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Finding the solution to linear systems is at the heart of many applications in science and technology. Over
the years, a number of algorithms have been proposed to solve this problem on a digital quantum device,
yet most of these are too demanding to be applied to the current noisy hardware. In this work, an original
algorithmic procedure to solve the quantum linear system problem (QLSP) is presented, which combines ideas
from variational quantum algorithms and the framework of classical shadows. The result is the shadow quantum
linear solver (SQLS), a quantum algorithm solving the QLSP while avoiding the need for large controlled
unitaries and requiring a number of qubits that is logarithmic in the system size. In particular, our heuristics
show an exponential advantage of the SQLS in circuit execution per cost function evaluation when compared
with other notorious variational approaches to solving linear systems of equations. We test the convergence of
the SQLS on a number of linear systems, and the results highlight how the theoretical bounds on the number of
resources used by the SQLS are conservative. Finally, we apply this algorithm to a physical problem of practical
relevance by leveraging decomposition theorems from linear algebra to solve the discretized Laplace equation in

a two-dimensional grid.
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I. INTRODUCTION

The solution to a linear system of equations is at the heart
of a wide range of applications in science and technology
[1-4]. In its essence, the problem looks at finding ¥ € CV
such that AX = b, where A € C¥*¥ and b € CV. The compu-
tational time for finding the solution is affected by the system
size N, the condition number of a matrix «, the precision error
€, and the sparsity of the matrix.

With the first ideas dating back to the 1980s [5], the field of
quantum computing aims at creating devices that change the
fundamental unit of computation from a classical two-level
system, the bit, to a quantum two-level system, the qubit [6].
This new paradigm of computation has allowed for the devel-
opment of new quantum algorithms that have a computational
advantage over their classical counterparts [7,8].

In this context, of particular interest is the work by Harrow,
Hassadim, and Lloyd [9], who developed a quantum algorithm
(also known as the HHL algorithm nowadays) to solve linear
systems of equations. This can be thought of as a variation
of the linear system problem, in which a quantum computer
is used to prepare a state |x) o X, which stores the solution.
For this reason, this is also defined as the quantum linear
system problem (QLSP), most often. Further work following
the HHL scheme [10-15] has focused on recasting the HHL
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algorithm using the linear combination of unitaries (LCU)
framework [13,16—18], which allows the creation of an algo-
rithm that solves a N x N sparse linear system with, among
other features, a logarithmic scaling in N, which represents an
exponential speedup when compared with the linear scaling of
the best possible classical algorithm [9]. It is worth recalling
that the exponential advantage of the HHL algorithm is at
the core of the exponential advantage of many other quantum
algorithms [19-23]. We also note recent work extending quan-
tum linear-system methods to more general matrix equations,
such as the Sylvester equation AX 4+ XB = C [24]. In this set-
ting, the standard linear system AX = B appears as a special
case. While our focus is on the traditional quantum linear
system problem (QLSP), these advances further highlight the
growing interest in efficient quantum algorithms for solving
matrix equations of increasing generality.

Despite this, the so-called noisy intermediate scale quan-
tum (NISQ) hardware available nowadays, limited both in the
number of qubits and operation reliability [25], hinders the
practical usefulness of any of these algorithms. In fact, the
largest linear system of equations solved on quantum hard-
ware with the HHL algorithm to date is of size N = 8 (i.e.,
corresponding to the Hilbert-space size of three qubits) [26].
This result is due to the available hardware’s inaccuracy in
performing large controlled operations [27] rather than the
available number of qubits, which can be in the tens [28] to
hundreds [29] of qubits depending on the architecture.

In the meantime, so-called variational quantum algorithms
(VQAs) [30] have been developing as a class of hybrid
classical-quantum algorithms to make use of the available
NISQ hardware in the nearest terms. These algorithms run
a series of parametrized quantum circuits [31], in which
the parameters are iteratively updated by using classical
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FIG. 1. Schematic diagram for the SQLS. The aim is to solve a linear system Axp = b. The inputs are a matrix A, a unitary U, both written

as a linear combination of Pauli strings, and form a linear system of Equatlons Alx) =

|b) in which U |0) = |b). The solution is found by using

a hybrid classical-quantum variational algorithm where the parameters fofa parametrized quantum circuit, V(6), will be optimized through
classical optimization techniques. Due to the assumptions on the form of A and U, the cost function C; [Eq. (11)], involves the calculation
of linear sums of expectation values of Pauli strings, which can be calculated using a small number of shallow circuits through classical
shadows. The optimization process terminates when the condition C;, < y [see Eq. (14)] is reached, returning a set of parameters 6* such that

V(09)I0) = x*) & X

HXoH

optimization techniques. VQAs have been proposed to solve a
wide range of problems, such as classification [32], chemical
simulation [33-36], entanglement witness [37], and solving
nonlinear differential equations [38,39]. Alternatives to the
HHL algorithm based on VQAs have also been proposed [40].
In particular, the variational quantum linear solver (VQLS)
[41] is the most promising variational approach due to its
efficient scaling in N as well as its best resource usage. As a
result, the VQLS has recently become the focus of numerous
applications to real-world linear systems [42—47]. Neverthe-
less, in most cases of practical interest, this algorithm still
requires large circuit depths, or a large number of qubits,
depending on the type of cost function to be evaluated on
actual quantum hardware.

On a more general ground, the quest for optimal resource
usage of quantum circuits is at the core of various protocols in
quantum information [48,49]. One such framework has been
recently proposed as the classical shadows [50], a resource-
efficient and information-complete measurement scheme that
uses Nshadow COpies of a state p to create the so-called classical
shadow S(p, Nshadow) Of that state. Among other applications,
the shadow can be used to accurately estimate linear functions,
in particular. Due to their flexibility, classical shadows have
been employed in combination with VQAs for a wide range
of applications, such as warm starting [51], optimizing circuits
[52], and avoiding barren plateaus [53].

In this work, we essentially merge ideas from VQAs and
classical shadows to present a procedure to solve the QLSP.
Our original procedure, which we define as the shadow quan-
tum linear solver (SQLS), leverages classical shadows to
efficiently evaluate the cost function encoding the solution to
a QLSP. When compared with other variational approaches
to the QLSP, we notice that the SQLS uses fewer qubits, fewer
controlled operations, and shallower circuits. Furthermore, in
the noiseless hardware limit, the SQLS offers an efficient
scaling with the system size N, allowing us to address prob-
lems that might be difficult to solve by only using classical
computing resources.

The present paper is organized as follows: in Sec. II, we
review the basics of VQAs and the classical shadows formal-
ism, for completeness. In Sec. III, we introduce the SQLS,
showing the theoretical advantages expected in the solution
of the QLSP. In Sec. IV, we present the studies carried out
in this work to characterize the SQLS: First, we theoretically
show that SQLS is less resource intensive for more complex
systems of equations when compared with other variational
approaches to the QLSP; finally, we leverage techniques from
linear algebra to find the solution to a real physics problem,
the discretized Laplace equation on a grid. Ultimately, we
believe that the procedure hereby introduced has the potential
to speed up the advent of near-term solutions of the QLSP on
NISQ devices. In addition, the paper brings to attention further
techniques to transform highly nontrivial linear systems into
a QLSP, which could inspire new applications of quantum
algorithms to solve linear systems of equations.

II. THEORETICAL BACKGROUND

Here, we report the theoretical background required to
formalize the shadow quantum linear solver (SQLS). In
particular, we first summarize VQAs, and then outline the
main aspects of classical shadows. Throughout the paper, we
adopt the convention to express Pauli gates as o/, in which i €
{x,y, z}, the 2 x 2 identity gate as I, and k-local Pauli strings
as Pk = ®];:1 o’/ @ I;,—, where I;— denotes the identity on
all qubits except the kth qubit. Furthermore, we note that in the
whole paper we use the shorthand notation log,(-) = log(-).

A. Variational quantum algorithms

VQAs are a class of hybrid quantum-classical algorithms
aimed at distributing the computation between a digital quan-
tum device and a classical computer, making them ideal for
the currently available NISQ devices [30]. These algorithms
require the definition of a cost function C (often also called
the loss function) whose minimum represents the optimal so-
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lution of the problem. Following this, a generic parametrized
quantum circuit [31] is proposed. This circuit, also known as
the ansatz, can be expressed as

V(0) = G, (6L)Gy,_, (OL—1) - - - G, (61), D

in which the quantum gates G are chosen from an alphabet
A = {Gr(6;)}, where k dictates the type and order of the gates
and 6; are continuous parameters. Since the cost function is
defined in terms of the anstaz, it is dependent on these param-
eters as well, i.e., C(6). The goal is then to find the optimal set
of parameters 6* by minimizing the cost function,

6* = arg mjn{C(é)}. 2)
9

In the setting of Eq. (2), 6* can be found by using classi-
cal optimization techniques. Despite this simple formulation,
VQAs may suffer from flat optimization landscapes, known
as barren plateaus, which render both gradient-based and
gradient-free optimization techniques poorly converging [54].
This phenomenon has been studied in depth in the literature,
and various causes and possible solutions have been identi-
fied [55]. Among these, we point out two potential solutions:
the first calls for the use of a local cost function, in which
the quantum circuits undergo only single-qubit measurements
[56], while the second suggests the initialization of the param-
eters to small values [57-59].

A further feature that some VQAs have shown to exhibit
is optimal parameter resilience (OPR) [60]. OPR refers to
the phenomenon where the optimal parameters are not af-
fected by a particular type of noise. In particular, let C; be
the noisy cost function of a VQA, then OPR guarantees that
min €; = min C;. VQAs that are resilient to a large number of
noise models are considered especially well-suited for NISQ
devices.

B. Classical shadows

Classical shadows have been formulated as a protocol al-
lowing to construct a minimal representation S(0; Nghadow)
of a quantum state p to be employed to accurately estimate
functions, both linear and nonlinear, with a given error €gpadow-
When applying the procedure, we assume to have access to a
fixed but unknown n-qubit quantum state p. The protocol is
then applied by starting with a unitary U randomly chosen
from a fixed ensemble U/, and then measured in the com-
putational basis. The outcome, |a) € {|0), |1)}®", is used to
calculate and store an approximation of p, i.e.,

p=M"'U|a)(alU), 3)
where M is a quantum channel defined as
M(p) = E[U T |a)(a|U]. 4)

If the set of unitaries I/ is tomographically complete, i.e., for
each o # p there exists U € U and b such that (b|Uc UT|b) #
(b|U pUT|b), then it has been shown that M can always be in-
verted [50]. Repeating this procedure Ngh,qow times and saving
eachresult g; in a matrix finally produces the classical shadow,
or shadow, S(0; Nshadow) defined as

S(0; Nshadow) = {P15 D2, - - - » PNgdon ) - )

This shadow can be used to estimate a wide variety of quan-
tities, but for the purpose of the SQLS, we only present the
algorithm and the theoretical guarantees to use S(0; Nshadow)
to calculate M expectation values {(Pik")}, where Pik" are k;-
local Pauli strings. In this case, the quantity (Pl.k") is estimated
by computing

(PY"y = median{Tr(Pp1), Te(PF p2), . . ., Tt(PE Dguaen )}

(6)
in which Nghadow depends on the error €ghq0w and scales as
log(M)3*
Nshadow X — (7)
shadow

Furthermore, we note that the same amount of shadows can
be used to compute the density matrix p with an error €gyagow
by computing:

p =E(S(p, Nshadow))- ®)

III. SHADOW QUANTUM LINEAR SOLVER

Inspired by the variational approaches to the QLSP, we
hereby present the shadow quantum linear solver (SQLS),
a resource-efficient VQA aimed at leveraging the power of
classical shadows in the context of solving linear systems of
equations. Our proposal claims efficient resource utilization
as well as, in the noiseless limit, an efficient scaling with the
system size. A schematic diagram of the proposed algorithm
is represented in Fig. 1.

Considering a N x N QLSP of the form A|xy) = |b), the
SQLS aims at finding a set of optimal parameters 6* that,
when used in a quantum circuit V, allows us to prepare the
solution to the QLSP, i.e., V(§%)|0) = |x(6*)) = |x*) ~ |xo).
Hence, the SQLS requires n = log(/N) qubits and two inputs:
(1) a unitary U that satisfies U|0) = |b) and (2) a decompo-
sition of the matrices A and U into a linear combination of
k-local Pauli strings P*, i.e.,

Ly

A=) clAY, ©)
i=1
Ly

uv=> vy, (10)

in which c?, cgf e C,and Af."' and U((" are k;-local and k;-local
Pauli strings, respectively. Furthermore, we note that this form
of U is equivalent to assuming that the operator is given in an
efficient gate sequence, while the form of A is typical of VQAs
[33]. Finally, we assume that (1) the condition number of the
matrix A is finite, k4 < 00, (2) the /; norm of A is bound by 1,
lAll2 < 1,(3) Ly and Ly are polynomial in n, and (4) the Pauli
matrices Af" and Uikf have a low locality. The assumption that
Ly and Ly scale polynomially with the number of qubits, n,
can also be motivated by physically relevant settings. In many
applications, A represents a local operator, such as a k-local
Hamiltonian or a discretized Laplacian on a regular grid. In
these cases, each degree of freedom only couples to a constant
number of neighbors, so A is sparse and it can be decom-
posed into a sum of k-local Pauli strings with Ly = poly(n).
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A concrete example of this is the Laplace operator used
in Sec. IVC. For U, we assume an implementation by a
polynomial-depth circuit composed of one- and two-qubit
gates, which likewise leads to a decomposition scaling as
Ly = poly(n). The last assumption can be seen as consid-
ering a sparse linear system, which is common in QLSP
algorithms [9]. Furthermore, in this regime, there exist algo-
rithms [61-65] that efficiently decompose a sparse unitary as
a linear sum of Pauli strings. We note that the SQLS is not an
LCU-based algorithm since we do not rely on block encoding
of the matrix, rather the solution is being stored through an
amplitude encoding.

With these inputs, the SQLS runs an optimization process
using a local cost function analog to the one proposed in
Ref. [41]. In particular, given the un-normalized quantum state
|1//(§)) = A|x(§)), the local cost function is defined as

C, @) = (X(O)JHLPCE@)) _ <x|HL|x>’ an
VACOIACH) wly)
in which we employ the compact notation |x(5)) = |x), and
the effective Hamiltonian is explicitly expressed as

HL=ATU<]1—lZ|o,.)<o,|®1I,—>UTA, (12)
n r=1
where I, — is the identity on all qubits except for the jth one,
and |0;) is the jth qubit zero logical state. The cost function
in Eq. (11) effectively encodes the solution to the problem:
if C; — 0, then |) — |b), meaning that a minimization of
Cy, guarantees a solution to the QLSP. We now introduce the
approximation error € as

€ = 5Te(|bxo) (xol — [x*)(x*[)), (13)
which is the trace distance between the real solution |xy) and
the approximate optimal solution [x*). Then, considering a
target approximation error €, for a QLSP with the condition
number x and requiring a number of qubits 7, the local cost
function from Eq. (11) is bound by

1 €?

- =Y, (14)

CL
nK?

WV

in which y is the termination threshold for the optimization
process [41]. Furthermore, it has been shown that fora N x N
QLSP with condition number «, and accepting a final error
€, the noiseless cost function scales as follows [41]: poly
logarithmically in problem size N, linearly in «, and logarith-
mically in 1/e€. It is important to notice that the system-size
scaling guarantees an exponential advantage of the noiseless
SQLS over the best classical algorithm [9]. Furthermore, it
has been proposed that estimating the noiseless cost function
toa 1/poly(n) precision belongs to the determinisitic quantum
computing with 1 clean qubit (DQC1) complexity class. The
latter contains all problems that can be efficiently solved with
bounded error in the one-clean-qubit model of computation
[66], which has been suggested to be impossible to simulate
on a classical computer [67,68].

Given the setting of the linear system introduced in Egs. (9)
and (10), the cost function can be rewritten in a compact
notation as

1 1 n

Ch=—-———, 15
L 2 2nw =

in which
n Ly Ly
(=Y Y derdd s, o
r=1i,j=11p=1
La
w=)_ i (17)

ij=1

with 87, = (x|AY U 07U TAN 1) and B = (x|AT AN |x).
Here, o7 represents a o° on the rth qubit. The deriva-
tion of how these equations come about can be found in
Appendix 1. At this stage, it is important to point out that p
and w are, essentially, weighted sums of expectation values of
Pauli strings. Since the evaluation of the cost function requires
the estimation of many expectation values of Pauli strings, one
can leverage classical shadows, and in particular Eq. (6), to
efficiently perform this operation. More in detail, given |x)
with an associated density matrix p,, we define its classical
shadow as S(0r, Nghadow )» Where Ngnadow 1S determined follow-
ing Eq. (7). Due to the very efficient resource use of classical
shadows, the advantage of using the SQLS is twofold: circuits
are shallow, and Nghadow scales logarithmically with the num-
ber of expectation values to calculate. A full investigation of
the resources required in an SQLS run is given in Sec. IV A.

Once the optimization process is over, Eq. (8) can also be
used to reconstruct the density matrix of the state |x*) =~ |xg)
without any additional measurement, since classical shadows
also allow for quantum state tomography [50]. This is a non-
trivial addition to have as part of the algorithm, since the
state vector reconstruction requires, in general, an exponential
amount of measurements to the circuit [69]. For example, both
in the HHL and the VQLS the solution to the linear sys-
tem can only be extracted through tomographic procedures,
which would cancel out the exponential advantage offered by
running both algorithms. Therefore, eliminating the need for
a final tomography of the output quantum state, the SQLS
significantly reduces both the amount of resources required
as well as the computational time.

Finally, we address the optimal parameter resilience (OPR)
of the SQLS. In fact, in Ref. [41] it was proven that the
cost function of the form of Eq. (11), when evaluated with
the Hadamard test, exhibits OPR to both a global depolar-
izing channel as well as measurement noise. We argue that
the OPR to a global depolarizing channel is inherited in the
SQLS while, due to the fact that shadow collection requires
multiple qubit measurements, OPR to measurement noise is
not inherited. The qualitative arguments for OPR in the SQLS
can be found in Appendix A.

To summarize the SQLS algorithm, where the main steps
are reported in Fig. 1, given the inputs of Egs. (9) and (10).
First, we define a parametrized ansatz V and initialize it with
a set of parameters 6. This is followed by the optimization
process, which involves the creation of the classical shadow
of the ansatz state V(?))|O), followed by the calculation of the
local cost function Cy, as defined in Eq. (15), and the update
of parameters through classical optimization techniques. This
optimization step is repeated until the termination threshold
y [defined in Eq. (14)] is met by C;. This will terminate the
optimization process, and the SQLS will give the state [x*) as
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FIG. 2. The SQLS is compared with the VQLS in terms of resource usage. Panel (a) shows the schemes for the different circuit architectures
employed by the two algorithms in evaluating a single term in the cost function [i.e., Eq. (15)] where panel (a)(i) is the schematic quantum
circuit for the SQLS, and panels (a)(ii) and (a)(iii) are the schematic circuit implementations for the VQLS. Panel (b) shows the scaling
of the number of circuits per optimization step (or evaluation of the cost function), Neireuits/Step, comparing between the VQLS and SQLS,
respectively. The estimate is provided for a 2°° x 2 linear system of the form given in Eq. (18), in which k indicates the locality of the Pauli
strings forming the linear system. Evidently, as the number of terms in the linear system L increases (i.e., when the linear system becomes
more complex), the SQLS has a major advantage in resource usage as compared with VQLS.

its output, i.e., the state in which the solution to the QLSP is
encoded.

IV. RESULTS

We now report a number of theoretical studies aimed at
granting an analytic and heuristic understanding of the SQLS.
Section IV A is devoted to understanding the resource usage
of the SQLS and comparing it to the VQLS [41], which
is the currently most resource-efficient variational approach
to the QLSP, to our knowledge. Then, in Sec. IV B, we study
the heuristics of the convergence times of the SQLS for a
number of different linear systems. We note that the largest
linear system solved is of dimension 4. Finally, in Sec. IV C,
we are able to leverage techniques from linear algebra to apply
the SQLS to a real physics problem, the discretized Laplace
equation in a two-dimensional (2D) grid, and find its solution.
In the following, all quantum circuits are simulated using the
Python Pennylane library [63,70].

A. Resource investigation

The first heuristic study carried out on the SQLS looks at
quantifying the resources used in performing the evaluation of
the cost function defined in Eq. (15). Within the investigation,
we consider three variables: number of qubits, circuit depth
and number of circuits per cost function evaluation. We start
with the comparison between the SQLS and the VQLS, by an-
alyzing the requirements in terms of circuit depth and number
of qubits to evaluate a single term in the cost function. We
assume that both algorithms have the same n = log N qubit
ansatz V (6). The assumptions made on the linear system are
the same as in Sec. 111, i.e., the linear system can be expressed
as in Eqgs. (9) and (10), and the cost function is given in
Eq. (15).

For the SQLS, the scaling of both the circuit depth and the
number of qubits is solely determined by the ansatz V (6).
In fact, as described in Sec. III, at each iteration, the SQLS
creates a classical shadow S(pox, Nghadow) that is then used to
approximate all the required expectation values in Eq. (15).
The creation of the shadow is done by applying V (9) to |0)®",
followed by the application of a random Pauli string with
a locality based on the terms in Egs. (9) and (10), before
performing a measurement over the whole register. Since no
additional ancillary qubit is required, nsqrs = log N. Further-
more, since the application of a Pauli string has depth 1, the
scaling of the circuit depth is determined by the depth of
the ansatz V(é) plus a constant. The circuit implementation
of the SQLS can be schematically seen in Fig. 2(a)(i).

For the VQLS, instead, the scaling of the circuit depth
is determined by the ansatz as well as the locality of the
terms in Egs. (9) and (10); in this case, the minimal number
of qubits required is nyqLs = log N + 1. This is because the
VQLS uses the Hadamard test to estimate the expectation
values, a procedure that exploits an extra ancillary qubit (i.e.,
the +1 in the expression above). In addition, the Hadamard
test requires large controlled operations to calculate the terms
87 i [Eq. (16)] and B;; [Eq. (17)]. The circuit implementa-
tion to calculate B;; and 4], can be schematically seen in
Figs. 2(a)(ii) and 2(a)(iii), respectively. Although the con-
trolled unitaries shown in these figures could be merged into a
single controlled operation, we keep them separate to clearly
show the individual steps involved in the Hadamard-test eval-
uation. Full details on the Hadamard test to calculate 8;; and
8;;, are given in Appendix B, for completeness. Therefore,
the SQLS uses one less qubit and, most importantly, removes
the need for large controlled unitaries outside the ansatz V(é),
which typically require a large number of two-qubit gates.
We further notice that a classical and computationally cheap
preprocessing can be performed to reduce both the locality
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and the total number of terms to calculate, as described in
Appendix D. On the one hand, this would allow for a reduc-
tion in the circuit depth of the VQLS, on the other hand it
would guarantee a locality reduction of the terms, thus reduc-
ing the number of shadows required by Eq. (7). Nevertheless,
the Hadamard test would still require large controlled oper-
ations, meaning that the SQLS would still be advantageous
both in terms of the number of qubits and circuit depth.

The third point of comparison is the number of circuits
required to take an optimization step, which we denote as
Neircuits/step. To simplify the analysis, we assume the linear
system to be described by the following matrices:

L
A=Y "cAf, U=H®", (18)
i=1

in which ¢; € [—1, 1] and Af.‘ are k-local Pauli strings. This
form of linear system allows us to characterize Neircyits/Step
as a function of a single parameter, L, indicating the number
of Pauli strings in the system, rather than having two pa-
rameters as in Eqgs. (9) and (10) (L4 and Ly ). Furthermore,
having all Pauli strings with fixed locality allows us to in-
vestigate the effects of the locality on Njryis/step. Within
the VQLS framework, the number of circuits (each evaluated
with a precision €pagamard = 1/4/Mshots) required to evaluate the
cost function of Eq. (15) for a linear system expressed as in
Eq. (18) is given by

Ni uil N
( circ ts) _ nhots[L(L_ 1)+nL2], (19)
step  /vaLs 2

where we assume that all circuits are executed for the same
number of shots, ng,qs. Details on the derivation of Eq. (19)
can be found in Appendix C.

Within the SQLS, instead, Neircuits/Step is given by Eq. (7).
Using the same considerations as above for the VQLS, the
number of circuits per step is given by

<Ncircuits> _ log[(L(L — 1) + nL?)]3%+! 0
step SQLS €2

shadow

Here, the constant of proportionality in Eq. (7) is set to 1,
which our numerical experiments reported in Sec. IV B show
to be a conservative value. The power of 2k + 1 is a worst-case
scenario for the terms §;; ..

From a direct comparison of the equations above, we can
see that the SQLS has an exponentially better scaling of
the Neircuits/Step with respect to the number of terms in the
linear system (L) and the number of qubits (n). However,
a drawback of the SQLS that is directly inherited from the
classical shadows approach is the exponential scaling in the
locality of the Pauli strings, k, which is the reason behind
our initial low-locality assumption (see Sec. III). A graphical
representation of the scaling of Nyits/step as a function of L
is reported for both algorithms in Fig. 2(b). These results are
obtained by assuming to have n = 50 qubits, corresponding to
a 2% x 29 linear system dimension, and a variable number of
Pauli strings, L € [4, 2500], with locality k € [2, 3, 5, 7] for
the SQLS case. The choice for the L domain is motivated
by the assumption that it scales polynomially with n (i.e.,
we assumed Ly,x = n? = 2500). To ensure the same error in

both procedures, we set €nadamard = €shadow = 0.01 for all the
points, i.e., for the VQLS we took nghos = 10000. We stress
that Fig. 2(b) reports only the estimated scaling of the required
resources and does not involve solving an actual 2°° x 20
linear system. The plot in Fig. 2(b) demonstrates the expo-
nential advantage of the SQLS as compared with the VQLS
in terms Nireuits/Step, for limited locality of the Pauli strings.
We also stress that the preprocessing technique described in
Appendix D can be used to simplify the linear system. In fact,
it reduces the number and locality of the expectation values
to evaluate the cost function. Anyway, this does not change
the favorable scaling of the SQLS. The full investigation of
Neircuits /Step with preprocessing can be found in Appendix E.

B. Convergence time

In the second heuristic study, we investigate the conver-
gence times of the SQLS. In particular, we compare this
characteristic timescale to the corresponding one obtained in
the VQLS. In the noiseless limit, the latter has been shown to
provide a scaling as poly(log(N))« log(1/¢€). The convergence
study was carried out with both methods for four different
systems of equations, as follows:

First, we considered a 16 x 16 QLSP inspired by the Ising
model [71] (IQLSP), described by the following operations:

n n—1
1 z
AIQLP = E(ZO’; +JZO’;O’;+1 + 7’]]1),
i=1 i=1
bigLsp = H®"|0). (21)

Then we considered two 16 x 16 randomly generated QLSP
(also named RQLSP), as summarized by these operations:

L
1
ArqLsp = E( E ciPf + '7]I>, broLsp = H®"|0).  (22)
i=1

Full details on these linear systems can be found in
Appendix F. Furthermore, we also study the convergence
time of the potential grid linear system (PGLS), introduced
in Sec. IV C.

The numerical experiments start with the creation of the
linear systems of equations. The IQLSP is created with J =
0.1, and adjusting n and ¢ such that the condition number
is k = 60 (see Appendix F for the explicit values). For the
RQLSP, the locality of the matrices is set to k = 2, and 1 and
¢ are adjusted such that the condition number for the matrix
is k = 10 to have manageable convergence times. Following
these settings, all the examples are subjected to the classical
preprocessing procedure, described in Appendix D, which
reduces the complexity and quantity of expectation values to
be calculated and, therefore, reduces the computational times
of the simulations.

Then, a problem-specific ansatz is chosen for the different
linear systems of equations. In the cases of the IQLSP and the
PGLS, a real amplitude ansatz is used with four layers, while,
for the RQLSP, a hardware-efficient ansatz is used with 10
layers. Full details on the parametrized circuit designs can be
found in Appendix G. The numerical experiments consisted in
solving each linear system of equations with either the SQLS
or the VQLS. All systems are solved 10 times with different
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FIG. 3. A comparison of the time-to-solution for a number of
different linear systems as obtained numerically by applying either
the SQLS or the VQLS, respectively. We plot the average over 10
runs, and the error bars are plotted using the standard deviation over
the 10 runs.

small parameter initializations [57-59]. In addition, for all ex-
periments €hadamard = €shadow> With the following values: 0.01
for the IQLSP, and 0.03 for RQLSP1, RQLSP2, and the PGLS
(for the VQLS, these correspond to ngyos = 1/ eﬁadamard). For
the SQLS, the constant of proportionality related to Eq. (7) is
setto 1.

Following the work in Ref. [72], we choose the numer-
ical optimizers to be the modified Powell method [73] and
Adam [74], which are shown to have similar convergence
times. These optimizers are implemented through the Python
SciPy library (Powell) [75], and the Pennylane library (Adam
optimizer) [63]. Due to the simplicity of the IQLSP, which
guarantees smaller convergence times, the Powell optimizer
is used for this system, while the RQLSP1, RQLSP2, and
PGLS use the Adam optimizer, since it guarantees slightly
better convergence times. When the Adam optimizer is used,
it is initiated with a learning rate of 0.01, which stays con-
stant throughout the entire optimization process. The latter
is terminated when the trace distance, Eq. (13), reaches a
threshold value. For the IQLSP and the PGLS, the threshold
trace distance is set to € = 0.01, while for RQLSP1 it is
€ = 0.1, and for the RQLSP2 we set € = 0.15. These val-
ues were chosen to balance computational cost and reliable
convergence across different problem instances. The PGLS
converges more rapidly and requires fewer ansatz layers and
observables, allowing us to reach a smaller target error. The
RQLSP instances, instead, involve deeper circuits, a larger
number of observables, and higher computational cost. While
RQLSP1 consistently converged to € = 0.1 for all random
initializations, RQLSP2 did not reliably converge below € =
0.15 across all seeds, and we therefore adopted this value to
ensure consistent convergence.

A summary of the results obtained from these numerical
experiments can be seen in Fig. 3. The figure shows a com-
parison of the time-to-solution for a number of different linear
systems as obtained numerically by applying either the SQLS
or the VQLS, respectively. By time-to-solution we mean the
number of cost-function evaluations required to guarantee a

solution with precision € [see Eq. (13)]. We stress that € is
a measure for the precision in the solution, while €hagamard
and €gpaq0w are the precision of the techniques in calculating
the expectation values. For all the systems we see that, for
equal error, the SQLS has an advantageous and comparable
convergence time when compared with the VQLS. We point
out that this outcome is particularly relevant and noteworthy
for two reasons. First, it guarantees the SQLS better overall
resource usage as compared with the VQLS. In fact, given the
arguments laid out in Sec. IV A, if the SQLS takes less time
or comparable time to converge and uses fewer resources per
optimization step (in terms of the number of qubits, circuit
depth, and total N.ius at equal error), then it has a better
resource usage overall. Second, we claim that the conver-
gence of the SQLS in the noiseless limit is upper bound by
O(poly(log(N))k log(1/€)), which is the convergence of the
noiseless VQLS. This guarantees the SQLS a poly logarithmic
scaling in the system size, which is an exponential advantage
when compared with the best classical algorithm and makes it
a difficult problem to simulate classically.

C. Electrostatic potentials in a grid

As an example of a practical application of the SQLS to
a problem of a physical nature, we show the results of the
solution of a linear system derived from the discretization
of the classical Laplace equation, i.e., V2$ =0, on a two-
dimensional (square) grid. We present this use case since it
represents a linear system derived from the Laplace matrix
[76], i.e., an object that commonly appears in various fields,
such as random walks and analysis of electrical networks [77].

Essentially, the system we will be looking at is a v/N x
VN grid of potentials with a constant potential V, on the
top boundary, and a null potential on all other boundaries. In
this case, the potentials inside the grid, ¢, will be given by
the linear system A(E = B, where A is a N x N matrix, i.e.,
Eq. (23), and bis a vector of size N, ie., Eq. (24):

4 ifi=j
Aij=1{—-1 ifli—jl=1lor|i—jl=+N (23)
0 otherwise,
> ifi <
- Vo ifi<+/N 24)

0 otherwise.

The detailed derivation of the linear system from the contin-
uous variables Laplace equation can be found in Appendix
J. For the numerical experiments presented here, we take
N = 16, which corresponds to the use of n = log(16) =4
qubits on a quantum register. To satisfy the norm condition on
the matrix A, i.e., ||A|l» < 1, the matrix has to be normalized
such that the values on the diagonal are equal to 0.229 415 73,
and the off-diagonal values were equal to —0.057 353 93. This
left the choice of V; = 0.5 x ||A]|, such that the normalization
condition of b is fulfilled after the normalization of the linear
system. Thus, the implementation on a quantum computer can
be done using the unitary operation U = 1®? @ H®?.

With this linear system at hand, the matrix A is decomposed
into a linear combination of four unitaries using the theorem
presented in Ref. [78]. More details on this algebraic result
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V=V,

(b)

FIG. 4. The potentials derived form the solution of a 16 x 16
discretized Laplace equation onto a 4 x 4 2D grid. In panel (a) we
show the solution that was reached using the SQLS, while in panel
(b), we show the exact analytic solution. The solution reached with
the SQLS has a 0.99 fidelity with respect to the analytic one. Both
solutions have been normalized to have the same color range and be
directly comparable.

are given in Appendix H, for completeness. Since the matrix
A is sparse, the decomposed matrices will also be sparse.
Therefore, further decomposition can be achieved by imple-
menting the algorithm developed by Ref. [65] to decompose
each unitary as a linear sum of Pauli strings. The combina-
tion of these two procedures allows us to transform the full
matrix A of Eq. (23) into a form that is suitable for the SQLS
implementation. We also notice that other algorithms exist,
which allows us to decompose a matrix A into linear sums
of Pauli strings [61-65]. The system is then preprocessed by
using the procedure described in Appendix D. The parameters
are initialized to small values, which helps the optimization
process [57-59]. The Adam optimizer [74] is chosen for the
classical optimization steps, where the starting learning rate
is set to 0.01. For the optimization process, €ghadow = 0.03.
This optimization has finally produced an approximate solu-
tion with 0.99 fidelity with the exact analytic solution of the
same problem. The results are explicitly shown on the 4 x 4
grid in Fig. 4. In particular, the potential distribution of the
approximate solution from the SQLS, shown in Fig. 4(a), is
compared with the exact solution of the same linear system
of equations, represented on the same grid in Fig. 4(b). We
stress that the SQLS was able to produce a solution to a high
precision, which is a good motivation that it might become a
valid approach in solving real-world linear systems of practi-
cal usefulness.

V. DISCUSSION

We have presented the shadow quantum linear solver
(SQLS), a resource-efficient quantum algorithm to find the
solution to the quantum linear system problem (QLSP). By
building upon recent work on variational algorithms to solve
linear systems [41] and the resource-efficient framework of
classical shadows [50], the SQLS appears to be the most
promising variational algorithm to solve real systems of equa-
tions on NISQ hardware due to its convenience in resource
usage, convergence times, and resilience to noise.

In particular, we have presented a series of analytic and
heuristic studies that quantify various aspects of the SQLS.

First, we find that the SQLS has better usage of the number of
qubits, circuit depth, and number of circuits per cost function
evaluation when compared with the approach already present
in the literature [41], which is the most resource-efficient
variational algorithm for the QLSP known so far for limited
locality, in all the three categories mentioned above. Further-
more, we have shown that the convergence times between the
two algorithms, for equal error, are more favorable for the
SQLS. This is an indication that, in the noiseless limit, the
SQLS has a scaling that goes as O(poly(log(N))x log(1/¢)),
in addition to an exponential advantage when compared with
the best classical algorithms to solve large linear systems of
equations. More than that, the resilience to global depolariza-
tion noise offered by the SQLS makes it an ideal candidate
for current NISQ hardware. Finally, we were able to leverage
techniques from linear algebra to apply the SQLS to a real
physics problem, the discretized Laplace equation on a 2D
grid.

We also notice that the SQLS has room for significant
improvement. On the side of classical shadows, further im-
provements would include the implementation of a number
of recent works that show how classical shadows can be
optimized for the approximation of sums of expectation val-
ues of Pauli strings. Some of these techniques include the
randomization schemes [79,80], using locally biased classical
shadows [81], principal eigenstate shadows [82], and dual
frame optimization methods [83]. These techniques could
either reduce the convergence times for constant circuit execu-
tions or diminish the number of executed circuits for constant
error. On the side of Variational Quantum Algorithms, in
this work, we have applied warm starting to the optimization
process to solve the discretized 2D Laplace equation. Further
studies may investigate this technique more in depth [51].
Other improvements include the possibility to use a dynamic
ansatz [84]. An improved SQLS would then be subjected to
a heuristic study to investigate the dependence of the conver-
gence time on: the condition number «, the error €, and the
system size N.

In summary, we believe that the method presented here
could accelerate the development of practical solutions to the
QLSP on NISQ devices. Furthermore, the paper highlights
methods for converting complex linear systems into QLSPs,
potentially inspiring novel approaches for solving systems of
linear equations using quantum computers.
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APPENDIX A: OPTIMAL PARAMETER RESILIENCE

In Ref. [41], it was proven that the cost function in Eq. (11)
exhibits OPR to either global depolarization or measurement
noise, respectively. Here we argue that the OPR to depolar-
ization noise is maintained in the SQLS, while the OPR to
measurement does not carry through.

The proof for OPR to global depolarization noise was
based on two assumptions: the noise affects the estimation of
the real and imaginary parts of all the terms in equal amounts,
and the depth of the circuit is dominated by the ansatz. With
regards to the first assumption, since the real and imaginary
parts are calculated using the same shadows that are subjected
to the same noise, then both would be equally affected. Con-
cerning the second assumption, this is especially true in the
SQLS, in which the circuit depth is wholly determined by the
ansatz. Since the two assumptions on which the argument for
OPR to global depolarization noise for the VQLS hold also for
the SQLS, it is possible to conclude that the SQLS has OPR
to a global depolarization noise, simply following Ref. [41].

Regarding OPR to measurement noise, instead, we notice
that it cannot be straightforwardly translated to the SQLS, and
further studies are required to investigate its actual effects.
First, we assume that OPR to measurement noise in the con-
text of the SQLS refers to OPR to the number of collected
shadows. We believe this is a fair comparison since, just like
with shots, the collection of shadows is what allows for the
accuracy of the solution. We recall that the original proof of
OPR to measurement noise is reliant on the modeling of each
single-qubit measurement as a local depolarization channel.
If the circuit measures only one qubit, which is the case
for the Hadamard test, then the local depolarization channels
can be modeled as a global depolarization channel. Since we
already proved the OPR to a global depolarization channel,
then the cost function also has OPR to measurement noise.
The SQLS does not fit into this proof since the collection of
the classical shadows requires the measurement of all qubits,
and then the measurement noise cannot be modeled as a global
depolarization noise, which allows us to conclude that OPR to
measurement noise (number of shadows) does not hold.

APPENDIX B: HADAMARD TEST

Here we explain the details of the Hadamard test to cal-
culate the terms B;; and (Si’ﬂp of Eq. (15). The calculation
of B;; requires n =log,(N) qubits, which are required to
encode the state V(§)|O)®”. An additional qubit is used as
ancilla, initialized in the state H|0) = |+), which is used to
sequentially perform CaAf' and CaA];." T, where C,G represents
the application of gate G on the main register controlled on
the ancilla qubit. Finally, the application of a Hadamard gate

followed by a measurement on the ancilla qubit is used to
calculate the real part of §;;. The estimation of the imaginary
part of B;; requires the ancilla to be initialized in the state
STH|0), instead, and then followed by the same operations.
The circuit implementation can be seen in Fig. 2(a)(ii).

The calculation of §; p also requires n = log,(N) qubits,

which are needed to encode the state V(5)|O)®”, as well as
an additional ancillary qubit initialized in the state |4-). Here,
the operations to perform are Ct,Af", C,U, lk’T, C,o7, CaU,]f”, and
CuAl;’T, where C,0} is a 0 on the rth qubit controlled on
the ancilla. As before, the imaginary part requires starting the
ancilla qubit in the state STH|0). This circuit is represented in
Fig. 2(a)(iii). We notice that problem-specific circuits can be
devised to estimate the terms 57,  and f;;. These techniques
typically double the number of qubits to reduce the number of
large controlled operations to be performed.

APPENDIX C: CIRCUIT COUNT FOR THE VQLS

Here we explain the details of the calculation of
Neireuits/step for the VQLS protocol, reported as a result
in the main text, see Eq. (19). Due to the form of the
linear systems reported in Eq. (18), the calculation of the
cost function requires accurately estimating the terms (Sfj =
(x|AfUG U A;lx) and Bi; = (x|ATA;|x). We start by consid-
ering the terms B;;. By inspection, we see that if i = j then
Bii = 1. Further inspection allows us to determine that §;; =
(B;i)*, which, combined with the symmetry of the sum, im-
plies that there is no need to calculate the imaginary part of the
expectation values since they will all cancel out. This leaves
%L (L — 1) terms to approximate w [Eq. (17)].

As regards the term of the form of § f‘j, we notice that we can

quarter the terms to be calculated since (Sfj = (8;2)*, and we
are only interested in finding the real part of each expectation
value. This leaves % L? terms to find 1 [Eq. (16)]. Using these
considerations and assuming that each circuit is sampled with
a constant number of shots ngos, We finally find that the total
number of quantum circuits that are needed to evaluate the
cost function, including the shots, is given by

Nshots

= (L -1 L.
D 5 [L( )+ nL-]

N, circuits

(ChH

APPENDIX D: PREPROCESSING

Here we explain the details of the computationally cheap
preprocessing technique that can be used to simplify linear
systems of equations formulated as in Egs. (9) and (10). The
preprocessing performs the following steps: (i) it creates a
list of all expectation values with associated coefficients that
have to be calculated to evaluate the cost function; (ii) it then
contracts all Pauli strings; (iii) it groups coefficients of all
the contracted expectation values according to the terms in
Eq. (15); (iv) it finally returns two lists, one containing the
expectation values that have to be calculated for w with the
related coefficients, and one list for .

Given that the preprocessing operations will include at
most scalar addition and Pauli string contractions, which are
cheap since they are performed by using Pauli algebra, we
can neglect the preprocessing time with respect to the total
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FIG. 5. Results for the quantity Ngjcuits/Step as a function of the
number of terms in the linear system, L, for the different algorithms:
VQLS, VQLS with preprocessing (VQLS*), and the SQLS (also with
preprocessing). In this example, the numerical experiment created 30
random 2'° x 2!° (i.e., 10 qubits dimensional space) linear problems
with a fixed number of Pauli strings, L € [4, 100], and fixed locality,
k = 2, calculating Ngjruirs/step for each procedure. The plot shows
that even with preprocessing, the SQLS displays an exponential
advantage with the scaling when compared with the VQLS.

algorithmic time. The aim of this preprocessing procedure is
to reduce the complexity and quantity of expectation values to
be ultimately calculated in the SQLS.

APPENDIX E: NUMBER OF CIRCUITS PER STEP
WITH PREPROCESSING

Here we present the heuristic study for Ngcuits/step cal-
culated for the VQLS, VQLS with preprocessing, and the
SQLS with preprocessing, respectively. We prefer to present
the main scaling result in Fig. 2 without preprocessing be-
cause it reflects the behavior of the algorithm for larger and
more general linear systems. At the same time, we keep the
following analysis to show that the same conclusion holds
when preprocessing is applied. In fact, the linear system of
equations formalized in Eq. (18) can also be subjected to a
computationally cheap classical algorithm, which simplifies
the number and complexity of the terms in the cost function,
as shown in Appendix D. A preprocessed cost function can be
evaluated using both the Hadamard test and classical shadows.
By defining the number of terms to evaluate the cost function
after the preprocessing as Npp, the Hadamard test requires
Npp X ngos Circuit executions, and it will be referred to as
VQLS*, while in classical shadows Njrcuis/step is determined
by Eq. (7), in which we take M = Npp; we refer to this case
as SQLS in the plots.

In our numerical experiment, this study required the cre-
ation of 30 random 2'° x 210 (10 qubit) linear problems with
fixed number of Pauli strings, L € [4, 100], and fixed locality
k = 2. These were then used to find Nrcuis /step for the VQLS
[Eq. (19)], the VQLS with the preprocessing, Npp X Aghots, and
the SQLS, where the number of operators was M = Npp. The
results for Ngrcuits/Step as a function of the number of terms

(@ —Rx(61) HRy (65) H Rz (60) ]

Jan)
>

N
%

N

N
%

FIG. 6. (a) The hardware-efficient ansatz that was used to find a
solution to systems (F2) and (F3), and (b) the real amplitude ansatz
that was used to find the solution to linear systems (F1) and (23).

in the linear system, L, is reported in Fig. 5. Overall, we see
that the scaling of the number of circuits per optimization step
remains favorable to the SQLS, also in the case of preprocess-
ing in the VQLS, which shows a resource advantage for the
SQLS in terms of Ngjrcuits/Step.

APPENDIX F: LINEAR SYSTEMS

Here we report further details about the linear system of
equations that were used as part of the comparative investiga-
tion reported in Sec. IV B. The matrix A for the QLSP inspired
by the Ising model (IQLSP) is explicitly given by

AwoLsp =0.0123(ZZII — 1ZZI — 112Z)
+ 0.123(XIII + IXII + IIXT + I11X)
+ 0.5081111. (F1)

The corresponding matrices for the Random QLSP (RQLSP)
are explicitly given by

Arqrsp1 = — 0.0513/XX] — 0.366/1YY — 0.0352X X 11
+ 0.1441X17 4 0.551111, (F2)
and
Arqrsp2 =0.242ZZ11 — 0.08171ZZ1 + 0.183X 11X
— 0.07801Z1Y + 0.551111, (F3)
respectively.

APPENDIX G: VARIATIONAL ANSATZ

Here we present the ansatzes that were used through-
out the numerical experiments whose results are reported in
Sec. IV B. For the two RQLSP’s we used a hardware-efficient
ansatz of the form represented in Fig. 6(a). Given that these
systems were hardware efficient, and they could have involved
real and complex elements, the choice of this ansatz was
to keep the parameter search space as hardware efficient as
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possible. Therefore, all Pauli rotations (Ry, Ry, Rz) were used,
and CNOTS in a ring structure were used to connect all the
elements. When applied to a four qubits register, this ansatz
requires 12 parameters per layer.

For the IQLSP and the potential grid, we used the real am-
plitude ansatz, which is reported in Fig. 6(b). The motivation
behind this choice was that for both of these linear systems,
A and b were composed only of real elements, and therefore
the solution must also have been composed of real elements.
Therefore, the ansatz that was used was only composed of Ry
rotations and cnots.

APPENDIX H: MATRIX DECOMPOSITION

Here we present a simplified version of the theorem
reported in Ref. [78], which establishes the rule for the de-
composition of a matrix into a linear sum of unitary matrices.

First, we notice that any complex matrix can be represented

as
A=B+iC, (H1)

in which
B=1LA+aY, (H2)
C= %(A —A%). (H3)

If we assume that [|A||, < 1, then |B|l; < 1and ||C]; < 1 are
both true. Therefore, we can further decompose B as

B=1(Us+Vp), (H4)
with
Us =B+ ivI— B2, (H5)
Vs =B —iyI— B, (H6)
and similarly
C = 3(Uc + Vo), (H7)
with
Ue =C+ivI—C?, (HS)
Ve=C—ivI—C2. (H9)

By inspection, this breakdown can be seen to be true. Further-
more, we can see that (Ug)* = Vp and (Uc)* = V. Finally
UBVB = VBUB = H, and UCVC = VCUC = 1. In the end, we
have decomposed the matrix A into a linear combination of
four unitary matrices of the form

1 1 i i
A= =-Up+ =Vp+ ZUc + =V¢.

H10
2 2 2 2 (H10)

APPENDIX I: LOCAL COST FUNCTION DERIVATION

Here we explicitly show how equations (15), (16), and
(17) are derived from Eq. (11). We will be assuming a
QLSP problem of the A|x) = |b), where we take the following

decompositions:
Ly
A= clAf, (11)
i=1
Ly
u=> dus. (12)
j=1

We start by looking at the equation for the cost function:

C,6) = (X(Q)lHLIXEG)) _ <X|HL|X>’ 1)
SAIACH) (W)

where |x) is the approximate solution, |{) = Alx), and

1 & ,
H; = ATU<]I B Z 10,)(0,| ® I, — )UTA. (14)
n

r=1

We will first be looking at the term in the denominator,
(¥|y). Here we have that

(Wly) = (x|ATAlx) (15)
Ly ¥, La
= (x| ( 3 C;?A’;f) < > cf‘Af’) ) (16)
j=1 i=1
Ly
= B =o. (I7)

ij=1
Where we have that 8;; = (x|AI;fTAf” |x). We now look at

the term in the numerator, (x|H} |x):

1 n
— (AT _ 2 _\ut
(x[HL|x) = (x|A U<H " E 10,)¢0,| ® I, )U Alx)

r=I1

(I8)
= (x|ATUUAlx) (I9)
+ ¢
— (x]A U(; ; 10,)(0,] ® I, — >UTA|x>.
(110)

We can see that the first term, (x|]ATUUAlx) =
(x|ATA|x) = (¥|). We now focus on the second term:

F l - _) ¥
(x]A U(n;|or><or|®ﬂ, UTAlx) (I11)

n

- 1 t 't
= (XI<n ZA U(10,){(0,| ® I,—)U A)IX> 112)

r=1

_ | A N\,
—M[;EAU( 5oL )UA]M, (113)

where in the last line we have used the fact that |0) (0] = HJ;”Z .

Here we get two further terms which, for clarity, we separate.
First we look at the term with the identity:

1 & I, R
= (ﬂ[;ZATU(E I, —)U A:||x) (114)

r=1
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1 & .
=—@|( =) A'vIU’A 115
<x|(n ; )|x> (115)
ek Xn} ATA|x) (116)
= —(X|— X X
2 'n —
11
=3 <1/f|1/f) I17)
n r=1
1
=S¥ l¥). (118)
And for the second term with the o° we have
= [ ZA*U( QI, —)UTA] Ix)  (119)
1 n
_ T T
=5 Zl:(xm U(o? @ I,—)U'Alx) (120)
n Ly Ly
Z DO ey, =n  (21)

r_ll] 11,p=1

APPENDIX J: POTENTIAL GRID LINEAR SYSTEM
DERIVATION

We consider the two-dimensional Laplace equation

V2§ = 0. an

With the following boundary conditions:
> Vo
i={

To obtain a linear system suitable for numerical solutions,
we discretize the domain using a uniform grid with spacing i
in both directions. Let ¢; ; denote the approximation of ¢ at
the grid point (7, j). We collect the values of ¢; ; at interior

on the top boundary
on the left, right, and bottom boundaries.

J2)

grid points into a vector # € RN (where N is the number of
interior points). Boundary values are fixed by the conditions
above and are not included in the unknown vector.

At any interior point (i, j), the standard five-point stencil
gives

Gir1,j + Gic1,j + Gijr1 + dij1

—4¢; ;
h? '

Vg ~

dJ3)

Imposing V2¢ = 0 yields
A4 ; — Giy1,j — Pi-1,j

If a neighbor of (7, j) lies on the boundary, its value is
known and can be moved to the right-hand side. We can write
the equation as

49 j — i1,

Collecting the equations for all interior points yields a
sparse linear system

—¢ij+1 — ¢ij—1=0.  (J4)

— Pitv1,j —¢ij-1 = V. Js)

Ad = b, Je)

where A is the discrete Laplace matrix (with four on the
diagonal and —1 for interior nearest-neighbor couplings), and
the vector b encodes the Dirichlet boundary values. With
the top boundary fixed to V;, and the other boundaries set to
zero, the entries of b are nonzero only for interior points adja-
cent to the top boundary, for which b contains a contribution
of V().

where 87, = (x|AY U, (07 ® I,—)UfTA¥|x). So putting ev-
erything together, we have
CL(6)
H
_ (x|HL|x) (122)
(Vly)
1 * Qr
_ W)W ) X X i e e e,
(Vly)
(I123)
1 1
-1 (124)
2 2nw
in which
n L/\ LU
=YY Yy, ms)
r=11i,j= llp_
w = Z C?C?*ﬁij, 126)
i, j=1
with 87, = (x]AY U, 07U AV x) and B;; = (x]4" AR ).
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