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Quantum Monte Carlo study of low-dimensional Fermi fluids of dipolar atoms
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Fermionic cold atoms in optical traps provide viable quantum simulators of correlation effects in electronic
systems. For dressed Rydberg atoms in two-dimensional traps with out-of-plane dipole moments, a realistic
model of the pairwise interaction is of repulsive dipolar 1/r* form at long range, softened to a constant
at short range. This study provides parametrizations of fixed-node diffusion Monte Carlo energy data for
ferromagnetic (one-component) and paramagnetic (two-component) two-dimensional homogeneous Fermi fluids
of interacting dipolar atoms. We find itinerant ferromagnetism to be unstable within our parameter spaces for
dipolar interactions both with and without softening. Our parametrization of the energy as a function of density
will enable density functional theory to support experimental studies of inhomogeneous fermionic cold-atom

systems.
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I. INTRODUCTION

Cold-atom systems offer a radically different approach to
gain insight into quantum materials. In such systems, whole
atoms moving in optical lattices or arrays of optical tweezers
[1,2] form an analogous quantum system to electrons mov-
ing in the potential formed from a periodic array of nuclei.
Cold-atom systems can be highly controllable, with the caveat
that the larger length scales associated with the lattice imply
that energy scales are much smaller and the system needs to be
cooled to very low temperatures on the order of nK to access
quantum effects. Within these quantum analogs, a range of
interaction strengths can be accessed allowing for the probing
of weak to strong correlation regimes.

There has been a lot of work on strong correlation systems
such as Hubbard models and quantum spin systems demon-
strating Mott insulating phases and antiferromagnetism [3],
whereas quantum simulators for the weak correlation limit
of quantum materials have been largely neglected. Weakly
correlated quantum materials also have interesting phases and
properties. These include Dirac materials such as graphene,
the more general van der Waals heterostructures, and Weyl
semimetals; systems in which edge states are important such
as topological insulators and quantum spin Hall insulators;
band insulators and related charge density wave systems; itin-
erant ferromagnets and ferroelectrics and piezoelectrics. The
development of quantum simulators for such systems would
be desirable.
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Moreover, the intermediate correlation regime of quantum
many-body systems is key to a variety of important yet poorly
understood materials, such as the cuprate superconductors.
In this regime, neither weak nor strong coupling perturbative
approaches are reliable, the narrow-band approximation asso-
ciated with Hubbard’s model breaks down [4]. The failure of
narrow-band approximations is particularly challenging as in-
creasing numbers of bands and the interactions between them
quickly overwhelm available techniques for strongly corre-
lated systems, such as exact diagonalization, density matrix
renormalization group (matrix product state) approaches, and
various flavors of quantum Monte Carlo (QMC) calculation,
such as determinant and path-integral QMC. Issues with den-
sity functional theory (DFT) calculations relate to challenges
around approximations to the exchange-correlation (XC) po-
tential, which become progressively worse for intermediate to
strong correlation.

Significant success has been achieved in the strong cor-
relation limit with quantum simulators for Hubbard models,
constructed using cold atoms in optical lattices interacting via
short-ranged Feshbach resonances, allowing both the strong
and weak coupling limits (unphysical when related to most
materials since bands become wide and overlap in such a
limit, but achievable in a quantum simulator) of the model
to be probed to examine the Mott transition [3]. Recently,
lattices of optical tweezers have been proposed to replace the
optical lattice to attain greater control over the systems. A
limitation of Feshbach resonances is that they emulate local
S-function-like interactions, consistent with Hubbard mod-
els, but at variance with weak and intermediate correlation
systems where electron-electron interactions cannot be ap-
proximated as local.

Long-range interactions are key to exploring the weak and
intermediate coupling regimes of quantum materials using
quantum simulators. A key feature of this work is the study
of softened dipole interactions relevant to dressed Rydberg
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atoms. Long-range interactions may be obtained using dressed
Rydberg atoms [5,6], which have high principal quantum
number excited states, resulting in a large dipole moment.
Typically, a dressing scheme is used by exciting Rydberg
states using light detuned from the transition. In this way, a
superposition of ground and Rydberg states can be formed,
and a higher level of tunability and stability is obtained. By
tuning the dressing scheme, the dressed Rydberg atoms can
be primed to interact via both dipole-dipole interactions and
van der Waals interactions. Owing to higher-order corrections
caused by the dressing scheme when atoms become close, the
dipole-dipole interactions have the form

d2

)]

v (r) = ——
r3 4+ rg’

where the dipole strength d and softening parameter r( are
constants, as shown in Ref. [7]. For small interatomic sep-
arations, the Rydberg levels are shifted by the interaction.
This shift decreases the excitation of the Rydberg levels by
electromagnetic radiation leading to a saturated interaction
(a mechanism that is analogous to the Rydberg blockade). We
also note the use of systems of cold ions [8] and quantum dots
[9] for quantum simulation. Interactions within quantum dot
systems are typically local. The Coulomb interaction between
cold ions is excellent for the study of spin systems, but is too
large relative to the quantum simulator energy scales to probe
anything away from the strong correlation limit [7]. The weak
to intermediate correlation regime of quantum simulators is
largely unexplored.

This paper presents a continuum QMC study of a homoge-
neous fluid of dipolar atoms in two dimensions (2D), relevant
to dressed Rydberg atoms in pancake traps [10]. Ground-
state energies, parametrized over a large range of interaction
strengths, are presented for the previously studied bare dipolar
interaction [11,12], as well as softened dipolar interactions
relevant to dressed Rydberg atoms. These parametrized en-
ergy data provide local density approximation (LDA) energy
functionals that will allow DFT studies of inhomogeneous
systems of dipolar atoms in optical traps. We note that a
DFT for cold atoms interacting via Feshbach resonances was
developed by Ma et al. [13]. Fermionic quantum simulators
with low-dimensional geometries and dressed Rydberg atoms
in 2D materials such as graphene and hexagonal boron ni-
tride were studied by Hague and MacCormick [7]. The QMC
calculations are also directly applicable to the changes of
state that occur in cold-atom traps containing dressed Rydberg
atoms between dilute and dense limits; using fluid results
we can explore the stability of itinerant ferromagnetism. The
parameter space from Ref. [11] is extended in the bare dipolar
case and the same analysis is completed with a softening pa-
rameter. Explorations of itinerant ferromagnetism have been
performed for a number of different 2D homogeneous systems
with short-range interactions as seen in Refs. [14—16].

This paper is organized as follows. In Sec. II we outline
how our results can be used in DFT studies of inhomogeneous
fermionic dipolar atomic fluids. In Sec. III details of our
QMC approaches are provided. In Sec. IV results for softened
interactions [Eq. (1)] appropriate for dressed Rydberg atoms
of ¥3Ca are presented. In Sec. V results for the bare dipolar

interaction (ry = 0) are presented and compared to existing
data. We summarize and conclude in Sec. VI.

A dataset of QMC calculations performed in service of this
article is openly available [17].

II. DFT FOR INHOMOGENEOUS DIPOLAR
ATOM SYSTEMS

A. Softened dipolar interaction

Consider a finite inhomogeneous system of fermionic
dipolar atoms of mass m moving in 2D subject to an inhomo-
geneous external potential vey (), for example, describing an
optical trap. Let n(r) be the atomic number density. Suppose
the interaction between the atoms is of the form of Eq. (1)
with ry > 0. By the Hohenberg-Kohn theorem [18], the total
energy can be written as

E[n] = L[n] + Euln] + Eexi[n] + Exc[n], 2

where Ti[n] = —% Zi./\/} f ¢fV2¢i d?r is the kinetic energy
of a noninteracting auxiliary system of atoms with number
density n(r) = Zi/\/',-|¢,-(r)|2, where {¢;} is the set of or-
thonormal orbitals of the auxiliary system and {/\;} is the set
of occupation numbers [19]. The Hartree energy is Ey[n] =
(3) [ n()n(r)vaa(Jr — r'|)d’r d’r’ and the external poten-
tial energy is Eex[n] = f () Ve (1) dr. Finally, Exc[n] is
the (unknown) exchange-correlation (XC) energy. Note that
atoms in the quantum simulator are treated as pointlike par-
ticles in the following, a reasonable approximation on the
~100 nm-1 wm length scales of optical lattices and arrays of
optical tweezers.
Within the LDA [19],

Exclnl ~ / n(r)Excln(r)] &, 3)

where Exc(n) is the XC energy per atom of a homogeneous
atomic gas of number density n. Unlike the usual approach
for electrons, we parametrize & (n) directly instead of split-
ting it into exchange and correlation contributions, due to the
lack of an analytical expression for the exchange energy of a
homogeneous atomic gas. Nonetheless, the exchange energy
on its own can be found as is shown in Appendix B 3. Our
parametrization of Exc(n) is presented in Sec. IV. The exten-
sion to a local spin-density approximation for spin-polarized
systems is straightforward using a suitable interpolation [20]
between our paramagnetic and ferromagnetic XC functionals.

The Hartree energy is inaccurate in low-density regions
(see Appendix B 2), so that we rely heavily on the (approx-
imate) XC energy to correct it. However, low-density regions
make a relatively small contribution to the total energy.

B. Bare dipolar interaction

Constructing a DFT methodology for a bare dipolar inter-
action (rg = 0) is more challenging because the integral for
the Hartree energy diverges. A possible DFT approach for
studying inhomogeneous atomic systems with bare dipolar
interactions is to use the softened dipolar interaction LDA
functional of Eq. (3) together with an additional LDA term

Evcln] ~ / 20 Epel ()] — @ Er  (4)
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to correct for the difference in the interaction, where Epare (1)
and Eop (n) are the energies per atom of bare dipolar and soft-
ened dipolar homogeneous atomic gases of number density 7.
This is a potentially significant uncontrolled approximation,
especially in regions of high atomic density.

III. QMC FOR DIPOLAR FERMIONS
A. Units

1. Softened dipolar interaction

Consider a homogeneous 2D fluid of fermionic atoms of
mass mq interacting via the potential given in Eq. (1). Two
separate systems of natural units are employed throughout this
paper, given explicitly in terms of their composite constants.
The first (a.u.*) is used for softened interaction calculations
as an aid to parametrizing ground-state energies in terms of
75, the mean radius containing one atom, defined in relation to
number density n via 7r2n = 1 a.u.* (Throughout we treat the
density parameter r¢ as a quantity with dimensions of length.)
The system of units is defined by d*> =h=mg =1 au*
Hence, the unit of length is mad? / 7%, the unit of mass is myq,
and the unit of energy is /°/ (m3d*).

We parametrize the energy as a function of r,. In this
system of units, the kinetic energy and long-range interaction
terms in the Hamiltonian go as 1/r2 and 1/r, respec-
tively. Hence, unlike the case for a homogeneous electron
gas, r¢ — 0o is the weakly interacting limit and r¢ — 0O is
the strongly interacting limit. The softening parameter ry =
0.639 768 6 a.u.* used in our work is appropriate for **Ca with
principal quantum number 32 [7]. In this system of atomic
units the numerical value of ry is independent of 7.

2. Bare dipolar interaction

For the special case of the ry = 0 bare dipolar interaction,
to allow easy comparison with previous work, we have fixed
chosen r; to be the unit of length. The set of units are de-
fined by ry = i = mg = 1 a.u., and units in this system are
abbreviated to a.u. In this case, the value of d? characterizes
interaction strength. The unit of dipole interaction strength is
irg /myq, the unit of length is 7, the unit of mass is mq4, and
the unit of energy is 7i/(mqr?).

B. Methodology

Pairwise interactions of the form shown in Eq. (1) were
implemented in the CASINO QMC code [21] for performing
variational Monte Carlo (VMC) and diffusion Monte Carlo
(DMC) calculations. In the VMC method we take the ex-
pectation value of the Hamiltonian operator with respect to
a trial wave function ¥r. The trial wave function contains
free parameters that are determined by minimizing the energy
expectation value or the variance of the energy. In the DMC
method we simulate drift, diffusion, and branching and dying
processes governed by the Schrédinger equation in imaginary
time in order to project out the ground-state component of the
trial wave function. We maintain fermionic antisymmetry by
fixing the complex phase of the DMC wave function.

Equation (1) is applicable to atoms moving in one or
two dimensions, with dipole moments perpendicular to the

line or plane to which the atoms are confined. The sys-
tems studied here are one-component (ferromagnetic) and
two-component (paramagnetic) fermionic dipolar monolay-
ers. Two-dimensional ferromagnetic fluid and crystal phases
of fermionic atoms interacting via the bare dipolar potential
have been studied in the past by Matveeva and Georgini
[12]. Paramagnetic fluids have been studied more recently by
Comparin et al. [11], whose work compares paramagnetic and
ferromagnetic phases to assess for itinerant ferromagnetism.

The Hamiltonian for a system of N dipolar atoms moving
in a 2D periodic simulation cell is

A L . N-1 N Ny

i=1 j=i+1 R,

(&)

where r; are atom positions, {Rs} are simulation-cell lattice
points, and the Madelung constant vy, is the interaction energy
between each atom and its own periodic images. In practice
the sum over interaction energies is only evaluated explic-
itly up to a radius |Rs| < R, beyond which the absolutely
convergent tail of the interaction term is approximated by an
integral [22]:

> vaa(lr + Ry))

R
i 1 i )
~ Y va(FHR) A+ vaa(IF + Ry|) d°R,
Rq:R <R A Ry>R.
> vaF+ R+ 2rd (37 | O(R:?)
~ ) - - .
dd s AR, 4R§ c

Rs:Ry<R.
(6)

Here A = 772N is the area of the simulation cell and F is the
closest image distance between interacting dipoles. Likewise,
the Madelung constant is in practice evaluated as

2

2wd
UM A Z vaa(Rs) +

ar T OR7). (O
R :0<Rs <R,

We have used 119 stars of lattice vectors in the explicit sum
in Egs. (6) and (7). Hence, R. grows with system size N, so
that the error due to the approximation of the infinite lattice
sum can be regarded as another source of finite-size error. The
error introduced by using this integral correction instead of an
infinitely large sum is significant compared to our QMC pre-
cision in high-density calculations, but small when compared
to relevant energy scales such as the XC energies calculated in
Sec. IV. Analysis of these errors can be found in Appendix D.

At long range the dipolar interaction of Eq. (1) reduces to
d?/r3, and hence the expressions for the integral corrections
to the lattice sums in Eqgs. (6) and (7) are evaluated using
d?/r3. The fractional error in the integral approximation due
to the assumption that 7y = 0 is less than 2 x 107 in all our
calculations.

DMC energies were obtained using two finite imaginary-
time-step calculations, the majority of which were at a ratio
of 1 : 4. The DMC energies were then extrapolated to the zero
imaginary-time-step limit.
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The use of a nondivergent pseudopotential has been ex-
plored by Whitehead and Conduit [23] to facilitate QMC
studies of dipolar atomic gases. However, by using appropri-
ate trial wave-function forms we have been able to calculate
energies to high precision without the need to introduce a
pseudopotential approximation.

All DMC fluid calculations were twist averaged, usu-
ally over 1000 twists. Precise DMC energies were obtained
through the use of the free-atom kinetic energy per atom as a
correlator when twist averaging.

C. Trial wave functions

Two different trial wave functions were used for dipo-
lar fluid calculations. Taking R to be the 2N-dimensional
vector of atomic positions (rj,rp,...,Iy), the simpler
Slater-Jastrow (SJ) wave function is

Yr(R) = S(R)exp(J[R]). ®)

Here, S(R) is a Slater determinant of single-atom orbitals
providing the requisite fermionic antisymmetry, with one
determinant per spin component; exp(J) is an optimizable
Jastrow factor [24] accounting for correlation. The Jastrow
factor is a sum of two- and three-body polynomial terms u
and H, respectively, as well as a plane-wave expansion over
two-body separations p included to describe long-range cor-
relations and hence to facilitate the extrapolation of energies
per atom to the thermodynamic limit.
Slater-Jastrow-backflow (SJB) wave functions include a
backflow displacement [25]. The following form was used:

Yr(R) = S[X(R)]exp(/[R]), )

where X is a set of quasiparticle coordinates (X, Xz, ..., Xy)
displaced from the original atom coordinates as x; = r; +
&.(R). This displacement is dependent on all the atom coor-
dinates and is a sum of two-body polynomial and plane-wave
expansions 5 and m, respectively. The main purpose of back-
flow is to allow a variational optimization of the nodal surface
of the trial wave function.

In a DMC calculation, in the infinite imaginary-time limit,
the fixed-node ground-state component of the trial wave
function is projected out. Practically this means that the
fixed-node ground-state energy for a DMC simulation is im-
proved by a well-optimized backflow displacement, whereas
a well-optimized Jastrow factor facilitates convergence with-
out affecting the fixed-node ground-state energy. Backflow
displacements have been used in our bare (ryp = 0) dipolar
calculations because the interaction is relatively strong; e.g.,
backflow affects the residual divergent contributions to the
local energy (Hvrr)/yr at coalescence points discussed in
Appendix A. The effect of backflow on the DMC energy can
be seen in Fig. 1.

D. Parametrization of the energy
and exchange-correlation energy

The Hartree-Fock theory of the (softened) dipolar atomic
gas is presented in Appendix B. Analytical expressions are
given for the noninteracting kinetic per particle and the
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FIG. 1. DMC total energy per atom in bare (r, = 0) dipolar
calculations performed at d*> = 1 a.u. with both SJ and SIB wave
functions against system size. The backflow-corrected DMC energies
per atom in the thermodynamic limit E = E + B, are also shown.
Results are separated by polarization in (a) and (b).

Hartree energy per particle, and the behavior of the exchange
energy per atom is discussed.

For use in DFT calculations we provide parametrizations of
the total energy per atom as a function of interaction strength
d? (for the bare dipolar interaction) or density parameter r;
(for the softened interaction) and, in the case of the softened
interaction, we provide a parametrization of the XC energy per
atom, defined as the difference between the total energy and
the sum of the noninteracting kinetic energy and the Hartree
energy, as a function of density parameter r;.

E. Finite-size effects

All fluid simulations were performed in finite square cells
subject to twisted periodic boundary conditions. As such, sys-
tematic finite-size errors dependent on the number of atoms in
the simulation cell occur. A straightforward linear extrapola-
tion in energies per atom from several finite calculations was
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performed, using the scaling law

Ex = Eoo ¥ 7, (10)
where Ey is the energy per atom in an N-atom cell, and E.,
and k are parameters determined by fitting. This scaling law is
derived in Appendix C. In addition, there are smaller finite-
size effects due to residual momentum-quantization errors
after twist averaging and due to the truncation of lattice sums
of interacting dipoles. Equation (10) has been shown to hold in
both paramagnetic and ferromagnetic calculations in the bare
dipolar case, as can be seen in Fig. 1. The noise in the param-
agnetic bare dipolar results in Fig. 1(a) is a consequence of the
presence of distinguishable atom pairs, which have a sharper
whole-wave-function-dependent divergence in local energy as
explained in Appendix A. Since energies obtained here are
from suitably converged DMC calculations, this noise cannot
be attributed to poorly optimized Jastrow factors. On the other
hand, momentum quantization effects could in principle affect
the optimized backflow function and hence SJB-DMC energy.
Furthermore, the considerably lower degree of noise present
in ferromagnetic results lends credence to the noise being a re-
sult of local energies diverging at different rates at coalescence
points. The systematic finite-size error in the ferromagnetic
fluid energy per atom is an order of magnitude smaller than in
the paramagnetic fluid.

In all cases atom numbers N were chosen from the set
of so-called “magic” numbers with closed-shell occupancies
in reciprocal space when the simulation cell is subject to
nontwisted periodic boundary conditions. In all cases our
optimization calculations were performed at the Baldereschi
mean-value point of the simulation cell [26].

In softened (ry > 0) dipolar calculations, results were ex-
trapolated to the thermodynamic limit from system sizes of
N =98 and 122 for paramagnetic systems and N = 97 and
121 for ferromagnetic systems. In bare (ry = 0) dipolar calcu-
lations, SJ calculations at system sizes N = 42 and 90 were
used for extrapolation in paramagnetic fluids. In ferromag-
netic fluids system sizes of N = 37, 81, and 113 were used.
Various system sizes were examined for d> = 1 a.u. to probe
the finite-size behavior in the bare dipolar case as seen in
Fig. 1.

Differences in energy per atom due to the inclusion of
backflow were calculated as By = Ey’ — Ey'S, and extrap-
olated to infinite system size using Eq. (10). Separately
extrapolating the backflow correction and the SJ-DMC en-
ergy to the thermodynamic limit allows much larger system
sizes to be used for the latter, which is the dominant contri-
bution to the total energy. System sizes N = 26 and 42 were
used for the calculation of B, in paramagnetic fluids, whereas
for ferromagnetic fluids, system sizes N = 37 and 57 were
used. The extrapolation of results, especially in paramagnetic
fluids, introduces unquantified quasirandom finite-size noise
into the final energy per atom; however, our quoted error bars
purely represent the random errors due to QMC sampling.
The paramagnetic system sizes were chosen to have relatively
far apart 1/N values to reduce the overall effect of noise on
these calculations. While this noise is considerably lower in
ferromagnetic calculations, backflow corrections are also less
important.
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FIG. 2. SJ-DMC total energies per atom of ferromagnetic soft-
ened dipolar systems calculated at r;, = 1 a.u.* plotted against system
size. A finite-size fit is included. System sizes vary from N = 25
to 317.

In the softened backflow case, systemic finite-size effects
were probed by gathering data at ¢ = 1 a.u.* in a ferromag-
netic system and then extrapolating to the thermodynamic
limit using the same leading-order finite-size analysis derived
in Appendix C. This can be seen in Fig. 2.

IV. SOFTENED DIPOLAR INTERACTION RESULTS

The use of a softening parameter (ry > 0) results in faster
DMC calculations due to the local energies becoming finite
at coalescence points. The energies per atom of paramagnetic
and ferromagnetic fluids are summarized in Table I.

Considering the 1/r* form the softened interaction takes
between dipoles at long range, in the low-density (large-r;)
limit, the interaction energy will become negligible, resulting
in a decay of E o 1/r2. At high density both the kinetic
energy and the interaction energy (see Appendix B 2) go as
1/r2. As seen in Fig. 3, the energy per atom does indeed go as
E x1/ rsz at both high and low densities, as better visualized
by the logarithmic gradient D plotted in the inset, representing
the exponent of the decay in E o 2. To fit to the data found
in Table I, the following Padé-type function was used:

Ao + ay/Ts + axrs + asry /15 + asr?
r2 + bor? + pasr?

E(ry) = ; (1D
where {a;} and by are fitting parameters. p is 2 for a para-
magnetic fluid and 1 for a ferromagnetic fluid, and fixes
the low-density asymptote to the kinetic energy given in
Appendix B 1.

After fitting, in the paramagnetic case the x? value is
25.1 per degree of freedom, and the total root-mean-square
(RMS) error is 4.12 x 1073 a.u.*/atom. In the ferromagnetic
case the x? value is 93.0 per degree of freedom, with the
total RMS error being 1.05 x 1072 a.u.*/atom. These x>
values are high, but this is an expected deviation since the
error bars used only represent QMC error, which is very
small. The remaining error results from non-leading-order
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TABLE 1. Softened dipolar total energies per atom E extrapolated to the thermodynamic limit against density parameter r;. These are
presented alongside XC energies per atom Exc, and Hartree-Fock energies per atom Eyg.

Paramagnetic Ferromagnetic
rs (au.*) E (a.u.*/atom) Exc (a.u.*/atom) Eyr (a.u.*/atom) E (a.u.*/atom) Exc (a.u.*/atom) Eyr (a.u.*/atom)
0.05 954.13306(6) —1.89006(6) 954.19521 1154.12577(4) —1.89734(4) 1154.17123
0.1 237.2383(6) —1.7675(6) 237.2607 287.2005(2) —1.8053(2) 287.2120
0.25 36.7046(3) —1.5363(3) 36.7603 44.6048(2) —1.6361(2) 44.6273
0.5 8.4514(1) —1.1088(1) 8.5442 10.23645(8) —1.32378(8) 10.27890
1.0 1.8056(1) —0.5844(1) 19114 2.12332(4) —0.76674(4) 2.16025
2.5 0.21284(5) —0.16956(5) 0.26736 0.25059(5) —0.21182(5) 0.25697
5.0 0.04295(7) —0.05265(7) 0.06262 0.052344(5) —0.063258(5) 0.053267
10.0 0.00901(2) —0.01488(2) 0.01507 0.011629(1) —0.017271(1) 0.011734
25.0 0.001153(6) —0.002671(6) 0.002353 0.0017090(2) —0.0029151(2) 0.0017139
103] = 50 finite-size effects (including those seen in Appendix D), which
. ' are not accounted for by the finite-size extrapolation used
102 I = -2.1 here. Residuals for the first four results are all suitably small,
] \‘\* S but remain larger for higher r results, which is where most of
2 —2.2 the remaining residual comes from. Optimized fitting param-
E 104 3“9\ 23 eters are reported in Table II.
% \\; . ' ' At larger ry values, the calculations become increasingly
¥ 1094 \\\ 107! 10° 10! expensive. In order to accurately reflect the short-range be-
z \\* rs(a.u.x) havior introduced by the softening parameter, the DMC time
L 10714 RN steps chosen were chosen such that the root-mean-square
R distance diffused by each atom in a single time step was
102 . \\* considerably smaller than 7y. On the other hand, the numbers
HF energies of DMC equilibration and statistics accumulation iterations
3] * Softened DMC energies N were large enough that walkers were able to diffuse across the
10 . , . entirety of the simulation cell. Where this became computa-
107 10° 101 tionally infeasible in the high-r¢ limit, the former condition
rs(a.ux) of capturing the shortest length scale of the system was pre-
(a) Paramagnetic ferred. We investigated whether it was possible to neglect the
short length scale of ry in the high-r limit by finding DMC
103] = 2.0 time-step biases in the less noisy ferromagnetic case. In the
] ’ r¢ = 10 a.u.* case, the difference between using A7) = 0.04
*\ = —2.11 a.u* and A, = 0.01 a.u.* as opposed to Aty = 0.64 au.*
1024 \\* 5 and A, = 0.16 a.u.* is 2.9(8) x 10~° a.u.*/atom, which is
. AN L 2.2 statistically significant. As a result, calculations cannot be
£ 104 \+\Q\ 2.3 shortened for r¢ = 10 a.u.* calculations. In the r¢ = 25 a.u.*
% \‘\*' ' ' ' cases, time-step data were gathered and the bias observed
x 1001 AN 1071 10° 10! from using A7y = 0.4 and At, = 0.1 as opposed to Aty =
g O rs(a.ux) 1.6 and A1, = 0.4 is 2(1) x 1077, or statistically insignifi-
o 10-1 \\ cant.
>
-2 . E
10 HF energies *\\\ TABLE II. Fitting parameters for the total DMC energy
£+ Softened DMC energies N parametrization from Eq. (11) optimized for paramagnetic and fer-
1073 101 100 o1 romagnetic softened dipolar systems. All parameters are in a.u.*
rs(a.ux) Parameter Paramagnetic Ferromagnetic
(b) Ferromagnetic
aop 2.43448037 291360411
FIG. 3. DMC energy per atom and Hartree-Fock (HF) ener- @ —0.36560564 —0.20857602
gies are plotted against the density parameter ry in paramagnetic @ 11.47517594 2.77908742
and ferromagnetic softened dipolar Fermi fluids. The logarithmic as 3.02564825 0.2780977
gradients D = dIn(E)/d In(ry), representing the exponent of decay as 2.45802893 1.72072964
by 4.62670384 0.80132663

of the energy per atom with r, are presented in the insets. Results
are separated by polarization in (a) and (b).
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_____ rb

10°4 F  XC Energy

—Exc (a.u.*/atom)

(a) Paramagnetic

_____ ro
¥ XC Energy

A —

—Exc (a.u.*/atom)

101
(b) Ferromagnetic

FIG. 4. XC energies per atom against density parameter r, in
paramagnetic and ferromagnetic softened dipolar Fermi fluids. The
logarithmic gradient D = d In(—Exc)/d In(r) of the fitted function
is presented in the inset. Results are separated by polarization in (a)
and (b).

We find no evidence of a Bloch phase transition and
subsequent itinerant ferromagnetism in softened dipolar
results within the considered parameter space. Hartree-Fock
theory predicts a Bloch transition at ry = 2.0334 a.u.* with
the ferromagnetic fluid favorable in the low-density limit.
This unphysical result is due to the erroneous divergence
of Hartree-Fock theory in paramagnetic systems shown in
Appendix B 2.

Fits of the XC energies per atom (Exc) have been produced
with the Padé-type fitting function

co + c1rs + corg In(rg) + C3r3
1+ (9rgcs/2+/3m)rd

where {c;} are optimized parameters. These are plotted in
Fig. 4 with the exponent of decay with r visualized through
the logarithmic gradient D in the inset axes. This verifies

Exc(rs) = — ) 12)

TABLE III. Fitting parameters for the XC energy parametriza-
tion from Eq. (12) optimized for paramagnetic and ferromagnetic
softened dipolar systems. All parameters are in a.u.*

Parameter Paramagnetic Ferromagnetic
o 1.89138001 1.71788947
c —4.58498811 —10.90764358
&) —1.44118629 —4.56362331
as 4.74305486 16.87599053

that the XC energy tends towards a constant in the ry — 0
limit, and tends towards the E o< 1/r2 behavior in the low
interaction limit to cancel the erroneous decay introduced by
the Hartree energy as seen in Eq. (B1). Fitted parameters for
this model can be found in Table III. After fitting, in the
paramagnetic case, the x2 per degree of freedom is 44.1 and
the RMS error is 5.97 x 1072 a.u.*/atom. The ferromagnetic
case exhibited a x2 of 540 per degree of freedom, and an RMS
error of 0.131 a.u.*/atom.

V. BARE DIPOLAR INTERACTION RESULTS

A. Backflow corrections

In this section results for the bare (ryp = 0) dipolar in-
teraction are presented, analyzed, and compared to existing
data. Backflow corrections for paramagnetic and ferromag-
netic bare dipolar fluids are provided in Table IV. They are
extrapolated to infinite system size using Eq. (10). These
corrections are then applied to SJ-DMC results extrapolated to
the thermodynamic limit. The extrapolated SJ-DMC energies
per atom without backflow are given alongside their backflow-
corrected versions in Table V. Due to the divergent nature of
the short-range interaction of bare-dipolar fluids and presence
of nodes at coalescence points, backflow is a useful technique
to employ to reduce nodal surface error.

B. Relationship between E and d>

A fitting function for the total energy per atom against
interaction strength is

vrrd?
Ed*) = po+ prd + prd®* + % +lpIn(l;d* + 1),
(13)

where {p,} and {/,} are free parameters (whose optimized
values are reported in Table VI) and vrgr = 1.597 017 a.u. is
the Madelung constant of a triangular lattice at d*> = 1 a.u.,
which provides the strong interaction asymptote. We note that
when treating the constant vrg as a numerically optimizable
parameter it displays strong agreement with the calculated tri-
angular Madelung constant, being 1.596 185 a.u. In fitting this
function, it may be tempting to bind the noninteracting limit
(po) to the known value for the infinite system size noninter-
acting energy per atom, being 0.5 a.u./atom for paramagnetic
systems, and 1 a.u./atom for ferromagnetic. However, consid-
ering that the wave function acquires a node at coalescence
points between distinguishable particles for any d> > 0, it
follows that the total energy per atom is discontinuous at

013313-7



JOHNSON, DRUMMOND, HAGUE, AND MACCORMICK

PHYSICAL REVIEW A 113, 013313 (2026)

TABLE IV. Backflow corrections By in bare (ry = 0) dipolar fluids calculated for 11 interaction strengths, and their values extrapolated to
the thermodynamic limit using Eq. (10). System sizes were chosen from those proving possible to optimize, and such that the range of 1/N
was large, reducing the quasirandom finite-size error introduced by this extrapolation.

Paramagnetic By (1073 a.u./atom)

Ferromagnetic By (1073 a.u./atom)

d? (au.) N =26 N =42 N = oo N =25 N =37 N =57 N =00
0.025 —2.82(2) —2.50(2) —2.20(5) —0.006(3)

0.05 —3.85(3) —3.47(2) —3.11(5) —0.002(6) —0.005(3) 0.006(9)
0.1 —5.44(4) —4.88(3) —4.36(7) —0.04(1) —0.051(7) —0.06(2)
0.25 —8.78(7) —7.24(4) —5.8(1) —0.17(2) —0.17(1) —0.16(4)
0.5 —~11.39(9) —~10.37(6) —9.4(1) —0.45(4) —0.42(2) —0.38(7)
1.0 —15.0(1) —13.87(6) —12.8(2) —1.11(6) —1.04(3) —0.96(9)
25 —20.92) —18.5(1) —~16.2(3) —2.4(1) —2.61(6) —2.8(2)
5.0 —25.6(3) —22.3(1) —~19.1(4) —4.002) —4.5(1) —5.1(3)
10.0 —29.2(5) —31.6(2) —33.9(6) —4.1(4) —6.8(2) —9.8(6)
25.0 —32.3(5) —98.8(5) —162(1) —11(1) —19.2(8) —29(2)
50.0 —41.1(5) —234(4) —418(7) —75(1)

d? = 0 for paramagnetic fluids. In the ferromagnetic case, pg
has been fixed to 1 a.u. since no such discontinuity exists.

The error bars in E + B reported in Table V measure
QMC error only, and do not account for noise introduced by
finite-size extrapolation, especially due to backflow correc-
tions. This leads to high x? per degree of freedom (d.o.f.)
values compared to the fit’s RMS error. The x2 per d.o.f. is
29.63 in the ferromagnetic fit and 7.372 in the paramagnetic
fit. In ferromagnetic systems, the fit produced yields a RMS
error of 0.087447 a.u. and in paramagnetic systems this is
0.057 599 a.u.

Paramagnetic and ferromagnetic dipolar fermionic sys-
tems have been studied previously using QMC simulation
by Comparin et al. [11]. However, our QMC methodol-
ogy differs in a number of regards. First, as discussed in
Appendix A, the divergence in local energy in our calcula-
tions has been minimized by imposing beyond-leading-order
short-range behavior for both paramagnetic and ferromag-
netic fluids. This has led to reduced noise random error in
our ferromagnetic fluid energies. Second, finite-size effects
in our results are controlled through extrapolation to the
thermodynamic limit, whereas in Comparin et al., finite-size

errors are reduced by considering a singular large system size
(N = 121 for ferromagnetic and N = 122 for paramagnetic
fluids).

It should be noted that we find no evidence of a Bloch
phase transition in backflow-corrected energies, with param-
agnetic energies being consistently more favorable throughout
the considered range of d 2 yalues. However, we do find one in
just the SJ energies, between d?> = 5.0 and 10.0, indicating
that the location of such a transition is highly sensitive to
nodal surface error in fixed-node DMC. This is consistent with
findings noted by Comparin et al., who find no evidence of
itinerant ferromagnetism within their range of results.

Data from Comparin et al. are in good agreement with
our results, concurring with our fitted function to at least
three significant figures, as has been visualized in Figs. 5
and 6. In general their energies are slightly lower than ours
in the low-d? region, and become slightly higher than ours
at high d?, with the crossover taking place at d’> ~ 7 a.u.
Comparin et al. examine the QMC energy at d*> = 11.2100
a.u. with multiple wave-function forms, including iterative
backflow and an explicit three-body backflow term. Their
lowest energy using any of these methods is £ = 12.775(1)

TABLE V. Backflow-corrected DMC energies per atom of bare (ry = 0) dipolar fluids in the thermodynamic limit.

Paramagnetic Ferromagnetic
d* (a.u.) E (a.u./atom) E + B (a.u./atom) E (a.u./atom) E + B (a.u./atom)
0.025 0.71717(3) 0.71497(5) 1.043548(1)
0.05 0.78910(5) 0.78599(8) 1.085102(2) 1.08511(1)
0.1 0.90430(4) 0.89995(8) 1.164622(4) 1.16456(2)
0.25 1.18029(6) 1.1745(1) 1.386644(8) 1.38649(4)
0.5 1.5655(2) 1.5561(2) 1.72758(1) 1.72721(7)
1.0 2.24272(2) 2.2299(2) 2.356513(6) 2.35555(9)
2.5 4.0121(4) 3.9959(4) 4.07085(5) 4.0680(2)
5.0 6.6828(2) 6.6637(5) 6.70182(8) 6.6967(3)
10.0 11.6637(6) 11.6299(9) 11.6406(2) 11.6308(6)
25.0 25.6950(4) 25.553(1) 25.5963(4) 25.567(2)
50.0 48.179(3) 47.776(8) 47.9123(7)
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TABLE VI. Fitting parameters for the total energy per atom
parametrization from Eq. (13) optimized for paramagnetic and fer-
romagnetic systems. Note that the constant parameter py is fixed to
1 a.u. in the ferromagnetic case. All parameters are in a.u.

Parameter Paramagnetic Ferromagnetic
Po 0.578231131

D1 0.692715747 —0.04325489
)2 0.077518536 0.334256760
lo 0.310582528 0.350636075
[ 0.302784559 1.157897177

a.u./atom in the paramagnetic case and 12.7871(3) a.u./atom
in the ferromagnetic case. Our interpolated DMC values
for this d* using the fitting function defined in Eq. (13)
are £ =12.7776 and 12.7791 a.u./atom for the paramag-
netic and ferromagnetic cases, respectively. This is further
backed up by the data shown in Fig. 6, where our ferromag-
netic energies are consistently slightly lower than those of
Comparin et al., probably due to our imposition of higher-
order exact short-range behavior on the trial wave function
(see Appendix A).

For comparison with other studies of ferromagnetic sys-
tems of dipolar fermions, results calculated by Whitehead
and Conduit [23] and Matveeva and Georgini [12] are dis-
played in Fig. 6. Results from Matveeva and Georgini were
obtained through comparison work done by Whitehead and
Conduit. Our results display very good agreement with those
of Matveeva and Georgini. The energy data of Whitehead and
Conduit differ significantly from ours, due to the fact that
they did not extrapolate their results to the thermodynamic
limit, because their work was focused on pseudopotential
development.

VI. CONCLUSIONS

We have calculated DMC energies of homogeneous Fermi
fluids of dipolar atoms as a necessary precursor to the sim-
ulation of inhomogeneous systems of dressed Rydberg atoms
using DFT. Energies for a large variety of interaction strengths
with an experimentally derived softening parameter ry for
43Ca have been calculated for both paramagnetic and ferro-
magnetic 2D dipolar fermion fluids. An interpolation formula
E(ry) was fitted to these data to provide a parametrization that
could be used for future DFT calculations.

To our knowledge these are the first QMC calculations
aimed to model the homogeneous gas of dressed Rydberg
atoms according to their observed behavior. As such they
provide a tool to explore homogeneous cold-atom traps for
this kind of interaction as well as future DFT development.
Results for the bare dipolar interaction (limit of no softening
parameter) were compared with existing literature, finding
good agreement. Extrapolations of backflow corrections to the
thermodynamic limit constituted estimates for the fixed-node
error present in our SJ-DMC calculations. An interpolation
formula E(d?) was fitted to our data. Backflow corrections
were found to be much larger at high interaction strengths
and in paramagnetic systems. Short-range divergences in local
energy were mitigated through the Jastrow factor, resulting in
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FIG. 5. Paramagnetic bare (1) =0) DMC energy per atom
against interaction strength d>. These results have been compared
with Comparin et al. [11]. The inset shows the DMC energy per atom
relative to the energy per atom of a triangular lattice Etr. Results are
presented at two varying ranges of d2 in (a) and (b).

less noise and more precision in ferromagnetic calculations
than previous studies. We found no region of stability for itin-
erant ferromagnetism within the parameter spaces considered
for both softened and bare dipolar calculations. Future work
would include simulation of a four-state system relevant to
spin-% atoms as well as QMC calculations on Wigner crystals
aiming to determine the ry value for crystallization, as has
been done in the bare dipolar case by Matveeva and Georgini
[12]. Tt could facilitate DFT studies of cold-atom systems
of dressed Rydberg atoms, permitting greater computational
insight into quantum simulators.
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FIG. 6. Ferromagnetic bare (ry =0) DMC energy per atom
against interaction strength d?. Also shown are the results of Com-
parin et al. [11], Matveeva and Georgini [12], and Whitehead and
Conduit [23]. The inset shows the DMC energy per atom relative to
the energy per atom of a triangular lattice Etr. Results are presented
at two varying ranges of d in (a) and (b).

In summary, a comprehensive dataset for homogeneous
2D dipolar systems, particularly those from dressed Rydberg
atoms, has been created, enabling the use of DFT calculations
on inhomogeneous systems.
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APPENDIX A: SHORT-RANGE BEHAVIOR

It is critical to control divergences in local energies arising
from the coalescence of dipoles. This appendix discusses the
approach taken in QMC to mitigate these divergences. The
leading-order short-range behavior of the Jastrow factor for
the bare dipolar fluid may be determined by requiring that
the local kinetic energy provides an opposing divergence to
cancel the 1/r3 divergence in energy. Beyond leading order
short-range behavior can be imposed by eliminating as many
divergent terms from the local energy as possible. Let A’ be
the component of the Hamiltonian due to the relative motion
of a coalescing pair of dipolar atoms, with p being the reduced
mass of the coalescing pair. Taking the form of the trial wave
function used in Eq. (9), the contribution of two such atoms to
the local energy is

H/
EI/‘ — wa
T
_ 1 Vzexp(.l) Vexp(J) VS v2s d?
T 2u\ exp()) exp(J) S S r3’

(AL)

For distinguishable atoms here the (VS)/S factor depends
upon the entire configuration R and not just the coalesc-
ing atoms. Therefore, the VS - V exp(J)/¥r term cannot be
canceled. We subsequently require

1 d? 1d 2
_ exp(/)  1dexp(J) " d- —0. (A2)
2uexp(J) dr? rdr

3
which via substitution can be reexpressed as a zeroth-order
Bessel equation, yielding the approximate solution

exp(J) = Ko(aun /1) = exp(—aq /1), (A3)

where az, = /842 This removes the leading-order O(r—3)
divergence in the local energy, but as stated earlier cannot re-
move the leading-order behavior in VS - V exp(J)/vyr which
has a divergence of O(r~3/?). Additionally, this divergence
disappears upon spherically averaging the contribution to the
local energy such that the remaining divergence has only a
small prefactor in most configurations. For indistinguishable
atoms, on the other hand, the following condition is required:

1 d’exp(J) 3 dexp(J) n d?
2uexp(J) dr? rdr r3

The solution to which via substitution can be reexpressed as a
second-order Bessel equation with the approximate solution

exp(J) = 1~ 'Kx(apn/N7) ~ exp(—an /7). (A5)

This leaves a O(r~!/?) divergence between all atoms in a
ferromagnetic system.

=0. (Ad)
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The form of the two-body Jastrow term that imposes
leading-order behavior is ua(r) = In[Ky(aqz/+/7)] for dis-
tinguishable pairs and ua (r) = In[K>(aq2/+/7)] for indistin-
guishable pairs. In order to maintain computational viability,
Jastrow terms are truncated smoothly to a radius of L, to
account for the more relevant short-range correlation. This is
achieved through transforming ua (r) to

u(r) = [ua(r) — ua(L)]uc, (A6)
where
43!
Uc = <1 — l?) O, —r). (A7)

Here C is an integer cutoff exponent and ® is a Heaviside
step function. The cutoff function uc deviates from 1 by O(r?)
at short range, which ensures it does not combine with the
leading-order »~'/2 behavior to introduce new divergent terms
into the local kinetic energy.

APPENDIX B: HARTREE-FOCK THEORY

1. Kinetic energy

The kinetic energy per atom of an infinite, homoge-
neous fluid of uncorrelated fermionic atoms is Ex = 1/r2 for
ferromagnetic systems and Ex = 1/(2r?) for paramagnetic
systems.

2. Hartree energy

The Hartree energy per atom of a homogeneous softened
dipolar fluid is

1
Ey=— 2 — R|) d’r, d°
H ZN/;/An stvddﬂrl r; + R¢[)dridr;

n o0
— / 2 r vga(r)dr
2 Jo

23w d?

B1
9ror? (B1)

Note that the Hartree energy diverges as ro — 0; hence,
we cannot define an XC energy in this limit. Furthermore,
even for finite ry, the Hartree energy provides an inadequate
description of the interaction energy at low density (rs > r).
At low density correlation prevents the particles approaching
each other, so that the interaction energy falls off as 1/r
rather than the 1/r? behavior predicted by Hartree theory.

In practical cold-atom systems formed with optical tweez-
ers, it is typically the case that r; < ry, so this is not a major
issue for such systems. As determined in Ref. [7], for 8Ca,
rs/ro values are 0.6938 where ngyq = 32 and 0.5884 where
nRrya = 38. For ¥Sr they are 0.7263 where ngyq = 32 and
0.5896 where nryq = 38. For Mg they are 0.7005 where
nryd = 32 and 0.5939 where nryq = 38.

3. Exchange energy

The exchange energy per atom due to spin-up atoms is

1

Exy = ———— va(lk = KD d’kd’k’, (B2

Xt 22 )n /\/l:lf:]lifk:T a(l )] (B2)
Wiy

where

valg) = / vaa () exp(—iq - 1) d°r
=2 /‘00 vaa (r)Jo(gr)r dr (B3)
0

is the Fourier transform of Eq. (1) and kgy = \/4mn, is the
Fermi wave vector for spin-up atoms. Jy is the zeroth-order
Bessel function. Although v4(g) cannot be found analytically,
it can be computed numerically on a logarithmic grid by a
fast Hankel transform, and then evaluated at any g by cubic
spline interpolation. The exchange energy per atom can be
reduced to a one-dimensional integral that can be performed
numerically:

2 2 2
Exy = — a1(§)va(gker )G dg, (B4)
T 0

where

~ ~\ 2
ar(§) = 2 cos™! (g) g ]1— (g) (BS)

is the area of overlap between two circles of unit radius whose
centers are a distance g apart. A similar expression is obtained
for the exchange energy per atom due to spin-down atoms.
The total exchange energy per atom is Ex = Ex; + Ex.

In the low-density limit (v, — 00), vq(Gkg4 ) can be approx-
imated by vq(¢ = 0), in which case the exchange energy per
atom reduces to Ex = —Ey/2 for a paramagnetic fluid and
Ex = —Ey for a ferromagnetic fluid.

In the high-density limit (r; — 0), fk,:k,d% KT gk s
(27)?8(r) and hence the exchange energy per atom tends to a
constant Ex = —v44(0)/2, independent of spin polarization.

The lack of a straightforward expression for the exchange
energy at finite rg, together with the fact that the erroneous
O(r;?) leading-order contribution to the interaction energy in
Hartree-Fock theory at large ry is only eliminated for the fully
ferromagnetic fluid, suggests there is no particular advantage
to parametrizing the correlation energy of the softened inter-
action as opposed to the XC energy.

APPENDIX C: FINITE-SIZE EFFECTS IN DIPOLAR
ATOMIC GASES

When the effects of periodic images are included, the in-
teraction between two dipolar atoms with separation r within
the simulation cell is

va(r) = Y vaa(r + Rq)), (C1)

RS

where vgq(r) is the softened pairwise dipolar interaction in
Eq. (1). The Madelung constant is the sum of interactions
between one dipolar atom and all its periodic images:

o =) vaa(R) = va(r =0) —va(0).  (C)
R,#0
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Let

va(G) = / va(r) exp(—iG - r)d*r (C3)
A

= / vaa (r) exp(—iG - r) d*r (C4)
All space

be the Fourier transform of wv4q(r), where {G} are the
simulation-cell reciprocal lattice points. v4(G) is clearly
independent of system size. Note that vy(r=0) =
(1/4) ¥ va(G).

In reciprocal space, the expectation value of the potential
energy per particle and the long-range two-body Jastrow con-
tribution to the kinetic energy per particle are, respectively,

1

N 1
vy =3 (vM + ; vaa(G)[S(G) — 1]) + En

1 1
=5 <—vdd(0) +5 ; vd(G)S(G)> +Eu, (C5)

A

_L 2 * _L 2
() = AgGum)S ©) - A?Gu(G), (C6)

where u(G) is the Fourier transform of the two-body Jastrow
factor and

S(G) = [(p(G)p"(G)) — p(G)P*(G)I/N  (CT)

is the static structure factor, where p(G) = > . exp(—iG - &)
is a Fourier component of the density operator and p(G) =
(0p(G)) [27-29]. Note that in real space,

1
Sr) =d(r)+ /[pz(l", r+1') — p(t)p(r + )] d*r’
A
= 8(r) + pxc(r), (C8)

where the atomic density is p(r) = (p(r)), p(r) = Y, 8(r —
£;), and the pair density is po(r, 1) = (}_; 8(r — £)3(r' —
£;)). Note that f pxc(r)d’r = —1. Hence, S(r) can be inter-
preted as the atomic density due to an atom at the origin and
the surrounding depletion in atomic density around that atom
known as the exchange-correlation hole pxc(r).

Assuming the structure factor is well converged with
respect to system size, the primary source of finite-size
error in the energy per particle is the difference between
summation over discrete reciprocal lattice points G and
integration over k in reciprocal space in Egs. (C5) and
(C6). By the Poisson summation formula A™' Y ¢ f(G) —
Qmn)? ff(k) d’k = ZR\;EO f(Ry) for any function f(r)
whose Fourier transform f(k) exists. In Eq. (C5), this gives
a finite-size correction to the potential energy per atom

1 1 1
AV = —| —— K)S(k)d’k — —
v 2[(%)2 [ s A;vd«;)s«n]
—-> [ s@uR -
R,£0 All space
YRS~ N (9)

R,£0

(@]
4

[¢)]

N

En. rel. to many R (a.u.*/atom)x10~4
D

<
|

0 1 2 3 4 5
Is (a.u.*)
FIG. 7. SJ-VMC energies for a N = 97 ferromagnetic system

relative to those calculated with a large number of stars of R are
plotted against r;.

In the second step we have noted that the inverse Fourier
transform of product vy(G)S(G) is the convolution of vgq(r)
and S(r), giving an expression for the dipolar potential at each
R # 0 due to a dipolar density S(r) at the origin. In the third
line we have noted that S(r) = §(r) + pxc(r) integrates to
zero and that the dipole moment of atomic density S(r) is zero
by symmetry; however, in general S(r) will have a quadrupole
moment, so that the long-range dipolar potential due to atomic
density S(r) goes as r=>.

The long-range pairwise dipolar interaction goes as
vaa(r) ~ r~3 in real space and therefore vq(K) ~ k at small
k in reciprocal space. Hence, the static structure factor goes as
S(k) ~ k and so the two-body Jastrow factor goes as u(k) ~
—k~" at small k in reciprocal space, i.e., as —r~! at long range
in real space [29,30]. We have verified that this long-range be-
havior holds in practice for our optimized trial wave functions,
for both the softened and bare dipolar potentials.

The leading-order correction to the finite-size error in the
long-range kinetic energy per atom is due to the second term
in Eq. (C6), and goes as

__l L 2 2 _l 2
ATy, = 4|:(2n)2/ku(k)dk A%:Gu(G)j|

1
-1 Y VRuR,) ~ > R~ 4N (C10)
R,#0 R,#0

where we have noted that V2r—! = —r~3 in 2D.

Hence, the leading-order systematic finite-size correction
to the total energy per particle of a 2D homogeneous dipo-
lar gas is due to the long-range kinetic energy, is positive,
and goes as N>/, For the bare dipolar interaction, the
Fourier components of vgq(r) diverge as ry — 0; however,
the leading-order finite-size error arises from a kinetic-energy
contribution that does not explicitly depend on vq4(k), and so
this finite-size scaling applies to both the softened and bare
dipolar interactions.
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APPENDIX D: ERROR RESULTING FROM INTEGRAL
APPROXIMATION TO REAL-SPACE SUM

Slater-Jastrow VMC calculations were performed with R,
set to truncate the sum after the first 119 stars as has been
used throughout the rest of the paper. These were compared
to results which truncated the sum after including 1190 stars
of R,. The resultant effect is sensitive to N, which means it

can be considered a finite-size effect. The relative energies are
plotted in Fig. 7.

These results show the error to be negligible for less dense
systems which occupy more real space overall. The data point
located at r; = 0.05 displays a considerable error when com-
pared with QMC error. This error is still considerably smaller
than the smallest energies considered in this paper’s results
(the softened XC energies).
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