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We introduce the qudit noisy stabilizer formalism, a framework for efficiently describing the evolution of
stabilizer states in prime-power dimensions subject to generalized Pauli-diagonal noise under Clifford operations
and generalized Pauli measurements. For arbitrary dimensions, the formalism remains applicable, though
restricted to a subset of stabilizer states and operations. The computational complexity scales linearly with the
number of qudits in the initial state and exponentially with the number of qudits in the final state. This ensures
that when noisy qudit stabilizer states evolve via generalized Pauli measurements and Clifford operations to
generate multipartite entangled states of a few qudits, their description remains efficient. We demonstrate this by
analyzing the generation of a generalized Bell pair from a noisy linear cluster state subject to two distinct noise
sources acting on each of the qudits.
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I. INTRODUCTION

High-dimensional quantum systems, known as qudits,
have been identified as promising candidates for quantum
information processing, offering distinct advantages over
the conventional qubit. These advantages include enhanced
performance in fault-tolerant quantum computation [1–3],
quantum communication tasks such as quantum key dis-
tribution [4–7], quantum steering [8], and entanglement
purification [9,10], as well as improvements in quantum
metrology [11] and quantum simulation [12]. Besides the
potential these systems pose, their study is further motivated
due to the fact that they naturally arise as multilevel en-
ergy systems in several platforms, e.g., trapped ions [13–15],
superconducting qudits [16,17], neutral atoms [18,19], and
they can be even realized in information carriers such as
photons [20–22].

Given the relevance of these high-dimensional systems,
their classical simulation is key for exploring the potential
they hold. In general, this simulation is considered to be
hard due to the exponential growth of the Hilbert space
with respect to the system size. Nevertheless, for some re-
stricted subclasses of states, efficient classical simulation is
possible. Of particular note are stabilizer states, uniquely de-
fined by linearly many stabilizer operators, whose evolution
under Clifford operations and Pauli measurements can be
efficiently described by updating these operators, as guaran-
teed by the (generalized) Gottesman-Knill theorem [23–26].
Besides their computational efficiency, stabilizer states and
graph states, which are local Clifford equivalent to stabi-
lizer states [27,28], are widely used as the foundation for

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

various quantum protocols, e.g., in quantum networks
[29–32], in quantum error correction [33–36], and for
measurement-based quantum computation of Clifford circuits
[37,38].

Physical systems are inherently affected by noise, imper-
fections, and decoherence, thus, the analysis of protocols
should incorporate these conditions. Here a mixed-state de-
scription is required, leading to a more complicated and less
efficient description of the states and processes acting on
them. For stabilizer states, most of the existing approaches
for handling noise rely on the efficient classical simulation of
Clifford circuits [39,40], where noise processes are addressed
through Monte Carlo sampling via the random insertion of
additional gates. Nevertheless, this approach does not yield
the full noisy state but merely enables sampling from the
output distribution. Another prominent strategy involves en-
capsulating all individual noise contributions within an error
probability tensor and propagating the noisy circuit by updat-
ing this tensor [5]. While this method provides a systematic
framework for analyzing noise, the size of the error proba-
bility tensor grows exponentially with the number of noise
channels it incorporates, rendering the approach computa-
tionally infeasible for systems with a large number of noise
contributions.

Here we present the qudit noisy stabilizer formalism, fol-
lowing the two-dimensional counterpart [41], providing a
framework for describing prime-power dimensional stabilizer
states affected by diagonal noise in the generalized Pauli
basis. The key idea of this formalism is to treat noise chan-
nels and quantum states independently, eliminating the need
to explicitly handle density matrices. Using this separation,
we establish rules to update error channels, along with effi-
ciently updating stabilizer states under Clifford operations and
generalized Pauli measurements. The update rules for noise
channels are derived specifically for graph states but can be
generalized to stabilizer states due to the local Clifford equiv-
alence between these two classes of states. As a result, this
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formalism provides a computationally efficient and analytical
approach, scaling linearly with the number of noise channels
and initial subsystems. Nevertheless, it scales exponentially
with respect to the number of subsystems present at the end of
the protocol.

Consequently, the method is particularly well suited for
algorithms involving small target states, such as the gener-
ation of generalized Bell states in quantum communication
scenarios. To illustrate its practical utility, we investigate the
generation of generalized Bell pairs from a linear cluster state
under two noise sources, highlighting the analytical capabil-
ities offered by the qudit noisy stabilizer formalism. Similar
scenarios in the framework of quantum communication and
quantum repeaters have also been tackled in the qubit case
[42–44], successfully employing the noisy stabilizer formal-
ism for qubits [41] and demonstrating its practical utility in
describing and analyzing noisy quantum systems.

The structure of the paper is as follows. In Sec. II, the
necessary background for qudits together with the qubit noisy
stabilizer formalism are reviewed. Next, in Sec. III, the ef-
fect of Weyl measurements on graph states in prime-power
dimension is demonstrated. This is followed, in Sec. IV, by the
description of the method to efficiently describe the manipu-
lation of noisy prime-power dimensional graph states, whose
efficiency is examined in Sec. V. In Sec. VI, the discussion
on the extension of the presented method to stabilizer states
and to arbitrary dimension is presented, as well as the anal-
ysis of the limitation to Pauli-diagonal noise models. Then,
in Sec. VII, we focus on the application of the formalism
to the analysis of the generation of a generalized Bell-pair
from a noisy linear cluster state subject to two distinct noise
sources acting on each of the qudits, thereby showcasing its
utility. Finally, in Sec. VIII, we summarize the results and
offer a concise overview of the potential applications of the
formalism.

II. BACKGROUND

Here we present the mathematical background for odd
prime-power dimensions [45,46]. The construction for the
even case is given in Appendix A.

A. Generalized Pauli group

In prime-power dimension d = pm, where p is a prime and
m is a positive integer, one can represent linear operators with
generalized Pauli operators. The generalized Pauli X operator
is defined as

X (x) :=
∑
y∈Fd

|x + y〉〈y|, (1)

where x is an element of Fd , the unique finite field with
d = pm elements. The elements x ∈ Fd are given as polyno-
mials of the form

x = x0 + x1θ + x2θ
2 + · · · + xm−1θ

m−1,

where the coefficient xi ∈ Fp and θ is the root of an irreducible
polynomial with degree m over Fp. An irreducible polynomial
over Fp is a polynomial with coefficients in Fp that cannot
be written as a product of two nonconstant polynomials with

coefficients in Fp. Elements in Fd are added via the addition
of their coefficients, while the multiplication is defined as the
multiplication of polynomials modulo the irreducible polyno-
mial. The generalized Pauli Z operator is defined as

Z (z) :=
∑
y∈Fd

χ (zy)|y〉〈y|,

where z ∈ Fd and χ (zy) := ωtr(zy), with ω = e
2π i

p and

tr(x) :=
m−1∑
n=0

xpn

being the finite field trace mapping polynomial elements of Fd

to integer elements of Fp.
The generalized Pauli group is defined as the Heisenberg-

Weyl group,

HW := {W (z, x, t ), z, x, t ∈ Fd},
where

W (z, x, t ) := χ (t )χ (−2−1zx)Z (z)X (x)

is the Weyl operator. The generalized phase is represented by
χ (t ), and for t = 0 we set W (z, x) := W (z, x, 0).

The n-qudit Weyl operators are defined as tensor products
of the single-qudit Weyl operators, and are written as

W (z, x, t ) := χ (t )χ (−2−1zx)Z (z)X (x),

where x ∈ Fn
d and O(x) = ⊗

i Oi(xi ). Therefore, the n-qudit
Heisenberg-Weyl group is defined as

HWn := {
W (z, x, t ), z, x ∈ Fn

d , t ∈ Fd
}
.

B. Stabilizer formalism

Stabilizer groups are Abelian (commutative) subgroups
of the Heisenberg-Weyl group. They can be described via
isotropic subspaces K ⊂ F2n

d . These are subsets of their sym-
plectic complement

K⊥ := {
v = (z, x) ∈ F2n

d , | [v,w] = 0 ∀w ∈ K
}
, (2)

where [v,w] is the symplectic product defined by

[v,w] := vT Jw, J =
(

0 1
−1 0

)
.

If the isotropic subspace is maximal, then it has dimension
dim(F2n

d )/2 and is called Lagrangian and denoted by L. A
Lagrangian L uniquely defines a so-called stabilizer state by
the following eigenvalue equations:

χ ([v,w])W (w)|L, v〉 = |L, v〉 ∀w ∈ L. (3)

We call the operators fulfilling Eq. (3), stabilizer operators,
and they constitute a group

S = {χ ([v,w])W (w), w ∈ L},
which we call the stabilizer (group) of |L, v〉. We can specify
a stabilizer state by specifying the Lagrangian subspace L
associated to it. This is done by fixing a basis {v1, v2, . . . , vn}
of L. Thus, instead of representing a stabilizer state by an ex-
ponentially large state vector of size O(dn), we can uniquely
specify it by n stabilizers and a phase vector.
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TABLE I. List of generators of the Clifford group, with λ ∈ Fd

and |x̂〉 := 1√
d

∑
y∈Fd

χ (xy)|y〉.

Z|x〉 = χ (x)|x〉 CZ|x, y〉 = χ (xy)|x, y〉
X |x〉 = |x + 1〉 S(λ)|x〉 = χ (λx2/2)|x〉
H |x〉 = |x̂〉 M(λ)|x〉 = |λx〉

C. Clifford group

The unitary operators, which map stabilizer states to stabi-
lizer states, are called Clifford operators. They form a group
Cln, which is generated by the set of operators given in Table I.
Moreover, the local Clifford group, Cl1, is generated by the
Clifford generators of Table I without the CZ operator. The
Clifford group Cln normalizes the Heisenberg-Weyl group,

UHWnU
† = HWn, ∀U ∈ Cln,

such that Clifford and Weyl operators commute up to a change
of the Weyl operator.

The Heisenberg-Weyl group HWn and the Weil represen-
tation of the symplectic group Spn, generated by the Clifford
generators without the X and Z operators, form the Clif-
ford group Cln. Elements of Ug ∈ Spn map Weyl operators
W (v),W (w) with [v,w] = 0 under conjugation to Weyl oper-
ators W (g(v)),W (g(w)) with [g(v), g(w)] = 0 and g being an
automorphism on F2n

d . Therefore, the conjugation leaves the
symplectic product invariant. Conjugation of a Weyl operator
W (v) by a Weyl operator W (w) leads to χ ([v,w])W (v).
Consider the action of a Clifford unitary U = SgW (q) on a
stabilizer state |L, v〉,

U |L, v〉 = Uχ ([v,w])W (w)U †U |L, v〉
= χ ([v + q,w])W (g(w))U |L, v〉.

This implies that U |L, v〉 is a new stabilizer state stabilized
by the stabilizer group {χ ([v + q,w])W (g(w)),w ∈ L} =
{χ ([v + q, g−1(w)])W (w),w ∈ g(L)}. Therefore, we can ef-
ficiently describe the update of the stabilizer state under
Clifford operations only by the action on the stabilizers, as
shown by the Gottesman-Knill theorem [24–26].

D. Graph states

Graph states [27,28] are a subclass of stabilizer states. They
can be described by a simple weighted graph G = (V, E , A),
where V is the set of vertices, E the set of edges, and A is
the adjacency matrix, such that Ai j ∈ Fd , and denotes the set
of weights of the edges. An instance of a simple graph is
presented in Fig. 1.

The state associated with a certain graph G, is a stabilizer
state of the form |G〉 = |L, 0〉 that fulfills the following eigen-
value equations:

Xv (x)Z (xAv )|G〉 = |G〉, ∀v ∈ V, x ∈ Fd , (4)

where we use the notation Ov (x) := O(xev ) with ev being the
vth standard unit vector from here onward, Av is the vth row of
the adjacency matrix A. Importantly, every stabilizer state can

FIG. 1. Weighted graph, where dots represent vertices, lines be-
tween them represent edges, and variables on the edges represent the
edge weights.

be described by a graph state up to local Clifford operations
[27,28].

E. Clifford manipulation of graph states

The action of the local Clifford group on graph states can
be described with two types of graph manipulations, the local
multiplication and the local complementation; see Fig. 2. A lo-
cal multiplication acting on qudit v from graph G = (V, E , A)
with factor m is denoted by G′ = G ◦m v and refers to updat-
ing the adjacency matrix via A′

v, j = mAv, j . The corresponding
graph state is |G′〉 = Mv (m−1)|G〉. A local complementation
is denoted by G′ = τv (m)(G), and updates the adjacency ma-
trix to A′

i, j = Ai, j + mAv,iAv, j . The corresponding graph state
is |G′〉 = Lv (m)|G〉, where

Lv (m) := HvSv (m)H†
v

⊗
j

S j (−mA2
v, j ) (5)

is a Clifford operator. Furthermore, we set Rv (m) =
HvSv (m)H†

v and S(−mA2
v ) = ⊗

j S j (−mA2
v, j ). Two graph

states are said to be local Clifford equivalent if there is
a sequence of these two operations that maps one to the
other [47].

Moreover, the action of the nonlocal Clifford generator, the
CZ gate (defined in Table I), corresponds to adding 1 to the
weight of the edge connecting the two vertices that is acting
on, v and w. Such that the adjacency matrix is updated to
A′

i j = Ai j + δi,vδ j,w + δ j,vδi,w.

FIG. 2. Illustration of local multiplication (above) and local com-
plementation (below) on a graph state. The node where the local
operations are applied is shaded.
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F. Noise models

1. Single-qudit Pauli noise

The action of a single-qudit Pauli noise channel Ev on a
qudit v is described by

Evρ =
∑

z,x∈Fd

λz,xZv (z)Xv (x)ρ(Zv (z)Xv (x))†, (6)

where λz,x � 0,
∑

z,x λz,x = 1, and ρ is a density matrix. Note
that this form can be enforced via the random application
of unitary gates before and after the application of a noise
channel, without changing its Pauli-diagonal elements [48].
As seen in Ref. [41] for d = 2, Pauli noise channels acting on
graph states can always be written in terms of Z . For d = pm,
the action of X on a graph state is as follows:

Xv (x)|G〉 = Xv (x)Xv (−x)Z (−xAv )|G〉 = Z (−xAv )|G〉,
(7)

where we use that Xv (−x)Z (−xAv ) is a stabilizer operator,
since it corresponds to (Xv (x)Z (xAv ))p−1. Therefore, one can
replace local X noise on a vertex by Z noise on its neighbor-
hood, defined by Av . Therefore, Eq. (6), when applied to a
graph state ρ = |G〉〈G|, can be rewritten as

Evρ =
∑

z,x∈Fd

λz,xZv (z)Z (−xAv )ρZv (−z)Z (xAv ).

2. Multiqudit Pauli channel

A multiqudit Pauli channel is defined by

Eρ =
∑

z,x∈Fn
d

λz,xX (x)Z (z)ρ(X (x)Z (z))†, (8)

where λz,x � 0 and
∑

z,x λz,x = 1. If this noise channel acts on
a graph state, then it can be rewritten again in terms of only
Z-type operators, using Eq. (7).

G. Noisy stabilizer formalism for qubits

The noisy stabilizer formalism for qubits was introduced in
Ref. [41] as an efficient method to fully describe and analyze
Pauli-diagonal noise acting on graph states that are manip-
ulated by Clifford operations and Pauli measurements. This
full description of the noise is possible due to the independent
treatment and update of graph states and noise operators.

The key idea of these updates resides in the commuta-
tion relations between Pauli noise operators and manipulation
operators, which are referred to as update rules. Given a ma-
nipulation operator O and a Pauli noise operator N , which act
onto the state as ON , they commute up to a change of the noise
operator such that ON = ÑO. This allows us to then apply the
manipulation operators directly onto the graph state, which is
efficiently described thanks to the Gottesman-Knill theorem
[24–26]. Moreover, the noise channels are also efficiently
updated independently using the update rules.

Even though graph states and noise channels are updated
independently, they have to be of the same size. Such that,
if the final state is small, then the application of the updated
noise channels is also efficient, resulting in a method for
obtaining the final mixed state without computation with large
density matrices.

H. Choi-Jamiołkowski fidelity

Channel fidelities measure how close a channel is to its
ideal implementation. The Choi-Jamiołkowski fidelity [49] is
a measure of channel fidelity, which can be obtained from
the Choi-Jamiołkowski isomorphism [50], and is such a state-
independent measure, which lower bounds the fidelity of an
arbitrary input state, subject to this channel [48].

The Choi-Jamiołkowski isomorphism relates channels
(completely positive trace-preserving maps) with states, the
so-called Choi-Jamiołkowski states. Given a channel E : A �→
A the corresponding Choi-Jamiołkowski state E is given by

E = EA ⊗ idĀ(|
〉〈
|AĀ),

where Ā is a copy of the subsystem A and

|
〉AĀ = 1√
d

d−1∑
i=0

|i〉A|i〉Ā

is a maximally entangled state. The Choi-Jamiołkowski
fidelity FChoi(E ) of a channel E is given as the fi-
delity, F (ρ, σ ) := tr(

√√
ρσ

√
ρ )2, of its corresponding Choi-

Jamiołkowski state, which is linearly related to the average
channel fidelity F̄ (E ), such that

FChoi(E ) = F̄ (E )(d + 1) − 1

d
,

where

F̄ (E ) :=
∫

d
〈
|E (|
〉〈
|)|
〉.

III. WEYL MEASUREMENTS OF GRAPH STATES

We harness the graphical representation inherent to graph
states by deriving the graphical rules that describe the action
of the measurement of local Weyl operators on prime-power
graph states. Thanks to the Gottesman-Knill theorem, mea-
surements on graph states can be efficiently and equivalently
described using their stabilizers, which may also reduce the
size of the stabilizer. Here we present said manipulations and
their derivation can be found in Appendix B.

The measurement of a single-qudit Weyl operator Wv (z, x)
with measurement outcome b ∈ Fd can be described by the
following projector:

P(Wv (z, x), b) := 1

d

∑
y∈Fd

χ̄ (yb)Wv (yz, yx), (9)

derived in Appendix B. Its action on vertex v of a graph state
can be written (up to normalization) in the form of

P(Wv (z, x), b)|G〉 = |(z, x), b〉vU (v)
(z,x),b|G′〉, (10)

where the correction operator U (v)
(z,x),b is a Clifford unitary that

depends on G, W (z, x), and b, the eigenstate of Wv (z, x) with
eigenvalue χ (b) is denoted by |(z, x), b〉v , and G′ is a manipu-
lated graph without vertex v. In the following, we present the
correction operations and resulting graphs of different local
Weyl operators, and in Fig. 3 some of these resulting graphs
are exemplified.
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FIG. 3. Illustration of Weyl measurement operations acting on a
graph state. The vertex where the measurement operation is acting
on is shaded dark red. The special neighbor of the X measurement
is shaded light blue. Note that for the X measurement a �= 0, since
otherwise the light-blue-shaded node would not be a neighbor.

Since projectors do not map graph states to graph states,
we introduce

L(Wv (z, x), b) := 〈(z, x), b|vU (v)†

(z,x),bP(Wv (z, x), b),

as the measurement operation of Wv (z, x) with measurement
outcome b, such that L(Wv (z, x), b)|G〉 = |G′〉.

A. Z measurement

The projector associated to Z = W (1, 0) acting on vertex v

of graph state |G〉 acts according to Eq. (10) with the following
correction operator and manipulated graph:

U (v)
(1,0),b = Z (bAv ), G′ = G \ v. (11)

The graph manipulation corresponds to the removal of the
measured vertex and its corresponding edges.

B. Y -type measurement

Weyl operators of the form W (1, m) are called Y type.
Their projection is Clifford equivalent to the Z projection

P(Wv (1, m), b) = Lv (−m)P(Zv, b)Lv (m). (12)

The action of this projector on a graph state is given by
Eq. (10) with

U (v)
(1,m),b = S

(
mA2

v

)
Z (bmA′

v ), G′ = τv (m)(G) \ v. (13)

The resulting graph is obtained by performing a local comple-
mentation with factor m on the measuring vertex, followed by
the removal of said vertex and its edges.

C. X measurement

The projector of the X = W (0, 1) measurement is local
Clifford equivalent to the W (1, 1) projection

P(Xv, b) = Lw0 (−r)P(Wv (1, 1), b)Lw0 (r), (14)

where w0 is a neighbor of v and r = −A−2
w0,v

. From Eq. (13)
and Eq. (14), we obtain that the action of the projector on a
graph state is encoded by

U (v)
(0,1),b = Rw0 (−r)S

(
rÃ2

w0

)
S
(
A′2

v

)
Z (bA′

v ),

G′ = τv (1)(τw0 (r)(G)) \ v, (15)

where A′ is the adjacency matrix of τw0 (r)(G) and Ã2
w0

=
A2

w0
− evA2

w0,v
. This measurement, at the level of the graph,

corresponds to performing a local complementation by factor
r on a neighboring qudit w0, followed by a local complemen-
tation with factor 1 on the measuring qudit and, subsequently,
the measuring vertex is removed. Note that the choice of the
neighbor w0 is arbitrary, such that for a different neighbor
choice, say, w1, one obtains a local Clifford equivalent graph
state (derived in Appendix B).

D. X (m) measurement

The projector associated to X (m) = W (0, m) for m �= 0 is
Clifford equivalent to the X projector

P(Xv (m), b) = Mv (m)P(Xv, b)Mv (m−1), (16)

such that the action on this measurement on vertex v of graph
state |G〉 is described by Eq. (10) and

U (v)
(0,m),b = Rw0 (−r)S

(
rÃ2

w0

)
S
(
mA′2

v

)
Z (bmA′

v ),

G′ = τv (1)(τw0 (r)(G ◦m v)) \ v, (17)

where w0 is a neighbor of v, A′ is the adjacency matrix of
τw0 (q)(G), and Ã2

w0
= A2

w0
− evA2

w0,v
. The action on the graph

is a local multiplication by factor m on the measured vertex
followed by the procedure given in the X measurement.

E. W (n, m) measurement

The projector associated to W (n, m) for n �= 0 is Clifford
equivalent to the Z projector. The Clifford equivalence is
obtained in two steps. First, notice that the Z (n) = W (n, 0)
projector is equivalent to the Z one via

P(Zv (n), b) = Mv (n−1)P(Zv, b)Mv (n). (18)

Then we see that the Z (n) projector is equivalent to the
W (n, m) projector through

P(Wv (n, m), b) = Lv

(
−m

n

)
P(Zv (n), b)Lv

(m

n

)
. (19)

The action of this projector on a graph state |G〉 yields

U (v)
(n,m),b = S

(
mA2

v

n

)
Z (bA′

v ), G′ = τv

(m

n

)
(G) ◦n−1 v \ v,

(20)

where A′ is the adjacency matrix of the graph τv (m/n)(G).
From Eq. (20), one can identify that the graph gets trans-
formed via first performing a local complementation by factor
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m/n on the measuring vertex, followed by a local multiplica-
tion with factor n−1 on said vertex and, last, the removal of the
measured vertex.

IV. QUDIT NOISY STABILIZER FORMALISM

In this section, we introduce the qudit noisy stabilizer for-
malism (NSFd ), a method to efficiently describe and track
Pauli-diagonal noise acting on a graph state. The standard
density matrix description is prohibitively costly, due to the
necessity of working with matrices that grow exponentially
with the number of qudits, i.e., dn × dn. As previously de-
scribed in Sec. II G, the qubit instance of this formalism treats
the noise channels and the graph state individually, avoiding
operations involving exponentially big matrices. This ap-
proach is also followed here for the qudit case and is also
equivalent to the density-matrix-based one.

Consider a graph state ρ = |G〉〈G| subject to Pauli-
diagonal noise channels E1 · · · Em, where we apply a series of
manipulation operators Ol · · · O1, which are Clifford or Weyl
measurement operators (as the ones presented in Sec. II E and
Sec. III), such that

(Ol · · · O1)E1 · · · Emρ(Ol · · · O1)†. (21)

With this formalism, we update the noise channels and the
pure graph state for each manipulation operation via an effi-
cient set of rules. Such that we end with a series of updated
noise channels that act on the noiseless manipulated graph
state.

A. Update rules

Here we present the core of the NSFd , namely the update
rules for each individual noise operator. Consider a Clifford
or Weyl measurement operator O, which would correspond
to O1, and a generalized Pauli noise operator term N from a
channel E j from the channel sequence E1 · · · Em such that the
manipulation is applied on a noisy graph state, ON |G〉. The
two operators commute up to a change of the noise operator,
and we obtain ÑO|G〉; this change is given by the update rules.

As previously described in Sec. II F, any arbitrary gener-
alized Pauli noise operator acting on a graph state |G〉 can
be translated into a product of Z-type operators. Therefore, it
suffices to study only the update rules of Z-type noise opera-
tors. Furthermore, phases appearing in the computation of the
update rules are negligible, since we consider Pauli-diagonal
channels, where such phases cancel. Below, we showcase the
building-block update rules needed to generate the update rule
of any manipulation operators via the concatenation of said
building-block update rules. In Fig. 4, an illustration of such
a concatenated update rule is shown. See Appendix C for the
derivation of the given update rules.

1. Clifford operators

The Clifford group acting on graph states is generated by
the local complementation, the local multiplication, and the
CZ gate. All these operations map graph states to graph states.

The local multiplication M(m−1) and the Z (z) Weyl oper-
ators commute if they act on different vertices. However, if

FIG. 4. Graphical representation of the W (n, m) measurement
update rule constructed by concatenating the building-block update
rules, which are applied in the following order: first L(m/n), fol-
lowed by M(n), and, last, a Z measurement. The vertex where the
operations are applied is shaded dark red. The jagged lines depict
Z-type noise operators. The weight c′ is c + mn−1ab.

they act on the same vertex, then the update rule is

Mv (m−1)Zv (z)|G〉 = Zv (mz)Mv (m−1)|G〉. (22)

The local complementation L(m) and the Z (z) Weyl operators
commute when acting on different vertices, but when acting
on the same vertex, they exhibit the following update rule:

Lv (m)Zv (z)|G〉 = Zv (z)Z (Avmz)Lv (m)|G〉. (23)

These two update rules are depicted in Fig. 4. Last, the CZ
gate commutes with any Z (z) operator, so there is only the
trivial update rule.

2. Weyl measurements

As seen in Sec. III the measurement operations are all
equivalent up to Clifford operations. Therefore, it suffices to
have the update rule for one measurement operation, here the
Weyl Z measurement such that the update rule for the rest of
the Weyl measurements can be derived by concatenating the
update rules of the corresponding Clifford operations derived
above and of the Weyl Z measurement, as presented and
derived in Appendix C and exemplified in Fig. 4.

The Weyl Z measurement L(Zv, b) and the Zv operator
have the update rule

L(Zv, b)Zv (z)|G〉 = L(Zv, b)|G〉, (24)

and if they act on different vertices, then they commute.
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Importantly, one can see from Eq. (23) that the noise op-
erator acting on the manipulated qudit spreads throughout
the graph. Therefore, sequential manipulations that include
local complementations, e.g., the Y -type measurement and
X measurement, that act on neighboring qudits on a noisy
graph state do not commute. This implies that different orders
in which certain manipulations are performed lead to differ-
ent final noise patterns if the manipulations are performed
on neighboring qudits, as also observed in the qubit case in
Ref. [41].

B. Methodology

Given the initial noisy state described by Eq. (21), with the
NSFd we efficiently describe and track the noise channels and
the graph state.

The considered noise channels are Pauli-diagonal, so they
commute with each other, and thus, without loss of generality,
we can write the noise channels as Z type, as they act on a
graph state (see Sec. II F). This concatenation of commuting
noise channels also commutes with a manipulation operator,
up to a change of the noise terms of the channel, reflected in
the update rules. Hence, we can update the noise channels Ei

individually. The method is such that the update is done for
each manipulation operator iteratively.

1. So one starts with computing the effect of O1 on both
the noise channels and the noiseless graph state, leading to
Ẽi and ρ ′ = |G′〉〈G′|, respectively. For each channel, for each
noise term, each Pauli Z contribution is updated using the
above update rules for O1. The update of the graph state is
efficiently tractable thanks to the generalized Gottesman-Knill
theorem [23]. The state after updating for O1 is

(Ol · · · O2)Ẽ1 · · · Ẽmρ ′(Ol · · · O2)†.

2. Then the same procedure is performed for the next
manipulation operator O2, where now one updates the noise
channels Ẽi and the noiseless graph state ρ ′ = |G′〉〈G′|, lead-
ing to ˜̃Ei and ρ ′′ = |G′′〉〈G′′|.

...

l. This is performed for the rest of the manipulation opera-
tors to retrieve the final updated noise channels, denoted as Ẽi,
and graph state, so that the noisy graph state is

Ẽ1 · · · Ẽm(Ol · · · O1)ρ(Ol · · · O1)†,

and is equivalent to the state in Eq. (21).
Note that the used update rules depend at each step on the

current graph state, where the noise is acting on. Therefore,
one individually updates the channels and the state, but the
update of the channel depends on the graph state.

Moreover, when a manipulation operator corresponds to
a measurement, both the size of the graph state and the
size of the noise channels can be reduced by one vertex.
Furthermore, as mentioned above, the order of Weyl mea-
surements on consecutive qudits is of relevance, as opposed
to the noiseless case, where Weyl measurements on different

qudits commute. However, this does not imply that mea-
surements cannot be performed at the same time. Consider
a certain sequence of Weyl measurements acting on neigh-
boring qudits L(Wvl (zl , xl ), bl ) · · ·L(Wv1 (z1, x1), b1), one can
find a measurement pattern that can be applied simultaneously
by commuting all correction operators of the Weyl measure-
ments to the last step. So we define U = U (vl )†

(zl ,xl ),bl
· · ·U (v1 )†

(z1,x1 ),b1

and P = P̃(Wvl (zl , xl ), bl ) · · · P̃(Wv1 (z1, x1), b1) such that the
sequence of measurements corresponds to UP and P denotes
a set of Weyl projectors that commute with each other and can
be applied in any order and is denoted as measurement pat-
tern. This pattern corresponds to a certain order in the NSFd

description, and this order is encoded in U . The translation
between the order given by the NSFd and a measurement
pattern has been worked out for the qubit case in Ref. [43].
Note that updating the noise channel for this given sequence
of measurements can be efficiently done as described above.

V. EFFICIENCY

Given an n-qudit graph state subject to a general Pauli-
diagonal channel, as the one described in Eq. (8), one has
to compute the update of all Z-type operators for each qudit,
since as discussed in Sec. IV B all noise terms of all noise
channels can be treated individually. Therefore, the number
of different update rules one has to compute is at most d × n
when all noise operators are translated to the Z type, thanks to
the stabilizer structure of graph states.

Besides the computational complexity of the update rules,
one also has to account for the number of terms that have to
be updated. Given that all noise maps and noise operators
are treated individually, one has to update as many noise
operators as the sum of the number of noise terms of the
individual channels. This is in contrast to the case where noise
channels could not be treated individually, i.e., one would
multiply the channels out, which in general would lead to
exponentially many terms. For example, given n single-qudit
noise maps acting on different qudits, one needs to consider
d2 × n noise terms with the independent treatment of noise
channels, whereas if one multiplies them out, then the number
of terms is d2n.

The main bottleneck of the NSFd is the size of the final
updated state, since to apply the final updated noise maps
to the corresponding noiseless state, one has to operate with
density matrices of the size of dm × dm, where m denotes the
final size.

VI. GENERALIZATIONS

In Sec. IV, the NSFd for qudit graph states of prime-power
dimension subject to Pauli-diagonal noise is presented. In the
following, we investigate extensions of the method and exam-
ine its limitations by applying it to broader quantum systems
and noise models.

A. Stabilizer states

The presented NSFd can be extended to the stabilizer
states, as prime-power dimensional stabilizer states are local
Clifford equivalent to graph states such that, given a stabilizer
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state |S〉, we can write the state as U |G〉, with U being a
local Clifford and |G〉 being a graph state. Consider that the
stabilizer state is subject to a noise operator N , then we use the
commutation relations from the local Clifford and the noise
operator to obtain N |S〉 = NU |G〉 = UÑ |G〉.

Since Clifford operations map stabilizer states to stabilizer
states, the action of a Clifford C on a stabilizer state yields
C|S〉 = U ′|G′〉, where U ′ is a local Clifford and G′ is a graph.
Therefore, a noisy stabilizer state transforms under the action
of a Clifford C as CN |S〉 = Ñ ′U ′|G′〉, where we use the com-
mutation relation of the noise operator and the Clifford C such
that it leads to the updated noise operator Ñ ′.

When performing Weyl measurements on stabilizer states,
we can restrict to Z measurements since other Weyl measure-
ments are local Clifford equivalent to it. A noisy stabilizer
state transforms under the action of a Z measurement as
P(Z, b)N |S〉 = P(Z, b)UÑ |G〉 = UP(W, b̃)Ñ |G〉, where we
have used that U and P(Z, b) commute up to a change of the
Weyl basis of the measurement. Finally, this noisy state can be
described and updated with the graph state NSFd from above.

Last, for both general Clifford manipulations and Weyl
measurements, we use the described commutations and the
previously described methodology.

Alternatively, one can directly work with stabilizer states
without explicitly knowing their locally Clifford equivalent
graph states. Under Clifford operations, noise channels can
be updated by conjugating each noise operator individually,
independently of the state.

For Weyl measurements, we require the error channels
to commute with the Weyl projector, which can be ensured
by locally adjusting the noise operators via inserting stabi-
lizer operators. Specifically, if for the measurement vertex
v, then we have stabilizer operators Si ∈ S such that {Si

v} =
{Wv (z, x)|z, x ∈ Fd} (up to a phase), these adjustments are
straightforward. Such stabilizers always exist unless vertex v

is disconnected in the local Clifford equivalent graph. Indeed,
for a connected vertex v of a graph state, each local Weyl
operator can be generated by multiplying suitable stabilizer
generators from vertex v with those of a neighboring vertex.
Since local Clifford operations map the local Weyl group onto
itself, the same property extends to the local Clifford equiva-
lent stabilizer state. Thus, the absence of stabilizers generating
the local Weyl operators implies disconnection of the vertex,
in which case noise operators on the measurement vertex can
simply be locally removed after the measurement, as dictated
by the update rules derived from graph states.

This approach does not yield a fixed set of update rules,
as is the case for the graph-state-based method; instead, noise
updates are computed dynamically.

B. Arbitrary finite dimension

Throughout this work, we have restricted ourselves to sys-
tems of local prime-power dimensions. This is due to the fact
that composite dimensional stabilizer states are, in general,
not Clifford equivalent to graph states [51]. Therefore, the
reduction of the stabilizer case to the graph state case pre-
sented above fails. Nonetheless, using the linearized stabilizer
formalism introduced in Ref. [41], one can obtain a form
of a qudit noisy graph state formalism analog to the one

in the prime-power case for composite dimensions. For the
construction of said analog, we defer to Appendix D.

C. General channels

The NSFd can be applied when dealing with any Pauli-
diagonal noise channel. Channels including off-diagonal Pauli
terms do, in general, not commute. Therefore, one cannot
simply translate the noise channels to Z-type channels, since
one would need to multiply out the error channels in order to
be able to act on the graph state directly. For a noise channel E
with not all Z-type operators, its commutation with the Z pro-
jector leads to a possible different change of the projector for
each noise term such that P(Z, b)E |G〉〈G| �= ẼP(W, b̃)|G〉〈G|.
So, to treat non-Pauli-diagonal noise channels, one cannot
treat the noises independently, i.e., one has to multiply out the
terms of the noise channels, and the computation is no longer
efficient.

Nevertheless, as previously mentioned, one can enforce
a Pauli-diagonal form via the random application of uni-
tary gates before and after the application of the noise
channel, without changing the diagonal elements or the Choi-
Jamiołkowski fidelity of the noise channel [48].

VII. APPLICATION OF METHOD

In this section, we illustrate how the noisy stabilizer for-
malism can be applied to an example and demonstrate the
power of the formalism.

A. Setting

As the initial graph state, we consider an N-qudit open
linear cluster with edges of weight one. The associated graph
G = (V, E , A) has vertices labeled from 1 to N , such that
V = (1, 2, . . . , N ), and the elements of the adjacency matrix
are defined by Ai j = δ1,|i− j|. The aim is to obtain a gener-
alized Bell pair between the ends of the cluster, 1 and N ,
by performing W (1, 1) measurements on the middle qudits,
(2, . . . , N − 1), as depicted in Fig. 5.

We consider that the qudits in the linear cluster are subject
to two sources of noise, one where the noise probability is
independent of the dimension of the system, and the other is
dimension dependent, these dependencies of error rates are
present in the experimental realization of high-dimensional
systems on trapped ions [13]. We model both sources as
single-qudit depolarizing noise, whose action on qudit v of
a noiseless graph state ρ is

Ev (λ)ρ = λρ + 1 − λ

d2

∑
z,x∈Fd

Zv (z)Z (−xAv )ρZ (xAv )Zv (−z).

(25)
The dimension-independent noise model is modeled by

Ev (λ = r). The dimension-dependent one is modeled by
Ev (λ = qd ), where the dimension dependency is encoded
in the parameter qd . We consider systems of dimension
d = 2m and we determine said dependency by matching
the Choi-Jamiołkowski fidelity (see Sec. II H) of m qubit
depolarizing channels, each written as Ev (λ = q2), to the
Choi-Jamiołkowski fidelity of one 2m-dimensional depo-
larizing channel, written as Ev (λ = qd ). We note that the
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FIG. 5. Depiction of qudit linear chain with local depolarizing
noise. The edge weights are constant one and therefore omitted. The
middle qudits are measured out via W (1, 1) measurements, obtaining
at the end a generalized noisy Bell pair.

Choi-Jamiołkowski fidelity of the depolarizing channel1

in Eq. (25) is given by λ + (1 − λ)/d2, and the Choi-
Jamiołkowski fidelity of multiple channels is just the
multiplication of individual ones. Hence, via equating the
Choi-Jamiołkowski fidelities of a 2m-dimensional depolariz-
ing noise channel and m qubit depolarizing noise channels,
we obtain

qd = (3q2 + 1)m − 1

4m − 1
, (26)

as the adapted depolarizing parameter for the dimension-
dependent depolarizing channel Ev (λ = qd ). In Appendix F
we motivate this choice further and also discuss different
dimensional dependencies of the depolarizing parameter.

The concatenation of the two depolarizing channels
Ev (λ = r) and Ev (λ = qd ) corresponds to the depolarizing
channel Ev (λ = r × qd ) such that the initial noisy linear clus-
ter is E1(λ = r × qd ) · · · EN (λ = r × qd )ρ.

B. Analysis

The manipulation of a linear cluster subject to single-qudit
depolarizing noise, modeled by Eq. (25) with λ = r × qr , into
a generalized Bell pair between the ends can be done by
performing W (1, 1) measurements on the middle qudits. Note
that as mentioned in Sec. IV, the order of consecutive mea-
surements leads to different final noise maps. For an arbitrary
order of said measurements, using the update rules one obtains

1This corresponds to the probability of identity acting on the
system.

the updated noise channels, denoted by Ẽi
2, which act on the

noiseless generalized Bell pair, denoted by ρ ′.
The updated noise maps of the edge qudits, 1 and N , are

Ẽ1ρ
′ = ẼNρ ′ = λρ ′+ 1 − λ

d2

∑
z,x∈Fd

Z1(z)ZN (x)ρ ′(Z1(z)ZN (x))†.

(27)
We find that the updated noise maps of the middle qudits,
(2, . . . , N − 1), are of the form

M(α, β )ρ ′

= λρ ′ + 1 − λ

d

∑
u∈Fd

Z1(αu)ZN (βu)ρ ′(Z1(αu)ZN (βu))†,

(28)

where α, β ∈ Fp. The corresponding derivations are presented
in Appendix E 1.

Notice that applying w times a map of the shape of Eq. (28)
with parameter λ is the same as applying it once with param-
eter λw. So we define the weight of a map M(α, β ) as how
many times it is applied to the final state, and we denote it as
wβ

α . We can collect all weights into a so-called weight vector
as follows:

www := [
w0

0,w
1
0, . . . ,w

p−1
0 ,w0

1,w
1
1, . . . ,w

p−1
1 , . . . ,w

p−1
p−1

]
.

The elements of the weight vector depend on the chosen mea-
surement order. A simple choice is the strategy of measuring
the middle qudits sequentially from N − 1 to 2, i.e., right to
left. This side-to-side strategy yields the updated noise maps
of the form Ẽ j = M(1, j − 1) for j ∈ {2, . . . , N − 1}, which
can be described by the following weight vector:

www =
[

0p, mp +
s∑

j=1

e j, 0p2−2p

]
, (29)

with n := N − 2, n = mp + s, m, s ∈ N0, and s < p, and xn

refers here to a vector of size p with the value x in each
entry, except e j which refers to the standard unit vector. The
derivation of this strategy is given in Appendix E 3.

With the updated final noise maps, we can compute the
fidelity of the final generalized Bell pair. In Appendix E 2 we
compute an analytic formula of the fidelity of the generalized
Bell pair for an arbitrary measurement strategy applied on
an N-qudit linear cluster with depolarizing probability 1 − λ,
which leads to a weight vector w. In order to do this calcu-
lation, we compose all updated noise maps such that only the
noise terms proportional to the identity of this composite noise
map contribute with a nonzero value to the fidelity. Thus, this
formula depends on the weight vector w, the depolarizing
probability 1 − λ, and the dimension d .

C. Results

Our goal is to investigate how the fidelity of the final
generalized Bell state obtained from the manipulation using

2For simplicity we do not write the argument with the parameter λ,
as for this case it is fixed to λ = r × qr .
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FIG. 6. Adapted fidelity F 1/m of a generalized Bell pair ob-
tained via the side-to-side strategy from a noisy linear cluster
of size N = 100 in terms of the local dimension d = 2m, for
different dimension-independent depolarizing parameters 1 − r.
The dimension-dependent depolarizing noise with strength 1 − qd

scales with the dimension as qd = ((3q2 + 1)m − 1)/(4m − 1), with
q2 = 0.992.

the side-to-side strategy of a linear cluster subject to two
noise sources, one dependent on the local dimension and the
other not, is affected by the local dimension. To this aim, we
compare one system of local dimension 2m with m systems
of local dimension 2. In order to facilitate a fair comparison
of the fidelities of different dimensional systems, we raise the
qudit fidelity of dimension 2m to the power of 1/m such that
the adapted fidelities of different dimensional generalized Bell
pairs mean the same in terms of entanglement.

Figure 6 illustrates the behavior of the adapted fidelity
as a function of the local dimension for different values of
the dimension-independent parameter governing the strength
of the depolarizing channel, 1 − r. When the dimension-
independent depolarizing effect is strong, i.e., low r, the
adapted fidelity exhibits an increasing trend with higher local
dimensions. Conversely, for a weaker dimension-independent
depolarizing influence, i.e., high r, the adapted fidelity de-
creases as the dimension grows. In an intermediate regime,
the adapted fidelity initially declines before exhibiting a sub-
sequent increase with increasing dimension. These effects are
due to the interplay of the two considered noise sources,
as one becomes more dominant with increasing dimension
and the other one stays constant. One can see that the final
generalized Bell pair has the highest adapted fidelity for ei-
ther d = 2 or d → ∞. However, depending on the studied
dimension dependency of the depolarizing parameter, one can
find an optimal intermediate dimension. In Appendix F we
present different dimensional dependencies that show optimal
intermediate dimensions.

VIII. CONCLUSIONS AND OUTLOOK

In this paper, we generalize the noisy stabilizer formalism
to systems of local prime-power dimension such that one
can describe qudit systems subject to Pauli-diagonal noise

and update them under Clifford operations and local Weyl
measurements efficiently. The key concept lies in the sepa-
rate treatment of noise channels and pure states, avoiding the
necessity of working with density matrices. This separation
is enabled by defining rules for updating error channels and
efficiently updating stabilizer states under Clifford operations
and generalized Pauli measurements. To derive these rules,
we utilize prime-power dimensional graph states, where we
additionally derive a set of graphical rules for local Weyl
measurements on such graph states. Finally, we demonstrate
the utility of the proposed formalism by analyzing the fidelity
of a generalized Bell pair generated from a noisy linear chain
of qudits.

Given the prevalence of quantum protocols that utilize
qudit graph states under the influence of Clifford opera-
tions and Weyl measurements, and considering the role of
Pauli-diagonal noise as a general noise model, the qudit
noisy stabilizer formalism offers a systematic framework
for analyzing the impact of noise on these protocols. Pro-
tocols employing qudit graph states range from quantum
error correction [35,36] to entanglement purification [32]
to measurement-based quantum computation of Clifford
circuits [37,38].

In addition to the qudit noisy stabilizer formalism for
prime-power dimensions, we also introduce the qudit noisy
graph state formalism for arbitrary dimensions. This formal-
ism applies specifically to graph states transforming under
Weyl measurements and Clifford operations that map graph
states to graph states. Since the stabilizer formalism exists
not only for finite dimensional systems, but also for continu-
ous variable systems [52], with a continuous variable version
of the Gottesman-Knill theorem [53] and a stabilizer-state
graph-state equivalence [54], the formulation of a continuous
variable noisy stabilizer formalism is feasible and we will
report it on a separate work [55].

Nevertheless, the qudit noisy stabilizer rormalism is lim-
ited (in its full generality) to prime-power dimensions and
to noise that is diagonal in the Heisenberg-Weyl basis. Gen-
eralization to nondiagonal noise processes seems generally
infeasible, due to the noncommutativity of the error channels,
which leads to the impossibility of independent treatment of
the channels, which is key for the efficiency of the formal-
ism. Last, obtaining the final state at the end of an operation
sequence requires working with density matrices of the size
of the final state, which imposes an exponential overhead on
the size of the final state on the formalism, even though the
individual updates of the state and error channels are efficient.
However, if the final state is small, i.e., consists only of a few
qudits, then the qudit noisy stabilizer formalism offers a robust
framework for analyzing the impact of noise and investigating
quantum information processing protocols in the presence of
imperfections.
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APPENDIX A: BACKGROUND FOR EVEN
PRIME-POWER DIMENSION

In Sec. II, we have introduced the necessary mathemat-
ical background for odd prime-power dimensions. Here we
present the differences with the even prime-power dimensions
for the generalized Pauli group, the stabilizer formalism, and
the Clifford group [45]. Notice that graph states for even di-
mensions can be defined analogously to the odd case [27,28].

1. Generalized Pauli group

The generalized Pauli X operator is the same as for the odd
case, given by Eq. (1). The Z operator is defined as

Z (z) :=
∑
y∈Fd

χ4(2yz)|y〉〈y|,

where χ4(x) = itr(x) and tr(t ) is the trace of the linear map on
the Z4-module R4m which acts as x �→ x · t . Similarly to the
odd case, the Weyl operator for even prime-power dimensions
is defined as

W (z, x, t ) := χ4(t − zx)Z (z)X (x),

and the Heisenberg-Weyl group is the group containing all
these elements. Throughout this text, we use the following
overloaded notation, χ (x) := χ4(2x), for the even case, since
χ (x) and χ4(2x) are both homomorphisms.

2. Stabilizer formalism

Here an isotropic subspace, Eq. (2) for the odd case, K ⊂
F2n

d with lift α defines Kα := {(v, 2α(v))|v ∈ K}, which in
turn sets the Abelian subgroup W (Kα ) := {ωtr(α(v))W (v)|v ∈
K}. To describe the lift α, we introduce

β(v,w) = γ (v + w) − γ (v) − γ (w) + 2(vzwz ),

γ (v) := vz · vx,

where the entries of vz and vx are viewed as elements of the
Galois ring GR4m by identifying each coefficient of the poly-
nomial representation of finite field elements as an element of
Z4. This is done such that the lift α is defined via the following
relations:

2β̄(v,w) = β(v,w),

β̄(v,w) = α(v + w) − α(v) − α(w),

α(0) = 0.

When choosing a basis on K , {v1, . . . , vk}, we pick α(viλ) =
0,∀λ ∈ Fd such that α is unique. A Lagrangian L uniquely
defines a stabilizer state |L, v〉 by the following eigenvalue

equation:

ωtr(α(w))χ ([v,w])W (w)|L, v〉 = |L, v〉 ∀w ∈ L.

3. Clifford operations

The generators of the Clifford group are the same as the
ones presented in Table I, except the S operator, which is
defined as

S :=
∑
x∈Fd

χ4(x2)|x〉〈x|.

Moreover, if the power of our prime-power dimension m is
odd, then the H operator is defined as Heven = eiπ/4Hodd. As
in the odd case, the Clifford group normalizes the Heisenberg-
Weyl group and maps stabilizer states to stabilizer states.

APPENDIX B: PROOFS FOR WEYL MEASUREMENTS
OF GRAPH STATES

In this section, we prove the results regarding the Weyl
measurements on graph states presented in Sec. III. For the
derivation, we make use of the commutation relations between
the Weyl operators and the Clifford generators presented in
Table II, and we write c.r. to denote their use.

Here we show how to obtain the expression of the single-
qudit Weyl measurement Eq. (9) presented in the main text
from projectors defined via isotropic subspaces. In the odd
prime-power case the projector associated to the isotropic
subspace K and vector v ∈ F2n

d is given by

P(K, v) = 1

|K|
∑
w∈K

χ ([v,w])W (w).

In the even dimension case (see Appendix A), the projector
associated to the isotropic subspace K vector v and lift α is
given by

P(K, v, α) = 1

|K|
∑
w∈K

χ ([v,w])ωtr(α(w))W (w).

In particular, if we measure a single-qudit Weyl operator K =
〈a〉, then α(v) = 0, v ∈ K and we have the same projector
associated to a measurement as in the odd case

P(〈v〉,w) = 1

|〈v〉|
∑
y∈Fd

χ (y[v,w])W (yv), (B1)

which is the measurement of a Weyl operator W (v) with mea-
surement outcome [v,w]. For a local Weyl operator Wv (z, x)
the projector can be written using Eq. (B1) as

P(〈(evz, evx)〉,w) = 1

d

∑
y∈Fd

χ̄ (yb)W (y(zev, xev )),

with b = [w, (zev, xev )] being the measurement outcome,
with which we obtain the expression of the single-qudit Weyl
measurement presented in the main text Eq. (9).

1. Z measurement

For the following derivations we note that the computa-
tional basis is given as |b〉 = |(1, 0), b〉. First, we derive a
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TABLE II. Commutation relations between the Weyl operators, Z (z) and X (x), and the Clifford generators (see Table I).

Clifford operator U UZj (z)U † UXj (x)U †

Hv Zj (z) for j �= v Xj (x) for j �= v

Xv (−z) for j = v Zv (x) for j = v

H †
v Zj (z) for j �= v Xj (x) for j �= v

Xv (z) for j = v Zv (−x) for j = v

Mv (m−1) Zj (z) for j �= v Xj (x) for j �= v

Zv (mz) for j = v Xv (m−1x) for j = v

Sv (λ), p odd Zj (z) ∀ j Xj (x) for j �= v

χ (2−1λx2)Xv (x)Zv (λx) for j = v

Sv , p even Zj (z) ∀ j Xj (x) for j �= v

χ4(x2)Xv (x)Zv (x) for j = v

CXs→t Z j (z) for j �= t Xj (x) for j �= s
Zs(−z)Zt (z) for j = t Xs(x)Xt (x) for j = s

Zv (a) Zj (z) ∀ j Xj (x) for j �= v

χ (ax)Xv (x) for j = v

Xv (a) Zj (z) for j = v Xj (x) ∀ j
χ (−az)Zv (z) for j �= v

CZs→t Z j (z) ∀ j Xj (x) for j �= s, t
Xs(x)Zt (x) for j = s
Xt (x)Zs(x) for j = t

useful expression for the projector P(Zv, b),

P(Zv, b) = 1

d

∑
y∈Fd

χ̄ (yb)Zv (y) = 1

d

∑
y,k∈Fd

χ̄ (yb)χ (yk)|k〉v〈k|

= 1

d

∑
k∈Fd

|k〉v〈k|
∑
y∈Fd

χ̄ (y(b − k))

︸ ︷︷ ︸
=dδb,k

= |b〉v〈b|. (B2)

Equivalent to the definition of a graph state using sta-
bilizers, Eq. (4), a graph state |G〉 is given by |G〉 =∏

(i, j)∈E CZi→ j (Ai j )|+〉⊗V , where |+〉 := ∑
x∈Fd

|x〉/√d . By
deferring the application of the controlled Z gates for qudit v

yields

|G〉 =
∏
j∈V

CZv→ j (Av j )|+〉v|G \ v〉, (B3)

where we can write the CZ term as∏
j∈V

CZv→ j (Av j ) =
∏
j∈V

∑
k∈Fd

|k〉v〈k|Zj (kAv j )

=
∑
k∈Fd

|k〉v〈k|Zj (kAv ).

Then, the projector expression Eq. (B2) acting on |G〉 yields

P(Zv, b)|G〉 = |b〉v〈b|
∑
k∈Fd

|k〉v〈k|Z (kAv )|+〉v|G \ v〉

= Z (bAv )|b〉v〈b||+〉v|G \ v〉

= 1√
d

|b〉vZ (bAv )|G \ v〉,

which proves Eq. (11). The action of the projector on a state
will, in general, produce a not normalized state, which can be
accounted for via dividing by the square root of the probability

of the measurement outcome occurring. Note that each out-
come has the same probability 1/d . This is implicitly done in
the main text, where we present the actions of the projectors.

2. Y -type measurement

For the following derivations we note that the W (1, m)
basis elements are R(−m)|b〉 = |(1, m), b〉. We first show the
local Clifford equivalence claimed in Eq. (12), using Eq. (5)
and Eq. (9),

Lv (−m)P(Zv, b)Lv (m)

= 1

d

∑
y∈Fd

Lv (−m)χ̄ (yb)Zv (y)Lv (m)

c.r.= 1

d

∑
y∈Fd

χ̄ (yb)χ (−2−1my2)Zv (y)Xv (my)

= P(Wv (1, m), b).

Now to show Eq. (13), we apply the projector onto a graph
state and use Eq. (11) and Eq. (12)

P(Wv (1, m), b)|G〉 = Lv (−m)P(Zv, b)Lv (m)|G〉
= Lv (−m)P(Zv, b)|τv (m)(G)〉

= 1√
d

Lv (−m)|b〉vZ (bmAv )|τv (m)(G) \ v〉

= 1√
d

Rv (−m)|b〉vS(mAv )Z (bmAv )

× |τv (m)(G) \ v〉,

where one can identify U (v)
(1,m),b and G′.
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3. X measurement

For the following derivations we note that the X (1) basis elements are S(−1)R(−1)|b〉 = |(0, 1), b〉. The proof of the local
Clifford equivalence of the X projector and the W (1, 1) projector presented in Eq. (14), is as follows [using Eq. (5) and Eq. (9)],
where w0 is a neighbor of v and r = −A−2

w0,v
,

Lw0 (−r)P(Wv (1, 1), b)Lw0 (r) = 1

d

∑
y∈Fd

χ̄ (by)χ (−2−1y2)Sv (−1)Zv (y)Xv (y)Sv (1)

c.r.= 1

d

∑
y∈Fd

χ̄ (by)χ (−2−1(y2 − y2))Xv (y) = P(Xv, b).

To show Eq. (15) we apply P(Xv, b) on a graph state |G〉, using Eq. (13) and Eq. (14), yielding

P(Xv, b)|G〉 = Lw0 (−r)P(Wv (1, 1), b)Lw0 (r)|G〉
= Lw0 (−r)P(Wv (1, 1), b)|τw0 (r)(G)〉

= 1√
d

Lw0 (−r)Rv (−1)|b〉vS
(
A′2

v

)
Z (bA′

v )|τv (1)(τw0 (r)(G)) \ v〉

= 1√
d

Sv

(
rA2

w0,v

)
Rv (−1)|b〉vRw0 (−r)S

(
r
(
A2

w0
− evA2

w0,v

))
S
(
A′2

v

)
Z (bA′

v )|τv (1)(τw0 (r)(G)) \ v〉

= 1√
d

Sv (−1)Rv (−1)|b〉vRw0 (−r)S
(
r
(
A2

w0
− evA2

w0,v

))
S
(
A′2

v

)
Z (bA′

v )|τv (1)(τw0 (r)(G)) \ v〉

= 1√
d

Sv (−1)Rv (−1)|b〉vRw0 (−r)S
(
r
(
Ã2

w0

))
S
(
A′2

v

)
Z (bA′

v )|τv (1)(τw0 (r)(G)) \ v〉,

where A′ is the adjacency matrix of τw0 (r)(G), Ã2
w0

= A2
w0

− evA2
w0,v

, and one can identify U (v)
(0,1),b and G′.

Choice of neighbor w0

The choice of the neighbor w0 for the X measurement is arbitrary. Here we show that the resulting graph state obtained from
a different neighbor w1 is local Clifford equivalent to the one obtained from w0. This can be readily obtained after using the
Clifford equivalence from Eq. (14) for neighbor w1, the Clifford equivalence from Eq. (12), and the action of the X measurement
on a graph state Eq. (15).

|τv (1)(τw0 (r)(G)) \ v〉 = 〈(0, 1), b|vU (v)†
(0,1),bP(Xv, b)|G〉

= 〈b|vZ (−bA′
v )L̃v (1)Lw0 (r)P(Xv, b)|G〉

= 〈b|vZ (−bA′
v )L̃v (1)Lw0 (r)Lw1 (−r̃) ˜̃Lv (−1)P(Zv, b)Lw1 (r̃) ˜̃Lv (1)|G〉

= 〈b|vZ (−bA′
v )L̃v (1)Lw0 (r)Lw1 (−r̃) ˜̃Lv (−1)P(Zv, b)|τv (1)

(
τw1 (r̃)(G)

)〉
= 〈b|vZ (−bA′

v )L̃v (1)Lw0 (r)Lw1 (−r̃) ˜̃Lv (−1)Z (bÃ′
v )|b〉v|τv (1)

(
τw1 (r̃)(G)

) \ v〉
= Z (−bA′

v )S(−A′
v )Rw0 (r)S

( − Aw0 r − ev

)
Rw1 (−r̃)S

(
r̃Aw1 + ev

)
S(Ã′

v )Z (bÃ′
v )|τv (1)

(
τw1 (r̃)(G)

) \ v〉,
where L̃ is the local complementation defined with adjacency matrix A′ of τw0 (r)(G), r̃ = −A−2

w1,v
, Ã′ is the adjacency matrix of

τw1 (r̃)(G), and ˜̃L is the local complementation defined with adjacency matrix Ã′.

4. X (m) measurement

For the following derivations we note that the X (m) basis elements are M(m)S(−1)R(−1)|b〉 = |(0, m), b〉. We begin with
showing the Clifford equivalence given in Eq. (16), using Eq. (9),

Mv (m)P(Xv, b)Mv (m−1) = 1

d

∑
y∈Fd

χ̄ (by)Mv (m)Xv (y)Mv (m−1)
c.r.= 1

d

∑
y∈Fd

χ̄ (by)Xv (my) = P(Xv (m), b).

In order to show Eq. (17) we apply the P(Xv (m), b) on a graph state |G〉, using Eq. (15) and Eq. (16),

P(Xv (m), b)|G〉 = Mv (m)P(Xv, b)Mv (m−1)|G〉 = Mv (m)P(Xv, b)|G ◦m v〉
= 1√

d
Mv (m)Sv (−1)Rv (−1)|b〉vRw0 (−r)S

(
r(Ã2

w0

))
(S(mA′2

v )Z (bmA′
v ))|τv (1)

(
τw0 (r)(G ◦m v)

) \ v〉,

where one can identify U (v)
(0,m),b and G′.
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5. Z(n) measurement

For the following derivations we note that the Z (n) basis
elements are M(n−1)|b〉 = |(n, 0), b〉. First, we show the Clif-
ford equivalence from Eq. (18), using Eq. (9),

Mv (n−1)P(Zv, b)Mv (n) = 1

d

∑
y∈Fd

χ̄ (by)Mv (n−1)Zv (y)Mv (n)

c.r.= 1

d

∑
y∈Fd

χ̄ (by)Zv (ny)

= P(Zv (n), b).

For completeness we show the action of P(Zv (n), b) on a
graph state |G〉, although this is contained in P(W (n, m), b),

P(Zv (n), b)|G〉 = Mv (n−1)P(Zv, b)Mv (n)|G〉
= Mv (n−1)P(Zv, b)|G ◦n−1 v〉

= 1√
d

Mv (n−1)|b〉vZ (bn−1Av )|(G ◦n−1 v)\ v〉.

6. W (n, m) measurement

For the following derivations we note that the W (n, m)
basis elements are R(−m/n)M(n−1)|b〉 = |(n, m), b〉. We first
show the Clifford equivalence claimed in Eq. (19), using
Eq. (9),

Lv (−m/n)P(Zv (n), b)Lv (m/n)

= 1

d

∑
y∈Fd

χ̄ (bw)Lv (−m/n)Zv (ny)Lv (m/n)

c.r.= 1

d

∑
y∈Fd

χ̄ (by)χ (−2−1mny2)Zv (ny)Xv (my)

= P(Wv (n, m), b).

To show Eq. (20), we apply P(Wv (n, m), b) onto a graph state
|G〉, using Eq. (11), Eq. (18), and Eq. (19),

P(Wv (n, m), b)|G〉
= Lv (−m/n)P(Z (n), b)Lv (m/n)|G〉

= 1√
d

Lv (−m/n)P(Z (n), b)|τv (m/n)(G)〉

= 1√
d

Lv (−m/n)Mv (n−1)|b〉vZ (bn−1A′)

× |τv (m/n)(G) ◦n−1 v \ v〉

= 1√
d

Rv (−m/n)Mv (n−1)|b〉vS
(
m

/
nA2

v

)
Z (bn−1A′)

× |τv (m/n)(G) ◦n−1 v \ v〉,
where A′ is the adjacency matrix of the graph τv (m/n)(G), and
one can identify U (v)

(n,m),b and G′.

APPENDIX C: PROOFS FOR THE UPDATE RULES

Here we first derive the building-block update rules pre-
sented in Sec. IV A, where we omit phases as they do not

contribute in Pauli-diagonal channels. We also give the update
rules for all the Weyl measurement operations.

1. Building blocks

a. Local multiplication

The update rule for M(m−1), given in Eq. (22), directly
follows from the commutation relation presented in Table II.

b. Local complementation

The update rule for L(m), given in Eq. (23), can be readily
obtained via recalling the definition of the local complementa-
tion given in Eq. (5) and the commutation relations in Table II.
If the operators act on different vertices, then one notices that
they commute, since [S(λ), Z (z)] = 0. Now consider that the
local complementation and a noise operator Z (z) act on the
same vertex,

Lv (m)Zv (z) = HvSv (m)H†
v

⊗
j

S j
( − A2

v, jm
)
Zv (z)

= HvSv (m)H†
v Zv (z)

⊗
j

S j
( − A2

v, jm
)

c.r.= HvSv (m)Xv (z)H†
v

⊗
j

S j
( − A2

v, jm
)

c.r.= HvXv (z)Zv (mz)Sv (m)H†
v

⊗
j

S j
( − A2

v, jm
)

c.r.= Zv (z)Xv (−zm)HvSv (a)H†
v

⊗
j

S j
( − A2

v, jm
)

= Zv (z)Xv (−zm)Lv (m),

and if they act on a graph state |G〉, then we obtain

Lv (m)Zv (z)|G〉 = Zv (z)Xv (−zm)Lv (m)|G〉
= Zv (z)Xv (−zm)|τv (m)(G)〉
= Zv (z)Z (mzAv )|τv (m)(G)〉.

c. Z measurement

The update rule for the Z measurement, given in Eq. (24),
can be obtained via the definition of the Z measurement op-
eration, Eq. (11). If they act on different vertices, then they
commute since Z operators commute with the Z projector and
other Z operators. However, the case where they act on the
same vertex is as follows:

L(Zv, b)Zv (z) = 〈(1, 0), b|vZ (bAv )P(Wv (1, 0), b)Zv (z)

= 〈(1, 0), b|vZ (bAv )Zv (z)P(Wv (1, 0), b)

= 〈(1, 0), b|vZv (z)Z (bAv )P(Wv (1, 0), b)

= 〈(1, 0), b|vZ (bAv )P(Wv (1, 0), b)

= L(Zv, b).

2. Weyl measurement operators

In the following, we make use of the fact that each Weyl
projector is Clifford equivalent to the Z projector. So we can
write the projection of an Weyl operator O on a graph state |G〉
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always as P(Ov, b)|G〉 = U †P(Zv, b)U |G〉, where U is said
Clifford. Applying this projector onto a graph state, we obtain

P(Ov, b)|G〉 = U †P(Zv, b)U |G〉 = U †P(Zv, b)|G′〉
= U †Z (bA′

v )|(1, 0), b〉v|G′ \ v〉,
So we identify the measurement operator as L(Ov, b) =
〈(1, 0), b|vZ (−bAv )UP(Ov, b). Now we consider the general
scenario where a noise operator is acting on qudit u of the
graph state

L(Ov, b)Zu(z)|G〉 = 〈(1, 0), b|vZ (−bA′
v )P(Zv, b)UZu(z)|G〉

= L(Zv, b)UZu(z)|G〉.
Using the update rules yields

L(Ov, b)Zu(z)|G〉 = L(Zv, b)UZu(z)|G〉
= L(Zv, b)Z̃u(z)U |G〉
= ˜̃Zu(z)|G′ \ v〉,

where ˜̃Zu(z) is the updated noise operator, after applying
the update rules corresponding to the Clifford U and the
Z measurement operator. Therefore, the update rule for a
general local Weyl measurement is the concatenation of the
update rules of the Clifford transformation U with the Z
measurement.

a. Y -type measurement

From Eq. (12) we find that for L(Wv (1, m), b) the corre-
sponding Clifford is U = Lv (m). Using the update rules of
the local complementation, Eq. (23), and the Z measurement,
Eq. (24), we find that if L(Wv (1, m), b) and Zu(z) act on
different vertices, then they commute, but if they act on the
same vertex, then the overall update rule yields

L(Wv (1, m), b)Zv (z)|G〉 = Z (zmAv )L(Wv (1, m), b)|G〉.

b. X measurement

From Eq. (12) and Eq. (14) we gather the corresponding
Clifford as U = L′

v (1)Lw0 (r), where L′
v (1) is the local comple-

mentation of G′ = τw0 (r)(G). Using the update rules for the
local complementation, Eq. (23), and for the Z measurement,
one observes that L(Xv, b) and Zu(z) commutes if u �= v and
u �= w0; however, if the noise operator acts on the measure-
ment vertex v, then the total update rule yields

L(Xv, b)Zv (z)|G〉 = Zv (zA′
v )L(Xv, b)|G〉,

where A′ is adjacency matrix of G′. If the noise operator acts
on the neighbor vertex w0, then the total update rule yields

L(Xv, b)Zw0 (z)|G〉
= Zw0 (z)Z

(
zr

(
Aw0 − evAw0,v

))
Z
(
zrAw0,vA′

v

)
L(Xv, b)|G〉.

c. X (m) measurement

From Eq. (12), Eq. (14), and Eq. (16) we gather the
corresponding Clifford as U = L′′

v (1)L′
w0

(r)Mv (m−1), where
L′

w0
(r) is the local complementation of G′ = G ◦m v and L′′

v (1)
is the local complementation of G′′ = τw0 (r)(G ◦m v). Using
the update rules for the local complementation, Eq. (23), for

the local multiplication, Eq. (22), and for the Z measurement,
Eq. (24), we find that if L(Xv (m), b) and Zu(z) do not act on
the same vertex nor the noise operator acts on the neighbor w0,
then they commute; however, if they act on the same vertex,
then the overall update rule yields

L(Xv (m), b)Zv (z)|G〉 = Zv (zmA′′
v )L(Xv (m), b)|G〉,

where A′′ is adjacency matrix of G′′. If the noise operator acts
on the neighbor w0, then the total update rule yields

L(Xv (m), b)Zw0 (z)|G〉
= Zw0 (z)Z

(
zr

(
A′

w0
− evA′

w0,v

))
Z (zrA′

w0,v
A′′

v )

× L(Xv (m), b)|G〉,
where A′ is the adjacency matrix of G′.

d. Z(n) measurement

From Eq. (18) we find that for L(Zv (n), b) the correspond-
ing Clifford is U = Mv (n). Using the update rules of the local
multiplication, Eq. (22), and the Z measurement, Eq. (24), we
find that if L(Wv (n, 0), b) and Zu(z) act on different vertices,
then they commute; however, if they act on the same vertex,
then the total update rule yields

L(Zv (n), b)Zv (z)|G〉 = L(Zv (n), b)|G〉.

e. W (n, m) measurement

From Eq. (18) and Eq. (19) we find the corresponding
Clifford is U = Mv (n)Lv (m/n). Using the update rules for
the local complementation, Eq. (23), the Z measurement,
Eq. (24), and the local multiplication, Eq. (22), we observe
that L(Wv (n, m), b) commutes with Zu(z) if they act on differ-
ent vertices, but if they act on the same vertex, then the overall
update rule yields

L(Wv (n, m), b)Zv (z)|G〉 = Z
(

z
m

n
Av

)
L(Wv (n, m), b)|G〉.

APPENDIX D: QUDIT NOISY GRAPH STATE FORMALISM
FOR ARBITRARY FINITE DIMENSIONS

Here we show how one can obtain a noisy stabilizer for-
malism for qudit graph states of arbitrary finite dimension. To
this end, we use the linearized stabilizer formalism introduced
in Ref. [23]. In contrast to before, we work no longer over
finite fields of size d = pm but over finite rings Zd of size d .
The computational basis states |i〉 are labeled with integers
out of Zd . We define the generalized Pauli X operator and the
generalized Pauli Z operator via the action on a basis state |x〉,

X |x〉 = |x + 1〉, Z|x〉 = ωx|x〉,
where ω = exp(2π i/d ) and the addition in the X gate defini-
tion is the addition over Zd . We define τ = (−1)d exp(π i/d )
such that τ 2 = ω. With this the d-dimensional Pauli group Pd

is defined via Pd = 〈τ1, X, Z〉. The Weyl operators W (z, x)
are defined via

W (z, x) = τ−zxZzX x.
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The n-qudit Weyl operator is given by

W (z, x) = τ−zxZzX x = τ−zx
⊗

v

Zzv

v

⊗
v

X xv

v ,

where z, x ∈ Zn
d , zv ∈ z, and xv ∈ x. One defines the single-

qudit Clifford operators

S =
∑
x∈Zd

τ x2 |x〉〈x|, H =
∑

x,y∈Zd

τ 2xy|x〉〈y|,

Ma =
∑
x∈Zd

|ax〉〈x|, a ∈ Z∗
d ,

where Z∗
d is the group of the multiplicative units in Zd , i.e.,

those elements with multiplicative inverses. The controlled X
and the controlled Z operators are defined as follows:

CX =
∑

x,y∈Zd

|x〉〈x||x + y〉〈y|,

CZ =
∑

x,y∈Zd

τ 2xy|x, y〉〈x, y|.

The Clifford operators S, H , CZ , and Ma (where a is ranging
over the units of Zd ) generate the symplectic Clifford group
[23]. Using the here introduced definition of the Weyl opera-
tors, one observes the same commutation relation between the
Clifford generators and the Pauli X and Z , as the ones in the
prime-power case, shown in Table II.

We define a qudit graph state associated to a weighted
graph G = (V, E , A) (where the edge weights are now integers
out of Zd ) as the +1 eigenstate of the eigenvalue equation

XvZAv |G〉 = |G〉, ∀v ∈ V.

From this, one observes that one can translate the action of
an Xv operator on a graph state |G〉 to powers of Z on the
neighborhood of v,

Xv|G〉 = Xv (XvZAv )d−1|G〉 = Z (d−1)Av |G〉 = Z−Av |G〉.
The update rules for the (symplectic) Clifford operators are
also equivalent to the ones in the prime-power case, since
the commutation relations for (symplectic) Clifford and Weyl

operators are equivalent to the prime-power case (they map
equivalent Weyl operators to equivalent Weyl operators under
commutation) and the translation of general Weyl operator
on graph states is equivalent to the one in the prime-power
case.

The projector of a Pauli operator O ∈ Pd associ-
ated to measurement outcome h is defined as P(O, h) =
1
d

∑
j∈Zd

τ−2h jO j . This definition is formally equivalent to
the one presented in the prime-power case after the identi-
fication of χ (x) ∼ ωx and W (t (a, b)) ∼ W (a, b)t . Observing
this formal equivalence, one can derive equivalent expressions
for the projectors and their action on the graph states, as
presented in Appendix B, provided the Clifford equivalences
for the projectors do not require multiplicative inverses of
zero-divisors. Then, the update rules for the measurements are
also equivalent to the prime-power case, provided, once again,
the Clifford equivalences for the projectors do not require
multiplicative inverses of zero-divisors.

APPENDIX E: PROOFS OF SEC. VII

Here we prove the results presented in Sec. VII using the
update rules (u.r.) presented in Appendix C.

1. Updated final noise maps

Here we show the form of the updated noise channels act-
ing on the generalized Bell pair. The procedure to obtain the
generalized Bell pair from the linear cluster state is to measure
qudits 2 to N − 1 in the W (1, 1) basis. We encode the order
of these measurements with a vector of length n := N − 2,
σ = (σ1, σ2, . . . , σn), where σi takes the value of the label of
a qudit from 2 to N − 1. Note that for the vector to match
the way quantum operations are applied, the first measure-
ment is performed on qudit σn, and the last on σ1. Thus,
the overall manipulation operator for a given sequence of
measurements is

Lσ := L
(
Wσ1 (1, 1), b

) · · ·L(Wσn (1, 1), b).

a. Updated noise maps of edge qudits

We begin by showing the form for the noise map on qudits 1 and N . First, we define I = (1, . . . , N ) as the ini-
tial ordered vertex label set and Iσi = I \ {σi, . . . , σn} as the ordered vertex label set after partial measurement sequence
L(Wσi (1, 1), b) · · ·L(Wσn (1, 1), b), where Iσi ( j) denotes the jth element of the ordered set. Moreover, the graph state resulting
from the partial measurement sequence until label σi is denoted as

|Gσi〉 := L
(
Wσi (1, 1), b

) · · ·L(
Wσn (1, 1), b

)|G〉,

with Aσi being the corresponding adjacency matrix. Due to symmetry, it is sufficient to analyze the noise map acting on qudit 1,
as the final updated noise map obtained from the noise map acting on qudit N is the same. Taking a general noise term from the
depolarizing channel of qudit 1, Eq. (25), N1 = Z1(z)Z (−A1x) = Z1(z)Z2(−x), we have

LσN1|G〉 = L
(
Wσ1 (1, 1), b

) · · ·L(
Wσn (1, 1), b

)
Z1(z)Z2(−x)|G〉

= L
(
Wσ1 (1, 1), b

) · · ·L(
Wσ j=2(1, 1), b

)
Z1(z)Z2(−x)L

(
Wσ j+1 (1, 1), b

)
. . .L

(
Wσn (1, 1), b

)|G〉
= L

(
Wσ1 (1, 1), b

) · · ·L(
Wσ j=2(1, 1), b

)
Z1(z)Z2(−x)|Gσ j+1〉,
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where we used that N1 and L(Wv (1, 1), b) commutes unless v = 2. Using the update rule for the L(W (1, 1), b) we find

LσN1|G〉 u.r.= L
(
Wσ1 (1, 1), b

) · · ·L(
Wσ j−1 (1, 1), b

)
Z1(z)Z

( − xA
σ j+1

2

)
L(W2(1, 1), b)|Gσ j+1〉

= L
(
Wσ1 (1, 1), b

) · · ·L(
Wσ j−1 (1, 1), b

)
Z1(z − x)ZIσ j =2(2)(−x)L

(
W2(1, 1), b

)|Gσ j=2〉,
where we have used that the neighborhood of qudit 2 is formed by qudit 1 and the second element of Iσ j=2. Using the fact that the
measurement L(Wv (1, 1), b) and the noise operator Z1(z − x)ZIσ j =2(2)(−x) commute unless v = Iσ j=2(2) and the update rules,
we find

LσN1|G〉 = L(Wσ1 (1, 1), b) · · ·L(W
σl=Iσ j =2(2)(1, 1), b)Z1(z − x)ZIσ j =2(2)(−x)L(Wσl+1 (1, 1), b) · · ·L(Wσ j−1 (1, 1), b)|Gσ j=2〉

= L(Wσ1 (1, 1), b) · · ·L(W
σl=Iσ j =2(2)(1, 1), b)Z1(z − x)ZIσ j =2(2)(−x)|Gσl+1〉

u.r.= L(Wσ1 (1, 1), b) · · ·L(Wσl−1 (1, 1), b)Z1(z − x)Z (−xAIσ j =2(2) )|Gσl 〉
= L(Wσ1 (1, 1), b) · · ·L(Wσl−1 (1, 1), b)Z1(z − 2x)ZIσl (2)(−x)|Gσl 〉.

We perform this procedure inductively and obtain

LσN1|G〉 = Z1(z − αx)ZN (−x)|Gσ1〉,
with α ∈ Fp, where note that |Gσ1〉 = |G′〉 corresponds to the final graph state. Therefore, the updated noise map is

Ẽ1 = λρ ′ + 1 − λ

d2

∑
z,x∈Fd

Z1(z − αx)ZN (−x)ρ ′(Z1(z − αx)ZN (−x))†,

which corresponds to Eq. (27) after the redefinition z = z − αx and x = −x.

b. Updated noise maps of middle qudits

Now we want to show that the updated noise maps of the middle vertices have the claimed form given in Eq. (28). We show
this via induction over the number of middle qudits n = N − 2. The induction hypothesis (IH) is given a general noise term from
the depolarizing channel, Eq. (25), Nj = Zj (z)Z (−Ajx) and a measurement strategy Lσ the updated noise operator is

(IH) : LσNj |G〉 = Z1(α(n)(a(n)z − x))ZN (β(n)(a(n)z − x))Lσ |G〉,
where α(n), β(n), a(n), and b(n) are integers from Fp which depend on the measurement order, the noise map of origin, and n.
First, we prove the induction beginning (IB), where we consider a three-qudit linear cluster such that the number of middle qudits
is n = 1 and the measurement strategy is simply Lσ = L(W2(1, 1), b) and the noise operator is N2 = Z2(z)Z1(−x)ZN (−x),

(IB): LσN2|G〉 u.r.= Z1(z − x)ZN (z − x)Lσ |G〉.
Then we can proceed with the induction step (IS), n → n + 1, such that the linear cluster now has N + 1 qudits, with the edge
qudits being 1 and N + 1 and the middle qudits going from 2 to N , and the measurement vector σ is now of length n + 1. Thus,
we aim to prove

(IS): LσNj |G〉 = Z1(α(n + 1)(a(n + 1)z − x))ZN+1(β(n + 1)(a(n + 1)z − x))Lσ |G〉.
Depending on where we act with the new measurement operator L(WN (1, 1), b) in our measurement order, three cases arise.
Notice that L(WN (1, 1), b) commutes with L(Wj (1, 1), b), for j < N − 1.

Case 1. The measurement added in the induction step, L(WN (1, 1), b), is the last measurement being performed. The other
measurements act before following the same order as in the induction hypothesis (IH). Thus, we can write the measurement
process as σ = (N, σ1, . . . , σn), where the last elements correspond to the σ of the (IH) scenario.

Here we use the graph state definition introduced in Eq. (B3) such that |G〉V (N+1) = CZN→N+1|G〉V (N )|+〉N+1,
where V (m) denotes the vertices of a linear chain of length m. Also using this notation we define |G′〉V (N ) =
L(Wσ1 (1, 1), b) · · ·L(Wσn (1, 1), b)|G〉V (N ). Depending on which qudit j ∈ {2, . . . , N} the noise operator Nj is acting on, we
get the following two cases:

For j < N :

LσNj |G〉V (N+1) = L
(
WN (1, 1), b

)
L

(
Wσ1 (1, 1), b

) · · ·L(
Wσn (1, 1), b

)
NjCZN→N+1|G〉V (N )|+〉N+1

c.r.= L(WN (1, 1), b)CZN→N+1L
(
Wσ1 (1, 1), b

)
. . .L

(
Wσn (1, 1), b

)
Nj |G〉V (N )|+〉N+1

(IH)= L(WN (1, 1), b)CZN→N+1Z1(α(n)(a(n)z − x))ZN (β(n)(a(n)z − x))|G′〉V (N )|+〉N+1

c.r.= L(WN (1, 1), b)Z1(α(n)(a(n)z − x))ZN (β(n)(a(n)z − x))|G〉V (N+1)

u.r.= Z1((α(n) + β(n))(a(n)z − x))ZN+1(β(n)(a(n)z − x))Lσ |G〉V (N+1),
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where to prove (IS) we define α(n + 1) = α(n) + β(n), a(n + 1) = a(n), and β(n + 1) = β(n).
For j = N , NN = ZN (z)ZN−1(−x)ZN+1(−x)

LσNN |G〉V (N+1) = L(WN (1, 1), b)CZN→N+1L(Wσ1 (1, 1), b) · · ·L(Wσn (1, 1), b)NN |G〉V (N )|+〉N+1,

where we use the (IH) only for the term ZN−1(−x), and using the update rules one finds that ZN−1(−x) with the measurements
L(Wσ1 (1, 1), b) · · ·L(Wσn (1, 1), b) is updated to Z1(−x)ZN (−β(n)x) such that

LσNN |G〉V (N+1)
(IH)= L(WN (1, 1), b)CZN→N+1Z1(−x)ZN (z − β(n)x)ZN+1(−x)|G′〉V (N )|+〉N+1

u.r.= Z1(z − (1 + β(n))x)ZN+1(z − (1 + β(n))x)Lσ |G〉V (N+1),

where to prove (IS) we identify α(n + 1) = β(n + 1) = 1 + β(n) and a(n + 1) = 1/(1 + β(n)).
Case 2. L(WN−1(1, 1), b) acts before L(WN (1, 1), b) such that L(WN (1, 1), b) commutes through to the last acting term since

it commutes with all other measurement operators, and we return to Case 1.
Case 3. L(WN−1(1, 1), b) acts after L(WN (1, 1), b) so we commute L(WN (1, 1), b) through to the first acting term and get

LσNj |G〉 = L
(
Wσ1 (1, 1), b

) · · ·L(
Wσn (1, 1), b

)
L(WN (1, 1), b)Nj |G〉.

Depending on which qudit j ∈ {2, . . . , N} the noise operator Nj is acting on, we get the following three cases:
For j < N − 1, Nj and L(WN (1, 1), b) commute thusly,

LσNj |G〉 = L(Wσ1 (1, 1), b) · · ·L(
Wσn (1, 1), b

)
NjL

(
WN (1, 1), b

)|G〉
(IH)= Z1(α(n)(a(n)z − x))ZN (β(n)(a(n)z − x))Lσ |G〉,

where to prove (IS) we identify n = n + 1.
For j = N − 1:

LσNN−1|G〉 u.r.= L
(
Wσ1 (1, 1), b

) · · ·L(
Wσn (1, 1), b

)
ZN−1((z − x))ZN−2(−x)ZN (−x)L(WN (1, 1), b)|G〉

(IH)= Z1(α(n)(a(n)(z − x) − x))ZN+1(β(n)(a(n)(z − x) − x))Lσ |G〉

= Z1

(
α(n)(a(n) + 1)

(
za(n)

a(n) + 1
− x

))
ZN+1

(
β(n)(a(n) + 1)

(
za(n)

a(n) + 1
− x

))
Lσ |G〉,

where to prove (IS) we define α(n + 1) = α(n)(a(n) + 1), β(n + 1) = β(n)(a(n) + 1), and a(n + 1) = a(n)/(a(n) + 1).
For j = N , NN = ZN (z)ZN−1(−x)ZN+1(−x):

LσNN |G〉 u.r.= L
(
Wσ1 (1, 1), b

) · · ·L(
Wσn (1, 1), b

)
ZN−1(z − x)ZN+1(z − x)L(WN (1, 1), b)|G〉

(IH)= Z1(α(n)a(n)(z − x))ZN+1(β(n)a(n)(z − x))ZN+1(z − x)Lσ |G〉
= Z1(α(n)a(n)(z − x))ZN+1((β(n)a(n) + 1)(z − x))Lσ |G〉,

where to prove (IS) we define α(n + 1) = α(n)a(n), β(n + 1) = β(n)a(n) + 1, and a(n + 1) = 1.
Therefore, we have proven our induction hypothesis (IH), and if we define u = a(n)z − x and we identify α = α(n) and

β = β(n), then we obtain that for j ∈ {2, . . . N − 1} being one of the middle qudits

LσNj |G〉 = Z1(αu)ZN (βu)Lσ |G〉,

which proves Eq. (28).

2. Fidelity of the generalized Bell pair

The fidelity of the final generalized Bell pair is F = 〈G′|ẼN · · · Ẽ1ρ
′|G′〉, where Ẽi are the updated noise maps following the

descriptions of Eq. (27) and Eq. (28), and ρ ′ = |G′〉〈G′| with |G′〉 being the generalized Bell pair between qudits 1 and N . Since
the final state is small, we derive an analytical formula for the fidelity of the final state for a given weight vector w that encodes
the measurement strategy of the linear cluster. We make use of the fact that applying w times a map of the shape of Eq. (27) or
Eq. (28) with parameter λ is the same as applying it once with parameter λw. In order to derive the fidelity formula, we take the
following six steps:
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(1) Composition of two middle qudit maps. First, we compute the action of two different maps of the middle qudits, Eq. (28),
with noise parameters of the shape λw, where w is different for each map.

M(a, b)yM(i, j)xρ ′ = M(a, b)y

⎛⎝λxρ ′ + 1 − λx

d

∑
u∈Fd

Z1(iu)ZN ( ju)ρ ′(Z1(iu)ZN ( ju))†

⎞⎠
= λy+xρ ′ + λy − λx+y

d

∑
u∈Fd

Z1(iu)ZN ( ju)ρ ′(Z1(iu)ZN ( ju))†

+ λx − λy+x

d

∑
k∈Fd

Z1(ka)ZN (kb)ρ ′(Z1(ka)ZN (kb))†

+ (1 − λx )(1 − λy)

d2

∑
k,u∈Fd

Z1(iu + ka)ZN ( ju + kb)ρ ′(Z1(iu + ka)ZN ( ju + kb))†,

where we can write the last noise term as
∑

r,s∈Fd
Z1(r)ZN (s)ρ ′(Z1(r)ZN (s))†.

(2) Composition of three middle qudit maps. Here we compute the action of three different maps of the middle qudits,
Eq. (28), that have noise parameters of the shape λw, where w is different for each map,

M(α, β )zM(a, b)yM(i, j)xρ ′ = λx+y+zρ ′ + λzλy(1 − λx )

d

∑
u∈Fd

Z1(iu)ZN ( ju)ρ ′(Z1(iu)ZN ( ju))†

+ λzλx(1 − λy)

d

∑
k∈Fd

Z1(ka)ZN (kb)ρ ′(Z1(ka)ZN (kb))†

+ λz(1 − λx )(1 − λy)

d2

∑
r,s∈Fd

Z1(r)ZN (s)ρ ′(Z1(r)ZN (s))†

+ (1 − λz )λy+x

d

∑
l∈Fd

Z1(lα)ZN (lβ )ρ ′(Z1(lα)ZN (lβ ))†

+ λy(1 − λz )(1 − λx )

d2

∑
r,s∈Fd

Z1(r)ZN (s)ρ ′(Z1(r)ZN (s))†

+ λx(1 − λy)(1 − λz )

d2

∑
r,s∈Fd

Z1(r)ZN (s)ρ ′(Z1(r)ZN (s))†

+ (1 − λx )(1 − λy)(1 − λz )

d2

∑
r,s∈Fd

Z1(r)ZN (s)ρ ′(Z1(r)ZN (s))†.

We introduce the following abbreviations:

�(α, β ) :=
∑
l∈Fd

Z1(lα)ZN (lβ )ρ ′(Z1(lα)ZN (lβ ))† and � :=
∑

r,s∈Fd

Z1(r)ZN (s)ρ ′(Z1(r)ZN (s))†

such that we now have

M(α, β )zM(a, b)yM(i, j)xρ ′ = λx+y+zρ ′ + λzλy(1 − λx )

d
�(i, j) + λzλx(1 − λy)

d
�(a, b) + (1 − λz )λxλy

d
�(α, β )

+ λz(1 − λx )(1 − λy) + λy(1 − λz )(1 − λx ) + λx(1 − λy)(1 − λz )

d2
�

+ (1 − λx )(1 − λy)(1 − λz )

d2
�.
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(3) Composition of four middle qudit maps. We compute the action of four different maps of the middle qudits, Eq. (28), that
have noise parameters of the shape λw, where w is different for each map,

M(γ , δ)wM(α, β )zM(a, b)yM(i, j)xρ ′ = λx+y+z+wρ ′ + λwλzλy(1 − λx )

d
�(i, j) + λwλzλx(1 − λy)

d
�(a, b)

+ λwλxλy(1 − λz )

d
�(α, β ) + λxλyλz(1 − λw )

d
�(γ , δ)

+ λz(1 − λx )(1 − λy)(1 − λw ) + λy(1 − λz )(1 − λx )(1 − λw )

d2
�

+ λx(1 − λy)(1 − λz )(1 − λw ) + λw(1 − λx )(1 − λy)(1 − λz )

d2
�

+ λwλz(1 − λx )(1 − λy) + λyλw(1 − λz )(1 − λx )

d2
�

+ λxλw(1 − λy)(1 − λz ) + (1 − λx )(1 − λy)(1 − λz )(1 − λw )

d2
�.

(4) Composition of n middle qudit maps. Using the results from the previous steps, we can generalize the composition of n
different maps of the middle qudits, Eq. (28), that have noise parameters of the shape λw, where w is different for each map.
First, we introduce some definitions:

I = ((xi, ai, bi ))
H
i=1 and M̄(x, a, b) := M(a, b)x

such that we can write M̄(I (i)). Then, we define a function that encodes the noise parameters that accompany the � term of the
composite noise map as

πh(xxx, λ, I ) :=
∑

(i j
k1

,...,i j
kh

)∈Uh

h∏
l=1

(
1 − λ

x
i
j
kl

) ∏
xi∈I\{x

i j
k1

,...,x
i j
kh

}
λxi ,

where

Uh := {(
i j
k1
, . . . , i j

kh

)∣∣∃i j
kr

∈ (
i j
k1
, . . . , i j

kh

)∣∣i j
kr

�∈ (
im
k1
, . . . , im

kh

)
, ∀m �= j

}
.

Inductively, we see that

H∏
i=1

M̄(I (i))ρ ′ = λ
∑

i xiρ ′ + 1

d

∑
i

(
1 − λx

i

)
λ

∑
j �=i x j �(ai, bi ) +

∑H
h=2 πh(xxx, λ, I )

d2
�.

Now we set xi = wi such that they represent the elements of the weight vector w and find that the action of the composition
of all n updated noise maps of the middle qudits is

Ẽ2 · · · ẼN−1ρ
′ =

p2∏
i=1

M̄(I (i))ρ ′ = λ
∑

i wiρ ′ + 1

d

∑
i

(1 − λwi )λ
∑

j �=i w j �(ai, bi ) +
∑p2

h=2 πh(www, λ, I )

d2
�.

(5) Composition of all qudit maps. We take the result from the previous step and add the updated noise maps of the edge
qudits, 1 and N . These are presented in Eq. (27) and are such that

Ẽ1ẼNρ ′ = λ2ρ ′ + 1 − λ2

d2
�.

Therefore, the final noisy generalized Bell pair is

Ẽ1 · · · ẼNρ ′ = λ2+∑p2

i=1 wiρ ′ + 1

d

p2∑
i=1

(1 − λwi )λ2+∑p2

j �=i w j �(ai, bi )

+ 1

d2

⎛⎝ p2∑
h=2

πh(www, λ, I ) + λ
∑p2

i=1 wi (1 − λ2) +
p2∑

i=1

(1 − λ2)(1 − λwi )λ
∑

j �=i w j

⎞⎠�.
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(6) Compute fidelity. We compute the formula for the fidelity using the final composite noise map such that only terms of the
composite map that are proportional to the identity contribute to the fidelity, yielding

F = λ2+|www| + 1

d

⎛⎝ p2∑
i=1

(1 − λwi )λ2+∑
j �=i w j

⎞⎠ + 1

d2

⎛⎝ p2∑
h=2

πh(www, f , I ) + λ|www|(1 − λ2) +
p2∑

i=1

(1 − λ2)(1 − λwi )λ
∑

j �=i w j )

⎞⎠,

where the fidelity depends on the weight vector w, the dimension d = pm, and the depolarizing parameter λ.

3. Side-to-side strategy

Here we derive the weight vector for the side-to-side strategy. Given a general noise term from the depolarizing channel,
Eq. (25), Nj = Zj (z)Z (−Ajx) and the side-to-side Lσ , i.e., σ = (2, 3, . . . , N − 1), depending on which qudit j the noise operator
acts on we discuss three different cases. Below we denote |G∗〉 for a linear chain of reduced size obtained from a part of the
measurement procedure Lσ .

Case 1. For j ∈ (3, N − 2) the noise operator is Nj = Zj+1(−x)Zj (z)Zj−1(−x)

LσNj |G〉 = L(W2(1, 1), b) · · ·L(Wj+1(1, 1), b)Zj+1(−x)Zj (z)Zj−1(−x)|G∗〉
u.r.= L(W2(1, 1), b) · · ·L(Wj (1, 1), b)ZN (−x)Zj (z − x)Zj−1(−x)|G∗〉
c.r.= L(W2(1, 1), b) · · ·L(Wj−1(1, 1), b)ZN (z − 2x)Zj−1(z − 2x)|G∗〉
u.r.= L(W2(1, 1), b) · · ·L(Wj−2(1, 1), b)ZN (2(z − 2x))Zj−2(z − 2x)|G∗〉,

and then inductively we get LσNj |G〉 = ZN (( j − 1)(z − 2x))Z1(z − 2x)Lσ |G〉 such that the updated noise map is
Ẽ j = M(1, j − 1).

Case 2. For j = N − 1 the noise operator is NN−1 = ZN (−x)ZN−1(z)ZN−2(−x),

LσNN−1|G〉 u.r.= L(W2(1, 1), b) . . .L(WN−2(1, 1), b)ZN (z − x)ZN−2(z − x)|G∗〉
u.r.= L(W2(1, 1), b) . . .L(WN−3(1, 1), b)ZN (2(z − x))ZN−3(z − x)|G∗〉
u.r.= · · · u.r.= Z1(z − x)ZN ((N − 2)(z − x))Lσ |G〉

such that the updated noise map is ẼN−1 = M(1, N − 2).
Case 3. For j = 2 the noise operator is N2 = Z1(−x)Z2(z)Z3(−x)

LσN2|G〉 = L(W2(1, 1), b)L(W3(1, 1), b)Z1(−x)Z2(z)Z3(−x)|G∗〉
u.r.= L(W2(1, 1), b)Z1(−x)Z2(z − x)ZN (−x)|G∗〉
= Z1(z − x)ZN (z − x)Lσ |G〉

such that the updated noise map is Ẽ2 = M(1, 1).

Therefore, we have Ẽ j = M(1, j − 1). The weight of map
M(α, β ) is wβ

α , where α and β are from Fp, so we have to
compute their effect as a weight vector entry modulo p. Note
that the weight vector w captures the number of times the up-
dated noise maps M(α, β ) are applied to the generalized Bell
pair. The first p entries of the weight vector w0

0, . . . ,w
p−1
0 cap-

ture the number of times the maps M(0, 0), . . . ,M(0, p − 1)
act on the final state. For the side-to-side strategy, the maps
M(0, 0), . . . ,M(0, p − 1) are not applied onto the target
state, so the first p weights are 0. The second p entries of
the weight vector w0

1, . . . ,w
p−1
1 capture the number of times

the maps M(1, 0), . . . ,M(1, p − 1) act on the final state.
The side-to-side strategy has the maps {M(1, k mod p)}n

k=1
acting on the final state, where we note that the maps where
k differs by p correspond to the same map. Therefore, di-
viding the number of middle qudits n by p gives n = mp +
s, where m ∈ N0 is the number of times p divides n and
s < p is the remainder of the division. Thus, m captures

the number of times all maps of the form M(1, 0), . . . ,M
(1, p − 1) are applied to the generalized Bell pair, while s
captures the additional maps M(1, 1), . . . ,M(1, s) applied
to the final state. In total this results in the weight vec-
tor elements w0

1 = m,w1
1 = m + H (1 − s), . . . ,wp−1

1 + H
(p − 1 − s), where H (x) = 1 for x � 0 and H (x) = 0 for x >

0. Similarly, the weight vector elements w0
l , . . . ,w

p−1
l capture

the number of times the maps M(l, 0), . . .M(l, p − 1) are
applied to the final state, for l = 2, . . . , p − 1, which are not
applied in the case of the side-to-side strategy, so the corre-
sponding weights are 0. Thus, this gives us the weight vector
presented in Eq. (29).

APPENDIX F: FURTHER RESULTS

In Sec. VII, we analyze the manipulation of an open linear
cluster subject to two noise sources into a generalized Bell
pair between the ends of the linear cluster. The two considered
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FIG. 7. Adapted fidelity F 1/m of a generalized Bell pair obtained via the side-to-side measurement strategy on a noisy linear cluster of size
N = 10 in terms of the local dimension d = 2m, for different dimension-independent depolarizing parameters 1 − r. The dimension-dependent
depolarizing parameter, 1 − qd , is (a) linear, such that qd = qd/2

2 with q2 = 0.996, and (b) quadratic, such that qd = qd (d−1)/2
2 with q2 = 0.9997.

noise sources are modeled by single-qudit depolarizing noise,
Eq. (25), with different noise parameters 1 − λ, where one has
a dimension-independent parameter λ = r and the other has a
dimension-dependent one λ = qd .

The dimension-dependent parameter considered in
Sec. VII is defined by setting the Choi-Jamiołkowski fidelity
of m qubit depolarizing channels, each with λ = q2, to
match the Choi-Jamiołkowski fidelity of one 2m-dimensional
depolarizing channel, with λ = qd . This has the consequence
that the critical depolarizing probability from the qubit
depolarizing channel, i.e., the depolarizing probability such
that a generalized Bell pair is still entangled, is mapped onto
the critical depolarizing probability of the 2m-dimensional
depolarizing channel. The critical depolarizing parameter
for dimension d is given by qcrit

d = 1/(d + 1), which can be
obtained via equating the critical fidelity for dimension d ,
given by F crit

d = 1/d , with the Choi-Jamiołkowski fidelity
of the qudit depolarizing channel. By inserting the qubit
critical probability into the adaptation formula, Eq. (26),
one can easily see that the critical depolarizing probabilities
match.

Besides the dimensional dependency studied in
Sec. VII, here we explore other scenarios motivated by the

experimental realization of high-dimensional systems in
trapped ions, specifically in Ref. [13]. In the supplementary
information in Ref. [13], two error rate dependencies are
described. The first type of error is the read-out error,
where the full d-dimensional read-out is performed as a
sequence of linearly many two-level read-out procedures,
resulting in the dimension-dependent depolarizing parameter
modeled as qd = q d/2

2 . The second error type is the
single-qudit gate error, where each single-qudit gate is
decomposed into d (d − 1)/2 two-level rotations, and, thus,
we model the dimension-dependent depolarizing parameter
as qd = q d (d−1)/2

2 .
As in Sec. VII, we concatenate again a dimension-

dependent depolarizing noise with a dimension-independent
one, governed by λ = r, and we apply it to a linear cluster
which is manipulated with the side-to-side strategy to achieve
a generalized noisy Bell pair. Using the formula of the fidelity
given in Appendix E and the weight vector of the side-to-
side strategy, Eq. (29), we compute the adapted fidelity F 1/m

in terms of the local dimension d = pm, which is presented
in Fig. 7. There one can observe that in certain parame-
ter regimes intermediate qudit dimensions yield the optimal
performance.
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