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In quantum logic spectroscopy, internal transitions of trapped ions and molecules can be probed by measuring
the motional displacement caused by an applied light field of variable frequency. This provides a solution
to “needle-in-a-haystack” problems, such as the search for narrow clock transitions in highly charged ions,
recently discussed by Chen et al. [Phys. Rev. Appl. 22, 054059 (2024)]. The main bottleneck is the search speed
over a frequency bandwidth, which can be increased by enhancing the sensitivity of displacement detection.
In this work, we explore two complementary improvements: the use of squeezed motional states, explained
using an analytical phase-space model, and optimal statistical postprocessing of data using a hypothesis-testing
framework. We demonstrate that each method independently provides a substantial boost to search speed. Their
combination effectively mitigates state preparation and measurement errors, improving the search speed by an
order of magnitude and fully leveraging the quantum enhancement offered by squeezing.
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I. INTRODUCTION

High control over the motional and electronic degrees
of freedom of trapped ions makes them great sensors, en-
abling quantum technology applications and the search for
new physics [1–5]. At the heart of many trapped-ion quantum
metrology schemes lies the detection of weak motional dis-
placements. In particular, it is a working principle of quantum
logic sensing protocols used to probe the electronic struc-
ture of otherwise inaccessible ions [6,7]. Recently, such a
technique was demonstrated to be of great use in the search
for narrow optical transitions in highly charged species [8,9].
The latter are promising candidates for a new generation of
atomic clocks [10–12]. However, locating the narrow optical
clock transition remains a great challenge, in particular when
there is no other known ancillary transition available. Ab initio
theory calculations typically predict transition energies with
uncertainties at the percent level, corresponding to on the
order of 1015 linewidths. Direct fluorescence spectroscopy
in electron-beam ion traps is limited to excited states with
lifetimes of milliseconds [13]. Rydberg-Ritz combinations of
such transitions can, in some cases, help narrow down the
energy of the narrow clock transition [14]. In general, the tran-
sition frequency needs to be found using laser-spectroscopy
techniques [9]. This typically involves scanning a large band-
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width of possible transition frequencies with a narrow laser,
which could result in months or even years of scanning before
finding the transition.

Such a “needle-in-a-haystack” problem is generic to quan-
tum sensing: Issues of a similar nature arise in the context of
the dark matter search or identifying nuclear and electronic
transitions in superheavy elements or molecular ions [15–18].
Speeding up the spectroscopy while maintaining a high level
of detection confidence often presents the main challenge.
A well-known way to substantially enhance the detection
efficiency is to employ squeezing in the detection protocol
[19–22]. However, using squeezed or other engineered quan-
tum states typically makes the protocol more fragile due to
the inherent susceptibility of these states to background noise,
heating, and state preparation and measurement (SPAM) er-
rors. Understanding the nontrivial interplay between these
effects is thus crucial to benefit from squeezing and to reduce
the search times in a realistic experimental environment.

In this work, we theoretically study a quantum logic pro-
tocol used to search for a narrow transition in a trapped ion
and ways to enhance the search efficiency in the presence of
realistic trap heating and SPAM errors. For this, we develop
a statistical framework and formulate the search problem as
a statistical hypothesis test. The test itself is a deterministic
procedure that takes in the measurement data in the vicinity of
the interrogated frequency and decides whether the transition
is likely present or not. The following steps are used to find the
narrow transition within the large bandwidth. First, the ion is
probed using an optical dipole force with a fixed interrogation
frequency [Figs. 1(a) and 1(b)]. Next, the motional displace-
ment of the momentum-squeezed motional state is measured
[Fig. 1(c)]. Then, the interrogation frequency is changed step-
wise, and the procedure repeats. Finally, the statistical test
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FIG. 1. Quantum logic spectroscopy protocol. (a) A spec-
troscopy ion with the sought-for electronic transition (blue, right)
is trapped together with a logic ion (red, left), forming an ion
crystal. (b) The unknown transition frequency ω0 is probed with
an ODF interaction, parametrized by the interrogation detuning �.
(c) When tuned close to the transition, the ODF produces motional
displacement and diffusion (yellow arrows) in the squeezed motional
wave packet of the ion crystal’s normal mode. The packet is then
“unsqueezed,” amplifying the displacement signal, which is then
detected using the logic ion. (d) The ODF frequency detuning �

is scanned stepwise. To detect the presence of the transition from
the displacement signal, hypothesis testing is performed on the data
from L neighboring frequency points.

is performed on the data extracted from multiple frequen-
cies [Fig. 1(d)]. The interrogation time, frequency step, and
number of measurements, together with variable parameters
of the statistical test and the amount of initial momentum
squeezing, determine the performance of the transition detec-
tion. Using this approach, we describe how to optimize these
parameters for the maximum transition search speed, so that
the prescribed confidence level is obeyed. We show that the
postprocessing of the measurement data using statistical tests
can ease the requirements for the necessary number of interro-
gations as well as other parameters and thus can substantially
increase the search speed. Furthermore, we demonstrate that
using squeezed states of motion is advantageous compared
to the vacuum state due to much faster displacement signal
generation. The increased susceptibility to noise is effectively
mitigated by using correlated statistical tests.

The present work is organized as follows. We start by
formulating the transition search problem and describe the mi-
croscopic model of the recoil spectroscopy protocol in Sec. II.
To better understand the effects of motional squeezing, we
employ a simplified analytical phase-space model and discuss
it in Sec. III. In Sec. IV we follow with a description of our
statistical model and the hypothesis test we used. Next, in
Sec. V we combine the statistical and microscopic models to
describe a narrow transition search in a realistic experimental
scenario. We discuss the combined effects of noise, squeez-
ing, and correlated data postprocessing. Furthermore, we find
that the optimal value of the squeezing parameter lies within
the range estimated using the analytical model. Finally, we
draw conclusions and give a broader outlook on the results in
Sec. VI.

II. MICROSCOPIC MODEL

We consider the problem of identifying the unknown fre-
quency of a narrow electronic transition of a trapped ion using
a quantum logic spectroscopylike protocol. The transition
is considered narrow if the uncertainty in transition energy
is much larger than the linewidth of the detection signal.
This happens, for instance, in the case of clock transitions
in highly charged or molecular ions. In highly charged ions,
the uncertainty is typically on the order of terahertz, while
the power-broadened linewidth is on the kilohertz level. To
search for the unknown frequency, we consider the probing
interaction in the form of an optical dipole force (ODF),
first demonstrated in the context of molecular ions [18] and
recently applied to highly charged ions [9]. In this scenario,
the interrogated ion, referred to as a spectroscopy ion in the
following, is trapped together with another species featur-
ing a well-controllable electronic structure. Together, the two
trapped ions form an ion crystal with shared bosonic modes of
motion, which serve as a bus for information transfer between
the two electronic subsystems [Fig. 1(a)].

The ODF is created by applying two counterpropagating
laser fields tuned to differ by exactly the motional mode fre-
quency ν = ω1 − ω2 to the ion crystal. The dynamics of the
spectroscopy ion in the harmonic trap is governed by the fol-
lowing Hamiltonian, written up to the first-order Lamb-Dicke
expansion in the proper rotating frame:

H = −�

2
σz + �

2
σx + η

�

2
(σ+a + σ−a†). (1)

Here, � = ω0 − ω1 is the detuning of the first driving field
with respect to the atomic transition, σi is a Pauli matrix
with i = {x, y, z}, σ± are the two-level raising and lowering
operators, � is the Rabi frequency (set equal for both beams),
a† is the creation operator for the motional mode, and η is
the Lamb-Dicke parameter, which includes the spectroscopy
ion’s participation amplitude in the in-phase mode of motion.
Tuned close to the unknown transition frequency ω0, such
a field configuration exerts an effective force on the ions,
causing a motional displacement. If the interrogation time is
sufficiently long, the displacement can be detected via a red
sideband transition on the logic ion [23], conditioning the spin
excitation of the logic ion on the motional state of the two-ion
crystal. The logic ion thus serves only for the readout and
can be omitted from the microscopic description. The time
evolution of the system is described by the following master
equation:

ρ̇ = −i[H, ρ] + 1

τd
D[σ−]ρ + 1

τh
(D[a] + D[a†])ρ. (2)

Here, the Lindblad dissipators D[L]ρ = LρL† − 1
2 (L†Lρ +

ρL†L) account for the incoherent dynamics of the system,
which includes spontaneous decay of the electronic excited
state and linear motional heating in the trap, with rates defined
by characteristic times τd and τh, respectively. We note that
for systems with longer probe times, the effects of motional
dephasing might need to be taken into account.

The extracted signal P0 is the fraction of the atomic popula-
tion that has left the initial motional state |ψ0〉. The detection
stage is thus described by a binary positive operator-valued
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FIG. 2. (a) Excitation profile of the ODF interaction for different
interrogation times in the absence of squeezing. The dashed horizon-
tal lines in (a) correspond to the excitation due to the background
noise in the absence of the transition. (b) FWHM of the excitation
profile. (c) Background noise in the absence of the excitation. In
all the panels, we assume the ODF with the parameters � = 2π ×
5 kHz and η = 0.1. The decoherence times are fixed at τd = 50T
and τh = 600T .

measure consisting of complementary operators acting in the
motional subspace:

{|ψ0〉〈ψ0|, I − |ψ0〉〈ψ0|}. (3)

The simplest accessible choice for the initial motional state
|ψ0〉 is the vacuum state. However, in Sec. III we will show
that using a momentum-squeezed state can benefit the dis-
placement detection efficiency.

Performing interrogations at different values of the detun-
ing � results in a spikelike fringe whose profile and width
depend on the interrogation time [see Fig. 2(a), solid lines].
Note that having larger τd will only slightly enhance the ex-
citation profile, making the subsequent results applicable for
transitions with longer lifetimes. If the driving fields are tuned
far away from the sought-for frequency ω0, the only contri-
bution to the signal is due to the background noise [Fig. 2(a),
dashed lines, and Fig. 2(c)]. Since the possible range of fre-
quencies is very large compared to both the natural linewidth
and the excitation width of the transition, locating it using
ODF requires probing many interrogation frequencies step by
step until the transition signal can be confidently distinguished
from the noise. The full width at half maximum of the signal
grows with the probe time [Fig. 2(b)], but so does the noise
background [Fig. 2(c)]. This produces a nontrivial interplay:
While a short interrogation time gives almost no background
noise, the displacement signal is also very narrow and weak. A
long interrogation time produces a larger signal, which is now
hard to distinguish from the significant background noise; see
Sec. III for more details.

Note that, here, we assume the probing interaction is char-
acterized by a single interrogation frequency, fixed during the
interrogation time. The frequency is then varied step by step
until the transition is found. Although this procedure is quite
natural to assume; other approaches to transition searches
exist, such as using adiabatic passages or frequency combs,
which have advantages in certain experimental realizations
[9,24]. These techniques go beyond the scope of the present
paper and are thus not discussed.

III. SQUEEZING ENHANCEMENT

In this section we discuss a simplified analytical model
to show how motional squeezing can affect the detection
efficiency. The master equation (2) can be efficiently reduced
to a Fokker-Planck equation describing the dynamics of the
motional Wigner function W (x, p) in phase space [25]:

∂W

∂t
= −α

∂W

∂ p
+ D

2

(
∂2W

∂x2
+ ∂2W

∂ p2

)
, (4)

with |α| = η��2

2
√

2(�2+�2 )
and D = 1/τh being, respectively, the

drift and the diffusion coefficients of the Fokker-Planck equa-
tion. For details on the derivation, see the Appendix. We now
assume the motion is prepared in a momentum-squeezed vac-
uum state |S(r)〉 = e

r
2 (a†2−a2 ) |0〉, with |0〉 being the vacuum

state. We do not focus on a particular implementation of
squeezing generation and will regard all possible imperfec-
tions of this process as SPAM errors in the following sections.
The real quantity r is the squeezing parameter and translates
to −10 log10 e−r in decibels. The initial Wigner function of
this state reads

W0(x, p) = 1

π
exp(−e2r p2 − e−2rx2). (5)

The time evolution W (x, p, t ) of this state according to Eq. (4)
can be found analytically, and the time dynamics of the excita-
tion signal P0 of the logic ion is then calculated by evaluating
the overlap between the initial and time-propagated phase-
space distributions:

P0(t ) = 1 − 2π

∫
dxdpW0(x, p)W (x, p, t ). (6)

The quality of the excitation signal can be characterized by
the logarithmic signal-to-noise ratio S̃ = ln S ≡ ln(P0/Pbg).
Here, S is the ratio of the excitation signal in proximity to
the transition and far detuned from it:

S = 1 + 1 − exp
( − 1

2
α2t2

Dt+e−2r

)
√

1 + D2t2 + 2Dt cosh 2r − 1
. (7)

Expression (7) determines the distinguishability of the dis-
placement signal from the noise caused by heating. Near
resonance, the detuning-dependent drift is stronger than the
diffusion, α/D � 1, and high values of S̃ can be achieved
given that the probe time is small compared to the charac-
teristic heating time of the trap: Dt � 1 (see Fig. 3). For long
probe times, the heating dominates the excitation signal, and
the signal-to-noise ratio decreases. The best detection effi-
ciency is achieved at the intermediate probe time topt, which
scales down with the squeezing parameter topt ∼ 1/αer . This
highlights an important feature: Adding more squeezing to the
protocol can produce a detectable displacement signal faster,
thus speeding up the transition search. However, from Eq. (7)
and Fig. 3 we see that the signal-to-noise ratio degrades if too
much squeezing is used. Although squeezing reduces the shot
noise in the displacement signal [seen by the growing numer-
ator of the fraction in Eq. (7)], it also significantly enhances
the effective diffusion [denominator of the fraction in Eq. (7)].
For extreme amounts of squeezing (r � 1, Dt � e−2r), the
diffusion dominates, and the quality of the signal goes down
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FIG. 3. Logarithmic signal-to-noise ratio of the motional dis-
placement signal for different amounts of initial momentum squeez-
ing. The drift-to-diffusion ratio of the underlying Fokker-Planck
equation (4) is fixed at α/D = 10 and generally depends on the
unknown detuning parameter. Higher amounts of squeezing reduce
the optimal interrogation time but may degrade the quality of the
signal.

exponentially with r: S ∼ e−r/
√

Dt . Strongly reducing the in-
terrogation time, Dt � e−2r , will also result in an unfavorable
scaling: S ∼ Dt (α/D)2. An optimal regime to use squeezing
can be identified as Dt ∼ e−2r and (α/D)2Dt � 1. Given
these relations, expression (7) can be approximated by its
upper bound S ≈ 1 + (

√
1 + Dte2r − 1)−1. For the transition

search, we are mainly interested in reducing the probe time
by maximizing squeezing while also keeping the signal well
detectable, S̃ ≈ 1. The maximal amount of squeezing obeying
this constraint can be estimated as

r∗ = 1

2
ln

(
ξ0

Dt

)
, (8)

with ξ0 = (1 + 1
e−1 )2 − 1 and e being the Euler constant.

The minimal value of the interrogation time Dt is limited
by the drift-to-diffusion ratio α/D, which depends on the
microscopic parameters of the experiment. In particular, it is
proportional to the product of the sideband Rabi frequency
and the heating rate of the trap, which generally needs to
satisfy η�τh � 1. Given the realistic parameters in Fig. 2, the
drift-to-diffusion ratio spans the range α/D ∼ 10–100. This
translates to a range of 10−3–10−1 for the minimal interroga-
tion time Dt and a squeezing strength of 6–16 dB, evaluated
using Eq. (8). Experimental conditions with significantly less
noise and/or a stronger signal can allow for using higher
squeezing and shorter probe times.

The goal of the subsequent sections is to develop a more
detailed statistical model for transition detection and apply it
to balancing the competing effects of squeezing, heating, and
detection errors to maximize the transition search speed. A
natural way to approach this problem is to employ the frame-
work of hypothesis testing, a tool from statistical decision
theory [26,27].

IV. STATISTICAL MODEL

To regard the transition as being “found,” we need to derive
the corresponding criterion for the measurement data. For this,
we do not limit ourselves to data from only one interrogated
frequency. Instead, we analyze measurement data from several

TABLE I. Decisions and their outcomes.

H2: No transition H1: Transition present

Decide for H2 True negative False negative, “miss”
Decide for H1 False positive,

“false alarm”
True positive

adjacent frequencies at once. If the step between the neigh-
boring points is not significantly larger than the excitation
width, such an analysis helps us to extract more informa-
tion contained in the correlations between the neighboring
measurement frequencies. Note that the frequencies are still
interrogated independently and correlations are revealed only
in the postprocessing stage.

From the statistical-decision-theory point of view, our task
is to solve a classification or a hypothesis-testing problem:
We assume that the measured signal can originate from only
two statistical models, with the first model describing the
transition present within the target interval of frequencies and
the other model corresponding to the background noise, which
is the only contribution to the signal if the ODF is tuned far
away from the transition. We thus define two hypotheses [26]:
For H1, the transisition is present, and for H2, the transition
is absent. When one is deciding in favor of one or the other
hypothesis, two distinct types of errors can be made: deciding
in favor of the transition when none is present and deciding
in favor of the background when there is, in fact, a transition
within the analyzed spectral range. These are also known as
errors of type I and II. The decision outcomes are summarized
in Table I. With the hypotheses formulated, we describe a
deterministic procedure to accept or reject the hypothesis H1

and assess the corresponding errors based on the input data.
The measurement sequence at one fixed detuning point

is modeled as a binary Bernoulli trial with M independent
measurements, and the success probability is given by the
excitation signal extracted from the microscopic model. If
the transition is present, the Bernoulli parameter is P0(t,�);
if only the noise contributes, it is given by Pbg(t ), which is
the signal extracted from Eq. (2) with H = 0. Performing M
measurements at each of the L neighboring frequency points
�k produces the input data array g = (g1, . . . , gL ), where
each gk is the number of positive coin-flip outcomes, i.e., an
integer between 0 and M. The conditional probability for the
measured data to originate from one of the two hypotheses is
given by

Pr(g|H1) =
L∏

k=1

(
M

gk

)
P0(t,�k )gk [1 − P0(t,�k )]M−gk , (9)

Pr(g|H2) =
L∏

k=1

(
M

gk

)
Pbg(t )gk [1 − Pbg(t )]M−gk . (10)

To decide between H1 and H2 we need a test statistic λ(g), a
real deterministic function of the data. The range of possible
values of λ(g) is partitioned into two regions, corresponding
to deciding in favor of hypothesis H1 or H2. In our case the
range of possible values of the test statistic will be the whole
real axis, split in two parts by a single tunable parameter �.
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FIG. 4. (a) Decision errors for searching a narrow transition us-
ing a Neyman-Pearson hypothesis test. For a fixed parameter set L =
5, M = 8, t = 35T, �s = 8�, the tunable test parameter � strikes
the balance between two types of errors (see Table I). Dashed lines
represent a noisy test with 10% SPAM error. (b) The two considered
positions of the signal line shape with respect to the grid of interro-
gated frequencies. See text for details.

The regions are thus

g : λ(g) < � −→ decide for H1,

g : λ(g) � � −→ decide for H2.

The choice of the test statistic λ and the parameter � allows us
to reach a desired balance between the two error probabilities.
In some search scenarios, the option to miss the transition is
much more unfavorable than producing a false alarm, while
in other cases, both error types need to be treated on equal
footing. For our binary classification problem, we choose a
Neyman-Pearson test featuring a log-likelihood test statistic:

λ(g) = ln
Pr(g|H2)

Pr(g|H1)
. (11)

The miss rate (M) and the false-alarm (F) probabilities are
found as a sum over all the possible data arrays that generate
the corresponding erroneous decision:

M =
∫ ∞

�

dλPr(λ|H1) =
∑

λ(g)>�

Pr(g|H1), (12)

F =
∫ �

−∞
dλPr(λ|H2) =

∑
λ(g)<�

Pr(g|H2). (13)

The statistical model of the signal requires the line shape
to have a fixed position with respect to the interrogated
frequency grid. In reality, the offset with respect to the interro-
gation grid is unknown. To account for this uncertainty, in our
model we assume two types of the line-shape positions: one
with the center of the signal aligned with the grid (position
1) and one where it is shifted by half of the frequency step
�s/2 [position 2; see Fig. 4(b)]. We conservatively estimate
the miss rate of the test to be the greatest of the two posi-
tion values: M = max(M1,M2). This approach is backed
by simulations of statistical tests with a varying offset term,
showing that these two cases cover the "worst possible" sce-
nario of the signal positioning.

In our model, the output measurement data of a single
interrogated frequency is a number between 0 and M. Thus,
we assume any SPAM-related error manifests as a “bit flip”
with a certain probability ξ . With this, any input data array g
has a nonzero probability Pg→g′ to transform into any other
input data array g′. To compute the net effect on the test
error probabilities due to the noise, expressions (12) and (13)
need to be supported with an additional weighted sum over
all the possible transformations g → g′. Such a modification,
together with computing all the transition probabilities, would
severely increase the numerical complexity of the error es-
timation. We note, however, that in a realistic scenario with
L > 1 and a low SPAM error rate, only a small fraction of
probabilities Pg→g′ will differ from zero significantly. This
observation allows us to efficiently employ a sampling tech-
nique to estimate the error rates affected by SPAM. Instead
of the full computation, we sample the action of noise on a
data vector for given ξ and average the outcomes over many
iterations. Generally, the action of noise increases the error
probabilities and reduces the performance of the test.

As an example, Fig. 4(a) quantitatively shows the perfor-
mance of a Neyman-Pearson test, in which L = 5 adjacent
frequency points are analyzed, with each frequency being in-
terrogated M = 8 times with an interrogation time of t = 35T
and the frequency step fixed at �s = 8�. The microscopic
parameters used are the same as in Fig. 2. The dashed curves
show a noisy test with ξ = 10% for SPAM errors. The two
cases of the line-shape positioning are depicted in Fig. 4(b).
The value of � strikes a balance between the error proba-
bilities of the test. As seen from Fig. 4(a), keeping both of
the errors below 1% in the noise-free case can be reached by
setting � ≈ 0. However, if 10% noise is present, no value of
� satisfies this constraint. In this case, a different parameter
set needs to be taken to reach 1% confidence. This could be
achieved, for example, by using a finer detuning step � = 5�.

One might ask whether the described technique is still ap-
plicable in the case when the laser noise cannot be neglected,
which is a realistic scenario in search experiments [9]. Gen-
erally, laser-noise-induced dephasing reduces the peak value
of the excitation profile and does not modify the background
noise. For a broadband laser with noise on the level of the
excitation Rabi frequency, the peak value reduces to about
50% of the excitation. In this case, the method remains ap-
plicable, although the efficiency is reduced due to the worse
signal-to-noise ratio of the detection, which was confirmed by
recent experiments [8,9].

V. NARROW TRANSITION SEARCH

We can now combine both statistical and microscopical
models to describe a realistic scenario of a narrow transition
search using quantum logic spectroscopy and maximize its
performance. We fix a set of microscopic parameters corre-
sponding to the experimental setup described in Refs. [9,28].
The Rabi frequency is fixed at � = 2π × 5 kHz and defines
a natural timescale of the problem T = 1/� = 0.2 ms. The
spontaneous decay rate is fixed at τd = 50T = 10 ms, and
the trap heating rate is set to τh = 600T , which corresponds
to heating of roughly 8.3 phonons per second; the Lamb-
Dicke factor is η = 0.1. The initial state of motion before the
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FIG. 5. Bandwidth search speed v for different frequency steps
�s and interrogation times t . Each plot corresponds to a particular
number of measurements M and number of frequencies L passed to
the statistical test. The dashed white line is the FWHM of the signal
line shape.

squeezing operation is assumed to be thermal, with n̄ = 0.05
phonons on average. For the numerical solution of the master
equation (2), the motional part of the Hilbert space is truncated
after the first 30 Fock states.

The band scanning speed is found as the ratio of the fre-
quency step �s to the time needed for M measurements:

v = �s

Mt
. (14)

Note that in a realistic scenario the interrogation time t might
include a fixed offset, which for squeezed states would also
account for the overhead in state preparation and readout. For
trapped ions, these operations are typically on the order of
microseconds [29], much shorter than the interrogation time,
and we thus omit this offset. When maximizing the search
speed v(M, t,�s), two nonlinear constraints have to be met:

M(L, M, t,�s) < ε1,

F (L, M, t,�s) < ε2. (15)

Here, ε1 and ε2 are the two fixed confidence parameters de-
termining the error rates of two kinds (see Table I). While
the function v(M, t,�s) is easy to calculate and maximize
over its domain, evaluating the error probabilities accord-
ing to Eqs. (12) and (13) needs to be done numerically,
which significantly adds computational complexity. Let us
first demonstrate how analyzing correlated data from multiple
adjacent frequency bins (L > 1) is beneficial as opposed to
the case of single-bin analysis (L = 1), whose performance is
comparable to standard signal-to-noise-ratio techniques. For
this, we consider a simple case of a transition search using
vacuum initial state in the absence of SPAM errors. The con-
fidence parameters are set to ε1 = ε2 = 1%. Figure 5 shows
the search speed v as a function of �s and t for different
M and L. The masked gray region of the plot marks the
parameter values that cannot satisfy the error constraints (15).
The white dashed line is the FWHM of the signal (see Fig. 2).
Comparing the two rows, we see a significant improvement

FIG. 6. Optimal bandwidth search speed versus the amount of
squeezing used in the detection protocol. The hypothesis test ana-
lyzes data from single (L = 1, red curves) or multiple (L = 3, blue
curve) interrogated frequencies. The dashed line corresponds to zero
SPAM errors; for the solid lines a 10% chance of a bit-flip error in
the data is assumed.

in the maximal achievable search speed if L = 3 frequency
bins are analyzed. As more data are added to the test, the error
probabilities decrease, unlocking more advantageous regions
in the (�s, t ) plane. Generally, increasing L will be beneficial
as long as the involved frequencies still fall in the proximity of
the signal line shape. The two columns in Fig. 5 demonstrate
that increasing the number of measurements unlocks even
greater regions of the plane, but it also takes more time and
hence might ultimately reduce the search speed. Thus, an
optimum needs to be found in the parameter space (M, t,�s)
to maximize the frequency search speed.

We now consider a squeezed initial state and the narrow
transition search using the corresponding squeezed measure-
ment. In this case, SPAM errors can contribute significantly
and will be modeled at the ξ = 10% level with the Monte
Carlo method, as described at the end of the previous section.
The squeezing parameter r is varied up to about 10 dB, which
is a realistic amount of squeezing for current experiments
[29–31]. For each value of the squeezing parameter, we fix the
confidence level at 1% for both error types and search for the
maximum value of the frequency search speed. The results are
summarized in Fig. 6, which shows the curves for correlated
(L = 3) and uncorrelated (L = 1) statistical tests, with the
dashed curve representing the error-free case. For any statis-
tical test used, in both noise-free and noisy measurements,
we observe a significant boost in bandwidth search speed
offered by squeezing, with the greatest advantage achieved at
around 8–9 dB for the experimental parameters considered,
which falls well within the 6–16 dB range found analytically
in Sec. III. Higher amounts of squeezing demand a greater
number of measurements and are thus slower. This happens
due to the increased sensitivity of the highly squeezed states
to the background heating noise.

As expected, the action of SPAM errors reduces the per-
formance of the statistical test and slows down the narrow
transition search by roughly a factor of 2 for any amount
of squeezing considered. Like for the vacuum readout, the
correlated test enables a faster transition search. We find that
the two competing effects produce comparable change in the
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optimal search speed: The noiseless curve for L = 1 lies close
to the L = 3 curve with 10% SPAM errors. Thus, the action
of SPAM errors at this level can effectively be mitigated by
correlated statistical tests. Together with a realistic 8–9 dB of
squeezing, this improves the search speed by roughly an order
of magnitude compared to the single-frequency test with the
vacuum initial state (no squeezing). For the experimental pa-
rameters considered, this means an increase of the bandwidth
search speed from 374 kHz/s to 3.3 MHz/s. The typical level
of uncertainty of the ab initio atomic structure calculations for
optical transitions in highly charged ions is of the terahertz
order. For such a bandwidth, the presented technique reduces
the transition search time from 31 to 3.5 days while staying at
the 99% confidence level. With additional tests we found that
the optimal value of the squeezing parameter and qualitative
shape of the curves in Fig. 6 remain largely independent of the
heating rate of the trap.

VI. CONCLUSIONS AND OUTLOOK

In this study we showed how combining correlated statis-
tical hypothesis testing and motional squeezing can lead to a
significant metrological gain in quantum logic spectroscopy.
In a realistic case study motivated by recent experiments we
demonstrated how a search for a narrow electronic transition
in a trapped ion can be sped up by about an order of magnitude
by using a reasonable amount of squeezing and correlated
statistical tests compared to the usual vacuum interrogation
and uncorrelated data analysis. This is a significant reduction
in experimental overhead, potentially reducing the required
experiment runtime to find the transition from several months
to about one week. Similar machinery can be applied to vari-
ous physical problems that involve scanning large bandwidths
of frequencies in search of signals of predictable shape. The
mathematical apparatus of statistical decision theory has been
shown to be a powerful tool, and it is particularly useful
when multiple effects need to be taken into account, such
as SPAM errors, intrinsic noise coming from heating, and
sensitivity gain from engineered quantum states. Although
it was not explored extensively in this paper, the presented
approach also offers flexibility to balance the different error
types. For instance, in needle-in-a-haystack problems it might
prove beneficial to put a tighter confidence constraint on the
false-negative error fraction while relaxing the bound for the
false-positive detections. For transition searches, this would
mean an even higher search speed at the cost of more frequent
false alarms. Further studies on enhancing searches for narrow
transitions might include the use of more exotic engineered
quantum states as well as different interrogation techniques,
i.e., utilizing frequency combs or quantum information pro-
cessing.

Furthermore, we used an analytical model based on the
Fokker-Planck equation for the phase-space distribution to
estimate the amount of squeezing required for the search
speed enhancement. The value found with the full numerical
optimization of the line search problem using statistical tests
fits well within the theoretically estimated range.

The mathematical apparatus of statistical decision theory
can extend far beyond what has been presented in this pa-
per. Particular extensions might include the use of different

statistical tests, more advanced probability and noise mod-
els, and more efficient computational methods. To ease the
implementation overhead, we provide a code repository with
the discussed hypothesis testing implemented in python and
thorough documentation [32].

ACKNOWLEDGMENTS

This project was supported by the Physikalisch-Technische
Bundesanstalt, by the Max-Planck-Riken-PTB Center for
Time, Constants and Fundamental Symmetries, by the
Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) through SCHM2678/5-2, by the collaborative re-
search center SFB 1227 DQ-mat (Project ID No. 274200144),
by BMBF through the project "ATIQ," and under Ger-
many’s Excellence Strategy EXC-2123 QuantumFrontiers–
390837967. This project received funding from the European
Research Council (ERC) under the European Union’s Horizon
2020 research and innovation program (Grant Agreement No.
101019987).

DATA AVAILABILITY

The data that support the findings of this article are openly
available [32].

APPENDIX: FOKKER-PLANCK EQUATION

Our goal is to find an effective description for the dynamics
of Eq. (2) in terms of the Wigner function of the motional
mode. We will neglect the spin decay in this treatment since
for realistic probe times it has only a weak effect on the
displacement signal dynamics. Thus, the incoherent part of the
dynamics involves only motional heating, which has no effect
on the spin degree of freedom. With this assumption, let us
first rewrite Eq. (2) in terms of the position and momentum
variables:

ρ̇ = −i[H0 + η�̃(xσx − pσy), ρ] + 1

τh
(D[x] + D[p])ρ,

(A1)

where we defined H0 = −�
2 σz + �

2 σx and �̃ = �

2
√

2
. Next,

we do a Wigner-Weyl transformation for the bosonic mode,
giving us the equation for the Wigner representation w(x, p),
which remains a density matrix for the spin:

ẇ = L0w + Lintw + Lheatw, (A2)

with

L0w = −i[H0,w], (A3)

Lintw = −iη�̃
[(

x + i

2
∂p

)
σxw −

(
x − i

2
∂p

)
wσx

−
(

p + i

2
∂x

)
σyw +

(
p + i

2
∂x

)
wσy

]
, (A4)

Lhw = 1

2τh

(
∂2

x + ∂2
p

)
w. (A5)
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For the transformation, the standard set of the replacement
rules is used [33]:

xρ →
(

x + i

2
∂p

)
w, (A6)

ρx →
(

x − i

2
∂p

)
w, (A7)

pρ →
(

p − i

2
∂x

)
w, (A8)

ρp →
(

x + i

2
∂x

)
w. (A9)

We now do an approximation by tracing out the spin degrees
of freedom and introduce the Wigner function W (x, p) =
Trs[w]. The equation of motion takes the form of a Fokker-
Planck equation:

Ẇ =
{
η�̃(∂p〈σx〉 + ∂x〈σy〉) + 1

2τh

(
∂2

x + ∂2
p

)}
W. (A10)

The time dynamics of the spin degrees of freedom is found
by solving the optical Bloch equations with the Hamiltonian
H0 for an initial spin ground state. The relevant expectation
values are

〈σx〉 = ��

�′2 [cos(�′t ) − 1], (A11)

〈σy〉 = �

�′ sin(�′t ), (A12)

with �′2 = �2 + �2. On the timescales t � 1/�′, 〈σy〉 av-
erages to zero; thus, the Fokker-Planck equation (A10) has
effectively no drift dynamics in the coordinate quadrature. For
the momentum quadrature, the drift coefficient describes the
net force exerted on the ions:

α = − η

2
√

2

�2

�′2 �. (A13)

One might notice that on resonance, � = 0, the average ex-
erted force is zero. In fact, this is not surprising since on
resonance the ODF Hamiltonian (1) creates a Schrödinger-
cat-like state with the two constituents being pulled in
opposite directions. To see this, we can look at the ODF
interaction in the rotating frame with respect to H0. The time-
dependent terms of the resulting expression can be dropped in
a rotating-wave approximation, provided η � 1:

H̃ = η�̃[xσx − p(σy cos �t − σz sin �t )] ≈ η�̃xσx. (A14)

The resulting effective Hamiltonian H̃ describes a spin-
dependent force that has a different sign for the two
eigenstates of the σx = |+〉〈+|x − |−〉〈−|x operator. Since the
initial ground state is an equal superposition of σx eigenstates,
|g〉 = 1√

2
(|+〉x − |−〉x ), the time evolution splits the motional

Wigner function into two constituents with opposite momenta.
Although this formally results in a suppressed drift coefficient
in the case of |�| � �, a strong excitation signal will still
be obtained on the logic ion since the motion gets excited
and the system quickly leaves the initial state. Outside of this
practically unlikely regime, the displacement signal can be
found by directly solving the Fokker-Planck equation.

We can now write Eq. (A10) in a canonical form [see Eq.
(4)] and time propagate it using the corresponding Green’s
function:

W (x, p, t ) =
∫

dx′dp′ W0(x′, p′)G(x, x′, p, p′, t ), (A15)

where G(x, x′, p, p′, t ) = 1
2πDt exp(− (x−x′ )2

2Dt − (p−p′−αt )2

2Dt ).
The excitation signal is then found by directly evaluating
expression (6):

P0 = 1 − exp
( − 1

2
α2t2

e−2r+Dt

)
√

(1 + e−2rDt )(1 + e2rDt )
. (A16)
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