtures, which was not previously addressed. In particular,
we will consider several possible values of the mass ratio pa-
rameter γm = mB/mF between the boson and fermion masses
mB and mF, respectively. As in [32], we focus on mixtures with
bosonic density nB not exceeding the fermionic density nF. In
terms of the bosonic concentration parameter x = nB/nF, this
corresponds to x � 1.

For a thorough description of the formalism, the reader is
referred to [32]. In the following section we recap the main
equations and quantities relevant to the present work.

We set h̄ = 1 throughout this paper.

A. Formalism

1. Hamiltonian

In the presence of a broad Feshbach resonance tuning the
strength of the BF attractive interaction, the (grand-canonical)
Hamiltonian is given by

H = HBF + VBB

=
∑

s=B,F

∫
d2r ψ†

s (r)

(
− ∇2

2ms
− μs

)
ψs(r) (1)

+ vBF
0

∫
d2r ψ

†
B(r)ψ†

F (r)ψF(r)ψB(r) + VBB, (2)

where ψ†
s and ψs create and destroy, respectively, a particle of

mass ms and chemical potential μs, with s = B, F indicating
the bosonic or fermionic nature.

Here, HBF describes the kinetic energy and the interac-
tion between bosons and fermions. At the same time, VBB
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FIG. 1. Feynman diagrams for the particle-particle ladder �(P,�), corresponding to the T -matrix in the normal phase. Full lines
correspond to bare bosonic (B) and fermionic (F) Green’s functions, dashed lines correspond to bare BF interactions, and dotted lines with
arrows indicate the external momentum flow. (P,�) = (p1 + p2, ω1 + ω2) is the center of mass (2 + 1)-momentum.

considers the (possible) presence of a (weak, nonresonant)
boson-boson repulsion.

The BF attractive contact interaction is regularized by
expressing the bare strength vBF

0 in terms of the (2D) BF
scattering length aBF as

1

vBF
0

= −
∫

d2k

(2π )2

1

ε0 + k2/(2mr )
, (3)

where ε0 = 1/(2mra2
BF) is the BF binding energy of the asso-

ciated two-body problem in vacuum with mr = mBmF/(mB +
mF) being the reduced mass of the BF pair.

The ultraviolet divergence in the integral on the right-hand
side of Eq. (3) compensates analogous divergences occurring
in many-body diagrammatic perturbation theory. For details
on the regularization procedure, see, e.g., [101] and the Sup-
plemental Material of [102].

One can define an effective BF dimensionless coupling pa-
rameter g = ln[1/(kFaBF)] using the Fermi momentum kF =√

4πnF of a free Fermi gas with density nF, in analogy with
2D fermionic systems.

With the above definition of g, one can express the BF
binding energy in units of the Fermi energy EF = k2

F/(2mF)
as ε0/EF = e2g(γm + 1)/γm. In terms of g, the weak- and
strong-coupling limits correspond to g → −∞ and g → +∞,
respectively. In practice, for the range of masses explored in
the present work, they are well represented by g � −2 and
g � 2.

2. Many-body T-matrix

The first building block of our diagrammatic theory is
the particle-particle ladder �, which corresponds to the
many-body T -matrix in the absence of a condensate, and
is represented diagrammatically in Fig. 1. We found it con-
venient to work with the T = 0 limit of the Matsubara
formalism; that is, we work with imaginary frequencies i�.
The particle-particle ladder �(P,�) at momentum P and
imaginary frequency i� is given by

�(P,�) = 1

T2(P,�)−1 − IF(P,�)
, (4)

where

T2(P,�)−1 = − mr

2π
ln

(
P2/(2M ) − μF − μB − i�

ε0

)
, (5)

IF(P,�) =
∫

d2k

(2π )2

	
( − ξF

P−k

)
ξF

P−k + ξB
k − i�

. (6)

In the above, T2(P,�) is the off-shell two-body T -matrix in
vacuum and IF(P,�) stems from the presence of the fermionic

component, while M = mB + mF. We have also assumed
μB < 0, as is the case in the range of couplings, mass ratios,
and densities considered. A closed (albeit lengthy) form for
�(P,�) for � �= 0 can be found in [32]. Note that for μF < 0
the second contribution is absent.

Extending the many-body T -matrix to the condensed phase
requires summing all possible combinations of the repeated
scattering between fermions and condensed or noncondensed
bosons. Thus the many-body T -matrix in the presence of a
condensate is shown diagrammatically in Fig. 2, whose corre-
sponding equation is formally solved to yield

T (P,�) = 1

�(P,�)−1 − n0G0
F(P,�)

, (7)

where n0 is the condensate fraction, and G0
s (P,�)−1 = i� −

ξ s
P is the bare Green’s function in the grand-canonical ensem-

ble for the species s.

3. Boson and fermion self-energies

The fermion self-energy is made of two contributions, rep-
resented in Fig. 3(a), corresponding to the convolution of the
particle-particle ladder �(P,�) or the many-body T -matrix
T (P,�) with a condensate density or a free boson propa-
gator, respectively. The reason for using �(P,�) rather than
T (P,�) in the first diagram of Fig. 3(a) is to avoid double
counting in the Dyson equation.

One has, then,

�F(k, ω) = n0�(k, ω) −
∫

d2P

(2π )2

∫
d�

2π
T (P,�)

× G0
B(P − k,� − ω)ei�0+

. (8)

The normal boson self-energy has contributions from both
the attractive BF interaction and the (weak) BB repulsion
�B(k, ω) = �BF(k, ω) + �11.

FIG. 2. Feynman’s diagrams for the many-body T -matrix in the
condensed phase T (P, �). Wavy lines correspond to condensed bo-
son insertions and contribute with a factor of

√
n0 each, where n0 is

the condensate density.
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FIG. 3. Feynman diagrams for (a) the fermion self-energy, and
(b) the contribution to the normal boson self-energy stemming from
BF interactions. The dotted lines with arrows indicate the momentum
flow.

The diagram describing the contribution of the BF interac-
tion is shown in Fig. 3(b), and corresponds to

�BF(k, ω) =
∫

d2P

(2π )2

∫
d�

2π
T (P,�)

× G0
F(P − k,� − ω)ei�0+

. (9)

The inclusion of the BB repulsion gives rise to both nor-
mal and anomalous contributions to the bosonic self-energy,
which, working at T = 0, can be included using the standard
Bogoliubov theory (see, e.g., [103]), or its improved version
by Popov [104]. The latter looks more suitable for BF mix-
tures since a strong BF attraction leads to a large condensate
depletion, which is better described by Popov theory. For
the same reason, Popov theory was shown in Ref. [33] to
better describe the stability properties of a BF mixture in three
dimensions. Thus we will use the same approach here when
the inclusion of the BB interaction is required.

The normal and anomalous contributions to the boson self-
energies stemming from the BB interactions are then given,
respectively, by

�11 = 8πnB ηB

mB
, (10)

�12 = 4πn0 ηB

mB
, (11)

where ηB = 1/ ln[1/(nBa2
BB)] is the gas parameter for weakly

interacting bosons in two dimensions [105] and aBB the 2D
BB scattering length.

We notice that most of the numerical results that we will
present in the following sections are obtained by neglecting
the BB repulsion, unless explicitly stated otherwise.

4. Green’s functions, momentum distributions, and densities

The dressed fermion Green’s function GF(k, ω) and the
dressed Green’s function G′

B(k, ω) for noncondensed bosons

are obtained by inserting the (irreducible) diagrams shown in
Fig. 3 into Dyson’s equations:

GF(k, ω)−1 = G0
F(k, ω)−1 − �F(k, ω), (12)

G′
B(k, ω)−1 = G0

B(k, ω)−1 − �B(k, ω)

+ �2
12

iω + ξB
k + �B(−k,−ω)

. (13)

The momentum distributions for fermions and noncon-
densed bosons are then given by

nF(k) =
∫

dω

2π
GF(k, ω)eiω0+

, (14)

nB(k) = −
∫

dω

2π
G′

B(k, ω)eiω0+
. (15)

B. Numerical methods

The core of our numerical calculations is constituted by the
set of equations

nF =
∫

d2k

(2π )2
nF(k), (16)

nB = n0 +
∫

d2k

(2π )2
nB(k), (17)

μB = �B(0, 0) − �12. (18)

Equations (16) and (17) are the standard equations relating the
momentum distribution to the number density of a many-body
assembly, while Eq. (18) is the Hugenholtz-Pines condition
for a system with a boson condensate [106–108]. For a given
set of parameters x, γm, ηB, and g, the above system is solved
for the unknowns μF, μB (both in units of EF) and n0 (in units
of nF).

As discussed in [32] for equal masses, in the strong-
coupling limit g � 2, the system of Eqs. (16)–(18) can be
replaced by the simpler set of equations

nF =
∫

d2k

(2π )2 nF(k), (19)

nB − n0 =
∫

d2P

(2π )2

[
u2

P	(−E+
P ) + v2

P	(−E−
P )

]
, (20)

μB = 2πε0

mr

∫
d2P

(2π )2

(
u2

P

E+
P − ξF

P

	(−E+
P )

+ v2
P

E−
P − ξF

P

	(−E−
P )

)
, (21)

which is again solved for μF, μB and n0. In the above equa-
tions, E±

P denote the dispersion relations of the poles of the
many-body T -matrix in the strong-coupling limit, and u2

P,
v2

P their corresponding quasiparticle weights. Explicit expres-
sions for E±

P and u2
P, v2

P can be found in Sec. IV C, while the
closed-form solutions for the integrals in Eqs. (20) and (21)
can be found in Appendix B. A strong-coupling expression
for the fermion momentum distribution in Eq. (19) is also
reported in Appendix B.
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FIG. 4. (a) Fermion chemical potential μF in units of EF, as
a function of the BF coupling g, for several values of mass ratio
γm, in the case x = 1. (b) Corresponding boson chemical potential
μB (shifted by the binding energy ε0), in units of EF. Top inset:
ratio between μB and its leading strong-coupling limit −ε0. Black
dotted lines: strong-coupling benchmarks (reported for clarity for
γm = 0.5, 4 only). Bottom inset: bosonic chemical potential in units
of EF as a function of g.

III. NUMERICAL RESULTS FOR nB = nF

A. Chemical potentials

Figure 4 presents the evolution of the mixture’s chemical
potentials from weak to strong coupling (−4 � g � 4) for
the selected case x = 1. Note that for the boson chemical
potential, we report in the main plot the quantity μB + ε0,
to subtract the leading strong-coupling contribution given by
−ε0/EF = −e2g(γm + 1)/γm.

One can see that changing the mass ratio significantly mod-
ifies the quantitative values of the chemical potentials without
altering, however, their qualitative behavior. In particular, both
the fermionic and bosonic chemical potentials monotonically
decrease with increasing interaction strength, as shown in
Fig. 4(a) and the bottom inset in Fig. 4(b), respectively. We
have observed a qualitatively similar behavior also for x < 1:
varying the mass ratio changes the chemical potentials only
quantitatively with respect to the corresponding quantities for
γm = 1 reported in [32].

In the top inset of panel (b), we report the ratio between
μB and its leading strong-coupling limit −ε0. One sees that
the relative difference |μB + ε0|/ε0 goes below 5% for g � 1
for all the mass ratios considered.

The numerical results for the two chemical potentials are
also compared with the solution of the asymptotic strong-
coupling equations (19)–(21). The good agreement with

FIG. 5. Dimensionless parameter CBF/(4m2
r E 2

F ), as a function of
BF coupling g, for different values of the mass ratio γm in the case
x = 1. Dotted lines: asymptotic behavior given by (ε0/EF ) (γm +
1)/γm.

the strong-coupling benchmarks (black dotted lines) demon-
strates that the assumptions underlying the strong-coupling
theory developed in [32] for γm = 1 remain valid also for
γm �= 1.

In the opposite weak-coupling limit 1/g → 0−, the con-
trolled perturbative expansion of Ref. [109] provides a
benchmark for the values of the chemical potentials. In Ap-
pendix A we compare the above second-order expansion with
the numerical results obtained within the present T -matrix
formalism, thus verifying that in the weak-coupling limit our
theoretical approach is correct to second order in 1/g. In addi-
tion, we provide a detailed expansion of our set of equations in
the weak-coupling limit, thus showing analytically how the
perturbative results for the chemical potentials are recovered
by the present approach.

B. Tan’s contact parameter

Quite generally, for contact interactions, the fermion and
boson momentum distributions at large momenta are given by
ns(k) = Cs/k4 to leading order (where k = |k|) [110–112].
Here, Cs is the so-called Tan’s contact parameter for the
species s. Within our theory, in the absence of BB repulsion,
one has CB = CF = CBF, where we have introduced the quan-
tity

CBF = 4m2
r

∫
d2P

(2π )2

∫
d�

2π
T (P,�)ei�0+

, (22)

which has the meaning of the contribution to Tan’s contact
originating from the BF interaction. In the presence of a BB
repulsion, the boson distribution acquires an additional con-
tribution originating from the anomalous self-energy, yielding
CB = CBF + (mB�12)2, while CF remains equal to CBF.

The dimensionless quantity CBF/(4m2
r E2

F ) for x = 1 is
shown in Fig. 5, from weak to strong coupling and for several
values of the mass ratio. For γm = 4, one sees in Fig. 5 a
rapid change in the slope of the curve near g � 1.2. Although
less visible, the same change in behavior also appears for the
remaining mass ratios. For all cases, we have verified that this
feature in the Tan’s contact occurs at the coupling where μF

becomes negative [see Fig. 4(a)]. This change of sign can be
interpreted as marking a crossover from a regime with a Fermi
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surface of predominantly unpaired fermions to a molecular
regime increasingly dominated by bound BF pairs, in which
Tan’s contact approaches its strong-coupling behavior.

In the strong-coupling limit, one can obtain the following
asymptotic behavior for x = 1:

CBF

4m2
r E2

F

∼ γm + 1

γm

ε0

EF
=

(
γm + 1

γm

)2

e2g. (23)

The dotted lines in Fig. 5 represent the asymptotic predic-
tion (23), showing good agreement with the numerical results
in the strong-coupling regime for all mass ratios considered.

We have observed similar good agreement also for x < 1.
In this case, the asymptotic expression on the right-hand side
of Eq. (23) is multiplied by x. This prefactor follows from the
fact that, in the strong-coupling limit, the T -matrix reduces
to the molecular propagator (up to a constant) [32]. Thus the
integral of the T -matrix over momentum and frequency is
proportional to the density of composite fermions. Since in
the strong-coupling limit the condensate is mostly depleted,
one can approximate the density of BF pairs with the boson
density to leading order, obtaining the prefactor x.

C. Boson momentum distribution

An interesting feature of the bosonic momentum distri-
bution for equal masses obtained in [32], is the presence of
a peak at finite momentum, which is observed only in the
weak-coupling regime. In particular, for the density-matched
mixture (x = 1), the peak is present for g = −4, while it is
absent already for g = −2. We now explore the effect of the
bosonic mass on this feature.

Figure 6 shows the boson momentum distribution for x = 1
for several values of mass ratio and BF coupling.

In the upper panel, corresponding to the weak-coupling
case g = −4, the boson momentum distribution exhibits a
maximum at nonzero momentum for all cases in which the
boson mass is equal to or larger than the fermion one (cor-
responding to γm � 1). In particular, the peak shifts to lower
momentum while becoming more prominent as the mass ratio
increases.

By contrast, the lower panel shows that, for sufficiently
large values of γm � 4, a well-defined finite-momentum peak
is present even outside the weak-coupling regime (g = −1).
Increasing the BF coupling shifts the peak to larger momenta
and increases its height.

An ongoing analysis of the spectral-weight functions [113]
indicates that the finite-momentum peak originates from an
avoided crossing between two pole branches of the bosonic
Green’s function. This avoided crossing produces a nonmono-
tonic momentum dependence of the spectral weight carried
by the negative-frequency branch, which provides the dom-
inant contribution to nB(k) at small momenta. Specifically,
this weight first increases and then rapidly vanishes as the
negative-frequency branch crosses zero frequency, giving rise
to the peak followed by a kink. The kink occurs at the
momentum where the branch crosses zero frequency and is
most clearly visible for γm = 4, 7, and 22 in Fig. 6(b). As
the coupling increases, the two pole branches move progres-
sively farther apart in energy, so that the avoided crossing and
the finite-momentum peak eventually disappear at sufficiently

FIG. 6. Boson momentum distribution nB(k) as a function of
k/kF, for the boson concentration x = 1 and BF couplings g = −4
(a) and g = −1 (b). Several values of mass ratio γm are reported.

strong coupling. The zero-frequency crossing, and hence the
associated kink, generally persists, although the kink is not
always clearly visible.

IV. NUMERICAL RESULTS FOR nB � nF

A. Boson momentum distribution

Figure 7 illustrates the dependence of the bosonic mo-
mentum distribution nB(k) on the boson concentration x in
the low-momentum region near the peak (when present) dis-
cussed in the previous section. We report the same two BF
coupling values considered in Fig. 6, for two selected mass
ratios.

The results of Fig. 7 for x < 1 together with those of Fig. 6
at x = 1 reveal a general interplay between BF coupling, bo-
son concentration, and mass ratio. Increasing the BF coupling
tends to broaden the finite-momentum peak (when present)
and shift it toward larger momenta. Conversely, increasing
the mass ratio γm leads to a sharper peak located at lower
momentum. Finally, reducing the boson concentration gener-
ally enhances the peak’s visibility and further shifts it toward
smaller momenta.

Measurements of the bosonic momentum distribution in
two-dimensional BF mixtures in future experiments could
provide a direct test of our predictions. In ultracold-atom
realizations, such measurements could be performed through
time-of-flight imaging.

However, a remark concerning a possible experimental test
of our predictions is in order. All of the above results neglect
the presence of a BB repulsion. It is well known that, in
the absence of a BB repulsion, a homogeneous BF mixture
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FIG. 7. Boson momentum distribution nB(k) as a function of
k/kF, for BF couplings g = −4 (a) and g = −1 (b). Several different
values of the boson concentration x are reported: x = 1 (green),
x = 0.5 (yellow), and x = 0.1 (red). Two different values of the mass
ratio γm are considered: γm = 0.5 (dashed lines) and γm = 2 (full
lines).

is mechanically unstable toward collapse or phase separa-
tion [13,33,114,115]. As such, our results with BB repulsion
ηB = 0 could be applied only to experiments fast enough
compared with the timescales over which the instability sets
in. This is what, according to its authors, occurred in the ex-
periment reported in Ref. [59], which successfully explored a
3D Bose-Fermi mixture with a negligible BB repulsion across
the whole evolution of the BF coupling from weak to strong.

Still, it would be desirable to work with, and possibly
observe the above peak in, mechanically stable mixtures. In
[32] it was observed that while the inclusion of a repulsion
ηB does not qualitatively affect the thermodynamic quanti-
ties μB, μF, n0, it may have a large effect on the momentum
distribution of bosons at small momenta. In particular, its
inclusion causes the momentum distribution to diverge as
nB(k) ∼ 1/k for k → 0. The behavior of the momentum
distribution in the presence of Bose-Bose repulsion can be
understood as follows. In our approach, the Bose-Bose re-
pulsion is incorporated through the normal and anomalous
self-energies �11 and �12 given by Eqs. (10) and (11).
When the Bose-Fermi interaction is switched off, the bosonic
normal Green’s function reduces to the standard Bogoli-
ubov form, G′

B(k, ω) = u2
k/(iω − Ek ) − v2

k /(iω + Ek ), which
yields nB(k) = v2

k ∼ 1/k as k → 0. This low-momentum
divergence is expected to persist when the Bose-Fermi contri-

FIG. 8. Boson momentum distribution nB(k) as a function of
k/kF, for the BF coupling g = −4, boson concentration x = 0.175,
and several different values of the BB coupling ηB. Two values for
the mass ratio γm are reported: γm = 0.5 (a) and γm = 2 (b).

bution �BF is included in �11, as confirmed by our numerical
calculations.

This divergence could completely mask the finite-
momentum peak discussed so far (similarly to what was
observed for equal masses in Fig. 10 of [32]).

In Fig. 8 we show the boson momentum distribution in a
selected case x = 0.175 in the weak-coupling regime g = −4
for the same two values of γm as in Fig. 7, with the BB
repulsion parameter varying from ηB = 0 to ηB = 0.05. This
value should correspond to a BB repulsion strong enough
to render the mixture mechanically stable according to the
analysis of [115].

One sees that in the case of a smaller boson mass (γm =
0.5), the introduction of a finite BB repulsion rapidly washes
out the finite-momentum peak. For the larger value γm = 2,
a peak at finite momentum is instead clearly visible even
for the largest values of the BB repulsion (ηB = 0.025 and
ηB = 0.05), for which the mixture should be mechanically sta-
ble [115]. More generally, mixtures with mass ratios γm � 2,
BF coupling −4 � g � −2, and BB repulsion 0.025 � ηB �
0.05 should allow for the observability of the predicted finite
momentum peak in a mechanically stable BF mixture.

B. Universality of the Boson condensate fraction

A near-universal dependence of the condensate fraction
on the boson density was observed in Ref. [32] for equal
masses, similarly to what was previously found in [22] in
three dimensions. Here, we investigate the effects of a mass
imbalance.
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FIG. 9. Boson condensate fraction n0/nB as a function of the BF
coupling parameter g for different values of the boson concentration
x and mass ratio γm: (a) γm = 0.5 (inset γm = 1), (b) γm = 4 (inset
γm = 2).

Figure 9 shows the condensate fraction as a function of
the BF coupling g for several values of boson concentrations
and mass ratios. The overall behavior is qualitatively similar
to that obtained for equal masses [32], with a monotonic
decrease of the condensate fraction as the BF attraction in-
creases, the absence of a critical coupling past which the
condensate vanishes identically, and a near-universal de-
pendence on the boson density. Quantitative deviations are,
however, present. In particular, deviations from universality
are more pronounced for γm < 1 (upper panel), whereas they
are reduced for γm > 1 (lower panel and inset), similarly to
what was previously observed in the three-dimensional case
[22].

To further highlight the effects of changing the mass ratio,
Fig. 10 reports n0/nB as a function of the BF coupling g for
several values of the mass ratio at two different concentra-
tions: x = 0.1 (main panel) and x = 1 (inset). One sees in
Fig. 10 a nontrivial dependence of the condensate fraction
on the mass ratio for both concentrations. For intermediate to
strong interactions, the condensate is more depleted at large
boson masses. In the weak-coupling region, the dependence
on the boson mass is instead nonmonotonic. In particular, we
have numerically verified the following second-order pertur-
bative expansion for the boson condensate density [116],

n0 = nB

[
1 − 1

4g2

(
γm + 1

γm

)2

ln(γm + 1)

]
, (24)

FIG. 10. Boson condensate fraction n0/nB as a function of the
BF coupling parameter g for several values of mass ratio γm and for
boson concentration x = 0.1 (main panel) and x = 1 (inset).

from which one immediately sees that the condensate deple-
tion increases as 1/γm for small γm and as ln γm at large γm,
with a minimum for γm � 2.5.

C. Hybridization energy and poles of the many-body T -matrix
in the strong-coupling limit

In the strong-coupling limit, the many-body T -matrix ac-
quires the meaning of a composite fermion propagator [32].
In particular, in the condensed phase, it acquires the following
two-pole structure,

T (P,�) = 2πε0

mr

(
u2

P

i� − E+
P

+ v2
P

i� − E−
P

)
, (25)

with dispersions

E±
P =

ξ̃CF
P + ξF

P ±
√(̃

ξCF
P − ξF

P

)2 + 4
2
0

2
(26)

and weights

u2
P = 1

2

⎛⎜⎝1 + ξ̃CF
P − ξF

P√(̃
ξCF

P − ξF
P

)2 + 4
2
0

⎞⎟⎠, (27)

v2
P = 1 − u2

P. (28)

One sees in Eq. (26) that the energy scale 
0 ≡
(2πε0n0/mr )1/2 controls the amount of hybridization between
a free fermion dispersion ξF

P and a molecular dispersion
ξ̃ CF

P = P2/(2M ) − μ̃CF with chemical potential shifted by a
mean-field contribution stemming from the presence of a de-
generate Fermi component: μ̃CF = μB + μF + ε0 − �0

CF with
�0

CF = mFμF	(μF)/mr .
Figure 11 illustrates the effects of mass imbalance on the

hybridization energy scale 
0 for a fixed strong BF coupling
and several values of the boson concentration. One sees that

0/EF decreases monotonically as the mass ratio increases
for all values of x considered. This behavior is easily under-
stood by noting that 
0/EF = eg√x n0/nB(1 + 1/γm ). Since
in the strong-coupling regime the condensate fraction n0/nB

depends only weakly on the mass ratio, the dominant mass
dependence of 
0/EF originates from the factor (1 + 1/γm ),
which decreases monotonically when γm increases. To verify
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FIG. 11. Square of the hybridization energy 
2
0 = 2πε0n0/mr (in

units of E 2
F ) as a function of the boson concentration x, for strong BF

attraction g = 3 and different mass ratios. Dotted lines: same quantity
with n0 kept at its value for γm = 1.

that the dependence of the condensate fraction on the mass
ratio plays indeed a minor role in 
0, Fig. 11 also reports

2

0/E2
F with n0 kept at its value for γm = 1 even when γm �= 1

(dotted lines). One sees that this quantity remains close to

2

0/E2
F calculated with the appropriate value of n0 for given

γm.
Figure 12 shows the dispersions of the two poles of the

T -matrix for a fixed boson concentration (x = 0.175). The
results show the characteristic level crossing (solid and dotted
lines) and avoided crossing (dashed and dot-dashed lines) of a
nonhybridized and hybridized two-level system, respectively.
By comparing the two panels of Fig. 12, one sees how in-
creasing the mass ratio reduces the hybridization between
the atomic and molecular branches, bringing the hybridized
dispersions closer to the corresponding nonhybridized coun-
terparts (see the insets for a zoom-in of the dispersions at
negative energies, corresponding to occupied states of the
composite fermions).

V. CONCLUSIONS

We have extended the diagrammatic T -matrix descrip-
tion of boson-fermion pairing and condensation in two-
dimensional Bose-Fermi mixtures developed in Ref. [32]
to the experimentally relevant case of unequal boson and
fermion masses.

Our results show that mass imbalance acts as an additional
effective control parameter. While the chemical potentials and
Tan’s contact retain the same overall behavior observed in
the mass-balanced case, the bosonic sector exhibits qualita-
tively new features. In particular, increasing the boson mass
enhances the finite-momentum peak predicted in the boson
momentum distribution, making it substantially more robust
against the effects of a finite boson-boson repulsion. As a
consequence, mixtures with sufficiently large mass ratios ap-
pear as especially promising candidates for the experimental
observation of this feature.

Mass imbalance also affects the condensate properties. The
near-universal dependence of the condensate fraction on the
boson concentration, previously identified for equal masses,
is preserved and becomes increasingly accurate for larger bo-
son masses. At the same time, the strong-coupling molecular

FIG. 12. Dispersions E±
P of the two poles of the T -matrix and

molecular and atomic dispersions ξ̃ CF
P and ξF

P (in units of EF) as
functions of P/kF. Data are obtained for a strong BF attraction
g = 3, boson concentration x = 0.175, and mass ratios γm = 0.5 (a),
γm = 22 (b). Insets: close-up of E−

P and ξF
P in the momentum region

where E−
P < 0.

regime is modified through a reduction of the hybridization
between atomic and molecular branches. Large mass ratios
suppress the corresponding hybridization energy scale and
drive the dressed molecular dispersions closer to their non-
hybridized form.

On the theoretical side, we have shown analytically that
the present T -matrix formalism reproduces the exact second-
order perturbative expansion of the chemical potentials in
the weak-coupling limit for arbitrary mass ratio and concen-
tration, and we have verified this result numerically over a
broad parameter range. This provides an important consis-
tency check on the diagrammatic approximation and further
supports its use across the crossover from weak to strong
boson-fermion attraction.

The broad range of mass ratios available in ultracold het-
eronuclear mixtures, together with the recent realization of
tunable Bose-Fermi platforms in transition-metal dichalco-
genide heterostructures, makes the present results directly
relevant to ongoing experimental efforts. More generally, our
findings highlight the role of mass imbalance as a powerful
tool for engineering pairing correlations, condensation, and
molecular properties in low-dimensional Bose-Fermi systems.
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APPENDIX A: WEAK-COUPLING EXPANSION

We explicitly derive the weak-coupling expansion of the
diagrams selected in our T -matrix approach, and show that
these recover the perturbative expansion of μB and μF:

μF

EF
= 1 + x

1 + γm

2 γm

1

g

+ x
1 + γm

4 γm

[
ln

(
γm

(1 + γm )2

)
+ γm + 1

γm − 1
ln γm

]
1

g2
,

(A1)

μB

EF
= 1 + γm

2γm

[
1

g
+ 1

g2

(
γm ln(γm )

γm − 1
− ln(γm + 1) − 1

2

)]
,

(A2)

obtained in [109].

1. �-matrix

By expanding T2(P,�) in powers of 1/g, it is easy to
identify the following perturbative orders of the �-matrix
�(P,�) = �(1) + �(2)(P,�) + · · · ,

�(1) = π

gmr
, (A3)

�(2)(P,�) = π

g2mr

[
1

2
ln

(
P2/(2M ) − μF − μB − i�

k2
F/(2mr )

)
+ π

mr
IF(P,�)

]
, (A4)

or, in integral form,

�(2)(P,�) = π2

g2m2
r

∫
d2q

(2π )2

[
	

( − ξF
P−q

) − 1

ξF
P−q + ξB

q − i�

+ 1

q2/(2mr ) + k2
F/(2mr )

]
. (A5)

Note that the first order is independent of the (2 + 1)-
momentum (P,�).

2. Boson chemical potential

According to the Hugenholtz-Pines theorem (18), in the
absence of BB interactions, the integral that determines the

boson chemical potential is

�B(0, 0) =
∫

d2P d�

(2π )3
T (P,�) G0

F(P,�) ei�0+
. (A6)

We define the momenta PT± as the solutions of the equations

P = lim
�→0+

√
2mF[μF ± n0|�(P,�)|], (A7)

respectively. PT+ represents the momentum of the Fermi step
introduced by the T -matrix, and it provides a natural cutoff
for the momentum integral of Eq. (A6). PT− sets the lower
bound of the range [PT− , PT+ ] where the T -matrix cannot be
represented as a convergent geometric series uniformly in
P, � since

T (P,�) �= �(P,�)
∞∑

n=0

[
n0G0

F(P,�) �(P,�)
]n

(A8)

for � small enough when P ∈ [PT− , PT+ ]. At leading order,

PT± =
√

2mF
(
μF ∓ μ

(1)
F

)
, (A9)

where μ
(1)
F = EF x(γm + 1)/(2gγm ) is the contribution of or-

der O(1/g) to the fermion chemical potential appearing in
Eq. (A1) and derived in Appendix A 3 below.

To identify the different perturbative orders of μB, it is
useful to split the integration domain (0, PT+ ) = (0, PT− ] ∪
(PT− , PT+ ). By restricting the momentum interval to 0 < P <

PT− , we can identify the first contributions of order less than or
equal to O(1/g2) from the diagrammatic expansion in Fig. 13,
which is obtained by approximating the T -matrix by the first
two terms of the convergent geometric series, and we denote
the corresponding self-energy by �̃B(0, 0).

By inserting the expansion of the �-matrix given by
Eqs. (A3)–(A5), and of the fermion chemical potential given
by Eq. (A1)—while it is sufficient to take μB → 0− inside the
� and n0 = nB, noting from Eq. (24) that the leading correc-
tion to the boson condensate density is of order O(1/g2)—it
is easy to find

�̃B(0, 0)

EF
= 1 + γm

2 γm

1

g
+ 1 + γm

4γm

(
2γm ln(γm )

γm − 1

− 2 ln(γm + 1) − 1 + 2x
γm + 1

γm

)
1

g2
, (A10)

valid up to corrections of order higher than O(1/g2).
The concentration-dependent term in the last line of

Eq. (A10) comes from the perturbative expansion of the
fermion chemical potential, and is therefore a consequence
of treating fermions in the grand-canonical ensemble. Such
a term is canceled by the remaining momentum integral over
the interval (PT− , PT+ ), given by

�B(0, 0) =
∫ PT+

PT−

dP

2π
P

∫
d�

2π
T (P,�)G0

F(P,�)ei�0+

= −EF
x

2

(
γm + 1

γm

)2 1

g2
, (A11)

which is valid up to corrections of order higher than O(1/g2).
We stress again that �B(0, 0) comes from the region in mo-
mentum space where the formal sum (7) defining the T -matrix
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FIG. 13. Feynman diagrams yielding the perturbative contributions to the boson chemical potential at first and second order in 1/g, arising
from the momentum integration outside of [PT− , PT+ ]. The dotted lines with arrows indicate the momentum flow.

differs from a convergent geometric series, and is therefore
a consequence of the way we formally accounted for an in-
finite number of condensate insertions. Therefore, summing
up the two contributions (A10), (A11) into μB = �̃B(0, 0) +
�B(0, 0) leaves no dependence on x and yields the result of
Eq. (A2).

Interestingly, the same perturbative expansion is recov-
ered by representing the T -matrix as a geometric series in
the whole (2 + 1)-momentum space, provided that the zero-
temperature limit is performed after the frequency sum: up to
corrections of order higher than O(1/g2),∫

d2P d�

(2π )3
T (P,�)G0

F(P,�)ei�0+

=
∫

d2P

(2π )2
lim

β→∞
1

β

∑
�n

(
�(P,�n)

+ n0�(P,�n)2G0
F(P,�n)

)
G0

F(P,�n)ei�n0+
, (A12)

with �n = (2n + 1)π/β, n ∈ Z being the fermion Matsubara
frequencies. The order between the sum and the limit is im-
portant to make sense of the singular behavior of G0

F(P,�)2

at i� = ξF
P on the right-hand side of Eq. (A12). In partic-

ular, limβ→∞ β−1 ∑
�n

G0
F(P,�n)2ei�n0+ = −δ(ξF

P ), and the
second line on the right-hand side of Eq. (A12) yields a
contribution proportional to x that cancels the dependence on
the concentration originating from the expansion of μF in the
first line. The frequency integrand on the left-hand side instead
does not exhibit any double pole singularity, and therefore we
can take the continuum limit of � from the beginning. As seen
above, the analogous cancellation between terms dependent
on the boson concentration occurs automatically.

3. Fermion chemical potential

Let us now adapt the arguments developed for the bo-
son chemical potential to the fermion case. According to the
Eq. (16), the integral that determines the fermion density reads

nF =
∫

d2k dω

(2π )3

G0
F(k, ω)

1 − G0
F(k, ω)�F(k, ω)

eiω0+
. (A13)

We define the momenta k± as the solutions to the equations

k =
√

2mF
[
μF ± ∣∣�max

F (k)
∣∣], (A14)

respectively. Here, |�max
F (k)| denotes the maximum value of

|�F(k, ω)| as a function of ω, at fixed k. k± set the bounds
of the range [k−, k+] where [1 − G0

F(k, ω)�F(k, ω)]−1 cannot
be represented as a convergent geometric series uniformly in

k, ω:[
1 − G0

F(k, ω)�F(k, ω)
]−1 �=

∞∑
n=0

[
G0

F(k, ω) �F(k, ω)
]n

(A15)

for ω small enough when k ∈ [k−, k+]. For notational conve-
nience, we define �±

F = |�max
F (k±)|. It can be shown that, at

leading order, k± = PT± .
It is useful to split the integration domain (0,∞) =

(0, k−) ∪ [k−, k+] ∪ (k+,∞) and hence write Eq. (A13) as

nF = k2
−

4π
+ I1 + I2, (A16)

with

I1 =
∫ ′ dk

2π
k
∫

dω

2π
G0

F(k, ω)
(
G0

F(k, ω)�F(k, ω)

+ G0
F(k, ω)2�F(k, ω)2

)
eiω0+

, (A17)

I2 =
∫ k+

k−

dk

2π
k
∫

dω

2π

G0
F(k, ω)

1 − G0
F(k, ω)�F(k, ω)

eiω0+
, (A18)

valid up to higher-order corrections in �F(k, ω). In the above,∫ ′ dk denotes the integral over (0,∞) \ [k−, k+].
Using k2

− = 2mF(μF − �−
F ), Eq. (A16) can be recast into

the following equation for the fermion chemical potential:

μF = EF − 2π

mF
I1 −

(
2π

mF
I2 − �−

F

)
. (A19)

To identify the different perturbative orders of μF, we begin
from the fermion self-energy,

�F(k, ω) = −
∫

d2P d�

(2π )3
T (P,�)G0

B(P − k,� − ω)ei�0+
,

(A20)

where we have dropped the term n0�(k, ω) since here we
want to focus on the expansion of the T -matrix. Carrying
out the steps discussed in the previous section, one deduces
the contribution to �F(k, ω) from the momentum interval
where the convergence of the geometric series for T (P,�)
is spoiled:

�F(k, ω) = −
∫ PT+

PT−

dP

2π
P

×
∫ 2π

0

dθ

2π

∫
d�

2π
T (P,�)G0

B(P − k,�− ω)ei�0+
,

(A21)
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FIG. 14. Feynman diagrams yielding the perturbative contributions to the fermion self-energy at first and second order in 1/g. The dotted
lines with arrows indicate the momentum flow.

where θ is the angle between P and k. By contour integration,
the second line of Eq. (A21) is found to be of order O(1/g2).
In turn, this implies that �F(k, ω) is of order higher than
O(1/g2) and that (at second order) �F(k, ω) can be evaluated
by treating the T -matrix in Eq. (A20) as a convergent geomet-
ric series.

We can identify the contributions of order less than or
equal to O(1/g2) from the diagrammatic expression in Fig. 14.
The contribution to O(1/g) is independent of k, ω, and reads
�

(1)
F = nB�(1). Plugging this and the second-order �

(2)
F (k, ω)

in Eq. (A17), a direct calculation yields I1 = 0 up to correc-
tions of order higher than O(1/g2). Equation (A18) instead
yields

I2 = −mF

2π
( lim
ω→0+

�F (̃kF, ω) − �−
F ), (A22)

to second order, where k̃F is the Fermi step momentum of the
fermion momentum distribution nF(k). Actually, since k̃F and
the noninteracting Fermi momentum kF differ by a term of
order (1/g), up to higher-order corrections we can replace k̃F

by kF in Eq. (A22).
In summary, we are left with

μF = EF + lim
ω→0+

�F(kF, ω), (A23)

which is the Luttinger theorem for Fermi liquids [118]. The
present proof thus shows that our choice of Feynman diagrams
respects the Luttinger theorem in the weak-coupling limit.

The perturbative result (A1) for μF is finally obtained by
expanding �F(kF, ω → 0+) to second order in 1/g. Again, the
first- and second-order terms in 1/g can be identified from the
diagrammatic expression in Fig. 14.

4. Numerical check

Finally, we provide a numerical check of the results for the
chemical potentials obtained by the full numerical solution of
the set of Eqs. (16)–(18) against their weak-coupling bench-
marks. Figure 15(a) shows that, in the weak-coupling regime
g � −2, the numerical results for μF approach the asymptotic
form given by (A1). To isolate the higher-order contributions,
we subtract the zeroth- and first-order terms, given by EF +
μ

(1)
F = EF(1 + x(γm + 1)/(2gγm )), multiply the residual by

g2, and fit the resulting quantity to f (g) = A + B/g, in the BF
coupling range −20 � g � −15.

Figure 15(b) shows the best-fit curve for several values
of mass ratio for the selected case x = 1. The results of the
fitting procedure demonstrate excellent agreement between
numerical data and the asymptotic result obtained from the

perturbative expansion Eq. (A1), thus confirming its nonlinear
dependence on the mass ratio.

The inset of Fig. 15(a) shows that the numerical curve for
the boson chemical potential approaches the asymptotic form
given by Eq. (A2). We have applied the same procedure used
to verify the second-order coefficient of μF to the case of
μB, confirming the validity of the expansion in Eq. (A2) at
second order. In addition, for both the boson and the fermion
chemical potentials, we have observed similarly good agree-
ment between the numerical and the analytical results also for
x < 1.

In [109], Eqs. (A1) and (A2) were tested against indepen-
dent fixed-node diffusion quantum Monte Carlo simulations,

FIG. 15. (a) Fermion chemical potential μF, in units of EF, as
a function of the BF coupling g, for x = 1 and several values of
mass ratio γm. The dotted lines represent the weak-coupling result,
Eq. (A1). Inset: Corresponding boson chemical potential (full lines)
and its perturbative expression, Eq. (A2) (dotted lines). (b) The
crosses represent the quantity (μF − EF − μ

(1)
F )g2/EF, as a function

of 1/g, for x = 1; the full lines represent the fit to the model f (g) =
A + B/g; the dashed lines represent the expected asymptotic value
μ

(2)
F g2 of the fitting curve in the limit 1/g → 0−.
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providing further evidence that they represent the correct
second-order perturbative approximation for the thermo-
dynamic quantities of the mixture. Therefore, the present
analysis validates our choice of Feynman diagrams in the
weak-coupling regime, up to corrections of order higher than
O(1/g2).

APPENDIX B: STRONG-COUPLING EXPRESSIONS

Here, we provide closed-form expressions for the strong-
coupling set of equations (19)–(21). The momentum integral
in Eq. (20) can be performed analytically, yielding

nB − n0 =
∫

d2P

(2π )2

[
u2

P	(−E+
P ) + v2

P	(−E−
P )

]
= nF

4EF

{
μ̃CF(1 + γm ) + μF + K − 2

1 + γm

γm

×
[√

4
2
0 + (μ̃CF − μF)2

−
√(

4
2
0 + J 2

4(1 + γm )2

)]}
(B1)

with

K =
√

4
2
0(1 + γm ) + (μ̃CF(1 + γm ) − μF)2, (B2)

J = μ̃CF
(
γ 2

m + 3γm + 2
) − μF(2 + γm ) + γmK. (B3)

The momentum integral in Eq. (21) instead yields

μB = −ε0

(
1 + γm

γm

)2[
ln (2(1 + γm ))

+ ln
(
μF − μ̃CF +

√
4
2

0 + (μ̃CF − μF)2
)

− ln

(
2

√
4
2

0(1 + γm )2 + 1

4
J 2 − J

)]
. (B4)

Finally, the fermion momentum distribution appearing in
Eq. (19) is given by

nF(k) =
∑

zi

lim
z→zi

(z − zi ) GF(k, z) 	(−zi ), (B5)

where

GF(k, z)−1 = z − ξF
k − 
2

0

z − ξ̃ CF
k

− 2πε0nCF/mr

z + ξB
k

, (B6)

nCF is the right-hand side of Eq. (B1), and zi are the three (real)
solutions of the equation GF(k, z)−1 = 0. The momentum
integral in Eq. (19) remains to be evaluated numerically.
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