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Coherent control of photon pairs via quantum interference between second- and third-order
quantum nonlinear processes
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Genuine quantum interference between independent nonlinear processes of different order provides a route to
coherent control that cannot be reduced to a classical field interference. Here we present an all-optical analog
of coherent carrier injection by exploiting interference between second- and third-order quantum nonlinear pro-
cesses in an integrated photonic platform. Photon pairs generated via spontaneous parametric down-conversion
and spontaneous four-wave mixing coherently contribute to the same final two-photon state, resulting in a
phase-dependent modulation of both the generation rate and the spectral structure of the emitted biphoton state.
We illustrate the features of such interference and how it can be used to shape biphoton wave functions and
their quantum correlations. These results identify interference between nonlinear processes of different order as
a distinct form of coherent quantum control within quantum nonlinear optics.
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I. INTRODUCTION

Interference is a fundamental concept in physics, appearing
in both the classical and quantum domains. A paradigmatic
example is the double-slit experiment [1,2]. Within classical
electromagnetism, it demonstrates the wave nature of light:
The intensity observed on the screen results from the inter-
ference of the contributions passing through the two slits.
When the experiment is performed with particles [3], their
wavelike character also emerges, but the situation is funda-
mentally different. The probability of detecting an electron at
a given position originates from the superposition of quantum
probability amplitudes associated with the two possible paths.
In this case, the interference pattern is therefore a distinctive
signature of a quantum effect. As interference is such a central
element in both classical and quantum frameworks, it is not
always straightforward to determine whether an interference
pattern should be regarded as a genuinely quantum result
or whether it can still be described as the manifestation of
classical interference. In this regard, an instructive example is
the experiment of Herzog et al. [4], in which interference is
exploited to control the intensity of spontaneous parametric
down-conversion (SPDC). In their setup, SPDC takes place
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in a single nonlinear crystal, where a pump beam propagates
through the medium and generates photon pairs. Mirrors are
then used to reflect both the pump and the down-converted
fields, making photon pairs that would be produced in the
forward and backward directions indistinguishable. By adjust-
ing the relative phase of the counterpropagating pump fields,
SPDC can be suppressed, a mechanism known as “frustrated
two-photon creation.” The authors interpreted this effect as
the destructive interference of two quantum nonlinear pro-
cesses, namely, forward and backward SPDC. In this picture,
SPDC suppression arises from the quantum interference of
probability amplitudes associated with pair generation in each
direction.

An alternative view, however, is that, while SPDC itself
is inherently a quantum process, the observed interference
can be understood as occurring at the classical level, before
quantization of the electromagnetic field. At each frequency,
the forward-propagating and reflected fields combine to form
a standing wave, which can then be used as a mode basis for
quantization [5]. The resulting Hamiltonian contains a spatial
overlap integral of these standing-wave modes. If the positions
of the standing-wave nodes and antinodes are changed, the
mirrors can cause the nonlinear spatial overlap integral to van-
ish. In this description, the SPDC suppression results from a
classical interference of electromagnetic fields, without invok-
ing the superposition of quantum probability amplitudes. Both
perspectives are consistent and account for the observations,
yet the existence of such dual interpretations raises the ques-
tion of whether one is truly observing quantum interference
of quantum processes or, rather, classical interference taking
place in a quantum process.
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A genuine case of quantum interference between distinct
processes is instead realized in coherently controlled injection
currents in graphene [6,7] and in thin films of topological
insulators [8]. In these experiments, ballistic photocurrents are
launched via the coherent control of two competing excitation
pathways: one-photon absorption at 2ω and two-photon ab-
sorption at ω. Because the two excitation pathways are driven
by fields at different frequencies, they cannot interfere at
the linear level of the classical electromagnetic fields; rather,
the interference occurs after quantization. Thus, the observed
phase-dependent modulation of the expectation value of the
generated current must arise from the coherent superposi-
tion of the probability amplitudes associated with the two
distinct quantum processes. This conclusion is ultimately a
consequence of the fact that the two pathways correspond to
nonlinear processes of different order: One-photon absorption
is linear in the pump intensity, whereas two-photon absorption
is quadratic.

As illustrated by the two examples discussed above, the
possibility of interpreting an interference effect either before
or after field quantization is related to the structure of the in-
terfering processes. In the experiment by Herzog et al. [4], the
two pathways are driven by fields at the same frequency. Since
field quantization is defined in terms of the normal modes of
the linear Maxwell equations, different choices of the mode
basis can change the number of modes effectively interacting
in the considered SPDC configuration, thus leading to either
two distinct terms or a single effective Hamiltonian. Conse-
quently, the observed interference can admit both a classical
interpretation, occurring before quantization, and a quantum
interpretation, occurring after quantization. This ambiguity is
no longer possible when the interfering quantum processes
involve different numbers of annihilation operators. In this
case, the pump fields cannot interfere at the classical level
before quantization. The interference arises only because of
the nonlinear quantum processes themselves, which coher-
ently contribute to the same final state and interfere at the
level of probability amplitudes. This observation suggests that
unambiguous quantum interference should be sought in situa-
tions where nonlinear processes of different order coherently
contribute to the same final state.

In this work, we argue that an all-optical analog of coherent
current injection can occur in nonlinear photonic structures.
In particular, we consider an integrated ring resonator in
which strong optical confinement enhances nonlinear interac-
tions of different orders, enabling the generation of photon
pairs with comparable rates and overlapping spectral band-
widths. Photon pairs at the same frequencies can be produced
either through SPDC, a process involving a second-order
response coefficient in the electric field, or through spon-
taneous four-wave mixing (SFWM), a process involving a
third-order response coefficient in the electric field, with both
processes’ pathways coherently contributing to the same final
two-photon state.

Crucially, the two processes are described by Hamilto-
nians containing different numbers of annihilation operators
(ĤSPDC ∝ â†

Sk1
â†

Ik2
âPk and ĤSFWM ∝ â†

Sk1
â†

Ik2
âPk3 âPk4 ). Un-

like the experiment of Herzog et al. [4], here the two pumps
have different frequencies, and thus, interference can occur
only at the level of probability amplitudes when the two

FIG. 1. (a) Schematic of the proposed setup. BS: beam splitter;
DC: dichroic mirror; PS: phase shifter. Inset: simulated TM and TE
modes at 776.4 and 1552.8 nm, respectively. (b) Energy diagram of
the nonlinear interactions.

distinct quantum processes, SPDC and SFWM, are consid-
ered. Each process is associated with a distinct quantum
generation pathway, giving rise to phase-dependent interfer-
ence of a genuinely quantum origin. This interference can be
exploited to directly modulate the joint spectral amplitude of
the emitted photon pairs, providing a route to coherent control
over their spectral correlations and generation rates.

II. MODEL AND PROPOSED DEVICE

Here we consider SPDC and SFWM occurring within a
high-Q integrated microring resonator, with photon pairs gen-
erated at telecom wavelengths around 1550 nm. While several
material platforms, such as AlGaAs [9–11] and LiNbO3

[12–14], could be considered, in our example we focus on
an InxGa1−xP (x = 0.49) microring, with second-order and
third-order nonlinear susceptibilities of χ (2) � 220 pm/V and
χ (3) � 1.1 × 10−14 cm2/V2, respectively [15]. The spatial
overlap between these modes is taken into account in our
calculations in the effective area, which is of the order of
some 0.5 µm2 for both processes [16,17] (see Appendix A).
We assume the microring resonator to be fully embedded in
SiO2. The device features a waveguide cross section of width
w = 1202 nm and height h = 102 nm, which ensure phase
matching for SFWM at around λF = 1552.8 nm. Finally, we
consider a radius of R = 33 µm to implement angular phase
matching between the fundamental TE and TM modes operat-
ing at λF = 1552.8 nm and λSH = 776.4 nm, respectively. The
dispersion relations of the fundamental modes of the waveg-
uides are obtained from eigenmode simulations [18] and
expanded up to the second order around λF for the TE polar-
ization, with neff,F = 1.78, ng,F = 2.50, and a group velocity
dispersion of β2,F = 2.70 × 10−24 s2/m, and around λSH for
the TM polarization, with neff,SH = 1.69, ng,SH = 2.47, and
β2,SH = 2.57 × 10−24 s2/m. We assume the microring is crit-
ically coupled to the bus waveguide with intrinsic quality
factors Qint,F � 106 and Qint,SH � 105, compatible with the
current state of the art [15,17].

We envision the configuration illustrated in Fig. 1,
designed to implement both single-pump SFWM and
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nondegenerate type-I SPDC. A portion of a TE-polarized
pump pulse centered at the resonant wavelength λF under-
goes type-I second-harmonic generation in a nonlinear crystal,
producing a coherent TM-polarized pulse at λSH, with rela-
tive phase ζ between the two pulses controlled via a phase
shifter. Both pulses are then simultaneously coupled to the
ring resonator through a bus waveguide. Under these condi-
tions, photon pairs are generated via SFWM and SPDC on
resonances symmetrically located with respect to that at λF.

In the limit of a low pair-generation probability, the output
state of this system can be approximated by the normalized
two-photon state

|II〉 = 1

βTOT
(βSFWM|IISFWM〉 + eiζ βSPDC|IISPDC〉), (1)

where |IISFWM(SPDC)〉 is the state that would be generated by
SFWM (SPDC), |βSFWM(SPDC)|2 is the corresponding average
number of generated pairs per pulse, and |βTOT|2 can be in-
terpreted as the average number of photon pairs generated per
pump pulse through the combination of SPDC and SFWM.
Finally, ζ is the relative pump phase [see Fig. 1(a)].

From the normalization of the two-photon state |II〉 from
Eq. (1) (i.e., 〈II|II〉 = 1) and taking |IISPDC〉 and |IISFWM〉 to
be normalized, it follows that

|βTOT(ζ )|2 = |βSPDC|2 + |βSFWM|2 + 2|βSPDC||βSFWM||
× 〈IISFWM|IISPDC〉| cos(ζ + ζ0), (2)

where the complex amplitudes βSFWM and βSPDC each con-
tain a process-dependent phase arising from the nonlinear
coupling constants, propagation and coupling phases, and the
phases of the driving pumps. The observable interference
depends on the relative phase between these two amplitudes,
which can be controlled through the phase shifter shown in
Fig. 1. Thus, the phases of βSPDC, βSFWM, and 〈IISFWM|IISPDC〉
are absorbed into an overall offset phase ζ0, while ζ denotes
the externally controlled phase governing the interference be-
tween the two pathways. As usual, the term |〈IISFWM|IISPDC〉|
can be interpreted as a measure of the indistinguishability
of the states generated through SFWM and SPDC, where
|〈IISFWM|IISPDC〉| � 1, with the equal sign holding when the
two states are indistinguishable. One can also rewrite the total
biphoton wave function as

φTOT(ω1, ω2, ζ ) = 1

βTOT
[βSFWMφSFWM(ω1, ω2)

+ eiζ βSPDCφSPDC(ω1, ω2)], (3)

where φSPDC(ω1, ω2) and φSFWM(ω1, ω2) are the biphoton
wave function of the photon pairs that would be generated
by SPDC and SFWM individually (see Appendix A). In
Figs. 2(a) and 2(b) we show an example of such bipho-
ton wave functions, where the surface height gives the
φSPDC(ω1, ω2) and φSFWM(ω1, ω2) moduli and the color map
refers to the cosine of the phase of each biphoton wave
function.

III. PHASE CONTROL OF THE GENERATION RATE

The results in Eqs. (2) and (3) show that the generation
rate and biphoton wave function of the generated pairs can be

FIG. 2. Plots of (a) |φSPDC(λ1, λ2)|2 [pm−2] and (b) |φSFWM

(λ1, λ2)|2 [pm−2]. Using color, we encode the cosine of the phase.
The SPDC pump has a pulse energy of 10.9 pJ, while the SFWM
pump has a pulse energy of 220 pJ. Both pumps have a Gaussian
spectral shape and a pulse duration of 100 ps.

controlled by exploiting the quantum interference of the indi-
vidual processes. However, such an approach is effective only
under two simultaneous conditions: (1) The pair-generation
probabilities are comparable, i.e., |βSFWM|2 ∼ |βSPDC|2, and
(2) the two processes generate photon pairs with similar spec-
tral distributions. In bulk systems, fulfilling both requirements
is extremely challenging because second- and third-order non-
linear processes typically differ in efficiency significantly, and
achieving phase matching over the same spectral range for
both processes is difficult. Integrated photonic platforms can
overcome these limitations by enabling SFWM and SPDC
to coexist within the same ring resonator, which provides a
stronger field enhancement for SFWM [19–21] and confines
pair generation to the same frequency ranges set by the res-
onances. For example, using the pump parameters of Fig. 2,
one can achieve generation rates of 77 kHz for both SFWM
and SPDC at a pump repetition rate Rr of 10 MHz, thereby
satisfying the condition of comparable generation probabili-
ties in addition to their spectrally overlapping emission.

Building on these results, we now show the effect of in-
terference between the two biphoton wave functions as the
relative pump phase ζ is varied. We first consider its impact
on the generation rate. In Fig. 3(a), we plot the photon-pair
spectral generation rate |βTOTφTOT(λ1, λ2)|2Rr for increasing
values of ζ . By integrating over λ1 and λ2, we obtain the total
generation rate for each configuration. For specific values of
ζ , destructive interference strongly suppresses pair generation
[e.g., Fig. 3(a), panel (vi)], while for others, constructive in-
terference between the two processes leads to a substantial
enhancement of the generation rate [e.g., Fig. 3(a), panel (iii)].
Here we focus on a specific resonance pair, while we assume
pairs generated on other modes of the resonator are spectrally
filtered.

The total normalization factor βTOT, computed from the
individually normalized biphoton wave functions, is shown in
Fig. 3(b) together with the analytical expression in Eq. (2).
The excellent agreement confirms that interference between
SPDC and SFWM results in a phase-dependent enhancement
or suppression of the overall photon-pair generation rate.

The spectral overlap |〈IISFWM|IISPDC〉| directly determines
the interference visibility,

V = 2|βSPDCβSFWM〈IISFWM|IISPDC〉|
|βSPDC|2 + |βSFWM|2 . (4)

043527-3



STEFANO, FONTAINE, SIPE, AND LISCIDINI PHYSICAL REVIEW A 114, 043527 (2026)

FIG. 3. (a) Plots of Rr |βTOT(ζ )φTOT(λ1, λ2, ζ )|2 [kHz pm−2] for different relative phases ζ . The parameters for SPDC and SFWM are the
same as in Fig. 2. Quantum interference between the two processes modifies both the amplitude and the spectral correlations of the biphoton
wave function. (b) Total pair-generation rate given by Eq. (2) for a repetition rate of 10 MHz. The dots correspond to the six cases shown
in (a).

Maximum visibility is obtained when the two wave func-
tions have identical spectral profiles (|〈IISFWM|IISPDC〉| = 1)
and comparable generation probabilities (|βSPDC| = |βSFWM|).
Any mismatch in spectral overlap or generation probabil-
ity reduces the visibility. In particular, when the generation
probabilities are equal, the visibility simplifies to V =
|〈IISFWM|IISPDC〉|, so the visibility directly quantifies the
indistinguishability of the two biphoton states. In our res-
onant structure, the resonance-induced Lorentzian response
enforces identical spectral shapes for the two biphoton wave
functions, yielding an exceptionally high estimated visibility
of V = 0.99997. This demonstrates that the interference is
nearly ideal and that the two biphoton states are almost per-
fectly indistinguishable.

IV. ENGINEERING OF THE BIPHOTON WAVE FUNCTION

We now turn to the last aspect enabled by quantum nonlin-
ear interference, namely, the possibility of engineering highly
structured biphoton wave functions. Beyond controlling the
overall generation rate, interference between distinct nonlin-
ear pathways provides a powerful tool to tailor the spectral
correlations of the emitted photon pairs. Here we present a
representative example illustrating this capability, while addi-
tional configurations are discussed in Appendix B. To this end,
we keep the SFWM parameters unchanged and modify only
the temporal profile of the SPDC pump, which is taken to have
a duration of 3 ns and a pulse energy of 0.5 pJ. This choice
significantly reshapes the corresponding SPDC biphoton wave
function, producing a strongly elongated spectral lobe. The
resulting SPDC wave function for the longer pump pulse is
reported in Appendix B. Because of the markedly different
spectral shapes of the SPDC and SFWM contributions, the in-
terference is no longer uniform across the spectrum, as shown
in Fig. 4. Instead, it becomes highly localized, giving rise to a
deep spectral notch only in the region where the two biphoton
wave functions overlap. As a result, the total biphoton wave

function is effectively split into two distinct spectral lobes
separated by a pronounced trench. More generally, quantum
interference between nonlinear processes can be exploited to
synthesize biphoton wave functions with nontrivial structures
that would be quite difficult (or even impossible) to obtain
by pump engineering in a simple geometry like the ring one
considered here.

V. CONCLUSIONS

In conclusion, we showed that genuine quantum interfer-
ence between nonlinear processes of different order can be
realized and harnessed in an integrated photonic platform. By
coherently combining second- and third-order nonlinear path-
ways, we implemented an optical analog of coherent carrier
injection, in which interference arises from the superposition
of fundamentally distinct quantum generation mechanisms.
Crucially, this interference leads to outcomes that are far

FIG. 4. Plot of |φTOT(λ1, λ2)|2 [pm−2]. Here ζ = 1.8π , the pulse
duration of the SPDC pump is 3 ns, and that of SFWM is 100 ps.
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richer than those encountered in the solid-state analog. Instead
of generating a macroscopic current, here interference is ex-
ploited to directly synthesize biphoton wave functions with
tailored spectral correlations, enabling control over genuinely
quantum properties such as entanglement. The resulting fea-
tures would be difficult, if not impossible, to obtain in simple
resonant systems relying on a single nonlinear process. More
importantly, our aim here is to clarify the nature of the in-
terference underlying the generation of photon pairs when
combining parametric processes of different orders. Our work
establishes quantum interference between nonlinear processes
of different order as a distinct regime of coherent control,
with implications that extend beyond quantum photonics. For
example, this effect could be exploited to dynamically shape
the parametric gain and thereby control the turn-on and pulsed
dynamics of an optical parametric oscillator, providing a gain-
side analog of Q switching in lasers. By enabling interference
between fundamentally different quantum mechanisms, this
study opens further directions for investigating and exploiting
coherent phenomena across diverse areas of nonlinear and
quantum physics.
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APPENDIX A: BIPHOTON WAVE-FUNCTION
CALCULATION

The Hamiltonian H (2)
NL for the second-order nonlinear pro-

cesses can be written as [22]

H (2)
NL = − 1

3ε0

∫
dr 


i jl
2 (r) Di(r) D j (r) Dl (r), (A1)

where Dk (r) are the Cartesian components of the displace-
ment field operators and 
2 is a nonlinear coefficient related
to the second-order nonlinear susceptibility χ2,



i jk
2 (r) = χ

i jk
2 (r)

ε0n2(r, ωS,k1 )n2(r, ωI,k2 )n2(r, ωP,k3 )
, (A2)

where n(r, ω) is the refractive index at position r and fre-
quency ω [22].

We consider spontaneous parametric down-conversion
(SPDC), in which a pump photon at frequency ωP,k3 is con-
verted into two photons at frequency ωS,k1 and ωI,k2 , labeled
by S (signal) and I (idler), respectively. We can write the
Hamiltonian containing the energy-conserving terms relevant

to SPDC in terms of asymptotic fields [5], such that we have

HSPDC =
∫

dk1 dk2 dk3 JSPDC(k1, k2, k3)

× c†
Sk1

c†
Ik2

cPk3 + H.c., (A3)

where the operators have the usual bosonic commutation
relations [cmk, c†

m′k′] = δmm′δ(k − k′). The nonlinear overlap
integral JSPDC is written in terms of the asymptotic-in and -out
fields of the structure of interest [17,23],

JSPDC(k1, k2, k3) = − 2

ε0

∫
dr 


i jl
2 (r)

× [
Dout,i

S,k1
(r) Dout, j

I,k2
(r)

]∗
Din,l

P,k3
(r), (A4)

and depends on the phase-matching condition of the given
process. For the angular phase matching that appears in
microrings of III-V semiconductors such as AlGaAs, the ex-
pressions can be found in earlier work [5,17].

From the Hamiltonian, we can derive the biphoton wave
function (BWF) [17,23]

φSPDC(k1, k2) = 2π i α1

h̄ βSPDC

∫
dk3 φP(k3)

× JSPDC(k1, k2, k3) δ(ωP,k3 − ωS,k1 − ωI,k2 ),

(A5)

where |α1|2 is the number of photons in the pump pulse rele-
vant to the SPDC process and φP(ω) is a function describing
the spectral profile of the pump, assumed to be Gaussian in
this work.

To simplify integration, we move from a wave-vector
notation to a frequency notation, where we define the
frequency-dependent quantities

cmω ≡
√

1

vg,m(ω)
cmk, (A6)

φP(ω) ≡
√

1

vg,P(ω)
φP(k), (A7)

φ(ω1, ω2) ≡
√

1

vg,S (ω1) vg,I (ω2)
φ(k1, k2), (A8)

where vg,m(ω) = dωm
dkm

is the group velocity of the mode m and
the operators have the usual bosonic commutation relations
[amω, a†

m′ω′] = δmm′δ(ω − ω′). After integrating over ω3 with
the Dirac δ function, we can write the BWF as

φSPDC(ω1, ω2) = 2π i α1

h̄ βSPDC
φP(ω1 + ω2)

× JSPDC(ω1, ω2, ω1 + ω2)√
vg,S (ω1) vg,I (ω2) vg,P(ω1 + ω2)

,

(A9)

where the probability of generating a pair |βSPDC|2 is fixed by
the normalization condition of the BWF,∫

dω1dω2|φSPDC(ω1, ω2)|2 = 1. (A10)
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The Hamiltonian H (3)
NL for third-order nonlinear processes

can be written as [22]

H (3)
NL = − 1

4ε0

∫
dr
i jlm

3 (r)Di(r)D j (r)Dl (r)Dm(r), (A11)

where 
3 is related to the second- and third-order nonlinear
susceptibilities [22]. Like in the SPDC case, we can write
the nonlinear Hamiltonian containing the energy-conserving
terms relevant for single-pump spontaneous four-wave mixing
(SFWM) as

HSFWM =
∫

dk1 dk2 dk3 dk4 JSFWM(k1, k2, k3, k4)

× c†
Sk1

c†
Ik2

cPk3 cPk4 + H.c. (A12)

This Hamiltonian describes the annihilation of two pump pho-
tons at frequencies ωP,k3 and ωP,k4 and the creation of signal
and idler photons at frequencies ωS,k1 and ωI,k2 respectively.
The nonlinear overlap integral JSFWM written in terms of
asymptotic fields for SFWM is given by

JSFWM(k1, k2, k3, k4) = − 3

ε0

∫
dr 


i jlm
3 (r)

× [
Dout,i

S,k1
(r) Dout, j

I,k2
(r)

]∗

× Din,l
P,k3

(r) Din,m
P,k4

(r) (A13)

(see, e.g., Banic et al. [23]).
Like for SPDC, we can obtain an expression for the BWF

associated with SFWM in the frequency domain,

φSFWM(ω1, ω2) = 2π i α2
2

h̄ βSFWM

1√
vg,S (ω1) vg,I (ω2)

×
∫

dω3φP(ω1 + ω2 − ω3) φP(ω3)

× JSFWM(ω1, ω2, ω3, ω1 + ω2 − ω3)√
vg,P(ω3) vg,P(ω1 + ω2 − ω3)

,

(A14)

where |α2|2 is the number of photons in the pump pulse and
|βSFWM|2 is the probability of generating a pair of signal and
idler photons from the SFWM process, found by normalizing
the BWF, ∫

dω1dω2|φSFWM(ω1, ω2)|2 = 1. (A15)

To calculate |βSPDC|2 and |βSFWM|2 we compute the overlap
integrals which contain the various fields involved in the
processes. They also depend on the structure of interest and
phase-matching conditions, and explicit expressions for these
quantities can be found in earlier work [5,16,17,23,24].

Figure 5 shows the calculated SPDC and SFWM photon-
pair generation rates on a log-log scale as a function of the
pump-pulse energies, and we show the intersection where
both generation rates are the same. The lower blue (upper
orange) x axis refers to the energy of the pump pulse which
excites the SPDC (SFWM) process. As expected, SPDC
scales linearly with pump energy, whereas SFWM scales
quadratically.

FIG. 5. Calculated SPDC and SFWM pair-generation rates on a
double-logarithmic scale as a function of pump-pulse energy. The top
axis refers to the SFWM pump, and the bottom refers to the SPDC
pump. The SPDC curve shows a slope of 1 (linear scaling), while
the SFWM curve shows a slope of 2 (quadratic scaling). For suitable
pump energies, the two processes reach comparable efficiencies.

APPENDIX B: LONG-PULSE SPDC AND
SPECTRAL-CORRELATION RESHAPING

We present the effects that elongating the pump pulse for
SPDC to 3 ns has on the BWF, which is relevant for the
interference scenario shown in Fig. 4 in the main text.

Figure 6 shows the square modulus of the BWF for the
SPDC process |φSPDC|2 under this long-pulse excitation. As
expected from the reduced pump bandwidth, the spectrum
becomes significantly narrower along the energy-conservation
axis, yielding a highly elongated and sharply peaked structure.

FIG. 6. |φSPDC|2 of the SPDC process for a 3-ns pump pulse.
The long pulse produces a narrow, elongated spectrum with limited
overlap with the |φSFWM|2 of SFWM process.
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And as expected, |φSPDC|2 generated with a 3-ns pump pulse
is markedly different than |φSFWM|2 generated with a 100-ps

pump pulse, showcasing the mismatch that causes the lack of
spectral overlap between the two processes.
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